Graph Calculations

Suppose S = {(z,y, f(z,y)) : (z,y) € U} for some smooth function f(z,y) on
an open subset of R?. Suppose also that p = (0,0,0) € S and that both the partial
derivatives f;(0,0) and f,(0,0)) vanish. Then 7,5 equals the XY plane. For any vector
v = (v1,v2,0) € T),S, we can see that the curve a(t) = (tvy, tvs, f(tv1,tve)) has a(0) = p
and o/(0) = v. Let N denote the upward unit normal to S so that N(p) = (0,0,1). Since
< Noa,d/ >=0,0=< Noa,a/ >=< (Noa),a/ >+ < Noa,a” >, and we may
compute the second fundamental form

op(v,v) =— <dN,(v),v>= — < (Noa)'(0),a'(0) > =< N(p),a"(0) >
=< (Oa 07 1)7 ('U]_, V2, fx(t'U]_, t’U2>/U1 + fy(t/l}l,t’U2)’U2)/(O) >
= f22(0,0)07 4+ 2f3,(0,0)v1v2 +  fy,(0,0)v3

If h(z,y,z) = z for (x,y,z) € S, then p is a critical point for h. Since hoa(t) = f(vit,vat),
we see that the Hessian has the same value

2
d*h,(v) = %]t_o(hoa)(t) = fuz(0,0)0] + 2f2,(0,0)v1v9 +  f,,(0,0)03 .

Here are some other formulas valid throughout U (not just at p = (0,0,0)) obtained
by using the graph parameterization X (u,v) = (u,v, f(u,v)):
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