SIZE MINIMIZATION AND APPROXIMATING PROBLEMS

THIERRY DE PAUW AND ROBERT HARDT

ABSTRACT. We consider Plateau type variational problems related to the size
minimization of rectifiable currents. We realize the limit of a size minimizing
sequence as a stationary varifold and a minimal set. Other examples of func-
tionals to be minimized include the integral over the underlying carrying set
of a power ¢ of the multiplicity function, with 0 < ¢ < 1. Because minimizing
sequences may have unbounded mass we make use of a more general object
called a rectifiable scan for describing the limit. This concept is motivated by
the possibility of recovering a flat chain from a sufficiently large collection of
its slices. In case the given boundary is smooth and compact, the limiting scan
has finite mass and corresponds to a rectifiable current.
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1. INTRODUCTION AND PRELIMINARIES

The general m dimensional Plateau problem is roughly the following: given an
m — 1 dimensional boundary B, find an m dimensional surface S spanning B of least
m dimensional area. While this was classically studied for m = 2 using mappings of
surfaces ([17]), geometric measure theory now provides for general m several precise
formulations and definitions of the italicized terms ([18, 7, 10, 12, 1, 3]). The most
popular involves the rectifiable currents of Federer and Fleming which we quickly
review. With H™ denoting m dimensional Hausdorff measure on R”, a set M C R™
is called (H™,m) rectifiable if H™(M) < oo and H™ (M ~ U;erN;) = 0 for some
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finite or countable family {N; : i € I} of €' submanifolds of R*. It follows that
for almost every x € M, homothetic expansions by factors r 1 oo of the translated
measure H™L (M — x) converge weakly to a unique tangent measure H™L T, M
where T, M is an m dimensional vector space. An m dimensional rectifiable current
in R" is given by three things:

(1) a bounded Borel (H™, m) rectifiable set M C R";

(2) an H™ measurable m vectorfield £ : M — A, R™ such that for H™ a.e.

x € M, {(x) = e A... Aey, for some orthonormal basis {ey, ..., e, } of T, M;

(3) an H™L M summable multiplicity function 6 : M — {1,2,3,...}.
This is abbreviated H™L M A6¢ and its action on a differential m form ¢ € D™ (R")
is given by

("L M A9E)(6) = /M (&, Y03

making it a current (in the sense of De Rham). For m > 1 the boundary of a
general m dimensional current T' € D, (R") is the current 0T € Dy, —1 (R™) defined
by (8T)(v) = T(dy) for ¢»p € D™~1(R"), thus generalizing, by the Stokes-Cartan
Theorem, the special case T corresponds to a compact oriented (multiplicity-one)

manifold with boundary. The mass norm, which is defined by
M(T) = sup{T'(¢) : ¢ € D™ (R") with {e1 A ... Aem, P(x)) <1
for each € R” and ey, ...,e,, € S™ 1}

has, for a rectifiable current, the simple form
M(H™L M AGE) = / OdH™ .
M

Let R,,,(R™) denote the group of all m dimensional rectifiable currents in R™. Fed-
erer and Fleming proved the fundamental Compactness Theorem in [10] : For
m € {1,...,n} and 0 < ¢ < oo,

{T € Ry (R™) : 0T € Rypy—1 (R™) and M(T) + M(9T) < ¢}

is weakly sequentially compact. With the lower semicontinuity of M, this ensures,
for a given Ty € R, (R™), the existence of a minimizer for the basic Plateau problem:

minimize M(T) among
(Pamp)
T € Ry (R™), 0T = 9T, .

When m = 2, n = 3, a mass minimizing rectifiable current 7" provides a good
model for some but not all soap films. Here spt(T) ~ spt(0T) is necessarily ([11])
a smooth embedded surface in R* whereas general soap films have interior singular
curves that simultaneously border three surfaces. The model of Almgren using
(M, 0, 00) minimal sets is shown in the work of Taylor ([19]) to give variationally
the exact observed geometric structure. However currents are more convenient than
sets for a precise boundary condition. To use currents in a better model for soap
films, Almgren ([4]) introduced the notion of size for a rectifiable current:

S(H™LMAGOE) =H™(M).
The use of size is illustrated by the case 9T is supported by two nearby coaxial
circles in parallel planes. If the circles are oppositely oriented, then the mass

minimizer for (Pm,7,) is an oriented catenoid. If they are similarly oriented, then
the mass minimizer is two oriented planar disks. But in the latter case, there is
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another rectifiable current having the same boundary and smaller size (but larger
mass); this is obtained by squeezing together the two disks onto a common middle
disk (see Fig. 1.01 in [16]).

For general Tj, the problem

T € R (R™), 8T = AT,

seems quite difficult. It has been solved by Morgan ([16]) in the special case m =
n —1 and spt(9T)p) is a smooth submanifold that lies on the boundary of its convex
hull. The difficulty in the general case is that a size minimizing sequence may
have masses approaching infinity. This is seen in Morgan’s example ([16]). A two
dimensional version of this is given by considering for two sequences 7; | 0, h; | 0
corresponding oriented horizontal disks D; = [fHQI_B (0,r;) Ner A 62] X 5hj of
radius r; at height h;. If 3372077 < oo, then Tp = Y72 D;j € R(R*) (with
M(Tp) < o0). For suitable r;, h;, there is a mass minimizing catenoid C; with
0C; = 0Dj — 0Dj41 and, for each k > 2, the multiple catenoid Q; = Z?zl jC; is
size minimizing with

minimize S(T') among
(Ps,m)

k 00
0Qr =0 > Dj—kDgy1 | — 9| > Dy
j=1 j=0

S(Qr) =

k
Jj=

1

M(Cj) — iM(CJ)

k
M(Qr) = > jM(Cj) — o0
=1
as k — oo. For the fixed boundary 93772 Dj, the currents

Ty = Qr+kDe1+ D,
J=k+1

form a size minimizing sequence with M(T}) — oo. In fact, T is a minimizer for

the modified size problem:
minimize S(T') + e, M(T') among
(Per,s,10) 5
T € Ry(R?), 0T = 0Ty

for some positive g, — 0 as k — oo.

This modified minimization is the general procedure we evoke in section 2 to
obtain some positive results concerning size minimization. We renormalize each
minimizer T}, of (P., s1,) to give a stationary weighted surface (varifold). A sub-
sequence of these properly renormalized measures will then converge (as measures)
to some weighted rectifiable set S. It is worth noting that we cannot achieve the
convergence of the corresponding renormalized currents because the renormaliza-
tion introduces new boundary. In codimension 1 we show that the corresponding
set S obtained in the limit (the countable union of catenoids in our example) is
(M, 0,00) minimal in the sense that H™(S) < H™(f(S)) for any Lipschitz map
[ R" — R with flseam,) = idlspe(amy)- Next, in light of the examples, one looks
for some conditions guaranteeing that the limit (M, 0, c0) minimal set supports a
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finite mass rectifiable current T' € Ry (R?) with T = 8Tp. Such a T would then be
a size minimizer. For m = 2, n = 3, the regularity theory of Taylor guarantees that
S is (away from spt(07Tp)) a Lipschitz neighborhood retract. This difficulty near
spt(0Tp) is absent when Morgan [16] considers size minimization in a 2 dimensional
homology class in a smooth compact 3 manifold. He obtains a rectifiable current
by retracting an approximate minimizer to a local (M,0, c0) minimal set before
passing to the limit. While the approximation idea of [16] has some problems, the
procedure given here in section 2 works and so, along with his retraction method,
completes the proof of this homology size minimization (see Remark 2.3.5). Treat-
ing the absolute size minimizing problem by this argument with spt(9Tp) being a
smooth 1 dimensional manifold will require a suitable boundary regularity result
for (M, 0, 00) minimizing sets, which we are currently considering. With spt(97p)
nonsmooth, the example suggests considering some infinite mass object which still
carries the notions of boundary, rectifiability, local orientability and integer multi-
plicities. Scans were introduced in [14] to describe some such infinite mass objects
that arose as limits of graphs in energy bubbling sequences.

In this paper an m dimensional scan in R" is a measurable function which
associates with almost every oriented n — m plane P a 0 dimensional rectifiable
current J(P) € Ro(P). Thus

T(P) = 6(a)d,

a€A

for some finite subset A of P and integers #(a), a € A. As in Proposition 3.1.5
one may represent any rectifiable (even flat) current in terms of some big enough
collection of its slices. Thus the scans defined here generalize flat currents whereas
the scans used in [14], which were related to graphs of smooth maps, generalized the
cartesian currents of [13]. The measurability of the slice function corresponding to
any flat chain is verified in Lemma 3.1.1. To solve variational problems with scans
we need to understand when two scans have the same boundary, or equivalently
when a scan has boundary 0. Our definition is motivated by the observation (using
the Fourier transform) that a flat current T € Fp,(R™) has 0T = 0 if and only if the
corresponding scan, evaluated at almost all n —m planes P, has total multiplicity 0;
that is, the slice (T, p,y)(1) = 0 for almost every orthogonal projection p : R* —
R™ and almost every y € R™.

We work with rectifiable scans which are determined in Definition 3.1.7 by an
H™ measurable (H™, m) rectifiable set M, an orienting m vectorfield & for T, M,
and a positive integer multiplicity function 6. However we do not assume that
f 2 0dH™ < oco. Besides size, other minimization problems may exhibit minimiz-
ing sequences with unbounded mass. These may fail to have rectifiable current
minimizers but nevertheless admit rectifiable scan minimizers. For any increasing
concave surjection H : [0,00) — [0,00) with H(0) = 0 and H(1) = 1, we may
define the H mass of a rectifiable current:

My (H™L M A 6¢) = / H(0)dH™ .
M

In particular for 0 < ¢ < 1, the ¢ mass functionals fM 09dH™ fill the gap between
ordinary mass, with ¢ = 1, and size. The concavity of H does guarantee the weak
lower semicontinuity of Mg on the class of rectifiable currents (Lemma 3.2.14), but
the failure of mass bounds indicates the need for a topology weaker than the weak
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topology of currents (for instance, T; = 9 (H?L B (0,57") A j%er1 Aes) € Ry (R?)
are such that Mg (Tj) — 0 as j — oo for H(#) = 67 with 0 < ¢ < 27!, yet
T; - 0(dp Aer Aes) # 0 weakly as j — 00). The H flat distance from T to T,

inf{MH(R) +Mp(S):T—T=R+8S, RERp(R") and S € azmﬂ(n«n)},

which we use, was essentially introduced by Fleming ([12]) and occurs in the work
of White ([21, 22]). It was first observed by Jerrard (see [15] or [6]) that the O
dimensional slices of a normal current correspond to an MBV function. In Section
3.3, we find a corresponding estimate for integral currents involving the H mass
and the H flat distance. This is precisely what is needed to apply our BV Compact-
ness Theorem 3.4.1 which concerns maps from a Riemannian manifold to a weakly
separable metric space.

In section 3.5 one finds the convergence of the scans corresponding to an Mg
minimizing sequence of rectifiable currents. This limiting scan is also shown to
be rectifiable. In the special case when the given boundary spt(97}) is a smooth
compact m — 1 dimensional submanifold, we observe that this scan corresponds to
a rectifiable current, thus providing the existence of an My minimizer in the class
of rectifiable currents.

By using H as an alternate norm on the group of integers, a rectifiable minimizer
may also be found in a generalized class of flat chains following the works of Flem-
ing [12] and White [21, 22]. The close relation between rectifiability and slicing
explained in [6] and [22] was an important motivation for the definition of scans in
[14] and for their use in the present paper. One dimensional flat My minimizers
are also applied to describe transport paths in [23].

Use of scans accommodates as well treatment of the case when H is also allowed
to depend continuously on the space variable z. Our underlying compactness argu-
ment relies on the fact that for a scan 7 one has My (T (P)) < H(M(T(P))) thanks
to the concavity of H and the fact that T(P) is rectifiable of dimension 0. As
suggested in Proposition 3.1.5 one can also consider scans whose values are higher
dimensional currents (they were 3 dimensional in [14]). We are currently consid-
ering the nature of scan minimizers of integral functionals involving H(M(T(P)))
instead of My (T(P)). In that case the rectifiability of the limit is not clear.

Most of our notation is consistent with that of Federer’s book, which is summa-
rized on pp 669-671 of [9]. In particular, for T' = H™L M A6 as above, T = £ and
IT]| = H™L M A 6. For the definition and notations concerning varifolds we refer
to [1], whereas for minimal sets we refer to [3]. In addition we say that a current
T € Dy (R™) is real rectifiable it T = H™L M A € for some M, £ and 6 as above
but we drop the restriction that 6 be integer valued. Following [4] we define the m
dimensional set of a measure ¢ (usually ¢ = ||T|| for some real rectifiable current
or ¢ = ||V]| for some rectifiable varifold) by

set(¢) .= R*N{z: 0™ (p,z) > 0}.
We also define the size of a real rectifiable current 7" by
S(T) := H™ (set(||T1[)) -

Finally we mention an elementary density property of stationary varifolds which
we will refer to.
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Proposition 1.0.1. Let V' be an m dimensional rectifiable varifold with compact
support in R™, and suppose V is stationary in R® ~ B where B is a C"' compact
properly embedded m — 1 dimensional submanifold of R™. Then the density function
o™ (||V]l,.) is bounded.

The proof of this Proposition relies on [1, 5.1(2)] (monotonicity in the interior)
and [2, 3.4] (monotonicity at the boundary). These two results can be used to show
that (see [20, A.2]) the function

P ER 26’”(||V||,a:? ifxeB
o™ (||V]],z) if not
is upper semicontinuous. Since spt(||V]|) is compact, @™ (||V ||, .) is clearly bounded.

2. PENALIZING THE LACK OF COMPACTNESS

2.1. Approximating Problems. In this section we consider a functional § :
R (R™) — R, a fixed rectifiable current Ty € R, (R™), and a closed set C' con-
taining spt(7p). We are interested in the following minimization problem:

ez o) {minimize 3(T)
” among T € Ry, x(R™) such that 0T = 0T, and spt(T) C C
We let I'(Pz 1,,c) be the infimum of that problem:
I(Pz.10,c) :i=nf{F(T) : T € R,,,(R*) and 0T = 0Ty and spt(T) C C'}.

Of course the infimum of problem (Pz 7, c) is not necessarily achieved by any
competitor. In order to obtain currents having a somewhat regular support and
almost minimizing §, we introduce the following modified problems parametrized
by € > 0.

@ ) {minimize 5-(T) := F(T) + e*M(T) among
=,3,T0,C

T € Ry (R™) such that 0T = 0T and spt(T) C C

minimize §(T') among
(Qe,3,1,0) 8 T € Ry (R™) such that 0T = T, and M(T) < e *
as well as spt(T) C C

We denote by I'(P: z.1,.c) and I'(Q¢ z,1,,c) the infima of these problems. The rea-
sons for introducing these problems parametrized by ¢ are: (a) there exist minimiz-
ers for these approximating problems and (b) these minimizers have some regularity
and variational properties that guarantee convergence, as € | 0, to some limiting
object (a rectifiable stationary varifold, an (M, 0,00) minimal set or a rectifiable
scan but not necessarily a current). We now gather some basic observations.

Lemma 2.1.1. Let K C R be a Lipschitz neighborhood retract, Ty € Ry, x (R™)
and § : Ry k(R") — [0,00) a functional which is lower semicontinuous with
respect to weak convergence. Let also §, I'(Pz 1y.x), T'(Pe 5,10, 5) and T'(Qc 3.10,,K)
be as above. Then the following holds true.
(1) For each ¢ > 0 (resp. 0 < & < M(Tp)™ ') there exists at least one T. €
R,k (R™) (resp. Se € R,k (R™)) such that §(T:) = T'(Pe 5.1,,1x) (resp.
8(Se) = (e 5,1,K));
(2) T(Pg,m, k) = limzyo T'(Qz 5.7, k)
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(3) T'(Ps,1y,x) = limeyo T'(Pe 5,15, 1)
(4) limejoe®M(T:) = 0 for any Tr € Ry k (R?) with F-(T:) = T(Pe 3.70.K)-

Proof. We will prove (1) for problem (P. 5 7,.x), the case (Qc 37, k) being analo-
gous. Let T 1,7 2, ... be a minimizing sequence. Then obviously
N(T:; — To) = M(T,; — To)
<M(Tp) +e 2sup{F:(Tox) : k= 1,2,...}

so that the Compactness Theorem of Federer and Fleming ([9, 4.2.17(2)]) implies
that there are integers a(1),a(2),... and R. € L, x(R") with Fx(R. — T; ;) +
To) = 0 as j — co. On letting T:. := R. + Ty € Rk (R™) we see that 0T, = 9T,
and §-(T:) = I'(P: 5,1, k) because F. is weakly lower semicontinuous.

In order to prove (2) we notice first that I'(Pz 1, x) < ['(Qc 3,7,x). Next we fix
n > 0 and we choose T' € Ry, x (R™) such that F(T') < I'(Pz.1,,x) + 7. We then
fix a positive g < M(T)~!. Then for 0 < € < &g, T is a competitor for problem
(9:5,10,x), whence I'(Q: 5,1, k) < F(T) < T(Pg,1,5) + 1.

For proving (3) we observe that I'(Pz 1. k) < I'(Pe 5,1, k) because § < F.. For
fixed € > 0, let S. be a minimizer for problem (Q. 3 7,,x). Then

D(Pe3,10,x) < F=(S:) = F(Se) +*M(S:)
<8(S:) +e<T(Q5m.k) +e,
and we conclude (3) with the help of (2). Finally, to prove (4), let n > 0 and refer
to (3) to find eg > 0 such that I'(P. 5 7,,x) < I['(Pz,1,,x) +n whenever 0 < € < g.
Then, for such € > 0,
D(Pg1,5) + € M(T2) < F(T2) + e M(T2) = D(Pe31,5) < T(Pg,m,1) + 71,
whence e2M(T:) < 7. O

2.2. The Stationary Varifold Associated with a Modified Problem. In this
section we wish to evaluate §(T') by calculating the mass of an associated real
rectifiable current.

Definition 2.2.1. We say that a functional § : R, (R") — [0,00) is mass-
calculable if there is associated to each T' € R,,(R™) a real compactly-supported
rectifiable current Yz(T) € Dy, (R™) having the following properties:

(1) M(T5(T)) = 3(T).

(2) faYs(T) =Yz(f4T) for every smooth diffeomorphism f : R* — R” with

R* N {z: f(z) # x} compact;

Example 2.2.2. In the next chapter we consider, for a concave integrand (see Defi-
nition 3.2.1) H, the H mass My (T') defined in 3.2.2 by integrating H (0™ (||T|, z)).
To get (1), we may simply take Yar, (T') to be the real rectifiable current obtained
from T by replacing the density @™ (||T|,-) by H (@™(||T|],-)). Condition (2) fol-
lows readily from [9, 4.1.30] because f is one to one. Similarly replacing @™ (||T||,-)
by 1get() 7)) shows that size S is mass-calculable.

We recall ([1, 3.5]) that specifying a rectifiable varifold V' € RV ,,(U) is the same
as specifying its weight ||V|| which is an m rectifiable Radon measure on U.

Definition 2.2.3. For T € R,,(R™), e > 0 and § a mass-calculable functional, we
now associate an m rectifiable varifold Vz .(T) € RV,,(R™) defined by

Vs, (D)l = [1T5(D)]| + 2|7
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Proposition 2.2.4. Let Ty € R, (R*), € > 0, § be a mass-calculable functional,
and T. € Rp(R™) be such that 0T, = 0Ty and F(T:) = [(Pez,m,r"). Then
Vs o (T¢) is a stationary rectifiable varifold in U := R™ ~ spt(9Tp).

Proof. Let f : U — U be a smooth diffeomorphism which differs from the identity
only on a compact subset of U. Since f is one to one we have, by 2.2.1(2),
1 Vae (TNl = I f (XTIl + €[ fo Tl
= 15 (faToll + (| FeTell = [IVs,e (fo Tl

We also deduce from the fact that fls,com,) = id|spe(or,) and [9, 4.1.15] that
OfuT. = 0T, = 0Tp. It then follows from the minimality of T, that

14 V5. (TOIR?) = ||Vs, (FT)I(R) = 3= (f2T7)
> §:(Tz) = V.o (T2) I(R™) .
From this clearly follows that Vz .(T:) is stationary in U. O

2.3. Existence of (M, 0, c0) Minimal Sets in Case m = n— 1. We particularize
the setting of this section to the case when § = S is the size functional. We will
study accumulation points of the collection of varifolds Vg (7:) (defined in the
preceding section) as well as the sets associated with them.

Proposition 2.3.1. Let Ty € R,,,(R™). For every € > 0 there exists T. € Ry, (R™)
such that 0T, = 0Ty and S;(T.) = I'(Pe,s,1, r"). Furthermore for every sequence
gj | O there are integers a(l),a(2),... and a stationary rectifiable varifold V in
R™ ~ spt(0Ty) such that

Vs.ca) (T.

Ca(y)

Finally, in case m =n — 1, O™ (|V]|,z) =1 for ||V]] a.e. x € R* ~ spt(9Tp).

) — V in R* ~ spt(0Tp) as j — o©.

Proof. We first observe that if K C R” is a compact convex set containing spt(7p),
then I'(P. s, 1y, x) = I'(Pe,s,1, ") because

Ong 4T =0Ty and SE(ﬂ'K#T) < S:(T)

where g : R* — R™ denotes the nearest point projection onto K ([9, 4.1.15]).The
existence of 7. then follows from Lemma 2.1.1(1).
Again let U := R" ~ spt(0Tp). We first observe that

O™ (||[Vs (T2, z) = O™ (FH"Lset (|| T-)), z) + *O™ (|| Te]], 2) > 1

for ||T:|| almost every x € U, whence also ||Vs(T:)|| almost every x € U. Ac-
cording to Proposition 2.2.4 we have that 0Vs (T.) = 0 in U whereas Lemma
2.1.1(3) implies that sup{||Vs.,(T:;)||[(U) : j = 1,2,...} < oo. It then follows
from [1, 5.6] (the compactness theorem for rectifiable varifolds) that there are inte-
gers a(l),®(2),... and a varifold V in U such that set(]|V]]) is (H"™, m) rectifiable
and Vs, (Te,;,) — V as j — oo. It also follows from the same theorem
that ©™(||V|,z) > 1 for ||V]| almost every x € U. Clearly V is stationary in
U. In order to keep the notation short for the remaining part of the proof we set
Vi = Vseo;y(Te,,;,) and Tj := T._ . We now assume that m = n — 1 and we

intend to show that @™(||V||,z) < 1 whenever
(o T_g)pH™Lset(||V]]) — HTLW as r — o0 (1)
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for some W € G(n,m). This will obviously finish the proof. Pick  and W as in (1)
and assume for a contradiction that @™ (||V||,z) = 1 + X for some A > 0. Choose
n > 0 small enough for 2n(1 —n)~' < 27! and 4v2ma(m)n(1 —n)~" < 47"\
Next let £ C (0,00) be an L' negligible set such that ||V'||(Bdry B (z, p)) = 0 and
(Tj,u,p) € L—1,k(R™) whenever p € (0,dist(z,R* ~U)) ~ E and j = 1,2, ...,
where u(y) := |z —y|. Referring to the monotonicity of ||V|| in U (recall [1, 5.1(2)])
as well as the lower density bound we deduce (e.g. as in [8, 4.3]) from (1) that there
exists rg > 0 such that for each 0 < r < rp:

spt (-1 0 7—2)[[V(]) "B (0,1) € B(W,n) N B(0,1)
in other words,
spt(|VI) N B (z,r) CB(z+ W,nr)NnB(x,r) . (2)

We now choose some p € (0,(1 —n)rg) ~ E and we write r := (1 — )~ !p. The
same monotonicity and lower density bound argument as above and (2) show that
there exists an integer j; such that for each j > j;:

spt([|V;1)) N B (2, p) C B (spt([[V[]), nr) N B (, p)
CB(z+W,2nr)NB(z,p) (3)
=B (z+W,2n(1—n)"'p) NB(z,p) .

We let 7 : BdryB (z,p) ~ (z + W+) — (z + W) N Bdry B (z,p) be on each
hemisphere the central projection from the pole to the equator. For each j > j; let

Tj = TjL (R" ~ B (z,p)) + Q; + 0, x my(T}, u, p)
where @; € I,(R") is such that
an = (Tjauap> - 7T#<Tj7uap>
and spt(Q;) C (Bdry B (z,p) ) N B (z + W, 2n(1 — n)~'p). We compute that
S(T;) < 3™ (set(|Tyll) ~ B (z,p))
+ H™ [(Bdry B (z,p)) N B (z + W,2p(1 — )~ ' p)] + H™ [(z + W) N B (z, p)]
<H™ (set(1T5)) ~ B (,p)) + 2V2ma(m)2n(1 —n) "' p™ + a(m)p™

which, according to the choice of 7, is bounded by

<90 st ) ~ B ) + alm)p™ (145 ) = Jatm)o".

On the other hand monotonicity implies that
(1+ Nea(m)p™ < |IVII(B (,p))
and, since ||V||(Bdry B (z, p)) = 0, we also have that
IVII(B (z,p)) < liminf [|V;|(B (z, p))
j—oo

so that there is an integer j» such that
A
(1+3) atmm < V1B (2.0

= 3" (set(||T51) N B (2, p) ) + &) M(T;L B (z, p))

()
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whenever j > ji;. According to Lemma 2.1.1(3) we can also select an integer js
such that if 7 > j3 then

A
S(Ty) + EZ(J')M(TJ') <T'(Ps1.x)+ ga(m)pm ) (6)

We observe from the definition of T; that 8T; = 9Ty and that spt(7;) € K. On
letting j := max{ji, j2,j3} and plugging (5) and (6) in (4) we obtain the following
contradiction:

S(7;) <~ + 3" fet(IT51) ~ B (2, )] + atm™ (143 )

A m m
—Zalm)™ + 3¢ ses(IT D] + ) M(T))

IN

A
—ga(m)pm +T(Ps,1,x)

IN

O

Before we go on with proving the main result of this section we need two ele-
mentary Lemmas.

Lemma 2.3.2. Let C be a disjoint family of closed subsets of R*, A > 0, and
assume that for each C € € there is given a map Yo : C — C with Lip(ve) < A
and Yo (y) = y for each y € Bdry C. Then the map ¢ : R* — R" defined by
Y(y) =y if y €UC and Y(y) := Yc(y) whenever y € C € € is Lipschitzian with
Lip(¢) < max{1,A}.

Proof. Let y,z € R": we need to show that [¢(y) — ¢¥(z)] < max{1,A}|ly — z|]. It
is obvious in case y,z € UC as well as if y,z € C for some C € C. Assume that
y € C € Cand z ¢ UC: there exists y' € Bdry C such that |y —z| = |y —y'|+ |y’ — 2]
whence
[W(y) —v(2)] < [W(y) — )]+ V) — ¥(2)|
<Ay —y'[+ 1y — 2| < max{1, A}ly — z.
An analogous remark yields the same estimate in casey € C € Candz € D € €. O

Lemma 2.3.3. Let z € R*, r > 0,0 <n < h <21 X>0 W e G(nm)
and u : (z +W)NB(z,r) — z+ W= a map such that |u — py 1 (z)| < hr and
Lip(u) < AX. Let also C := B (z,r) N B (z + W,2hr). Then there exists a map
Yo : C — C satisfying the following conditions:

(1) ve(y) =y whenever y € Bdry C;

(2) Lip(¢c) < max {1, VIT A, /1t 9h2n*2};

(3) v [U (z,(1—n)r) NU (z + W, hr)] C graph(u) N B (z,v2r).

Proof. We can of course assume that z = 0. Let p,p- € Hom(R",R") be the
orthogonal projections onto W and W+ respectively. To keep the notation short
let U:=U(0,(1—n)r)NU (W, hr). Define

¢:UUBdryC — R

by ¢(y) ;= y if y € Bdry C and o(y) := p(y) + u(p(y)) if y € U. Obviously, the
restriction of ¢ to Bdry C' has Lipschitz constant 1 whereas its restriction to U
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has Lipschitz constant less than or equal to v/1 + A2. Moreover if y € Bdry C' and
z € U then
lo(y) = ¢(2)|* = ly — p(2) — u(p(2))*
= |p(y) = p(2)I* + Ip™ () — ulp())P (7)
<y =2+ p*(y) — ulp(2) -
On the other hand it is easy to check that |y — z| > r min{n, h} = nr and hence
Pt (y) = u(p(2))] < [P ()] + [u(p(2))| ®)
< 2hr 4+ hr < 3hp~y — 2|
so that plugging (8) in (7) yields

lo(y) = p(2)]> < (1+9h%072) |y — 2/

and in turn

Lip(p) < max{l,\/l +22,/1 +9h277—2} )

Clearly (U) C graph(u)NB (0, v2r). Refering to [9, 2.10.43] (Kirszbraun’s Theo-
rem) we know ¢ extends to a map ¢ : R* — R™ with Lip(¢) = Lip(y). Finally we
denote by 7o : R* — C' the nearest point projection (C' is convex) and we define
Yo = (me o )| and we see that ¢ satisfies all the required conditions. O

L. Ambrosio, N. Fusco and J.E. Hutchinson recently proved in [5, 4.3] that
the limit of a sequence of (M, 0, c0) minimal sets of codimension 1 in R is itself
(M, 0, 00) minimal. In the next proof we will establish a similar result.

Theorem 2.3.4. Let Ty € R,—1(R"?) and V € RV ,_1(R* ~ spt(9Typ)) be as in
Proposition 2.8.1 (m = n — 1). Assume also that H" (spt(0Tp)) = 0. Then
set(||[V]]) is (M, 0, 00) minimal with respect to spt(0Tp).

Proof. We let B := spt(0Tp) and U := R ~ B. First we notice that since V
is stationary in U, monotonicity ([1, 5.1(2)]) and lower density bounds imply (for
instance as in [8, 6.13]) that set(||V]]) = spt(||V]|]) ~ B. In order to keep the
notation short we let S := set(||V|]) as well as S; := set (||Vsc,,, (T=.;,)|l) and
Ty :=1T.,,, - It now suffices to show that

HTH(S) < HTH((S)) 9)
for any Lipschitz f : R* — R® with f = idgr» in a neighborhood of spt(97p).

Let 0 < n < 27! and choose an open set U C U such that [|[V||(U ~ U) < n and
f(y) =y for every y & U. We next set G := SN {z: @ (||V|,z) = 1}: since
V|| = H" L S (recall Proposition 2.3.1) and since S is (H" "%, n — 1) rectifiable
we deduce that H""!'(S ~ G) = 0. The set G is an embedded €' submanifold
of dimension n — 1 in U as follows from Allard’s regularity Theorem [1, §8]. This
means in particular that for each x € G there exist r(z) > 0, W, € G(n,m) and a
class €' map u, : (z +W,) N B (z,7(z)) — = + W, satisfying the following:

(a) ug(r) = 2;

(b) Dug(z) =0;

(c) graph(ug) N B (z,r(x)) = GNB (z,r(x)).
In view of (a) and (b) above it is obvious that, by possibly decreasing r(x), we can
also assume that
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(€) lus — pwy ()] <.
By possibly decreasing r(z) some more we may also require that B (z,r(z)) C U
whenever z € U as well as

(f) H"=HGNB(z,r) = [[VII(B (z,r)) < (1+n)" 'e(n — 1)r"~1,
for each 0 < r < r(z) thanks to monotonicity. With the help of [9, 2.8.15] we secure
countably many z,zs, ... € GNU and r1, 7, ... such that 7; < 27'/2r(xz;), the balls
B (z;,7;) are pairwise disjoint, [|V||(Bdry B (z;, (1 — n)r;)) = 0 and
351 [T NG ~UX,B (a:i,ri)] ~0. (10)

For each i = 1,2, ... we define C; as in Lemma 2.3.3 applied with x = z;, r := ry,
n=nh, A:=mn W :=W,, and u := u,,. This Lemma ensures the existence, for
eachi=1,2,..., of amap ¢; : C; — C; such that Lip(¢;) < v/10 and

¥i(A;) C graph(u,;) N B (xi,\/iri) cCGCS, (11)
where we have set 4; := U (x4, (1 —n)r;) N U (x; + Wy, ,nr;). We now infer from
monotonicity that

(L =m)" e =1t <[V (B (a5, (L= n)ri)) = H""H(G N U (25, (1= n)ry))
for each 7 = 1,2,... so that, relying also on (f) above, we obtain
H" MG N B (z4,7)) —H"™H(GNU (2, (1 —n)ry)) <27 'pa(n — rf 1. (12)
Since G NU (x;, (1 — n)r;) C U (x; + W,,,nr;) (as follows from (a) and (d) above)
we see that on letting A := US2, A;, relations (10) and (12) above imply that
HHUNG ~A) <21y Za(n -t
i=1

which, since z; € G and ||V|| is monotone, is bounded by

(o0}
<277 Y NIV (i,73) < 2" | VII(D).
i=1
(13)
We now deduce from the choice of U, inequality (13), the fact that A is open and
Lemma 2.1.1(4) that
HHS) —n = 2" I||[V[(U) < HH(S N A) = [[V]|(4) (14)
<V3II(A) +n < HHS; N A) + 2
provided j > j; for some integer j;. On the other hand, since H™ (spt(0Tp)) = 0,
H1(S;) — H"1(S) as j = oo (recall Lemma 2.1.1(4)) so that
H (S~ A) + H (S, NA) = HHS;) <HHS) +1. (15)
provided j > j» for some integer jo. From (14) and (15) follows that for j >
max{ji, ja }:
H (S ~ A) < (3+2"HIVI(D)) - (16)

In order to finish the proof of inequality (9) we now associate with the C;’s and
¥i’s, 1 =1,2,..., amap ¢ : R* — R"” as in Lemma 2.3.2 with Lip(y)) < /10 and
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Y(y) = ¥;(y) whenever y € C; for some i = 1,2,.... We let f := f o4 and we
calculate that:

371(8) = V(R ~ B) = lim [V (R ~ B)
= lim ||V;||(R") (because H"~'(B) = 0)
j—oo
— 1 2
= fim, S(Tj) + &5 M(T;)

which on noticing that f(y) = y whenever y is in a neighborhood of spt(97)),
whence 0 fxT; = 0T}, can be bounded by

< i () + M (77)

m e’ 5 M(T})

af

< Tim 30" (f(s7)) + (\/ﬁLip(f))niljl

< i
j—oo —0
which, according to Lemma 2.1.1(4), equals

= lim (3{”—1 (f(sj N A)) + ! (f(sj ~ A)))

J]—0o0

and to estimate this quantity we refer to the fact that ¢(A4) C S (recall (11)) as
well as to inequality (16):

n—1
<ICL(FS) + 0 (VIOLin(f) (342" IVIW)) -
Since 1 > 0 is arbitrary, this completes the proof. O

Remark 2.3.5. The results proved so far help to complete the argument of Theo-
rem 2.11 in [16]: “In a C™ compact 3 dimensional Riemannian manifold every 2
dimensional integral homology class supports a homologically size minimizing rec-
tifiable current.” In the proof of that Theorem one should replace minimizers (in a
homology class) of S subject to the additional constraint M(T') < k by minimizers
of S +k~'M in order for the associated varifold to be stationary (as in Proposition
2.2.4 above). The (M, 0, c0) minimality of the support of the varifold obtained in
the limit can then be proved as in our Proposition 2.3.1 and Theorem 2.3.4.

3. COMPACTNESS AND EXISTENCE FOR THE H MASsS PLATEAU PROBLEM

3.1. Measurability of Slicing and Rectifiable Scans. In this section we sup-
plement [9, 4.3] with some results about slicing and projections which motivate the
definition of scans. The measurability of slicing was not addressed in [9, 4.3].

Lemma 3.1.1. If T € F,,, x(R") with K C R compact, k € {1,....m}, and
f:R* — R* s locally Lipschitzian, then the slice (T, f,-) is L* measurable (with
respect to the topology generated by F ).

Proof. Following [9, 4.3.1], we let
Sy = k)P QAB (y,1))

where y € RF, Q = DY; A ... A DY}, is the standard volume form in R* and r;j,
j=1,2,.., is some fized sequence of positive real numbers decreasing to 0. For LF
almost every y € RF the following conditions are met:
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(a) the weak limit of TL p# ¢, ; exists (in which case this limit is denoted by
(T, p,y) in accordance with [9, 4.3.1]);
(b) (T',p,y) € Fro,x (R");
() Fr(TLp#¢y; —(T,p,y)) = 0 as j — oo;
(d) ©®™(u,y) < oo where u is the Radon measure defined in [9, 4.3.1] in the
middle of p. 437.
We observe that the conjuction of conditions (a), (b) and (c) above is equivalent
to condition (c) which itself is equivalent to T'L p# ¢, ;, j = 1,2, ..., being an Fg
Cauchy sequence. It thus suffices to prove that each of the mappings

Yy € RF —s Tl_p#(ﬁyd' € Fm_k7K(]Rn)
is LF measurable. For this, we observe that if C C D™ *(R") is a countable F g
dense subset of D™ F(R") and Q € F,, 1 x (R"), then
Fr(Q—TLp"y;) =sup {Q(v) — (TLp*¢y;)(¥) : ¥ € C and Fx () < 1}.

Thus we will be done if we show that for each ¢ the function y = (T'L p* ¢, ;)(¥) is
continuous. But this follows from the fact [9, 4.1.18] that there is an L* summable
k vectorfield &, ,, on R* so that

(TL p#dy5) () = (=1 (pp(TL ) (dy,5)
= (_l)k(m_k) (Lk /\fpﬂlf) (¢y7j)
= (—1)km=R) ()~ / (Epw, Q)dLE .
B(y,r;)
O
We will study slices (T, p, y) corresponding to an orthogonal projection p : R™ —

RF. Recall from [9, 1.7.4,2.7.16] the space O*(n, k) of all orthogonal projections

of R" onto R¥ with its O(n) invariant measure 8}, ;. It is a compact Riemannian
n(n—1)—(n—k)(n—k—1)
3

manifold of dimension N = which admits a orienting unit NV

vectorfield O making it into a (multiplicity one) rectifiable current [O*(n, k)]. To
consider the variation in p of the slice (T, p,y), we first note how, by [9, 4.3.2(6)],
the theory of slicing extends to maps to an oriented Riemannian manifold and then
use the following handy formula:

Lemma 3.1.2. If T € Fp, x(R™) for some compact set K C R* and p € O*(n, k),
then, for L* almost every y € R¥,

(Tapa y) = H#<T X [IO*(TL, k)]]a \I’a (yap)>
where
(z,q) =z and ¥(z,q) = (¢(z),q) for (z,q) ER" x O*(n,k).

Proof. First we consider the special case when T' = (H™L R A 6¢) with R being
a convex region in an affine m plane transverse to p and with the orienting unit
m vectorfield ¢ and the density function 6 being constant on R. Then dim(R N
p~Hy}) < m —k for all y € R, and ¥ is transverse to R x O*(n, k). The slice
(T, p,y) is carried by the convex m — k dimensional set RN p~!{y} which is the II
image of the set

(RNp~{y}) x {p} = (B x O*(n,k)) N ¥ {(y,p)},
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the carrying set of the slice (T x [O*(n, k)], ¥, (y,p) ). The density of both slices is
constantly 6, and the constant unit orienting m — k vectors for the slices correspond
under A, DII. See [9, 4.3.8]. Thus the formula holds for such a T'.

By linearity it then holds for almost every m dimensional real polyhedral chain.
By the density [9, 4.1.23] of such chains and [9, 4.3.1] it is finally true for any m
dimensional real flat current 7" and LF almost every y € R, O

Proposition 3.1.3. For each T € F,,, k(R") and k € {1,...,m} the map
8(T): O*(n,k) x R* — Fr_p x(R"), 8(T)(p,y) = (T.p,y)
for all p € O*(n, k) and for LF almost every y € R*, is 0;;,c x LF measurable.

Proof. Combine Lemma 3.1.1, Lemma 3.1.2, and the flat continuity of IT.. O

We next observe how to recover a flat chain from its slices by coordinate projec-
tions [9, 1.7.4].

Lemma 3.1.4. If ey,...,e, and wy,...,w, are dual bases of R™, then for every
m,k € {1,..,n} withm >k and ¢ € A\, R" one has

¢ = (—1)Fmh <7Z> h D> wrAleadq).

AEA(n,k)

Proof. 1t is obviously sufficient to check it for each ¢ = wy,, p € A(n,m). According
to[9,1.5.2], ex Jw, = 0if im(A\) ¢ im(p) and ey Jw, = (=1)Mw, if im(\) C im(p),
where v € A(n,m — k) is such that im(\) Uim(v) = im(u) and M is the number of
pairs (i,7) € im(A) xim(v) with ¢ < j. In turn, wxA(ex Jw,) = 0if im(A) ¢ im(u),
whereas if im(A\) C im(p) then, with the same notation as above,

wA A (exdw,) = (1) Mwy Aw,
= (—DM(=D)*" P, Awy
(_1)2M(_1)k(mfk)w” .

Then the conclusion then follows because
. . m
cand (A, )1 (s m () < im)) = ('1):
O

Proposition 3.1.5. Let T € Fp, x(R™) for some compact set K C R*, and ¢ €
D™(R™), k€ {1,...,m}. Then

0 =0 (1) Y [ reaeonsisto)

AeA(n,k)

where py : R* — RF, py(z) := Ele wr() (T)e;.
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Proof. Note that wy = pf\%Q where Q is again the standard volume form on R¥. By
3.1.4 and [9, 4.3.2(1)] with ® =1 and ¢ = ey ¢,

e (D = X T edo)

XeA(n,k)

= > [TLwl(exd9)

AeA(n,k)

> [T p¥Ql(ex o)

AEA(n,k)

Z /Rk<T,pA,y>(eAJ P)dLE (y) .

AEA(n,k)

O

We also observe that the condition that a flat current have boundary zero may
also be recovered by a corresponding condition on its slices, even when the slices
are only 0 dimensional.

Proposition 3.1.6. If m € {1,....,n}, T € F,(R"), and k € {1,...,m — 1}, then
the following are equivalent:

(1) 0T =0;

(2) o(T,p,y) =0 for B}, ; x L* almost every (p,y) € O*(n, k) x R¥;

(3) (T,p,y)(1) =0 for @}, ,, x L™ almost every (p,y) € O*(n,m) x R™.

Proof. (1) = (2) follows from the formula [9, 4.3.1] (T, p,y) = (—=1)*(3T, p, ).

(2) = (1) because Fubini’s Theorem shows that, for a.e. rotation 7" of T' and
LF ae ye R, (T, pr,y) =0 for all A € A(n, k), and we may apply 3.1.6 to see
that 9T', and hence 0T vanishes.

The equivalence of (1) and (3) in case m = n follows from the Constancy The-
orem ([9, 4.1.10]) and the fact that top dimensional flat chains correspond to L™
summable n vectorfields.

Assume now that m < n — 1. Then (1) implies that T = 95 for some S €
Fot1(R™) ([9, 4.4.6]) so that (3) follows from the relation

valid for L™ almost every y € R™.

Finally we prove the implication (3)=-(1). For each ¢ > 0 we define the mollified
current T, as in [9, 4.1.2]. According to [9, 4.1.18] we see that T, = L™ A & for
some & € D(R*, A, R?), 0T, = —L™ Adiv&., and hence T. € N,,(R™). We first
claim that (T.,p,y)(1) = 0 for every (p,y) € O*(n,m) x R™. Indeed,

(Tp)@) = ([ #=2) (s W0y
- / (=) 4 Topy)(1dE" (=) ([9, 4.31] and Fubiny)

= /Rn @ (=z)(T,p,y + p(2))(1)dL"(2) ([9, 4.3.2(7)))
=0 (by hypothesis) .
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Next we observe that for each (p,y) € O*(n,m) x R™ the following follows from
[9, 4.3.1]:
(Toop,y)(1) = lim e(m) '™ (Tl p*[B (y,7) A Q])(1)

r—0t

= lim a(m)*lr*m/ (€., p7" Q)dL"
pilB(yﬂl)

r—0+t
_ / (&, pFQ) I
p~'{y}
We denote by fAE the Fourier transform of £.. Since
divé. =Y Djé&L DX;
j=1
we see that for each u € R* ~ {0} one has

—

(div &) (u) =

—

(Dj&)(w)- DX;

NE

1

~.
I

DX, (u)é. (u)_ DX;

[
NE

J
= |

Il
=

Jullé-(u) - DX,

where u; := ||u|~'u and X,, € Hom(R",R) is defined by X,, (z) := z e u;. We
choose ua, ..., up S0 that {uy,us,...,u,} is an orthonormal family in R”. Fix A €
A(n,m —1) and observe that on letting p := DXy, e1 + Y /2, DXy, € € O*(n,m)
the following holds true:

(€-(u)_ DXy, DXy ) A e ADX oy, ) = (€ (u), dp)
= (& (u),p™ Q)
= [ (6@)p* ) expli (@ 0 wldt (o)
_ / excp[—i y1]dL™ () / (€, pEQ)dIn
m p~{y}

0.

We deduce that @ =0 and, in turn, div§&, = 0 so that 9T. = 0. Since T, —» T
weakly as € = 0 and the boundary operator J is weakly continuous, 0T = 0. g

For the remainder of the paper we will view currents in terms of their 0 dimen-
sional slices. We now define the natural geometric object obtained as the limit of
some minimizing sequences for the variational problems to be considered.

Definition 3.1.7. An m dimensional rectifiable scan is an @), ,, x L™ measurable
map
T:0%(n,m) x R — Iy x(R")
(where K C R™ is some compact set) such that there exist
(1) an H™ measurable (H™,m) rectifiable set R C K,
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(2) an H™ measurable function £ : R — A, R” such that for 5™ almost every
x € R, &(z) is one of the two simple, unit m vectors associated to the m
dimensional vector space Tan™(H™L R, x), and

(3) an H™ measurable function § : R — {1,2,3,...},

giving, for €;, ,, x L™ almost every (p,y) € O*(n,m) x R™, the formula:

Tpy)= >,  sign(¢(@)Lp*Q)8(x)d, .

t€RNp~{y}

Moreover we say that T is a scan cycle, and we write 8T = 0, provided
T(p,y)(1) =0
for ), ,,, x L™ almost every (p,y) € O*(n,m) x R™.

Remark 3.1.8. The above Definition is motivated by the case when T = §(T') for
some T € Ry, k(R™). In fact one may take R := set(||T]]), & = T and 6 =
©™(||T|,z) because [9, 4.3.8] implies that, for each p € O*(n,m) and L™ almost
every y € R™,

S(T)(py) = (T,p,yy = sign[T(z)L (Q,A™ap Dp|r(2))] 6(z)d,
zeRNp~{y}
= Z sign [T(x) L p#Q] 0(x)d, .

z€RNp~1{y}

Also 88(T') = 0 if and only if 0T = 0 by Proposition 3.1.6.

A rectifiable scan T is, for ), ,, almost every fixed p € O*(n,m), actually de-
termined completely by its values T(p,y) for L™ almost every y € R™. In fact, we
will see in the proof of Theorem 3.5.2 how T is determined by T (p, -) for any regular
projection of R. Here, for an (H™,m) rectifiable set R, a projection p € O*(n,m)

is called regular for R if H™ (X,(R)) = 0 where

Ey(R) =R~ {z : Tan™[(H™L R,z) is an m dimensional subspace
anddim p|Tan™(H™L R,z) =m}.
One may check that @}, ,,, almost every p € O*(n,m) is a regular projections for R
by applying [9, 3.2.22] to the map
(p,z) € O%(n,m) x R* — (p,p(x)) € O*(n,m) x R™.

Finally we notice that in special case T = 8(T') for some T € R,,,(R"™), we have
the integral-geometric identity

B, (m,n) / M(T (0, ))d(8,, % £™)(pry) = M(T) < o0.  (17)
O*(n,m)xRm™

The finiteness of the above integral is however not required in the Definition of a
rectifiable scan. In fact, minimizing sequences for the functional described in the
next section may have unbounded mass and have limits being rectifiable scans that
are not rectifiable currents.
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3.2. The H Mass and the H Flat Distance.

Definition 3.2.1. A function H : [0,00) — [0, 00) is called a concave integrand
whenever it satisfies the following conditions:

(1) H(0) = 0;

(2) H(1) =1;

(3) H(61) < H(62) for every 0 < 01 < 65;

(4) H(01 + 02) < H(01) + H(eg) for every #1 >0 and 6y > 0;

(5) limg_0o H(f) = 0.

In fact for most of the first results in this section we would only need to assume
a subset of these conditions. For instance condition (1) is critical in the proof of
Lemma 3.2.12. Condition (2) is merely a normalization. Condition (4) is required
for lower semicontinuity (Lemma 3.2.14) and Condition (5) will ensure suitable
compactness. The functions H(f) = 07, 0 < ¢ < 1, provide examples of concave
integrands.

Definition 3.2.2. For a concave integrand H and real rectifiable current T €
D (R™) with S(T') < oo, let

Mi(T) = [ H(O"(T].)d¥" z).
R’n
Then, for the new rectifiable current
Ty(T) == H"L H 0 ©™(|T), ) AT
one has My (T) = M (Yg(T)), and My is mass-calculable as in 2.2.1.

Obviously H(8) < 8H(2) for each # > 1 in case H is a concave integrand. This
implies that My (T) < H(2)M(T) + S(T') and, in turn, that My (T) < oo (hence
YTu(T) € Dy (R™)) whenever S(T') < oo. It also implies that Mg (T') < H(2)M(T)
in case T € R, (R™).

Remark 3.2.3. Unfortunately the symbol Y g is clearly not linear and it does not
commute with the boundary operator nor with pushing forward as elementary ex-
amples show. However there are several properties that will be useful.

Lemma 3.2.4. Let T € D,,(R") be a real rectifiable current with S(T') < oo and
H be a concave integrand. The following hold true:

(1) For any real rectifiable T € D, (R™) with S(T) < oo,

ITe(T + D) < ICa(T) |+ 1T u Tl
(2) For any Lipschitz map F : R* — R,

1T e (FuT)|| < Lip(F)™ Fu||[ Y (T)]];
(3) For any Lipschitz G : R* — R” which is one-to-one H™ a.e. on set||T,

Tu(GyT) =Gy Tu(T);
(4) For any T > 0,
Yy ([0,7] x T) =[0,7] X Tu(T);
(5) For any p € O*(n, k) with k € {1,2,...,m} and LF a.e. y € R,
Tu(T,py) = (TuT,p,y).
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Proof. To verify (1) note that the inequality ||7" + T| < 1l + |T|| implies the
pointwise inequality @™ (||T + T],-) < ©@™(||T|],-) + @™ (||T]|,-) is true ||T]| + ||T||
almost everywhere, and by 3.2.1(4),
ITa(T +T)| =H" AHoO™(|T +T]|,)
<H™AHoO™(|T]|,-) + H™ A H o 0™ (||T],-)
= [T+ 1T (D).
For (2) we recall from [9, 4.1.30] that
oMy < Y 0 (IT.e) (18)
zeF~{y}

for H™ almost every y € set(||f#T||). For aBorel E C R, let E* := ENset(||FxT||)
so that F~YE* C F~tset(||FuT||) C set(||T]]) is (H{™, m) rectifiable. Whence

ITH(FoT)I(E) = I (Fy Tl (B°)
= [ e (mT e )

S/E* Y H[O™(IT|l,2)]dH™(y) (thanks to (18))

zeF-1{y}
= /F IO )] ap J (Flset|T) ()" (@) ([0, 3:2:22)
< Lip(F)"|[ T (T)||(F " E)

which proves (2). Identities (3), (4), and (5) follow from respectively, [9, 4.1.30], [9,
4.1.8], and [9, 4.3.8]. 0

Corollary 3.2.5. In the notation of 3.2.4,
(1) My(T+T) < My(T) +My(T);
(2) My (FyT) < Lip(F)" My (T) ;
(3) Mp(GxT) = [H(O™(|T||,z))ap Jm (Glset||T]|) (z) dH™= ;
(4) Mg([0,7] xT) =My (T);
(5) Jor Mu(T,p,y)dLky < Mg(T).

Remark 3.2.6. It can happen that My (T;) — 0 while M(T}) — oo as j — oo.
Consider for instance T; € I; (R) defined by

Tp:=E'L > k[(k+1)7" k']
k=j

with v; sufficiently large to guarantee that lim; oo M(T}) = co. Then obviously
lim; oo Mg (T;) = 0 if H(#) = 69 for some small positive g. This behavior does
not occur in the 0 dimensional case as is discussed in the next Remark.
Remark 3.2.7. If H is a concave integrand, then

H(M(T)) <Mpg(T) for any T € Ip(R").

Indeed T' =} . 4 V40, for some finite subset A of R” and some integers v,. Then
M(T) = 3" ,c 4 |val, whereas Mg (T) =3, .4 H(|val), hence H(M(T)) < Mg(T).



SIZE MINIMIZATION AND APPROXIMATING PROBLEMS 21

Definition 3.2.8. For a compact K C R", and integral flat current T € F,,,(R™)
and a concave integrand H, we define

FH(T) .= inf {MH(R) +Mp(S): T = R+ 8S with R € Ry i (R")
and S € :RmH,K(R”)} .

Flat distances of this type were considered for the first time by W.H. Fleming
n [12]. It is worth comparing the following three notions of convergence of integral
flat chains: T convergence, F convergence and weak convergence.

Remark 3.2.9. Obviously FI(T) < H(2) F(T) for every T € Ty, k (R?).

Remark 3.2.10. The fact that lim;_, ?g(Tj) = 0 does not necessarily imply that
the sequence Th, Ts, ... converges weakly to 0. Indeed, define T; € Ro(R), j = 1,2, ...,
by Tj := jé;j-1 — jo_;-1 = jO[ — j~*,j~']. It follows from the Definition that

L) < M (oL -5, = 2L

which converges to 0 as j tends to oo for instance when H(f) = 67 for some
0 < ¢ < 1. On the other hand, if f € D°(R) is such that f(z) = z in a neighborhood
of 0, then

lim T;(f) = lim j (F(G7) = f(=57Y) = 2.

j—o0 j—o0
Remark 3.2.11. Tt follows from 3.2.4(4) and the Definition of F that
[ @ it < )
whenever T € F,,, k(R™) and p € O*(n, k).
Lemma 3.2.12. Suppose that T € Fp, k(R™) and H is a concave integrand. If
FE(T) =0, then T = 0.

Proof. Observe that applying Remark 3.2.11 with p = px, A € A(n,m), together
with Proposition 3.1.5 reduces to proving the Lemma only in the particular case
when m = 0. In this case, we may find, for each j € {1,2,...}, representations
T = R; + 0S; corresponding to currents R; € Ro x (R") and S; € Ry x(R™) with
Mg (R;) + My (Sj) <j~'. But then R; =0 for j > H(1)"!. If T # 0, then
oo > card(spt(T)) > 2
because T = 0S; for each j > H(1)~'. We deduce the contradiction
M(S;) > min{|a — b| : a,b € spt(T), a #b} > 0.
d
For T,T € F,, i (R") Lemma 3.2.5(1) clearly implies that FE(T +T) < FE(T)+

FH(T). This together with Lemma 3.2.12 ensures that (T,T) — FHE(T — T) is
indeed a distance on Fp, g (R™).

Lemma 3.2.13. If T}, T, ... € Fp k(R"), limj_,o0 FEL(T}) = 0 and sup; N(T}) <
00, then lim;_,oo Fx(Tj) = 0.
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Proof. The compactness theorem for integral currents [9, 4.2.17] implies that each
subsequence Ti (1), Ti(2), --- contains a further subsequence T, (3(1)), Tw(3(2)), --- CON-
verging in flat norm Fx to some Ty € Fp k(R?) N Ny k(R?) = Iy x(R™). It
follows from Remark 3.2.9 that

Fi(Ts) < jlijgo FR(Ts — Taaiy) + jlijgo FH(Tosy) =0,

and hence that T3 = 0 (Lemma 3.2.12). The Lemma now follows from the arbi-
trariness of the subsequences. O

Lemma 3.2.14. Suppose K C R" is compact, H is a concave integrand, and
T,Ti, T, -+ € Ry k (R™). Iflimj_oo FE(T; — T) = 0, then
Mpg(T) < liminf Mg (Tj) .
J*}OO

Proof. First we consider the case m = 0. We may assume that liminf;_,. Mg(T})
is finite, and, by passing to a subsequence and recalling 3.2.7, assume also that

sup M(T}) < sup H ' (Mpy(T))) < . (19)

By 3.2.13, limj oo Fx(T; — T) = 0; hence T; — T weakly. For each a € spt(T')
let r(a) := idist(a,spt(T) ~ {a}) and U, := U (a,r(a)) so that M(TLU,) =

=3
O™ (IT||,a) because T' = 3, cope(7) +0°%(||T]|,a)d,. The weak lower semicontinuity

of M and the fact that all densities are integers imply that
M(TLU,) < liminf M(T;LU,)
j—o0

and in turn
Mp(T)= Y HM(TLU,)

acspt(T)

< . '

< Y lim inf H[M(T;L_U,)]
acspt(T)

<liminf > Mpy(T;L_U,)  (Remark 3.2.7)
j—oo

acspt(T)

< liminf Mg (T}) .

j—oo

Suppose now m > 0. By passing to a subsequence we may assume

lim Mg (T;) = liminf Mg (Tj) .
j—00

j—oo

Inasmuch as, by Remark 3.2.11,
Lo o TRUT, =) 0 7)) < 81T =T) = 0
*(n,m)xR™

as j — 00, we may pass to another subsequence to guarantee that, for B:Mn x Lm
a.a. (p,y) € O*(n,m) x R™,

lim FE(T;,py) — (T,p,y)) = 0;

J]—00

hence,
j—oo
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by the case m = 0. Also, for any Q € R,;, xk (R") we deduce from [9, 3.2.26; 2.10.15;
4.3.8] the integral-geometric equality

My (Q) = / HO™([1Q]], )] d}™ ()
set(||Ql])

= 8" nm) | S HE(IQN)] dE x ™) p)
O (mm)XR™ 4 ep=1 {y}nset(IQI)
=" (n.m) | Mi(Q,p,0) d(6; X 2™ (p,1)
O*(n,m)xR™
(21)
Thus it suffices to integrate (20) and use Fatou’s Lemma. g

Remark 3.2.15. We need one other elementary remark concerning 0 dimension. For
j=1,2,..., the subsets

V= {T el k(R") : M(T) <j} = {T €Iy x(R") : Mp(T) < H(j)}
are Fr, T, and F closed. For T = T — T_ with Ty € I and 0 < ¢ < 1, the

implications

€ €
Fr(T Fr(T FE(T) < == = Fr(T) < jH!
show that F -, T, and T all induce the same topology on each subspace I/. Thus
Fx and FE give Iy i (R™) the same Borel subsets (though different topologies). In
particular, a map from a measure space into Iy (R™) will be measurable with respect
to F if and only if it is measurable with respect to FiL.

3.3. An H Flat Variation Bound for Slicing.

Notation 3.3.1. In this section, we fix a closed ball K C R", an m dimensional
integral current T € I, k(R™), and a locally Lipschitz map f = (fi,..., fr) :
R" — R¥ where k € {1,...,m}. For y = (y1,...,yx) € R¥, we also let
G(Y) = Wiy ¥i1,Yis1s-- - uk) ERFTL
For L* almost every y € R¥, L! almost every t € R, and each i € {1,...,k}, the
formula
TN y,y+te] = (T,qi0 f,q:) (fi lyi,vi + 1}

defines, by [9, 4.3.1,4.3.4], an m — k + 1 dimensional integral current in R™. This
current has two useful elementary properties. First, by applying the boundary
operator and recalling [9, 4.3.1,4.3.2(6),4.3.5,4.3.4,4.2.1], we obtain, for L* x L!
almost every (y,t) € R¥ x R, the relation

<T7fay+tei> - <T7f7y>

= (_l)iil (((Ta qi © f7 QZ(y»a fia Yi + t+> - <<T7 q; © fa ql(y)>7 fia yl_>) (22)

= (=1)'OT)N f Hy,y +te] — (10T N f Ly, y+te]).
Second, we may use 3.2.4 and [9, 4.3.8(2)] to estimate the H masses. Assuming

or =O©™(|T|,-), or =0O™"(IOT],"),
with corresponding rectifiable carrying sets
Rr={z : 0r(z) # 0}, Ror = {z : Oor(x) # 0},
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we deduce that

Mg (TN fy,y +te]) < / H(f7) dHm—F+1
Rrnf~ty,y+tei]

a1 ((0T) N f~ [y, y + tes]) < H(Bor) dH™ " .

/RaTﬂf_l[%?H-tei]

Combining these with (22), we obtain the basic distance estimate
Stlfg“Tv fay + tez> - <T7 f7y>)

< H(Bp7)dH™ " + / H(O7)ddm=F+L,
Rrnf=t[y,y+te;]

/RaTﬂf_l[%?H-tei]

Applying this estimate to intervals coming from a locally finite partition of the line
L= g '4i(y)}, then summing, and finally taking the supremum over almost every
such partition, we find that the F4 essential variation [9, 4.5.10] of (T, f,-) on L is

bounded by

/ H(Bop)dH™* + / H(Op)ddm=h+1
Rornf-1L Rrnf—1L

We can now obtain an MBV bound (see [6, sec.7]) on the slicing function.

Theorem 3.3.2.

- |D(¢ o (T, f,-))| < k(Lip f)* " (Mg (T) + Mg (97))

for any Lipschitz map ¢ : (In—g,k (R™),FH) — R with Lip¢p < 1.

Proof. With x; -(t) = (z1,...,2i=1,t,Zi+1,-- ., 2k), we apply [9, 4.5.9(27)], (23),

and the coarea formula [9, 3.2.22(3)] to see that

k
< / (FHEssVar) (60 (T, £, xi,-())) dL*="

=

< 2 [ (s Yan) (T, £, ) |7 =) agt '

0
< / / H(07)dH™*

; RorO(giof)~1{z}

+/ H(07)dH™ 1] dek~12
Rr0(giof) {2}

k

< Z H(0ar)apJe—1(qi o f)dH™ '+ [ H(Or)apJe_1(g; o f) dH™

Ror Rt
<k@ip = | H@orase + [ Hn) df%m]
Ror Rt

= k(Lip f)*=1 (Mg (0T) + My (T))
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Remark 3.3.3. In case the target R* is replaced by an oriented %k dimensional
Riemannian manifold X, one still has the MBV estimate

/X D(éo (T, £,)] < (X, f,K) (Mu(T) + Mu(T)) .

One may take, for example, ¢(X, f,K) = k(Lip f)F! ijl |Lip1/1j||Lip1/J;1|k’1
whenever f(K) C U/_, X; and ¢, : X; — R¥ are bilipschitz embeddings.

3.4. A BV Compactness Theorem.

Theorem 3.4.1. Suppose X is a k dimensional Riemannian manifold, Y is a
weakly separable [6] metric space, M :' Y — RT is lower semicontinuous, and

M~'([0,R)) is sequentially compact in' Y for all R > 0. If fj : X — Y is
measurable, and

[ M@ astta [ Do sl <A <o,
X X

forall j =1,2,... and maps ¢ : Y — R with Lip¢ < 1, then some subsequence
fj= converges pointwise H* a.e. to a function f: X — Y with

J 0@ acte+ [ Do) <
for all such ¢. Moreover,

lim [ disty (fj(z), f(z))? dH*z = 0

J*}OO K
for all compact K C X and all p € [1, kkj]
Proof. Since X admits bi-Lipschitz coordinates locally we may assume, for nota-
tional simplicity, that X is an open cube in R¥ with 3*(B) = 1 and distx (z,w) =
|z —w| for z,w € X.

Also, by the isometric embedding into £>° of a weakly separable metric space

[6],1.1, we may also assume that Y C £>° with

disty (y,2) = |ly = 2lle = suply’ — 2’|

fory = (y',9%,...), z = (24,22,...) € £=. .
The hypothesis implies that, for each i € {1,2,...}, the ith component f; of f;

satisfies
| psi < A
X

To apply a'standard BV compactness theorem, we also need some control on the
functions f;. To get this, we first use the precompactness hypothesis to verify that
Ng = sup{llylls : y €Y, M(y) <R} < o0

for each positive R < oo. Thus,

1

35

and any median t;- [9, 4.5.9(18] of f]l on X has absolute value bounded by Naj.
Thus, by [9, 4.5.9(18)],

/If}ldﬂf’“ < i+ / i — ] dott < N2A+c/ IDfi| < Naa+CA.
X X X

Hz e X : |Ifj(@)lleo > Noa} <
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We can now apply BV compactness [13, I,p.336] to f]? or any of its subsequences.
With the Cantor diagonal trick, we find a single subsequence j' and single 3* null
subset Z' of X so that, for each i, the sequence f]?, converges pointwise on X ~ Z'
(and strongly in LP for p € [1, kkj)) to a BV function f°.

However, for the desired convergence at each € X ~ Z' of the vectors f;(z) =
(f} (@), f7(x),...), we still need to get uniform convergent rates for the sequences
fi(z) independent of i and also to show that the £ limit f(z) = (f*(x), f*(z),...)
is actually a point in Y. To achieve this, we will find one more subsequence (j*)
of (j') along with another ¥ null subset Z* of X so that we have the additional

pointwise bound
sup M (fj-(z)) < oo.
J

for every z € X ~ Z*. To obtain (j*) and Z*, we first choose, by the argument in
the next paragraph, a Borel subset X; of X with 3(*(X;) > 1H*(X) along with a

subsequence (j") of (j') so that

i = sup supM(fjw(:U)) < 0.
z€X1 J

Then we repeat with X replaced by X ~ X; to get a Borel subset X5 of X ~ X3
with H*(X5) > 5H*(X1) along with a subsequence (j ) of (j ) giving another
bound 7» for M (fjw) on Xp. Continuing, we finally let Z* = X ~ U2, X, and

let (5*) be the diagonal sequence so that, for each z € X ~ Z*, = belongs to some
Xy, and we have the bound

sgpM(fj*(w)) < max{M (fi-(z)) ..., M (fe-(z)) ,7¢} < o0.

To find (j) and X, we may use a dyadic-cube, Calderon-Zygmund construction
with the uniformly integrable functions M (fi (z)). Referring to [13, p.188], we
first choose the parameter 7 > 2*™A so that, at each stage, each function h; has
average T over at most one of the 2¥ subcubes. Starting with hp,(jy =M (f]l (a:)),
one chooses consecutive subsequences hy, (j), hn,(j),--- and cubes @Q1,Qs2,... so
that, for each £ = 1,2, ..., the averages,

fH’“(Q)lthnk,_;(j) dH* for: j=1,2,...,

either are all < T over each of the 2F subcubes Q (and we let Qp = 0))
or are all > T over precisely one subcube Q.

Taking the diagonal subsequence (j) = (n;(j)) and X; = X ~ UX,Q, then
gives the uniform bound M ( fim (CU)) < 7 on X; by differentiation theory.

With the final subsequence (j*) and null set Z* now in hand, we see that, for
each z € X ~ (Z'U Z*), the bound on M (f;-(x)) implies, by hypothesis, that
the sequence fj.(z) is £*° sequentially compact in Y. Thus any of its subsequences
contains a subsequence convergent in £°° to some point of Y. Let

dim fje(z) = 2 = (21,22,...) €Y

J**—o00
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be any such limit of such a convergent subsequence j** of j*. But this limit is
uniquely determined by our earlier convergences,

2t = lim f;*(m) = lim f;,(a:) = fiz) for:i=1,2,....
j—oo j—oo
We conclude that for our specific sequence (j*),
Jim [[fj+ (@) = f(@)lloo = 0 and: f(z) €Y

forallz € X ~ (Z'U Z*).

The integral estimate for the limit function f next follows from the lower semi-
continuity hypothesis, Fatou’s Lemma, and BV lower semicontinuity.

Finally, to establish the LP convergence, we observe that the scalar functions

97+ (@) = ||+ (2) = f(@)]|oc satisty

X weXo<distx (z,w)<1 |'T - UJ|
by the triangular inequality. As before, this implies that sup; fX |Dgj+| < 00. Also
1
¥z e X : |gj(2)] > Nap} < 3

which allows again, by [9, 4.5.9(18)], use of BV compactness to get, for any subse-
quence of g;-, strong convergence in LP for all p € [1, %) of some subsequence.
Since the limit of any such subsequence is necessarily 0 by the pointwise a.e. con-
vergence, we conclude the L? convergence of the original sequence g;- to 0, and the

proof is complete. O

3.5. Existence of H Mass Minimizing Rectifiable Scans.

Lemma 3.5.1. Let m € {1,..,n — 1}, K C R* compact, T € Ry x(R"), W €
G(n,m), r>0,0<h< %, z € R* and po,p1 € O*(n,m). Assume the following
conditions are met:

(1) spt(T)NB(z,r) C B(z+ W,rh);

(2) spt(0T) N B (z,r) = 0;

(3) p; " {pi(z)} NBdry B (z,7) N B (z + W, 2hr) = 0 fori=0,1;

(4) pi(z) is a Lebesgue point of the map

Yy € R™ +— <T7play> € FO,K(]Rn) fOT‘ L= 07]- .

Then

sign(CLpf ) (T, po, po(2)) (1B (a,r) = sign(CLp} Q) (T, p1,p1(2)) (1B (a,r)
for any simple unit m vector ( € Ay, R" associated with W.

Proof. Let w be the nearest point projection of R™ onto the affine m plane z + W,
P =7m4(TLB(z,r)), and h : R*R"® — R" be the affine homotopy between the
identity and 7, that is,

h(t,z) = (1 —t)z +tr(2) for (t,z) € R*R".
The homotopy formula [9, 4.1.9] gives that
P —T =0hy ([0,1] x (TL B (z,7))) + hy ([0,1] x 0(TL B (z,7))) . (24)
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Also since
7 'B(z,7/2) Nsptd (TL B (z,7))
C 1 'B(z,7/2) NBdry B (z,7) N B (z + W, hr) =0,
B (z,7/2) NsptdP = ), and the Constancy Theorem [9, 4.1.7] implies that
PLB (z,r/2) =H"L (WNB(z,r/2)) AjC

for some integer j. Since z+WW meets the two n—m planes p; ' {p;(z)} transversally,
it is elementary to compute the 2 slices

(P,py, pi(x)) = jsign(CLpf )3, fori=1,2. (25)
Also we readily check that
p; Hpi(@)} A ([0,1] x sptd(TL B (z,7)))
Cp; H{pi(x)} NB(z + W,hr) ~p; 'B (z,r/2) = 0.

So we can slice equation (24) and use (25), (26), and the boundary slice relation [9,
4.3.1] to obtain the formulas

(Tapiapi(w»(lB(z,r)) = (Pvpupz(m»(lB(z,r))
— (=1)"0(h ([0,1] x (TL- B (2,7))) , i, pi(#)) (1B(2,r)) + 0
= jsign(CLp#Q) + 0 + 0 fori=1,2,

(26)

which give the desired conclusion. d

By the identity (21) it is natural to define the H mass of a rectifiable scan T by

M (7) = B(m,n) [ My (T(0, )0 X E™)p9) - (2)
O*(n,m)xR™

Theorem 3.5.2. Let Ty € R, (R™) with I (spt(0Ty)) = 0 and let H be a concave

integrand. Then there exists an m dimensional rectifiable scan T in R™ such that

O(T —8(Tp)) =0 and My (T) = I'(Pm,, 10,87)- Moreover, if spt(0Tp) is an m — 1

dimensional compact properly embedded C1 submanifold then there exists T €

Im(]Rn) with BT = 8T0 and MH(T) = F(?MH,TO,R")-

Proof. We first notice (as in the beginning of the proof of Proposition 2.3.1) that
L'(Pmy 1y rn) =T(Pwmy, 1, k) whenever K C R is a compact convex set containing
spt(Tp), because My (mrx 1) < Mp(T) for each T' € R, (R™).

We may, by Lemma 2.1.1(1)), choose a sequence ¢; | 0 as well as currents
T., € R,(R") with 0T, = T, and

Mg (T:,) + e M(T%;) = T(Pe; My 1o.5) = D(Ps; My 10,27)

Next we may argue as in the proof of Proposition 2.3.1 to secure a subsequence
a(l),®(2), ... and an m rectifiable stationary varifold V in R* ~ spt(9Tp) such that

I (T

Ca(y)

M+ 22 T Il — IV in Y ~ spt(0To) asj—o0.  (28)
Now we we are ready to apply the our Compactness Theorem 3.4.1 using

X = the Riemannian manifold O*(n,m) x R™

Y = Iy x (R") with disty (T,T) = FE(T - T),

fi =8(T-,,, — To) = (T. —To,-,-), and M =My .

Ea(j)
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The space Y = Iy x (R™) is clearly separable (hence, weakly separable), a dense sub-
set being given by finite sums of atomic masses with rational coordinates and ratio-
nal coefficients. The lower semicontinuity of Mg on Y was established in Lemma,
3.2.14. A sequence Q; € Iy x(R* with My (Q;) < R has N(Q;) = M(Q,) <
H~'(R) so that a subsequence converges in Fx to some @ € Iy x(R"). This con-
vergence is also in the ‘”J"f(] metric by 3.2.9, and My (Q) < R again by the lower
semicontinuity. Thus M ~! ([0, R]) is sequentially compact in Y. The measurabil-
ity of the f; with respect to the 3 topology follows from Proposition 3.1.3 and
Remark 3.2.15. The L' bound

/ M (f;(z)) dIthe = / My (T...,, — To.p,y), (65 x £™)(p,y)
X O*(n,m)xR™

)
= Bl(m n) ( €a(j) TO)
< Bi(myn) ' Mp(T, ) + Mu(To)]
< By(m,n)~' 2Mp(To) + M(Tp)] < oo

follows from (21), Corollary 3.2.5(1), and the minimizing property of Tt .
Finally, to verify the needed MBV bound, let ¢ : Y — R have Lip ¢ < 1, recall
Lemma 3.1.2, and use the general slicing bound 3.3.3 with

T = (TEQ(]-) - TO) X [[0*(n7m)]] a‘nd f = q’)
hence 9T = 0 and Lip f < ¢g < 00, to estimate

/ ID(6o £,)]
X
- | D (658(T..q, =)
O*(n,m)xR™
= / |D(¢O<TEQ(]‘)_T07'7'>|
O*(n,m)xR™
/ D (($oTLy) o (Te. ,, — To) x [O°(m,m)], ¥, ) |
O*(n,m)xR™
C1 MH ((T

< Cali) TO) X [[0*(n7m)]])
< e [MH(TEQ(]')) + Mp (TO)]
< C2[2MH(T0) +M(Tg)] < 00,

where the constants cg, c¢1, c2 depend only on n and K.

From Theorem 3.4.1 and Remark 3.2.15 we now conclude the existence of a sub-
sequence 3(1),5(2),... of a(l),a(2),... and a measurable (for the Fx topology)
map R : O*(n,m) x R™ — Iy x (R") so that, for @, ,, x L™ almost every (p,y),

Stllg [S(Tfﬁ(]‘) - TO)(pay) - :R(pa y)] — 0 as .7 — 0.

We now change and simplify our notations by writing 7 in place of T%, ,, and V;
in place of Vi e, (T5) for j = 1,2, ... Letting T = R + 8(Tp), we deduce that,

lim S"Ilg[(Tj,p,m — T(p, y)] =0 for 6}, ,, x L™ almost every (p,y), (29)
j—o0 ?

which gives the desired scan boundary condition

AT — $(Tp)) =0
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because, by Proposition 3.1.6,
(T = 8(To)(p,y)) (1) = lim (T; — T, p,y)(1) = 0
j—oo

for almost every (p,y). Also by (27), Fatou’s Lemma, and (21),
w(@) = A7 m) | M (T(p, ))d(6;,, % &™) (p,)
O*(n,m)xR™

<Bitmm) [ it M) (00, % £

n,m)xRm j—roo

<liminf Mg (T;) = T'(Pwmpy,10,r") < 00,
j—00
(30)

the desired minimizing property.
It only remains to verify that J is a rectifiable scan. We begin with the Borel
(H™, m) rectifiable set R := set(||V]|). We first claim that

spt(T(p,y)) ~ spt(0Tp) C R (31)

for 0}, ,,, x L™ almost every (p,y). To prove this, we deduce from the monotonicity
of ||V|| ([1, 5.1(2)]) and the lower density bound that R is relatively closed in
R™ ~ spt(0Tp) (see for instance [8, 6.13]) so that R U spt(9Tp) is closed in R™.
If ¢ R Uspt(9Tp), then also U (z,r) N (R U spt(dTp)) = @ for some r > 0 and
the monotonicity of each ||V;|| implies that spt(T;) NU (z,r) = 0 if j is sufficiently
large because spt(Tj), j = 1,2, ..., converge in Hausdorff distance to R in compact
subsets of R" ~ spt(0Tp) (see for instance [8, 4.2]). Now for each pair (p,y) such
that (29) holds true, we deduce that = & spt(T(p,y))-

We will call a projection p € O*(n,m) good if it satisfies the following properties:
(1) H™(E,(R)) =0, (recall (3.1.8)),
(2) L™ (p (3T0)) =0,
(3) limjeo FE[S(T})(p,y) — T(p,y)] = 0 for L™ almost every y € R™.

(4) liminf; o Mg (8(T};)(p,y)) < oo for L™ almost every y € R™.

By Fubini’s Theorem, (3.1.8), [9, 2.10.15], (29), Fatou’s Lemma, and (30), we see
that @}, ,,, almost every p € O*(n,m) is good. We now define the multiplicity 6 and
orienting m vectorfield ¢ by using one fized good projection py. For z € R, let

0(x) == |T(po, po()) (1)l -

and &(z) := the unique unit m vector orienting Tan™ (||V ||, z) with

sign(€(x)L p* Q) = sign[T(po, po(2)) (1(z})]

To check that # and & are H™ measurable, we first recall that Lusin’s Theorem
allows us to assume that T is fact Borel. Next we let Cr, k = 1,2, ..., be the partition
of R" into dyadic cubes of side length 27* and such that €4, is a refinement of
Ck. Then, since spt[T(po, po(z))] is finite,

0(z) = lim > 1o@)IT (0, po(x))I(1c)
Cceiy

and the fact that 6 is Borel becomes clear. Similarly, one verifies that the func-
tion sign[T (po, po(x))(1,})] is Borel, and the measurability of £ follows from the
rectifiability of R.
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To finish the proof of the fact that T is a rectifiable scan, we need only show
that, for every good projection p € O*(n,m),

Tey)= Y,  sign((@)Lp*Q)0(2)d, (32)
z€RNp~t{y}
is true for L™ almost every y € R™. The definitions of § and £ give (32) when
p=po and y € R™ ~ po(Zp,).
Let py € O*(n,m) be another good projection, and for ¢ = 0,1 we define

Yi = pi(Ep,;) U pi(sptdTo)
U{y : limsup FE[8(T})(p,y) — T(p,y)] > 0}

j—oo
U{y : liminf Mgy (8(T})(p,y)) = oo}
j—o0
U{y : v is not a Lebesgue point of (T}, p;,-) for some j =1,2,...}

so that £™(Y;) = 0 by the goodness of p;. Applying [9, 3.2.22] to each p;|R ~ X,
we see that Z; :== RN p; '(Y;) has H™(Z;) = 0.

We now verify (32) for p = p; and y € R™ ~ pi(Z; UZ2). By (31) and the fact
that y ¢ pi(sptdTp),

Tpuy) = Y, TpLy)(1ey)d.. (33)

xERﬂpfl {y}

It remains to compute the coefficient T(p1,y)(1(,) for each fixed 2 € RN P (y).
The monotonicity of the measure ||V|| as well as that of the measures | X g (T})|| +
5§(j)||Tj|| implies (as in the proof of Proposition 2.3.1) convergence of supports
when letting j — oo or when rescaling ||V|| to its weak tangent plane at z. We
conclude that, for some r > 0 sufficiently small, all the hypotheses of Lemma 3.5.1
are satisfied with h = 1/3, W = Tan™(||V|,2), ( = &(z), and T = Tj for all j
sufficiently large. Inasmuch as

Jim TR [S(T5) (b, pi(2)) =T (pis pi())] = 0 and liminf My (S(T5) (pi; pi())) < o0,

J—00

we may also find, by Lemma 3.2.13, a single subsequence j' so that

Jim Fic [(Tj pi,pi(z)) — T(pi, pi(2))] =0

for i = 0,1. We deduce from Lemma 3.5.1 that

sign(€() L pF )T (b1, ) (1) = sign () L pf T (01, 9) (Lo )
= lim sign(¢()LpF (T3, p1.p1 (2)) (1p(o.r)

= lim sign(é(2) L pf Oy, po, po()) (1n(a,r)

j—oo
= |T(po, po(z)) (1B(2,r))l
=6(z).
This calculation, combined with (33) gives (32).

We turn to the proof of the second part of the Theorem where we assume spt(97Tp)
to have the stated extra regularity property. We define a measure ¢ on R by the
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formula

¢(B) := ﬁfl(n,m)/ ICa (T (P, y)I(B)d(6},n, x £™)(p,y)

O*(n,m)xR™

for each Borel set B C R" (recall Lemma 3.2.14) and we observe that

4(B) = /R H(J9])doem

according to the first part of this proof. On the other hand, for each open set
U C R™ ~ spt(0Tp) we refer to (28) and Fatou’s Lemma to deduce that

o(U) < B (n, m) / lim inf | Y r8(T5) (9, 9)|I(U) (O X ™) (1)

O (n,m)xRm J—=>

.. 2
< liminf (|1 (T)I(0) + ) I1T510)

(because sz(j)M(Tj) — 0 according to Lemma 2.1.1(4))
= lim inf [[V3[|(U) < [[V||(Clos U)
j—oo

and hence we infer that for each closed ball B C R™ we have ¢(B) < |[V||(B).
In particular ©*™(¢,z) < ©*™(||V]|,z) for every z € R”. According to the dif-
ferentiation theory of [9, 2.9] we know that H(|6(z)]) = ©™(¢,z) for H™ almost
every £ € R. On the other hand we know from Allard’s boundary regularity the-
ory (recall Proposition 1.0.1) that ¢ := sup{©@™(||V||,z) : © € R"} < co. Then
|6(x)] < H='(c) for H™ almost every z € R so that H™L R A ¢ € R, (R?).
Finally 0 [%ml_ RA 95] = 0T} according to Proposition 3.1.6. d

Remark 3.5.3. We will now give a different proof of the second part of the above
Theorem, namely the existence result in the class of currents under the extra regu-
larity condition on spt(9Tp). In fact Proposition 1.0.1 implies the following (seem-
ingly stronger, but equivalent) result. Let B C R™ be an m — 1 dimensional,
compact, properly embedded C' submanifold and let Vi, Vs, ... be m rectifiable sta-
tionary varifolds in R™ ~ B, all supported in some common compact subset of R™.
Assume also that @™ (||V;||,z) > 1 for |V;|| almost every x € R*, j = 1,2, ..., and
that sup{||V;||(R™) : j = 1,2, ...} < 0o. Then there exist integers o (1), a(2), ... such
that

sup{O™(|[Vopll,z) :x € R* , j=1,2,..} < 0.

We apply this result to the varifolds ||V}|| from the proof of Theorem 3.5.2 and
we observe it implies that sup{M(Ty;)) : j = 1,2...} < 0o so that Federer and
Fleming’s compactness theorem applies. This shows in fact that there are Mgy
minimizing (sub)sequences converging in the weak topology of currents to an Mg
minimizer, in contrast with the general behavior of M gy minimizing sequences.

REFERENCES

1. W.K. Allard, On the first variation of a varifold, Ann. of Math.(2) 95 (1972), 417-491.

2. , On the first variation of a varifold: boundary behavior, Ann. of Math.(2) 101 (1975),
418-446.

3. F.J. Almgren, Ezistence and reqularity almost everywhere of solutions to elliptic variational
problems with constraints, Memoirs of the AMS, no. 165, American Math. Soc., 1976.




10.

11.
12.

13.
14.
15.
16.
17.
18.
19.
20.

21.
22.

23

F-

SIZE MINIMIZATION AND APPROXIMATING PROBLEMS 33

, Deformations and multiple-valued functions, Geometric measure theory and the cal-
culus of variation (W.K. Allard and F.J. Almgren, eds.), Proc. Sympos. Pure Math., vol. 44,
AMS, 1986, pp. 29-130.

. L. Ambrosio, N. Fusco, and J.E. Hutchinson, Higher integrability of the gradient and dimen-
sion of the singular set for minimisers of the Mumford-Shah functional, preprint (2001).

. L. Ambrosio and B. Kirchheim, Currents in metric spaces, Acta Math. 185 (2000), no. 1,
1-80.

. E. De Giorgi, Frontiere orientate di misura minima, Sem. Mat. Scuola Norm. Sup. Pisa
(1960-61).

. Th. De Pauw, Nearly flat almost monotone measures are big pieces of lipschitz graphs, to
appear in J. of Geom. Anal. (2001).

. H. Federer, Geometric measure theory, Springer-Verlag, 1969.

H. Federer and W.H. Fleming, Normal and integral currents, Ann. of Math.(2) 72 (1960),

458-520.

W.H. Fleming, On the oriented plateau problem, Rend. Circ. Mat. Palermo 11 (1962), 69-90.

, Flat chains over a finite coefficient group, Trans. Amer. Math. Soc. 121 (1966),

160-186.

M. Giaquinta, G. Modica, and J. Soucek, Cartesian currents in the calculus of variation III,

Springer-Verlag, 1998.

R. Hardt and T. Riviere, Connecting topological Hopf singularities, preprint (2001).

R. Jerrard and M. Soner, Functions of bounded n variation, Preprint (2000).

F. Morgan, Size-minimizing rectifiable currents, Invent. Math. 96 (1989), no. 2, 333-348.

J.C.C. Nitsche, Lectures on minimal surfaces, vol.1 - Introduction, fundamentals, geometry

and basic boundary value problems, Cambridge University Press, 1989.

R.E. Reifenberg, Solutions of the plateau problem for m-dimensional surfaces of varying topo-

logical type, Acta Math. 104 (1960), 1-92.

J.E. Taylor, The structure of singularities in soap-bubble-like and soap-film-like minimal sur-

faces, Ann. of Math. (2) 103 (1976), 489-539.

B. White, Stratification of minimal surfaces, mean curvature flows, and harmonic maps, J.

Reine Angew. Math. 488 (1997), 1-35.

, The deformation theorem for flat chains, Acta Math. 183 (1999), no. 2, 255-271.

, Rectifiability of flat chains, Ann. of Math.(2) 150 (1999), no. 1, 165-184.

. Q. Xia, Optimal paths related to transport problems, Preprint (2001).

(Thierry De Pauw) UNIVERSITE PARIS-SUD, EQUIPE D’ANALYSE HARMONIQUE, BATIMENT 425,
91405 Orsay CEDEX
E-mail address, Thierry De Pauw: Thierry.De-Pauw@math.u-psud.fr

(Robert Hardt) RICE UNIVERSITY, MATHEMATICS DEPARTMENT - MS136, 6100 S. MAIN ST.,

Houston, TX 77005-1892

E-mail address, Robert Hardt: Hardt@math.rice.edu



