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Absolute profinite rigidity
and hyperbolic geometry

By M. R. Bridson, D. B. McReynolds, A. W. Reid, and R. Spitler

Abstract

We construct arithmetic Kleinian groups that are profinitely rigid in

the absolute sense: each is distinguished from all other finitely generated,

residually finite groups by its set of finite quotients. The Bianchi group

PSL(2,Z[ω]) with ω2 + ω + 1 = 0 is rigid in this sense. Other examples

include the non-uniform lattice of minimal co-volume in PSL(2,C) and the

fundamental group of the Weeks manifold (the closed hyperbolic 3-manifold

of minimal volume).

1. Introduction

It is notoriously hard to unravel the nature of a finitely presented group Γ.

In order to do so, one must explore how the group can act on different kinds

of objects. The most primitive objects to consider are finite sets. Actions

on finite sets capture only the finite images of groups, so the power of such

actions to explain the nature of Γ is limited by the answer to the fundamental

question: to what extent is Γ determined by its set of finite quotients? This

compelling question has re-emerged with different emphases throughout the

history of group theory, and in recent years it has been animated by a rich

interplay with geometry and low-dimensional topology, e.g., [5], [8], [11], [12],

[23], [25], [48] and [49].

The finite images of Γ are encoded in its profinite completion Γ̂ (see Sec-

tion 2). If Γ has elements that do not survive in any finite quotient, then one

cannot hope to recover Γ by studying Γ̂, so it is natural to restrict attention

to residually finite groups, i.e., groups where every finite subset injects into
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some finite quotient. In its rawest form, the fundamental question then be-

comes: which finitely generated, residually finite groups Γ are profinitely rigid

in the absolute sense, i.e., have the property that if Λ is finitely generated and

residually finite, then Λ̂ ∼= Γ̂ implies Λ ∼= Γ.

Variations on this problem have driven many advances in group theory in

recent years but there has been very little progress towards identifying infinite

groups that are profinitely rigid in the absolute sense. It is easy to see that

finitely generated abelian groups are rigid, but beyond that one immediately

struggles; for example, virtually cyclic groups need not be rigid [4]. If Γ satisfies

a group law (for example if it is nilpotent or solvable), then Λ̂ ∼= Γ̂ will imply

that Λ satisfies the same law, provided it is residually finite. In such cases,

the question of absolute profinite rigidity reduces to a question of relative

profinite rigidity, where one asks if Γ̂ distinguishes Γ from all other groups in

a restricted class. If the relative context is sufficiently tame, this observation

allows one to identify examples of profinitely rigid groups: for example, the

free nilpotent group of fixed class on a fixed number of generators is profinitely

rigid (although many other nilpotent groups are not, [24]).

The pursuit of relative profinite rigidity theorems has provided a focal

point for a rich body of research in recent years, particularly in geometric con-

texts. This includes many settings in which the groups are full-sized in the sense

that they contain non-abelian free subgroups. (Note that a full-sized group

cannot satisfy a law.) For example, every Fuchsian group can be distinguished

from any other lattice in a connected Lie group by its finite quotients [8]. Such

relative theorems do not lead to absolute profinite rigidity, however, because

in the absence of a group law it is extremely difficult to rule out the possi-

ble existence of an utterly exotic Λ, finitely generated and residually finite,

with Λ̂ ∼= Γ̂. Thus, despite our understanding of Fuchsian groups, it remains

unknown whether finitely generated free groups are profinitely rigid in the ab-

solute sense (which is an old question of Remeslennikov [31, Question 5.48]).

In this article we provide the first examples of full-sized groups that are

profinitely rigid in the absolute sense. Our examples are fundamental groups of

3-dimensional hyperbolic orbifolds, i.e., lattices in PSL(2,C). Our main result

is the following.

Theorem 1.1. There exist arithmetic lattices in PSL(2,C) that are pro-

finitely rigid in the absolute sense.

These lattices are described in Section 1.1 below, and in more detail in

Section 5. We provide both uniform and non-uniform examples. For the

moment we can construct only finitely many of each, but from these one can

manufacture infinitely many commensurability classes of full-sized groups that

are profinitely rigid. For instance, in Section 9.5 we prove that for one of
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our examples ΓW , the group ΓW × Zr is profinitely rigid for every r ∈ N.

Ultimately, one hopes to prove that all Kleinian groups are profinitely rigid,

but such a result seems beyond the reach of current technology.

The lattices that we exhibit to prove Theorem 1.1 have several important

features in common, some arithmetic, some geometric, and some algebraic. A

crucial algebraic characteristic is representation rigidity. The arguments that

we develop around this idea are not specific to dimension 3, are of a quite

general nature, and apply especially in the setting of higher rank lattices. On

the other hand, our geometric arguments make very strong use of the subgroup

structure of Kleinian groups and 3-manifold topology, and the corresponding

parts of our proof do not extend to lattices in other settings. Indeed, any

progress in this direction will require a far better understanding of the infinite

index subgroups of general lattices than exists at present.

We now outline how the strategy of our proof proceeds and describe how

the key features of the examples enter the argument. First, representation

rigidity: each of the lattices Γ that we study has very few irreducible represen-

tations into SL(2,C) up to conjugacy, and all of the representations arise from

the arithmetic structure of the lattice. The explanation for this is different

in each case, as is the way in which it is exploited, but it is an indispensable

feature of our arguments. In particular, it allows us to resolve the basic con-

cern that an arbitrary finitely generated, residually finite group Λ with Λ̂ ∼= Γ̂

may have no interesting representations to SL(2,C). It turns out that one can

always construct a useful representation by working one prime at a time. In

this way, we relate representations Γ → SL(2,C) to bounded representations

Γ̂ → SL(2,Qp). The restrictions of the latter to Λ < Λ̂ = Γ̂ fit together to

provide a Zariski-dense representation ρ : Λ → SL(2,C), and for the lattices

that we consider, one can use constraints coming from the arithmetic of Γ

to force the image of ρ to lie in Γ, or perhaps a finite extension of Γ. For

more general lattices, it is difficult to control the images of representations

constructed by such local techniques. (See the comments below concerning

the (2, 3, 7)-triangle group.)

The arguments up to this point (Section 4) are those that can be modified

so as to apply quite generally; this theme is taken up in [33] and [45]. Thus, for

example, one can prove that if Λ is a finitely generated group with the same

finite quotients as SL(n,Z), and n ≥ 3, then there is a Zariski-dense repre-

sentation Λ → SL(n,Z) < SL(n,R) that induces an isomorphism of profinite

completions.

Returning to our setting, it is the special way in which arithmetic and

geometry dovetail in dimension 3 that allows us to complete the proof. The

arithmetic structure of a lattice Γ < PSL(2,C) is encoded in its invariant trace-

field KΓ = Q(tr(γ2) : γ ∈ Γ) and in the quaternion algebra AΓ over KΓ. In
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all of our examples, KΓ is a number field of low degree (2 or 3), Γ is closely

related to the unit group of a maximal order in AΓ, and the ramification of

AΓ at finite places of KΓ is highly constrained. On the geometric side, in each

case, we also exploit special features of the low index subgroups of Γ, including

the fact that the orbifold H3/Γ has a finite-sheeted covering of small index

that is a surface bundle over the circle, explicit features of which are exploited

heavily. Mostow Rigidity and volume calculations also play an important role.

Once we have a Zariski-dense representation ρ : Λ→ Γ in hand, we argue,

roughly speaking, that if ρ were not surjective, then Λ would have a finite

quotient that Γ does not have, contrary to hypothesis; and since Λ̂ ∼= Γ̂ is

Hopfian, the surjectivity of ρ̂ : Λ̂→ Γ̂ implies injectivity, so ρ is an isomorphism.

In each case, arguments from classical 3-manifold topology reduce us quickly to

the case where the image of ρ has finite index in Γ, and at that stage bespoke

arguments about the low index subgroups of Γ and the finite linear quotients

of Γ are invoked.

We wish to emphasize that our strategy for proving Theorem 1.1 relies

on the remarkable fact that the diverse array of arithmetic, geometric and

algebraic features needed in the proof can be found in specific examples. It

does not extend in an obvious way to any general classes of Kleinian groups.

Looking further afield to the case of SL(n,Z) with n ≥ 3, this strategy reduces

the issue of profinite rigidity to a question about finite quotients of finitely

generated, infinite index, Zariski-dense subgroups of SL(n,Z); but at this point

we are blocked by how little is known about the infinite index subgroups of

SL(n,Z) and the argument goes no further.

It is also interesting to consider how our argument breaks down if one

replaces Γ by the triangle group T = ∆(2, 3, 7), which one also suspects might

be profinitely rigid. One again has sufficient control to construct interesting

representations of any group Λ with Λ̂ ∼= T̂ , but the arithmetic of the invariant

trace-field of T imposes less constraint than in the case of the 3-dimensional

lattices we consider. Instead of concluding from Λ̂ ∼= T̂ that there exists a useful

homomorphism Λ → T , one has to contend with another possibility arising

from the three real places of the invariant trace-field K. In this case, Λ instead

has a Zariski-dense representation to the Hilbert modular group PSL(2, RK),

about whose infinite index subgroups we again know embarrassingly little.

There are, however, hyperbolic triangle groups where one has stricter control

over their arithmetic, and in [9] we shall explain how the methods of the present

paper can be extended to prove that certain of these co-compact Fuchsian

groups are profinitely rigid in the absolute sense.

1.1. Organization of the paper. After gathering some basic facts about

profinite completions in Section 2 and trace-fields in Section 3, in Section 4,

we prove the general results that lead to the construction of ρ : Λ→ PSL(2,C)
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as described above. Theorem 4.8 is the key result of a general nature in this

section, and Corollary 4.11 applies it to the lattices Γ < PSL(2,C) that are

the focus of subsequent sections. These lattices are presented in Section 5.

Prominent among them is Γ = PSL(2,Z[ω]), where ω denotes a primitive cube

root of unity, i.e., ω2 +ω+1 = 0. The orbifold H3/Γ associated to this Bianchi

group is a non-compact orientable arithmetic 3-orbifold, which is a 4-sheeted

cover of the non-orientable orbifold of minimal volume. We also describe all

of the lattices that contain Γ, as well as the Weeks manifold, which is the

unique closed hyperbolic 3-manifold of minimal volume. In Section 6 we prove

that, up to conjugacy, the only irreducible representations PSL(2,Z[ω]) →
PSL(2,C) are the inclusion and its complex conjugate; this is an instance of

Galois rigidity, a concept that plays an important role in Section 4. Particular

features of the arithmetic of Q(ω), the invariant trace-field of PSL(2,Z[ω]), also

play a key role in Section 6, as does an extension of Paoluzzi and Zimmermann’s

detailed analysis [37] of epimorphisms Γ→ PSL(2,F), where F is a finite field.

In Section 7 we prove that PSL(2,Z[ω]) is profinitely rigid and in Section 8 we

prove that all of the lattices that contain it are also rigid. In Section 9 we turn

our attention to uniform, torsion-free lattices and prove that the fundamental

group of the Weeks manifold is profinitely rigid.

Several of our proofs rely on computer calculations, implemented via

Magma [6]. The full details of each of these calculations can be found in

the supplementary document [10].
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2. Preliminaries concerning profinite groups

Here we gather some results and remarks about profinite groups that we

shall need. Let Γ be a finitely generated group. The profinite completion of

Γ is defined as Γ̂ = lim←−Γ/N where the inverse limit is taken over the normal

subgroups of finite index N C Γ ordered by reverse inclusion. Γ̂ is a compact,

totally disconnected topological group.
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The natural homomorphism i : Γ→ Γ̂ is injective if and only if Γ is resid-

ually finite, and the image is always dense. Hence, the restriction to Γ of any

continuous epimomorphism from Γ̂ to a finite group is onto. A deep theorem

of Nikolov and Segal [36] implies that if Γ is finitely generated, then every ho-

momorphism from Γ̂ to a finite group is continuous, and so every finite index

subgroup of Γ̂ is open. The following proposition records the correspondence

between subgroups of finite index in a discrete group and its profinite com-

pletion (see [41, Prop 3.2.2]). Note that we have used [36] to replace “open

subgroup” in the profinite setting by “finite index subgroup.” Given a subset

X of a profinite group G, we write X to denote the closure of X in G.

Proposition 2.1. For every finitely generated, residually finite group Γ,

there is a bijection from the set X of all finite index subgroups of Γ to the set

Y of all finite index subgroups of Γ̂. If Γ is identified with its image in Γ̂, then

this bijection takes Ω ∈ X to Ω, while its inverse takes Λ ∈ Y to Λ ∩ Γ. Also

[Γ : Ω] = [Γ̂ : Ω]. Moreover, Ω is normal in Γ̂ if and only if Ω is normal in Γ,

in which case Γ/Ω ∼= Γ̂/Ω.

Corollary 2.2. If Γ1 and Γ2 are finitely generated groups with Γ̂1
∼= Γ̂2,

then there is a one-to-one correspondence between the subgroups of finite index

in Γ1 and the subgroups of finite index in Γ2; this correspondence preserves

index and takes normal subgroups to normal subgroups.

Proof. Fixing an identification Γ̂1 = Γ̂2, the correspondence is Ω↔ Ω∩Γ2

for Ω < Γ1. �

We will also find it useful to count conjugacy classes of finite index sub-

groups.

Lemma 2.3. Let Γ1 and Γ2 be finitely generated groups. If Γ̂1
∼= Γ̂2 then,

for every integer d, the number of conjugacy classes of subgroups of index d in

Γ1 is equal to the number in Γ2. Moreover, the sizes of the conjugacy classes

are the same in Γ1 and Γ2.

Proof. Each of Γ and Γ̂ acts on its set of index d subgroups by conjugation

and the bijection between these sets H 7→ H is equivariant with respect to

Γ→ Γ̂. Thus the orbit structure for the action of Γ is an invariant of Γ̂. �

A standard argument shows that finitely generated groups Γ1,Γ2 have the

same set of finite quotients if and only if Γ̂1
∼= Γ̂2 (see [20]). We also require two

other basic facts. First, if Epi(Γ, Q) denotes the set of epimorphisms from the

group Γ to the finite group Q, there is a bijection Epi(Γ̂, Q) → Epi(Γ, Q) (so

if Γ̂1
∼= Γ̂2, then |Epi(Γ1, Q)| = |Epi(Γ2, Q)|). Second, we require the following

elementary but useful lemma. In the statement of the lemma, H1(Γ,Z) denotes

the first integral homology of Γ and b1(Γ) denotes the first Betti number of Γ.
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Lemma 2.4. Let Γ1 and Γ2 be finitely generated groups. If Γ1 surjects a

dense subgroup of Γ̂2, then b1(Γ1) ≥ b1(Γ2). If Γ̂1
∼= Γ̂2, then H1(Γ1,Z) ∼=

H1(Γ2,Z).

Finally, we need to consider the relationship between the profinite com-

pletion of a group and the profinite completions of its subgroups. Let Γ be a

finitely generated, residually finite group with subgroup ∆ < Γ. The inclusion

∆ ↪→ Γ induces a continuous homomorphism “∆ → Γ̂ whose image is ∆. The

map “∆ → Γ̂ is injective if and only if ∆ ∼= “∆; and we say that Γ induces the

full profinite topology on ∆ when that holds. As Γ is finitely generated, this is

equivalent to the statement that for every finite index subgroup I < ∆, there

is a finite index subgroup S < Γ such that S ∩∆ ⊂ I. Note that if ∆ < Γ is

of finite index, then Γ induces the full profinite topology on ∆.

3. Finitely generated subgroups of PSL(2,C) with algebraic traces

To fix notation, it will be convenient to record some basic facts about

trace-fields of finitely generated subgroups of PSL(2,C). Kleinian groups are

subgroups of PSL(2,C), but throughout the paper it is often convenient to

pass to SL(2,C). Indeed many of the arguments are given in SL(2,C) and

are applied to the pre-image of a subgroup of PSL(2,C). For concreteness,

let φ : SL(2,C)→ PSL(2,C) be the quotient homomorphism. For ∆ a finitely

generated subgroup of PSL(2,C), we define ∆1 = φ−1(∆). It will be convenient

to refer to ∆ as being Zariski-dense in PSL(2,C), by which we mean ∆1 is a

Zariski-dense subgroup of SL(2,C).

3.1. Trace-fields. The trace-field of ∆ is defined as K∆ =Q(tr(δ) : δ∈∆1).

We say that ∆ has integral traces if tr (δ) ∈ RK∆
for all δ ∈ ∆1 where RK∆

is the ring of algebraic integers in K∆. The field K∆ need not be a number

field. However, one well-known situation when K∆ is a number field is when

∆ is rigid (i.e., when ∆ has only finitely many Zariski-dense representations to

(P) SL(2,C) up to conjugation). Let Xzar(∆,C) denote the set of Zariski-dense

representations of ∆ up to conjugacy in (P) SL(2,C). The following lemma is

a consequence of [39, Prop 6.6].

Lemma 3.1. If ∆<(P) SL(2,C) is finitely generated and |Xzar(∆,C)|<∞,

then [K∆ : Q] <∞.

3.2. Invariant trace-field and quaternion algebra. The invariant trace-field

of ∆ is defined to be K∆ = Q(tr(δ2) : δ ∈ ∆1). Alternatively, K∆ = K∆(2) ,

where ∆(2) is the subgroup of ∆ generated by {δ2 : δ ∈ ∆}. As K∆/K∆

is a multi-quadratic extension of degree 2s for some s ≥ 0, if ∆ has no Z/2Z
quotient, then s = 0 and K∆ = K∆. The group ∆1 generates a K∆-quaternion

algebra A0∆ and ∆
(2)
1 ≤ ∆1 generates a K∆-quaternion algebra A∆ called
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the invariant quaternion algebra. When ∆1 has integral traces, ∆1 generates

an RK∆
-order O∆ in A0∆; see [29, Ch. 3] for more details on this material.

Conversely, if ∆1 is contained in an order of A0∆, then ∆1 has integral traces.

Similar statements hold for the invariant trace-field and quaternion algebra.

Remark 3.2. An alternative description of the invariant trace-field was

given by Vinberg [46] who showed that K∆ = Q(tr(Ad(δ)) : δ ∈ ∆1), where

Ad: SL(2,C)→ Aut(sl(2,C)) is the adjoint representation.

4. Linear representations and profinite completions

In this section we establish the representation theoretic results that will

serve as the starting point for the proofs of our main result. The main result

of this section is Theorem 4.8, from which we isolate the special cases that will

apply to the Kleinian groups described in the introduction; see Corollary 4.11

and Examples 4.12 and 4.13. The material in this section can be adapted

to other reductive algebraic groups (see [33]) but we will focus exclusively on

(P)SL2, which is the setting for the rigidity results here and in [9].

Each of our proofs of profinite rigidity begins with an arithmetic Fuch-

sian or Kleinian group i : Γ ↪→ (P)SL(2,C) whose only Zariski-dense repre-

sentations, up to conjugacy, are the Galois conjugates of the inclusion; see

Section 4.3. By way of arithmeticity, this “Galois rigidity” enables us to con-

trol the continuous representation theory of Γ̂ into (P)SL(2,Qp), for any finite

rational prime p, and hence gain control on the representation theory of any

finitely generated group ∆ with Γ̂ ∼= “∆. In particular, we obtain a bijec-

tion between the conjugacy classes of the Zariski-dense representations of ∆

to (P) SL(2,C) and those of Γ. Moreover, the arithmetic structure associated

to these representations of ∆ and Γ are closely related. In the cases that are

of particular interest to us, the specific control on the arithmetic data of Γ is

sufficient to force ∆ to have a Zariski-dense representation whose image lies

in Γ (or a small index extension of it), and this representation is the key output

from this section with regard to profinite rigidity.

4.1. Preliminaries. We recall some standard terminology and fix notation.

The set of primes p ∈ N together with∞ will be denoted by P. For each p ∈ P,

the metric completion of Q with respect to the p-adic metric will be denoted

by Qp; note that Q∞ = R. We will refer to the metric topology on Qp and

associated spaces (subsets, varieties over Qp, quotients, etc.) as the p-adic

analytic topology. For each p ∈ P r {∞}, the p-adic norm extends uniquely to

the algebraic closure Qp of Qp, which is isomorphic to C as a field but not as

a metric field: any isomorphism will induce maps on associated varieties that

are continuous with respect to the Zariski topology but not the p-adic analytic

topologies.
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Given a number field K/Q, we denote the degree of K over Q by nK and

the ring of algebraic integers of K by RK . For each p ∈ P, the set of embeddings

(i.e., injective field homomorphisms) σ : K → Qp is denoted by EpK . Note that∣∣EpK∣∣ = nK . The set of embeddings of K over all p ∈ P is denoted by EK . The

set of embeddings over all finite p is denoted by EfK . For σ ∈ E∞K , we say that σ

is real if σ(K) ⊂ R and that it is complex otherwise. The group of continuous

(analytic) automorphisms Autc(Qp) acts on EpK by post-composition. The

orbits are called the places of K over p. The set of places of K over p is

denoted by V p
K . The union of these sets over all p ∈ P r {∞} is the set of

finite places V f
K , and when the set V∞K of infinite places is added we get the

set VK of all places. Specific infinite places v ∈ V∞K can be termed real or

complex as the action of Autc(C) ∼= Z/2 preserves R. Given v ∈ VK associated

to σ : K → Qp, we denote the metric closure of σ(K) in Qp by Kv, noting that

the isomorphism class of this locally compact field depends only on v.

Given a quaternion algebra B/K and σ ∈ EpK with associated v ∈ V p
K , we

set Bv = B⊗σ(K)Kv. Note that Bv is isomorphic to the topological closure of

B in B⊗σ(K) Qp
∼= M(2,Qp) in the p-adic analytic topology. We say that B is

ramified at v ∈ VK if Bv is a division algebra, and we denote the set of ramified

places by Ram(B). We denote the subsets of finite and infinite ramified places

of B by Ramf (B) and Ram∞(B). By class field theory, a quaternion algebra

B/K is determined up to K-isomorphism by the set of Kv-isomorphism classes

{Bv}v∈VK ; in particular, B is determined by Ram(B), which is finite and of

even cardinality; see, for example, [29]. We denote the group of units of B by

B× and the group of reduced norm one elements by B1. Given an RK-order

O of B, set O× = O ∩ B× and O1 = O ∩ B1. Given v ∈ VK associated to

σ ∈ EK , we denote the closure of σ(O) in Bv by Ov and the closure of σ(RK)

in Kv by Rv. We note that Ov is an Rv-order in Bv.

4.2. Bounded representations and profinite completions. Given a finitely
generated group Λ, a homomorphism Λ → SL(2,Qp) is said to be bounded if
its image is bounded (i.e., pre-compact) in the p-adic analytic topology. For all

finite primes p, the universal property of the profinite completion Λ̂ provides

a correspondence between representations Λ̂ → SL(2,Qp) that are continuous

in the p-adic analytic topology and bounded representations Λ → SL(2,Qp);
see Lemma 4.3. Conjugacy classes are preserved by this correspondence, as
is Zariski-denseness. Thus we obtain five related sets of representations, for
which it is convenient to have names:

Xb(Λ,Qp)=
{

the conjugacy classes of bounded representations Λ→SL(2,Qp)
}
,

Xc(Λ̂,Qp)=
¶

the conjugacy classes of continuous representations Λ̂→SL(2,Qp)
©
,

Xzar(Λ,Qp)=
{

the conjugacy classes of Zariski-dense representations Λ→SL(2,Qp)
}
,
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Xc,zar(Λ̂,Qp)=
{

the conjugacy classes of Zariski-dense continuous representations

Λ̂→SL(2,Qp)
}
.

The final set is Xb,zar(Λ,Qp) = Xb(Λ,Qp) ∩Xzar(Λ,Qp). Given p1, p2 ∈ P, any

field isomorphism θ : Qp1 → Qp2 induces an isomorphism of abstract groups

SL(2,Qp1)→ SL(2,Qp2) and a bijection θ∗ : Xzar(Λ,Qp1) −→ Xzar(Λ,Qp2), so

(1)
∣∣Xzar(Λ,Qp1)

∣∣ =
∣∣Xzar(Λ,Qp2)

∣∣ .
Proposition 4.1. If Λ, ∆ are finitely generated groups with Λ̂ ∼= “∆ and

|Xzar(Λ,C)| <∞, then |Xzar(∆,C)| = |Xzar(Λ,C)|.

To prove this proposition, we need two lemmas.

Lemma 4.2. Let Λ be a finitely generated group. If φ1, . . . , φn : Λ →
SL(2,C) are Zariski-dense representations, then for all but finitely many p ∈
P r {∞} there is a field isomorphism θ : C → Qp such that each of the rep-

resentations θ∗(φi) is bounded. If Xzar(Λ,C) is finite, then |Xzar(Λ,C)| =∣∣Xb,zar(Λ,Qp)
∣∣ and Xzar(Λ,Qp) = Xb,zar(Λ,Qp) for all but finitely many p ∈

P r {∞}.

Proof. Let R be the finitely generated subring of C generated by the ma-

trix coefficients φi(Λ) for i = 1, . . . , n. By Noether normalization, there exists

α ∈ Z such thatR[α−1] is isomorphic to a finite extension of Z[α−1][x1, . . . , xm].

For any finite p that does not divide α, we obtain a ring embedding θ : R→ Qp

such that θ(R) is bounded by sending the transcendentals x1, . . . , xm to m in-

dependent transcendentals in Zp. This embedding has a unique extension to

the field of fractions of R, which we identify with a subfield of C. Using

the axiom of choice, this in turn can be extended to the desired field isomor-

phism θ : C → Qp. If Xzar(Λ,C) = {φ1, . . . , φn}, then θ∗ defines an injection

Xzar(Λ,C) ↪→ Xb,zar(Λ,Qp) for all p not dividing α, and (1) completes the

proof. �

When Γ̂ ∼= Λ̂, one can indirectly relate the complex representation theory

of Γ to that of Λ via Xc(Λ̂,Qp).

Lemma 4.3. If Λ is finitely generated group, then for each finite p, the

map Xc(Λ̂,Qp)→Xb(Λ,Qp) given by composing representations with the canon-

ical map Λ→ Λ̂ is a bijection, and it restricts to a bijection from Xc,zar(Λ̂,Qp)

to Xb,zar(Λ,Qp).

Proof. The image of any continuous representation φ̂ : Λ̂ → SL(2,Qp) is

compact, so its restriction to the image of Λ is bounded. Conversely, given

φ : Λ → SL(2,Qp), since φ(Λ) is finitely generated, there exists a finite ex-

tension F/Qp such that φ(Λ) < SL(2, F ). The closed subgroup SL(2, F ) <
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SL(2,Qp) is locally profinite (i.e., Hausdorff, locally compact, and totally dis-

connected), so if φ is bounded then the topological closure φ(Λ) of φ(Λ) is a

profinite group, and hence φ extends to a continuous representation of Λ̂. As

conjugation in SL(2,Qp) is continuous and the image of Λ is dense in Λ̂, the

correspondence between continuous representations of Λ̂ and bounded repre-

sentations of Λ induces a bijection Xc(Λ̂,Qp) → Xb(Λ,Qp). The correspon-

dence preserves Zariski-denseness because the p-adic analytic topology is finer

than the Zariski topology. �

Proof of Proposition 4.1. If |Xzar(∆,C)| were greater than

N(Λ) := |Xzar(Λ,C)| ,

then Lemma 4.2 would imply
∣∣Xb,zar(∆,Qp)

∣∣ > N(Λ) for almost all finite

primes. By Lemma 4.3,∣∣Xb,zar(∆,Qp)
∣∣ =

∣∣∣Xc,zar(“∆,Qp)
∣∣∣ =

∣∣∣Xc,zar(Λ̂,Qp)
∣∣∣ =

∣∣Xb,zar(Λ,Qp)
∣∣ .

However, N(Λ) =
∣∣Xb,zar(Λ,Qp)

∣∣ for almost all p by Lemma 4.2, which is a

contradiction. �

4.3. Galois Rigidity. In order to produce the necessary representations

needed for profinite rigidity, we require lattices with the fewest possible Zariski-

dense representations. Consider the situation where Γ is a finitely gener-

ated group with ρ : Γ→ (P) SL(2,C) a Zariski-dense representation such that

K = Kρ(Γ) is a number field of degree nK . As K = Q(θ) for some algebraic

number θ, the Galois conjugates θ = θ1, . . . , θnK of θ provide embeddings

σi : K → C defined by θ 7→ θi. These in turn can be used to build nK Zariski-

dense non-conjugate representations ρσi : Γ → (P) SL(2,C) with the property

that tr (ρσi(γ)) = σi(tr ρ(γ)) for all γ ∈ Γ. We will refer to these as Galois con-

jugate representations. We see from this construction that |Xzar(Γ,C)| ≥ nK ,

which motivates the following definition.

Definition 4.4 (Galois Rigid). Let Γ be a finitely generated group and let

ρ : Γ → (P) SL(2,C) be a Zariski-dense representation whose trace-field Kρ(Γ)

is a number field. If |Xzar(Γ,C)| = nKρ(Γ)
, we say that Γ is Galois rigid (with

associated field Kρ(Γ)).

When we say that a subgroup of (P) SL(2,C) is Galois rigid, we implic-

itly take ρ to be the inclusion map. Note that if Γ is Galois rigid, then any

irreducible representation with infinite image can serve as ρ as all such repre-

sentations are Galois conjugate. In particular, Kρ(Γ) is an intrinsic invariant

of Γ, as is the quaternion algebra A0Γ := A0ρ(Γ) and the group homomor-

phism Γ→ ρ(Γ) ↪→ A0Γ1. Integrality of traces plays a key role in what follows

and is a necessary property beyond Galois rigidity. From the discussion in

Section 3.2 integrality is assured if Γ is contained in an order O < A0Γ.
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Lemma 4.5. If Γ is a finitely generated, residually finite group with the

property that for each Zariski-dense representation ρ : Γ → (P) SL(2,C) we

have tr(ρ(γ)) ∈ RKρ(Γ)
for all γ ∈ Γ and for some number field Kρ(Γ), then

Xzar(Γ,Qp) = Xb,zar(Γ,Qp) for all primes p.

Proof. For convenience we work with ρ : Γ → SL(2,C), a Zariski-dense

representation as in the statement of lemma. We replace C with Qp by fixing

a field isomorphism C→ Qp; note that this preserves algebraic integers. Then

K = Kρ(Γ) is a number field, and the traces of elements ρ(γ) are algebraic

integers in K ⊂ Qp. In particular, for any place v ∈ V p
K , Kv is a finite ex-

tension of Qp, and integrality implies that tr (ρ(γ)) ∈ Rv for all γ ∈ Γ. In

particular, since Rv is compact, tr (ρ(γ)) is bounded. Thus the representation

ρ : Γ → SL(2,Qp) has bounded traces. But it is a standard argument that

a representation with bounded traces is bounded. Briefly, following the con-

struction of Section 3.2, taking the Rv span of ρ(Γ) in M(2,Qp) determines an

Rv-order of a quaternion algebra Bv. The elements of norm 1 in this order

form a compact subgroup of SL(2,Qp) (see, for example, [29, Ch. 7]), and so

the representation is bounded. �

Combining (1) with Lemmas 4.3, 4.5 and Proposition 4.1, we have

Lemma 4.6. Let Λ be a Galois rigid group with associated field K , each of

whose Zariski-dense representations to (P) SL(2,C) has integral traces. Sup-

pose that ∆ is a finitely generated group with “∆ ∼= Λ̂. Then,

(i)
∣∣Xb,zar(Λ,Qp)

∣∣ = nK for all finite p ∈ P,

(ii) |Xzar(∆,C)| = nK ,

(iii) Xb,zar(∆,Qp) = Xzar(∆,Qp) for all finite p.

Remark 4.7. If Γ is a finitely generated group with Serre’s Property FA

(i.e., Γ cannot act on a tree without a global fixed point), then the (P) SL(2,C)-

character variety X(Γ,C) is finite (see [7]). In particular, any group with

Property FA has the property that the set Xzar(Γ,C) ⊂ X(Γ,C) is finite.

However, Property FA and Galois rigidity are distinct forms of rigidity. For

instance, the triangle group ∆(6, 6, 6) has Property FA but is not Galois rigid.

On the other hand, there are rational homology 3-manifolds Σ such that Σ

is hyperbolic and π1Σ is Galois rigid, but π1Σ does not have property FA

because Σ is Haken; the result of (10, 1)-Dehn surgery on the knot 52 is such

a manifold. There are also hyperbolic 3-manifolds M with b1(M) > 0 whose

fundamental group is Galois rigid, for example the manifold M6 described in

Section 9 below.

4.4. Profinite rigidity via Galois rigidity. We now fix a number field K, a

quaternion algebra B/K, and a maximal order O < B. We will assume that
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Γ < O1 is a finitely generated subgroup such that KΓ = K, and we identify

A0Γ with B. We denote the inclusion Γ → B1 by φ. We now state the main

technical result of this section.

Theorem 4.8. Let K,B,O, and Γ be as above, assume that Γ is Galois

rigid and assume that ∆ is a finitely generated residually finite group with“∆ ∼= Γ̂. Then there are a number field K ′, a quaternion algebra B′/K ′, a

maximal order O′ < B′, and a Zariski-dense homomorphism φ′ : ∆→ (O′)1 <

(B′)1 ⊂ SL(2,C) such that the following conditions hold :

(i) ∆ is Galois rigid with associated field K ′.

(ii) There are bijective functions τ̃ : EK′ → EK and τ : VK′ → VK with K ′w
∼=

Kτ(w) for all w ∈ VK′ . Hence, K and K ′ are arithmetically equivalent

and have isomorphic adele rings.

(iii) B′w
∼= Bτ(w) for all w ∈ V f

K′ .

(iv) Up to isomorphism, there are only finitely many possibilities for K ′, B′,

and O′.

An extension of Theorem 4.8 covering more general algebraic groups is

developed in the Ph.D. thesis of the fourth author [45].

Proof of Theorem 4.8. By Lemma 4.6(ii), Xzar(∆,C) is nonempty. Let

ψ ∈ Xzar(∆,C), set K ′ = Kψ(∆), let B′/K ′ be the quaternion algebra A0ψ(∆)

and let φ′ : ∆ → (B′)1 denote the homomorphism given by viewing B′ as an

abstract quaternion algebra. By Lemma 4.6(ii), we have |Xzar(∆,C)| = nK ,

so nK′ ≤ nK , and we conclude that K ′ is a number field. To show that ∆ is

Galois rigid we need to prove that nK′ = nK . This will be done by establishing

that K and K ′ are arithmetically equivalent, from which nK = nK′ follows (see

[38]). Indeed we will prove that AK and AK′ , the adele rings of K and K ′, are

isomorphic.

The first part of this is to construct bijective functions τp : V p
K′ → V p

K for

each p ∈ P \ {∞} such that K ′v′
∼= Kτp(v′) for each v′ ∈ V p

K′ . To that end,

using the homomorphism φ′ : ∆ → (B′)1 and p ∈ P \ {∞}, we obtain nK′

non-conjugate, Zariski-dense representations {φ′σ′1 , . . . , φ
′
σ′nK′
} into SL(2,Qp)

as follows. For σ′ ∈ EpK′ associated to w ∈ V p
K′ , we have an algebra injection

B′ → B′ ⊗σ′(K′) K ′w ⊂ M(2,Qp) that induces an injective homomorphism

when restricted to φ′(∆) and hence a homomorphism φ′σ′ : ∆ → SL(2,Qp)

with Zariski dense image. Hence φ′σ′ ∈ Xzar(∆,Qp). For distinct σ′1, σ
′
2 ∈ E

p
K′ ,

the representations φ′σ′1
, φ′σ′2

are not conjugate as they have distinct characters.

Since Γ̂ ∼= “∆, from Lemma 4.6(i), we have
∣∣Xb,zar(Γ,Qp)

∣∣ = nK , and by

Lemma 4.6(iii), Xb,zar(∆,Qp) = Xzar(∆,Qp) for all finite p.

Given this set up, for σ′ ∈ EpK′ , we can define functions τ̃p : EpK′ → EpK as

follows: as noted above, the representation φ′σ′ : ∆→ SL(2,Qp) is Zariski-dense
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with bounded image; using Γ̂ ∼= “∆, we deduce from Lemma 4.3 that there is

a unique σ ∈ EpK so that ”φ′σ′ and φ̂σ are conjugate representations, and so we

set τ̃p(σ
′) = σ. Note that τ̃p : EpK′ → EpK is injective since the representations

induced by distinct embeddings of K ′ are not conjugate.

To show that the functions τ̃p give rise to injective functions τp : V p
K′ → V p

K ,

we must show that if σ′1, σ
′
2 ∈ E

p
K′ are Autc(Qp)-equivalent, then τ̃p(σ

′
1), τ̃p(σ

′
2)

∈ EpK are Autc(Qp)-equivalent. Let σ′1, σ
′
2 ∈ E

p
K′ with σ′2 = ϕ ◦ σ′1 for some

ϕ ∈ Autc(Qp), and set σi = τ̃p(σ
′
i) for i = 1, 2. By definition of τ̃p, we have

continuous Zariski-dense representations

φ̂′
σ′1
, φ̂′

σ′2
, φ̂σ1 , φ̂σ2 : Γ̂ −→ SL(2,Qp)

such that ”φ′
σ′i

is conjugate to ”φσi for i = 1, 2 and φ̂′
σ′2

= ϕ∗ ◦ φ̂′σ′1 , where

ϕ∗ : SL(2,Qp) → SL(2,Qp) is the automorphism induced by ϕ. So up to con-

jugation, φ̂σ2 = ϕ∗◦φ̂σ1 , and restricting to Γ gives φσ2 = ϕ∗◦φσ1 up to conjuga-

tion, so σ2 =ϕ◦σ1. Thus, τ̃p induces an injective function τp : V p
K′−→V p

K . Vary-

ing p ∈ P \ {∞} induces injective functions τ̃f : EfK′ → EfK and τf : V f
K′ → V f

K .

Since ∆ and Γ are dense in “∆ ∼= Γ̂, for each finite embedding σ′ ∈ EfK′ ,
the sets

{
tr φ′σ′(δ)

}
δ∈∆

and
{

tr φτ̃(σ′)(γ)
}
γ∈Γ

are dense in¶
tr ”φ′σ′(x)

©
x∈“∆ =

¶
tr ÷φ˜ (σ′)τ(x)

©
x∈Γ̂

.

Hence, the fields generated by
{

tr φ′σ′(δ)
}
δ∈∆

and
{

tr φτ̃(σ′)(γ)
}
γ∈Γ

have the

same closures, and so K ′w
∼= Kτf (w) where w ∈ V f

K′ is associated to σ′. To

establish that τf is a bijection we need the following lemma. This appears to

be well known, but we could not find a proof in the literature, so we give it in

the appendix.

Lemma 4.9. If K , K ′ are number fields and τf : V f
K′ → V f

K is an injective

map with K ′w
∼= Kτf (w) for all w ∈ V f

K′ , then τf is a bijection.

Given this, τf is a bijection, and hence τ̃p, τ̃f , τp, and τf are all bijections.

That τ̃f , τf can be extended to bijective functions τ̃ : EK′ → EK and τ : VK′

→ VK follows from the fact that τf being a bijection implies that K and K ′

are arithmetically equivalent (see [38]), and hence K and K ′ have the same

number of real and complex embeddings/places. Hence, nK = nK′ . This

establishes (i).

Now Iwasawa [26] proved that the existence of τ is equivalent to the fields

K and K ′ having isomorphic adele rings. This establishes (ii).

To prove (iii), we argue as follows. The algebras B and B′ are gener-

ated over K and K ′ by φ(Γ) and φ′(∆) respectively. Using the bijection τ

established in (ii), these quaternion algebras are also generated over K and
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K ′ by φτ̃(σ′)(Γ) and φ′σ′(∆) respectively (up to isomorphism). Moreover, if we

now take the algebras generated by φτ̃(σ′)(Γ) and φ′σ′(∆) over Kτ(w) = K ′w,

we obtain quaternion algebras B0,τ(w) and B′0,w that are isomorphic to Bτ(w)

and B′w respectively. Now these quaternion algebras are also generated over

Kτ(w) = K ′w by ÷φτ̃(σ′) (Γ̂) and ”φ′σ′(“∆). By the construction in the proof of (i),

these groups are conjugate, and so the quaternion algebras B0,τ(w) and B′0,w
are isomorphic. Hence Bτ(w) and B′w are isomorphic as required.

It remains to show that φ′ has image contained in some maximal order O′
of B′. As noted in Section 3.2, it suffices to show {tr φ′(δ)}δ∈∆ ⊂ RK′ . To that

end, let Rw′ be the associated local ring for w′ ∈ V f
K′ . As the representations

φ′σ′ are bounded for each σ′ ∈ EpK′ and each finite p, we have{
tr φ′σ′(δ)

}
δ∈∆
⊂ Rw′

for each w ∈ V f
K′ . Since

{
tr φ′σ′(δ)

}
δ∈∆
⊂ K ′ for all σ′ ∈ EfK′ and

RK′ =
⋂

w′∈V f
K′

(K ′ ∩Rw′),

we have {tr φ′(δ)}δ∈∆ ⊂ RK′ as needed. Thus, φ′(∆) generates an order over

RK′ that is contained in some maximal order O′.
For (iv), we must analyze how K ′, B′, and O′B′ can fail to be uniquely

determined. Since K and K ′ are arithmetically equivalent, they have the same

Galois closure, and so there are a finite number of possibilities for K ′. For

each possible K ′, the quaternion algebra B′/K ′ is determined by the following

information:

(1) For each v∈Ramf (B), we make a choice for w∈Ramf (B′) with Kv
∼=K ′w.

(2) With (1), we get a bijective function Ramf (B′) → Ramf (B), and this

determines Ramf (B′). It only remains to determine the possible choices

for Ram∞(B′). If |Ramf (B)| is even, then we can take S = Ram∞(B′) for

any set S of real places with |S| even. If |Ramf (B)| is odd, then we can

take S = Ram∞(B′) for any set S of real places with |S| odd.

As Ram(B′) is finite, there are only finitely many possibilities for B′. Finally,

fixing B′, there are only finitely many maximal orders O′B′ up to isomorphism.

Hence, we can then take our list of possible codomain groups for φ′ to be

(O′B′)1 where K ′, B′, and O′B′ each range over all of the above choices. �

We record a specific corollary that will be utilized in our proofs (a variation

of which is also used in [9]).

Definition 4.10 (Locally uniform). We say that a quaternion algebra B/K

is locally uniform if for each v, v′ ∈ V f
K with Kv

∼= Kv′ , we have Bv ∼= Bv′ .

Corollary 4.11. Let Γ,∆, K,K ′, B, B′ be as in Theorem 4.8.
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(i) If K is Galois or has exactly one complex place, then K ′ ∼= K .

(ii) If K ′ ∼= K , K has at most one real place, and B is locally uniform, then

B′ ∼= B.

(iii) (a) If K is imaginary quadratic and Ram(B) = ∅, then K ∼= K ′ and

B ∼= B′.

(b) If nK = 3, K has one real place, and Ram(B) = {v1, v2} where v1 is

a real place and v2 ∈ V p
K for a finite p with V p

K = {v2}, then K ∼= K ′

and B ∼= B′.

(iv) If K,B satisfy (ii), (iii)(a) or (iii)(b), then there exists a Zariski-dense

representation φ′ : ∆→ O1
B for some maximal order OB < B.

Proof. For (i), by Theorem 4.8(ii), K,K ′ are arithmetically equivalent,

and so have isomorphic Galois closures by [38, Th. 1]. In particular, when K

is Galois, then K ∼= K ′. If K has exactly one complex place, then K ∼= K ′ by

[17, Cor. 1.2].

For (ii), we now assume that K ∼= K ′ and view B′ as a quaternion algebra

over K. We also view τf as a bijective function τf : V f
K → V f

K with Kv
∼= Kτ(v)

and B′v
∼= Bτ(v) for each v ∈ V f

K . To prove that B,B′ are isomorphic, it

suffices to prove that Bv ∼= B′v for all v ∈ VK . For v ∈ V f
K , set w = τ−1

f (v).

As Kv
∼= Kw and B is locally uniform, Bv ∼= Bw. By Theorem 4.8, we have

Bw ∼= B′v and so Bv ∼= B′v. It remains to prove Bv ∼= B′v when v ∈ V∞K .

At each complex place v, we have Bv ∼= B′v
∼= M(2,C). As K has at most

one real place, whether or not Ram(B), Ram(B′) contains the real place (if

it exists) depends only on the even/odd parity of |Ramf (B)|, |Ramf (B′)|. As

Ramf (B) = Ramf (B′) by the above, we see that either both B,B′ ramify at

the real place or both B,B′ split over the real place. In particular, Bv ∼= B′v
when v is real. This proves that Bv ∼= B′v for all v ∈ VK as needed.

Parts (a) and (b) of (iii) follow from (i) and (ii). Part (iv) follows from

(a) and (b) of (iii) and Theorem 4.8. �

We single out two particular cases of Corollary 4.11 that will be important in

what follows.

Example 4.12. In the setting of Corollary 4.11, suppose Γ is a non-uniform

lattice in PSL(2,C) with KΓ = Q(
√
−3). In this case B ∼= M(2,Q(

√
−3)),

and selecting O = M(2,Z[ω]) where ω2 + ω + 1 = 0, Corollary 4.11(iii)(a)

applies. By Corollary 4.11(iv), if ∆ is a finitely generated, residually finite

group with “∆ ∼= Γ̂, then there is a maximal order L < M(2,Q(
√
−3)) and

we have φ′ : ∆ → L1. In this case, since the class number of Q(
√
−3) is 1,

M(2,Q(
√
−3)) has type number 1: there is a unique conjugacy class of maximal

order in M(2,Q(
√
−3)) (see [29, Ch. 7.6]). Thus we may conjugate so that both

Γ and φ′(∆) are contained as subgroups of (P) SL(2,Z[ω]).
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Example 4.13. Assume Γ is as in Corollary 4.11, that KΓ = Q(θ), that

θ3 − θ2 + 1 = 0, and that B is ramified at both the real place of KΓ and

the unique place ν of norm 5. Then Corollary 4.11(iii)(b) applies. As in

Example 4.12, we can deduce from Corollary 4.11(iv) that for any finitely

generated, residually finite group with “∆ ∼= Γ̂, there is a maximal orderOB < B

with ∆ → O1
B. As in Example 4.12, the class number of KΓ is 1, so B has

type number 1, and hence we can conjugate so that Γ and the image of ∆ are

both contained as subgroups of O1
B.

4.5. Congruence quotients. The results and proofs contained in this sec-

tion allow us to make some additional conclusions about congruence quotients

that will be useful later. Suppose that Γ is as in the statement of Theorem 4.8,

and suppose also that Γ has the following property: Every finite quotient of Γ

of the form (P) SL(2,Fpn) arises as a quotient of φ̂σ(Γ̂) for some σ, i.e., as a

congruence quotient. Then this property passes to ∆, in the following sense.

Theorem 4.8 gives a Zariski-dense representation φ′ of ∆, and the proof

of that theorem exhibits a family of finite quotients of the form (P) SL(2,Fpn)

by restriction of ÷φ′ τ̃−1(σ) to ∆ ⊂ “∆. Moreover, since “∆ ∼= Γ̂, all such quotients

of ∆ (and φ′(∆)) will arise as a quotient of ”φ′σ′(“∆) for some σ′ ∈ EpK′ , i.e., as

a congruence quotient.

This construction can be made more explicit in the setting of Corol-

lary 4.11, where we have a Zariski-dense representation φ′ : ∆ → O1 for some

maximal RK-order O⊂B (with K =KΓ =Kφ′(∆)). For convenience, assume

that φ′(∆)=L<Γ. Let v ∈ V f
K with local ring Rv having a local uniformizer πv.

Assume that B is unramified at v. In such a case, the finite quotients of the

form (P) SL(2,Fpn) come from restricting the following sequence of homomor-

phisms to Γ and L:

O1 ↪→ SL(2, Rv)→ SL(2, Rv/πvRv) ∼= SL(2,Fpn).

If we denote the composition of these homomorphisms by ηv, and restrict to

Γ and to L, then ker ηv determines subgroups Γ(v) = Γ ∩ ker ηv and L(v) =

L ∩ ker ηv. Our arguments show that Γ/Γ(v) = L/L(v).

5. The main players

In this section we describe some of the important features of the groups

that we shall prove are profinitely rigid.

5.1. The group Γ = PSL(2,Z[ω]) and other non-uniform lattices of small

covolume in Isom(H3). Consider a regular ideal tetrahedron τ in H3; this is

unique up to isometry and we write v0 to denote its volume. Let c0 be the

center of the inscribed sphere in τ . This sphere touches each 2-dimensional face
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f at the center c(f) of the inscribed circle in f and this circle touches each edge

e in the boundary of f at a point we denote as c(e). Let ξ be an ideal vertex of

e, and consider the ideal tetrahedron T0 with vertices (ξ, c(e), c(f), c0). Note

that τ decomposes into 24 copies of T0 corresponding to the different choices of

(ξ, e, f); thus T0 has volume v0/24. The dihedral angles of T0 can be calculated

by observing the number of translates of T0 around each edge; the angles at the

ideal vertices are π/6, π/2, π/3 and at the opposite edges they are π/3, π/2, π/2.

Thus, in the notation of [13], T0 = T [3, 2, 2; 6, 2, 3]. We write Λ0 to denote the

subgroup of Isom(H3) generated by reflections in the hyperplanes containing

the faces of T0. This is (up to conjugacy) the unique non-uniform lattice of

smallest co-volume in Isom(H3) — see [35]; it has T0 as fundamental domain,

so its co-volume is v0/24. Below is a presentation for Λ0 that we will use later:

Λ0 = 〈x, y, z, w | x2 = y2 = z3 = w2

= (xy)3 = (xz)2 = (xw)2 = (yz)3 = (yw)2 = (zw)6 = 1〉.

The index 2 subgroup Γ0 < Λ0 consisting of orientation-preserving isometries

is PGL(2,Z[ω]), and from [13] we have the presentation

Γ0 =
〈
x, y, z | x3 = y2 = z2 = (yx−1)3 = (zx−1)2 = (yz)6 = 1

〉
.

Note that T0 has one face in the boundary of τ and the union of T0 with its

reflection in this face is the tetrahedron T1 = T [3, 2, 2; 3, 3, 3]. We write Λ1 to

denote the subgroup of Isom(H3) generated by reflections in the hyperplanes

containing the faces of T1; it has covolume v0/12 and is an index 2 subgroup

of Λ0. The following is the natural (Coxeter) presentation:

Λ1 = 〈x, y, z, w | x2 = y2 = z2 = w2

= (xy)2 = (xz)2 = (xw)3 = (yz)3 = (yw)3 = (zw)3 = 1〉.

The index 2 subgroup of orientation preserving isometries in Λ1 is Γ =

PSL(2,Z[ω]); thus Γ has covolume v0/6, and as in [13] we have the presentation

(2) Γ =
〈
x, y, z | x3 = y2 = z2 = (yx−1)3 = (zx−1)3 = (yz)3 = 1

〉
.

Lemma 5.1. The abelianizations of Γ,Γ0,Λ0,Λ1 are, respectively, Z/3Z,

Z/2Z, (Z/2Z)2 and Z/2Z.

Proof. The abelianizations of Γ, Γ0 and Λ1 are readily calculated from

the above presentations. As Γ0 has index 2 in Λ0, the abelianization of Λ0 has

order at most 4. And since Λ0 has a further subgroup of index 2, namely Λ1,

we have H1(Λ0,Z) = (Z/2Z)2. �

Since H1(Λ0,Z) = (Z/2Z)2, there is a third subgroup of index 2 in Λ0

besides Γ0 and Λ1. We denote this subgroup by Λ2 and note that since Γ is
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the commutator subgroup of Λ0, we have Γ < Λ2. We will make use of the

following presentation for Λ2 in the proofs of the main results:

Λ2 =
〈
x, y, z | x2 = y2 = z3 = (zx)3 = (xy)6 = zyz−1y = 1

〉
.

Note that the abelianization of Λ2 is isomorphic to Z/6Z.

We also include a diagram of the above subgroups for the reader’s conve-

nience:

(3)

Λ0

Λ1 Γ0 = PGL(2,Z[ω]) Λ2

Γ = PSL(2,Z[ω])

22
2

2 2 2

5.2. The five lattices Γ,Γ0,Λ0, and Λ1, Λ2. From consideration of the

smallest 3-dimensional non-compact hyperbolic orbifold, we have identified

four lattices containing Γ, namely, Γ0, Λ0, Λ1 and Λ2.

Lemma 5.2. The only lattices in Isom(H3) that contain Γ are Γ, Γ0, Λ0,

Λ1, and Λ2.

Proof. Note that Λ0 is the unique non-uniform lattice of minimal co-

volume v0/24, and all other lattices commensurable with Λ0 have co-volume at

least v0/12 (see [1] and [35]). It follows that Γ, which has co-volume v0/6, must

have index 2 in any lattice ∆ 6= Λ0 that properly contains it. This forces Γ to

be normal in ∆. By Mostow Rigidity, the normaliser of Γ is itself a lattice; and

since it contains Λ0, it must be equal to Λ0. Thus ∆ is a subgroup of index 2

in Λ0. �

5.3. The orbifolds H3/Γ and H3/Γ0. The quotient orbifolds H3/Γ0 and

H3/Γ are shown in Figure 1. Note that each of these orbifolds has a single

cusp, with cusp cross-section homeomorphic to a Euclidean 2-orbifold that

is a 2-sphere with three cone points. In the case of H3/Γ0, this orbifold is

S2(2, 3, 6), which is S2 with three cone points with cone angles π, 2π/3 and

π/3. In the case of H3/Γ it is S2(3, 3, 3); i.e., the cone angles are all 2π/3.

These cusps are rigid in the sense that no non-trivial Dehn surgery can

be performed on them (see [21]). This cusp-rigidity is a crucial feature of Γ

and Γ0. Both groups have Serre’s property FA, and Γ is the unique Bianchi

group with this property; see [22]. As noted earlier (see Remark 4.7), it follows

that the PSL(2,C)-character varieties of these groups, X(Γ,C) and X(Γ0,C),
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3

2 3

2
3 3

H3/Γ

6

2 2

3
3 2

H3/Γ0

Figure 1.

are both finite. Unfortunately, our proof requires that Γ be Galois rigid. We

shall deduce this from the tight control that one can get on the representations

of Γ and Γ0 over finite fields; this is the subject of Section 6.

5.4. The Weeks manifold. Let MW = H3/ΓW denote the Weeks man-

ifold; this is the unique closed orientable hyperbolic 3-manifold of minimal

volume. It can be obtained by performing (−5, 1) surgery on one component

of the Whitehead link and (5, 2) surgery on the other. Using SnapPy [19], a

presentation for ΓW can be computed; we record it for future use:〈
a, b | ababa−1b2a−1b, abab−1a2b−1ab

〉
.

From this, we see that H1(MW ,Z) ∼= Z/5Z× Z/5Z.

We shall need some facts about the arithmetic structure of the Weeks

manifold MW ; see [29, Ch. 4.8.3, Ch 9.8.2] for more details. The invariant

trace-field of ΓW is K = KΓW = Q(θ), where θ3 − θ2 + 1 = 0 is as in Exam-

ple 4.13 (a field of discriminant −23). In addition, the invariant quaternion

algebra BW coincides with the algebra B of Example 4.13. As noted in Ex-

ample 4.13, there is a unique conjugacy class of maximal orders in BW , and

for a choice of maximal order O ⊂ BW , the group ΓW is a normal subgroup

of index 3 in the group of units Γ1
O. As shown in [34], the orbifold H3/Γ1

O
can be described as (3, 0) Dehn surgery on 52 (i.e., MW is the 3-fold cyclic

branched cover of the knot 52). Furthermore, the minimal orbifold in the com-

mensurability class of ΓW arises from a maximal arithmetic group ΓO that is

the normalizer of Γ1
O in PSL(2,C), and ΓO/Γ

1
O
∼= Z/2Z × Z/2Z. Since MW

is non-Haken, X(ΓW ,C) consists of a finite number of points [7]. By [40, Cor.

6.3], ΓW has very few irreducible representations into PSL(2,C).



ABSOLUTE PROFINITE RIGIDITY AND HYPERBOLIC GEOMETRY 699

Proposition 5.3. In X(ΓW ,C), there are only three characters of irre-

ducible representations, namely, the characters of the faithful discrete repre-

sentation, its complex conjugate, and a PSU(2)-representation arising from the

real ramified place of BW .

Corollary 5.4. The group ΓW is Galois rigid.

6. PSL(2,Z[ω]) has very few characters

In this section we prove that PSL(2,Z[ω]) is Galois rigid.

Theorem 6.1. The group Γ = PSL(2,Z[ω]) has two characters of Zariski-

dense representations in PSL(2,C), namely, the characters associated to the

inclusion homomorphism and its complex conjugate. In particular, Γ is Galois

rigid.

For brevity, throughout this section Γ will always denote PSL(2,Z[ω]).

6.1. PSL(2,F)-quotients. We begin by describing PSL(2,F) quotients

where F is a finite field. We shall see that homomorphisms from Γ onto

PSL(2,F), with F a finite field, arise exclusively from the arithmetic of Z[ω].

This result is due in large part to L. Paoluzzi and B. Zimmermann [37, Th.

6.3]. First we need some notation. Given a prime p ∈ Z, the ideal pZ[ω]

is a prime ideal of Z[ω] if p = −1 mod 6 or p = 2, and it splits as a

product of two distinct prime ideals P1P2 if p = 1 mod 6. If p = 3, then

3Z[ω] = 〈
√
−3〉2, the square of a prime ideal. In the first of these three cases,

the residue class field Z[ω]/P is a field with p2 elements. In the remaining

cases, for each prime P that arises, the field Z[ω]/P has p elements. Each of

the ring homomorphisms Z[ω] → Z[ω]/P induces a reduction homomorphism

πP : PSL(2,Z[ω]) → PSL(2,Z[ω]/P). These homomorphisms are onto, and

therefore they pick out the following collection of finite quotients of Γ:

(1) Γ� PSL(2,Fp2) when p = 2 or p = −1 mod 6;

(2) a pair of quotient maps Γ� PSL(2,Fp) when p = 1 mod 6;

(3) a single quotient map Γ� PSL(2,Fp) when p = 3.

We will denote this collection of finite quotients of Γ by P. When the meaning

is clear, we shall say PSL(2,Fp) ∈ P, but more formally the elements of P

are the normal subgroups Γ(P) < Γ that arise as the kernels of the reduction

homomorphisms πP . (Thus we identify two surjections if they differ by compo-

sition with an automorphism of the target.) The kernels Γ(P) are torsion-free

apart from when P = 〈
√
−3〉, in which case Γ(P) has elements of order 3, for

example the image in PSL(2,C) of the element
(
ω 0
0 ω2

)
. It is shown in [2] that

there is a unique normal subgroup of index 12 in Γ, and this coincides with
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Γ(〈
√
−3〉). (Although [2] mistakenly labels Γ as PSL(2,Z[

√
−3]), the results

in the paper actually refer to Γ.)

The results of [37] (in particular, Theorem 6.3) classify admissible epi-

morphisms of Γ onto groups of the form PSL(2,F) with F a finite field, where

admissible means that the kernel is assumed to be torsion-free. In the applica-

tions that we require, torsion cannot be avoided, and we therefore require the

following lemma to augment [37].

Lemma 6.2. Let Ω be a proper normal subgroup of Γ, and suppose that Ω

contains a non-trivial element of finite order. Then Ω has index 3 or 12 in Γ:

in the first case, Ω is the commutator subgroup of Γ, and in the second case

Ω = Γ(〈
√
−3〉).

Proof. By the Cartan fixed-point theorem, every finite subgroup of Γ fixes

a point in H3 and is therefore conjugate into one of the vertex-stabilizer groups

for the orbifold description of H3/Γ given in Section 5.1. In terms of the

presentation (2) of Γ, these stabilizers are

Ω1 =
〈
y, z | y2 = z2 = (yz)3 = 1

〉
,

which is isomorphic to S3, and two copies of the alternating group A4, namely,

Ω2 =
〈
x, z | z2 = x3 = (zx−1)3 = 1

〉
,

Ω3 =
〈
x, y | y2 = x3 = (yx−1)3 = 1

〉
.

Thus if a normal subgroup Ω contains a non-trivial element of finite order,

then it intersects at least one of Ω1, Ω2 or Ω3 non-trivially.

Setting x = 1 trivializes Γ, so Γ cannot contain Ω2 or Ω3. The only

proper normal subgroup of A4 is the commutator subgroup, which has order 4.

The commutator subgroup Ω′2 contains z while the commutator subgroup Ω′3
contains y, and setting either y = 1 or z = 1 in Γ reduces Γ to its abelian

quotient Z/3Z. So either Ω ∩ Ωi = Ω′i for i = 2, 3, in which case Ω = [Γ,Γ],

or else Ω intersects both Ω2 and Ω3 trivially. In the latter case, Ω contains

neither y nor z.

If Ω intersects Ω2 and Ω3 trivially, then it must intersect Ω1
∼= S3 in a

proper normal subgroup, and the only such is 〈yz〉. A direct calculation shows

that setting yz = 1 in (2) yields A4 as a quotient. Thus, in this case, either Ω

has index 12 in Γ (and then by [2] Ω = Γ(〈
√
−3〉)), or else Γ/Ω is the unique

quotient Z/3Z of A4. But this last possibility would contradict the assumption

Ω2 ∩ Ω = 1, because y has order 2. �

Theorem 6.3. Let F be a finite field, and let φ : Γ → PSL(2,F) be an

epimorphism. Then PSL(2,F) ∈ P, and φ is a reduction homomorphism πP .
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Proof. Paoluzzi and Zimmermann [37, Th. 6.3] proved this theorem for

epimorphisms with torsion-free kernel, and Lemma 6.2 removes the need to

assume the kernel is torsion-free. �

Remark 6.4. A description of admissible homomorphisms for PGL(2,Z[ω])

is also given in [37], however we will not need to appeal to that here.

6.2. Some comments on strong approximation. The proof of Theorem 6.1

requires the Strong Approximation Theorem [47]. Suppose ρ : Γ → PSL(2,C)

is a representation with Zariski-dense image ∆. Since Γab ∼= Z/3Z, ∆ can-

not have any Z/2Z quotients, we deduce that K∆ = K∆, and A0∆ = A∆

(recall Section 3). As Γ is rigid (see Remark 4.7), we have [K∆ : Q] < ∞
by Lemma 3.1. Hence, A∆1 is an absolutely almost simple, simply connected

algebraic group defined over the number field K∆. The following is a conse-

quence of [47, Th. 8.1] stated in a form that is useful for us; Remark 3.2 is

pertinent here.

Theorem 6.5 (Weisfeiler). In the notation above, for all but a finite num-

ber of K∆-primes P with residue class field FP , there is a reduction homomor-

phism ∆→ PSL(2,FP) that is onto.

6.3. Proof of Theorem 6.1. Suppose that ρ : Γ → PSL(2,C) is a Zariski-

dense representation. Since Γ has Property FA, there are only a finite number

of Zariski-dense representations up to conjugacy, and they all have integral

traces [44, Ch. 1, §6]. In particular, if ∆ = ρ(Γ), then tr (∆) ⊂ RK∆. By

Theorem 6.5, for all but a finite number of prime ideals P of RK∆, we get an

epimorphism ∆ → PSL(2,Fq) where q is the cardinality of the residue class

field Fq = RK∆/P. By Theorem 6.3, for all but a finite number of primes P,

the finite groups PSL(2,Fq) correspond to those in P. Hence for all but a

finite number of rational primes p, the field K∆ and Q(ω) have the same

splitting type for prime ideals. Since [Q(ω) : Q] = 2, it follows from [38] that

K∆ = Q(ω).

The algebra A∆ is defined over Q(ω), and O = O∆ ⊂ A∆ is an order

since ∆ has integral traces. We shall prove that A∆ = M(2,Q(ω)). Once this

is established, we complete the argument as follows. As noted in Example 4.12,

there is only one type of maximal order in M(2,Q(ω)), and so we can conjugate

so that ∆ < Γ. Now Γ is residually PSL(2,F) (using the proof of residual

finiteness), and so if g ∈ ker(Γ → ∆), then we can find a prime ideal P of

Z[ω] so that the image of g in the composition Γ → ∆ → PSL(2,Z[ω]/P) is

not trivial, and so cannot lie in the kernel. Hence Γ → ∆ is injective, and

so by Mostow Rigidity, ∆ = Γ and ρ : Γ → ∆ is the inclusion map up to

conjugation in Isom(H3). Thus the character of ρ is that of the inclusion map

or its complex conjugate.
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We now prove that A∆ ∼= M(2,Q(ω)). Suppose that this is not the case.

Then by the classification theorem for quaternion algebras, we can find at least

two distinct primes P1 and P2 with A∆ ramified at these primes. Assume

that the residue class fields Z[ω]/Pi have characteristic pi for i = 1, 2. Let

Ai = A∆⊗Q(ω) Q(ω)Pi for i = 1, 2 and Oi the unique maximal order in these

division algebras; see [29, Ch. 6.4] for these and the following details. Now Oi
admits a filtration that restricts to O1

i to provide a filtration of the following

form O1
i > Gi1 > Gi2 · · · , where each of these subgroups is normal in O1

i ,

∩Gij = 1, O1
i /G

i
1 is cyclic of order dividing p4

i −1 and the Gij/G
i
j+1 are abelian

pi-groups. Note that for i = 1, 2, and all j ≥ 1, the groups Gij are pro-pi groups

whose intersection is the identity subgroup. Hence any element of finite order

in Gij has order a power of pi for i = 1, 2. Identifying ∆ with its image in O1
i

under the inclusion map, first note that for i = 1, 2, ∆ cannot be a subgroup of

Gi1. The reason is as follows. From Section 5.1, we see that Γ is generated by

elements of orders 2 and 3, hence ∆ is generated by elements of orders 2 and 3.

Indeed from the proof of Lemma 6.2, ρ(x), ρ(y) and ρ(z) are all non-trivial

elements of order 2 (in the case of ρ(y) and ρ(z)) or 3 (in the case of ρ(x)).

However, from the previous paragraph, the groups Gi1 cannot contain elements

of both orders 2 and 3.

Thus we may now assume that there are epimorphisms ∆→ Ci with the

order of Ci dividing p4
i − 1. From the previous paragraph both Ci are non-

trivial. Since Γab ∼= Z/3Z, we can assume C1, say, is cyclic of order 3. Hence

∆∩G1
1 is a normal subgroup of index 3 that must coincide with ρ([Γ,Γ]). Since

[Γ,Γ] has abelianization Z/2Z × Z/2Z (see [10, §2]), and using the nature of

the filtration described above, the only possibility for the prime p1 is p1 = 2.

We now deal with p2. We have ∆→ C2 a cyclic group of order dividing p4
2−1,

with kernel Ω that surjects a cyclic group of p2-power order. Again, using

Γab ∼= Z/3Z, C2 can only be a cyclic group of order 3. Since Γ admits a unique

epimorphism to Z/3Z, it follows that Ω = ρ([Γ,Γ]), with Ω having a cyclic

group of p2-power order as a quotient. Once again we use the fact that [Γ,Γ]

has abelianization Z/2Z × Z/2Z, and so the only possibility for p2 is p2 = 2.

However, 2 is inert to Q(ω), that is to say, there is only one prime of residue

class degree a power of 2, a contradiction. �

7. Profinite rigidity for Γ = PSL(2,Z[ω])

In this section we exhibit the first example satisfying Theorem 1.1.

Theorem 7.1. The group Γ = PSL(2,Z[ω]) is profinitely rigid.

Before embarking on the proof, we will require some additional informa-

tion about subgroups of low index and their abelianizations.
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7.1. Small index subgroups of Γ and their abelianizations. In Lemma 5.1

we saw that Γ has finite abelianization, in other words, its first Betti num-

ber b1(Γ) = 0. But since H3/Γ is a non-compact finite volume hyperbolic

3-orbifold, any finite sheeted manifold cover of H3/Γ has positive b1; in other

words, every torsion-free subgroup of Γ has positive b1. We will exploit the fol-

lowing results about the abelianizations of subgroups of index at most 12 in Γ.

Lemma 7.2. If ∆ < Γ is a subgroup with [Γ : ∆] ≤ 12, then b1(∆) ≤ 1.

Proof. We make some preliminary comments and then refer the reader

to [10, §2] for the Magma routine that completes the proof of the lemma.

By Lemma 6.2, we have Γab ∼= Z/3Z, and so Γ has no subgroups of index

2. Magma also shows that there are no subgroups of index 11. In addition,

Magma shows that there is a unique conjugacy class of subgroups of index 3,

4, 5, 9 and 10, two conjugacy classes of subgroups of index 6 and 8, and four

of index 7. There are seven of index 12. The Betti number for each of these

subgroups is provided. �

The enumeration of small index subgroups shows that Γ has a unique

conjugacy class of index 6 subgroups with infinite abelianization, one class

of index 10, and three of index 12. Only one of these conjugacy classes also

contains 5-torsion in its first homology group; this class contains the index 12

subgroup that we shall denote Γs. This is the fundamental group of the once-

punctured torus bundle X that is known as the sister of the figure-eight knot

complement. (The figure-eight knot complement itself represents the class of

index 12 subgroups with abelianization Z, but we shall not pursue this.) For

future reference, we record that the monodromy of this once-punctured torus

bundle for Γs is given by the matrix φs =
(−3 1
−1 0

)
, from which one easily

computes H1(Γs,Z) = Z× Z/5Z.

It is known that Γs is a congruence subgroup of Γ containing the principal

congruence subgroup Γ(2); see, for example, the proof of Lemma 3.1 of [3].

From Section 3.2, we have that Γ/Γ(2) ∼= PSL(2,F4), and so [Γs : Γ(2)] = 5. It

is well known that b1(Γ(2)) = 5, and this can be confirmed by direct calculation

of the abelianizations of the kernels of the maps from Γs onto the torsion part

of H1(Γs,Z). Since none of the other subgroups ∆ < Γ of index at most 12

with b1(∆) = 1 contains 5-torsion in its abelianization, in these cases the only

map from ∆ to Z/5Z is the one that factors through the unique epimorphism

∆ → Z. It is easy to compute the abelianization of the kernel of ∆ → Z/5Z
using Magma (see [10, §3]), and in each case one finds that the first Betti

number is 1. Summarizing this discussion, we have proved

Proposition 7.3. Up to conjugacy, the only subgroup ∆ < Γ that fits

into a chain Ω / ∆ < Γ with [Γ : ∆] ≤ 12, [∆ : Ω] = 5, b1(∆) ≥ 1 and

b1(Ω) ≥ 5 is ∆ = Γs.



704 M. R. BRIDSON, D. B. MCREYNOLDS, A. W. REID, and R. SPITLER

We shall also need the following observation about the homology of cyclic

covers of the once-punctured torus bundle with fundamental group Γs.

Lemma 7.4. If d ≥ 3, then the abelianization of F2 oφds
Z is T ×Z, where

T is torsion and |T | > 5.

Proof. For any hyperbolic matrix ψ of determinant 1, a direct calculation

of the abelianization of Gψ = F2 oψ Z yields Z× Tψ, where |Tψ| = |tr(ψ)− 2|;
see, for example, [11, Lemma 3.5]. Note that φ2

s has trace 7, and so we have

|T | = 5, as it is for Γs.

Since φds is hyperbolic, the absolute value of its largest eigenvalue is strictly

greater than 1. It follows from elementary considerations that
∣∣tr(φds)∣∣ is

strictly monotonically increasing in d. Hence
∣∣tr(φds)− 2

∣∣ ≥ ∣∣tr(φds)∣∣ − 2 is

greater than 5 for all d ≥ 3, as needed. �

7.2. Proof of Theorem 7.1. We turn to the proof of our main result. We

are assuming that ∆ is a finitely generated, residually finite group with “∆ ∼= Γ̂.

From Section 4 (see, in particular, Example 4.12), we obtain a homomorphism

ρ : ∆→ Γ whose image is Zariski-dense; we write L to denote the image of ρ.

Our purpose now is to show that L = Γ and that ρ is injective.

The construction of L from Section 4 provides considerable additional

information about L. This guides our proof and can be used to shorten it (see

Remark 7.8), but we attack the problem of showing L = Γ more directly and

give an argument showing that any non-elementary finitely generated subgroup

of Γ has a finite quotient that Γ does not have (although the arguments are

not phrased explicitly in this way). Our strategy is as follows. First we use

arguments from 3-manifold topology to argue that if L had infinite index in Γ,

then L would have a subgroup of index at most 12 with first Betti number

greater than 1. But Γ does not have such a subgroup (Lemma 7.2), so Γ̂

cannot map onto L̂. This brings us to the heart of the argument: the case

where L has finite index in Γ. In this case, we focus attention on the subgroup

Ls = L ∩ Γs and use calculations of virtual Betti numbers to argue that if

Γ̂ maps onto L̂, then Ls = Γs. Considerations of co-volume and the Hopf

property for finitely generated profinite groups then complete the proof.

Notation. We focus on ρ : ∆� L and Ls = L ∩ Γs. Define ∆s = ρ−1(Γs)

and ∆(2) = ρ−1(Γ(2)).

7.3. Ruling out infinite index image.

Lemma 7.5. The subgroup Ls satisfies b1(Ls) ≤ 1.

Proof. By definition, Ls is a quotient of ∆s = ρ−1(Γs), so b1(Ls) ≤ b1(∆s).

But ∆s has index at most 12 in ∆, so by the Correspondence Theorem (Propo-

sition 2.1), it has the same abelianization as some subgroup of index at most 12
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in Γ. Lemma 7.2 tells us that these subgroups of Γ all have first Betti number

at most one. Thus b1(∆s) ≤ 1. �

Proposition 7.6. The subgroup L has finite index in Γ.

Proof. By construction, L is Zariski-dense. In particular neither L nor

Ls = L ∩ Γs, which has index at most 12 in L, is abelian. Since L is finitely

generated, so is Ls. And since Γs is torsion-free, so is Ls. Thus M = H3/Ls is

a non-elementary orientable hyperbolic manifold with finitely generated fun-

damental group. Classical 3-manifold topology provides a compact core for

M ([42]), i.e., a compact 3-manifold with boundary N ⊂M that is homotopy

equivalent to M . If Ls were of infinite index in Γs, then M would have infinite

volume and therefore a big end; i.e., at least one of the connected components

of ∂N would have genus at least 2. A standard duality argument establishes

the following well-known “half lives, half dies” principle:

If N is a compact orientable 3-manifold with non-empty boundary ∂N ,

then the kernel and image of the natural map H1(∂N,R)→ H1(N,R)

are of equal dimension. In particular, if ∂N has a component of genus

at least 2, then b1(N) ≥ 2.

Thus if L were of infinite index in Γ, we would have b1(Ls) = b1(N)≥ 2,

contradicting Lemma 7.5. �

7.4. ∆s = Γs. At this stage we have a finitely generated, residually finite

group ∆ with “∆ ∼= Γ̂ mapping onto a subgroup of finite index L < Γ. We focus

on ∆s, the preimage of L ∩ Γs.

Lemma 7.7. There is an isomorphism ”∆s
∼= Γ̂s. Moreover, the subgroups

of index 12 in ∆ corresponding to the conjugates of Γs are the conjugates of ∆s.

Proof. As Ls has finite index in Γs, we have b1(Ls) ≥ b1(Γs) = 1. From

Lemma 7.5 we deduce b1(Ls) = 1. And as Ls ∩ Γ(2) has finite index in Γ(2),

we have b1(Ls ∩ Γ(2)) ≥ b1(Γ(2)) = 5. Now, Ls ∩ Γ(2) is normal in Ls with

index 1 or 5, and in fact the index must be 5 since the Betti number of the

subgroup is greater than that of Ls. Thus ∆s = ρ−1(Γs) is a subgroup of index

at most 12 in ∆ with b1(∆s) positive; moreover, it contains ∆(2) = ρ−1(Γ(2))

as a subgroup of index 5 and b1(∆(2)) ≥ 5. So in ∆ we have a chain of

subgroups ∆(2) C ∆s < ∆ with [∆ : ∆s] ≤ 12, [∆s : ∆(2)] = 5, b1(∆s) ≥ 1

and b1(∆(2)) ≥ 5.

We pass this chain across to a chain of subgroups in Γ using Proposi-

tion 2.1. Explicitly, replacing each of the groups ∆, ∆s, and ∆(2) in this

sequence with ∆ ∩ Γ, ∆s ∩ Γ, and ∆(2) ∩ Γ, we obtain a chain of subgroups

in Γ with the same properties. From Proposition 7.3 we deduce that, up to

conjugacy in Γ, we have ∆s ∩ Γ = Γs. In particular, ”∆s
∼= Γ̂s. �
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7.5. The Final Argument. We now have Γ̂s ∼= ”∆s with ∆s mapping onto

the finite index subgroup Ls < Γs. The description of Γs as a punctured-torus

bundle gives a short exact sequence 1 → F → Γs → Z → 1, where F , a free

group of rank 2, is the fundamental group of the fibre. This restricts to a short

exact sequence 1→ FL → Ls → Z→ 1 where FL = F ∩ L. At this point it is

important to note that Γs induces the full profinite topology on F and that Ls
induces the full profinite topology on FL; see, for example, [11, Lemma 2.2].

Since b1(Ls) is one, FL is the kernel of the unique map Ls → Z. Similarly,“F < Γ̂s is the kernel of the unique epimorphism Γ̂s → Ẑ and F̂L < L̂s is the

kernel of the unique epimorphism L̂s → Ẑ, so the epimorphism Γ̂s → L̂s must

send “F onto F̂L. Therefore the free group FL has rank 2, and since it has finite

index in F , we conclude that FL = F ; in other words, F < L. As Ls contains

the fibre group F < Γs, it is the fundamental group of a cyclic covering of

H3/Γs. Algebraically, Γs = F oφs Z and Ls = F oφds
Z. If d > 2, then it follows

from Lemma 7.4 that Ls would have a finite abelian quotient that Γs does not

have; hence in this case we can conclude that Ls = Γs.

We now deal with the case d = 2. Assume that Ls = F oφ2
s
Z. In this case

Ls has a unique 2-fold cover N , for which the order of T (the torsion subgroup

of H1(N,Z)) is 45. But the index 2 subgroup of Γs must surject π1(N), and this

cannot happen as this index 2 subgroup only has torsion subgroup of order 5.

At this stage we know that Γs = Ls ≤ L ≤ Γ. Moreover, [L : Ls] = 12 because

∆s = ρ−1(Ls) has index 12 in ∆ (as it corresponds to Γs). As [Γ : Γs] = 12,

we conclude that L = Γ.

Finally, we have Γ̂ ∼= “∆ ρ̂→ L̂ = Γ̂, and as finitely generated profinite

groups are Hopfian (see [41, Prop 2.5.2]), we conclude that ρ̂ and ρ are injective.

Thus ρ : ∆→ L = Γ is an isomorphism. �

Remark 7.8. We close this section by explaining our earlier comment that

Section 4 can be used to avoid parts of the above analysis of subgroups of Γ.

The point is to exploit more explicitly the fact that Γs contains the prin-

cipal congruence subgroup Γ(2). From Section 6.1 we have that Γ/Γ(2) ∼=
PSL(2,F4), and so [Γs : Γ(2)] = 5. Moreover, by Theorem 6.3, there is a

unique PSL(2,F4) quotient of Γ. From the discussion in Section 4.5 we have a

subgroup L(2) < L with L/L(2) ∼= Γ/Γ(2) ∼= PSL(2,F4) and L(2) = L ∩ Γ(2).

In addition, Section 4.5 also provides us with a subgroup Ls = L ∩ Γs that is

a subgroup of index 12 in L containing L(2) of index 5.

Using the epimorphism ∆ → L and the isomorphism “∆ ∼= Γ̂, we have an

epimorphism φ : Γ̂ → L̂, and hence there is a subgroup ΠΓ < Γ of index 12

with φ(”ΠΓ) = L̂s. As above, it can be shown that the only possibility for ΠΓ

is ΠΓ = Γs.
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Remark 7.9 (Exhibiting additional quotients). The techniques of this sec-

tion enable one to show that if ∆ < Γ = PSL(2,Z[ω]) is a proper finitely

generated infinite subgroup, then ∆ has a finite quotient that Γ does not have:

there does not exist a continuous epimorphism Γ̂ � “∆. When ∆ has infinite

index, alternative techniques allow one to say something more: ∆ will have

a congruence quotient PSL(2,F) that Γ does not have. This will follow from

a more general result that we prove in [9] using techniques from Teichmüller

theory and the study of character varieties. This more general result is a

component in our proof of absolute profinite rigidity for certain cocompact

Fuchsian triangle groups.

8. Profinite rigidity for the lattices containing PSL(2,Z[ω])

In this section we explain how Mostow Rigidity can be used to promote

the profinite rigidity of PSL(2,Z[ω]) to profinite rigidity for each of the lattices

in Isom(H3) that contain it; these lattices were described in Section 5.1. To

maintain brevity, throughout this section Γ will always denote PSL(2,Z[ω]).

Lemma 8.1. If ∆ is a group with a subgroup of index 2 that is isomorphic

to Γ, then ∆ is isomorphic to one of Γ0,Λ1, Λ2 or Γ× Z/2Z.

Proof. By Mostow Rigidity, Λ := Aut(Γ) is a lattice in PSL(2,C) con-

taining Γ (which has trivial center) as the group of inner automorphisms —

a subgroup of finite index. The action of ∆ by conjugation on Γ defines a

homomorphism ∆→ Λ whose image contains Γ and whose kernel Ω commutes

with Γ. If Ω = 1, then ∆ < Λ is a lattice and Lemma 5.2 completes the proof.

Otherwise Ω has order 2, the image of ∆ in Λ is Γ, and the sequence splits. �

Theorem 8.2. Each of the groups Γ0, Λ1, Λ2 and Γ×Z/2Z is profinitely

rigid.

Proof. Let Ω0 be a finitely generated, residually finite group that has the

same profinite completion as one of the groups Γ0, Λ1, Λ2 or Γ×Z/2Z. Then,

by Proposition 2.1, Ω0 has a subgroup Ω of index 2 with the same profinite

completion as Γ. Since Γ is profinitely rigid, Ω ∼= Γ, Lemma 8.1 tells us that Ω0

is isomorphic to one of Γ0, Λ1, Λ2 or Γ×Z/2. From Lemma 5.1, the first two of

these groups have abelianization Z/2Z, and Γ×Z/2Z has abelianization Z/6Z.

From Section 5.1, Λ2 also has abelianization Z/6Z. Hence we can distinguish

Γ0 and Λ1 from Λ2 and Γ× Z/2Z by abelianization. It remains to distinguish

Γ0 from Λ1, and Λ2 and Γ×Z/2Z. We can distinguish Γ̂0 from Λ̂1 using Magma

(see [10, §4]) to count the number of conjugacy classes of index 8 subgroups:

in Λ1 there is only one conjugacy class, whereas in Γ0 = PGL(2,Z[ω]) there

are three. It follows from Lemma 2.3 that Γ̂0 6∼= Λ̂1.
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Finally, referring to [10, §4], we see that Λ2 has no subgroups of index 7,

whereas Γ× Z/2Z has four conjugacy classes of such subgroups. �

Theorem 8.3. The group Λ0 is profinitely rigid.

Proof. As Γ0, which has index 2 in Λ0, is profinitely rigid, by repeating

the argument of Lemma 8.1 we deduce that a finitely generated, residually

finite group with the same profinite completion as Λ0 is either a non-uniform

lattice of covolume v0/24 or is isomorphic to Γ0 × Z/2Z. As Λ0 is the only

non-uniform lattice of covolume v0/24 up to conjugacy in Isom(H3), we need

only distinguish the profinite completions of Λ0 and Γ0 × Z/2Z. As above we

can use Magma (see [10, §5]) to show that Λ0 and Γ0 × Z/2Z have different

numbers of conjugacy classes of subgroups of index 8, and so it follows from

Lemma 2.3 that Λ̂0 6∼= Γ̂0 × Z/2Z. �

9. Profinite rigidity of the Weeks manifold

In this section we provide our second main example of a profinitely rigid

arithmetic Kleinian group, namely, ΓW (as described in Section 5.4)

Theorem 9.1. The group ΓW is profinitely rigid.

Throughout this section ∆ is a finitely generated residually finite group

with “∆ ∼= Γ̂W . We can quickly reduce consideration to the following situation.

Lemma 9.2. With ∆ as above, there exists a finite index subgroup L < ΓW
with ρ : ∆� L.

Proof. From Example 4.13, together with the arithmetic description of

ΓW in Section 5.4 and Proposition 5.3, we deduce that there exists a maximal

order O ⊂ BW with ρ : ∆� L a finitely generated subgroup of Γ1
O. Also from

Section 5.4, Γ1
O contains ΓW as a normal subgroup of index 3. We first claim

that L < ΓW . Indeed, if L were not contained in ΓW , then L would map onto

Γ1
O/ΓW , which from the above remark is isomorphic to Z/3Z. However, this is

impossible as L is a quotient of ∆ and H1(∆,Z) ∼= H1(ΓW ,Z) ∼= Z/5Z×Z/5Z
(recall Section 5.4). Since L < ΓW , the quotient H3/L is a manifold. If L were

of infinite index, then an application of “half lives, half dies” (recall the proof

of Lemma 7.6) would imply that L has infinite abelianization, which it cannot

have since it is a quotient of ∆. �

The proof of Theorem 9.1 follows a similar strategy to that of the “finite

index case” of Theorem 7.1; namely, we identify a particular fibered cover and

combine the study of it with an analysis of low index subgroups. The next two

subsections detail what we need in this direction.
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9.1. Subgroups of index 24. In this section K denotes the trace-field of

ΓW and RK its ring of integers (recall Section 5.4). It can be checked that

RK contains two prime ideals of norm 23, one corresponding to the ramified

prime of norm 23, which we denote by Q, and a second unramified prime,

which we denote by P. For both we have PSL(2, RK/Q) ∼= PSL(2, RK/P) ∼=
PSL(2,F23). We claim that, up to conjugacy, ΓW has two epimorphisms to

PSL(2,F23), and these arise as PSL(2, RK/Q) and PSL(2, RK/P). The ex-

istence of the epimorphisms is immediate from the inclusion of ΓW into Γ1
O

as a normal subgroup of index 3, since PSL(2,F23) is simple. For unique-

ness, a theorem going back to Galois states that the minimal index of any

proper subgroup of the simple group PSL(2,F23) is 24. Moreover, there is

a unique conjugacy class of subgroups of index 24. Thus every epimorphism

ΓW � PSL(2,F23) gives rise to a subgroup of index 24 with normal core Ω

such that ΓW /Ω ∼= PSL(2,F23). In [10, §6] we provide the Magma calculations

enumerating all subgroups of index 24 in ΓW (up to conjugacy in ΓW ). From

this we see that there are eleven such subgroups and two have normal core Ω

such that |ΓW /Ω| = 6072 = |PSL(2,F23)|. Moreover, the Magma routine also

shows that these finite quotients are simple and hence must be isomorphic to

PSL(2,F23) (using the lists of simple groups of small order).

9.2. A fibered cover of MW . We shall make use of an explicit cover of

MW that is a genus 2 surface bundle. The existence of a bundle cover of MW

was exhibited by Button [14], but we require more detailed information about

this cover. From the tables of [14] we see that MW is commensurable with

the fibered manifold M = m289(7, 1), which arises from surgery on the census

manifold m289 from the SnapPy census [19]. In fact, using the identification of

certain of these census manifolds with knots in the tables through 9 crossings

[15], one knows that the manifold m289 is homeomorphic to the complement

of the knot K = 62 (shown below). Thus MW is commensurable with 0-surgery

on S3 \ K (the framing used by SnapPy is different from the standard one for

the knot K).

Figure 2.
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Since K is 2-bridge (and hence alternating) and its Alexander polynomial

is t4−3t3 +3t2−3t+1, S3 \K fibers over the circle with fibre a once-punctured

surface of genus 2 ([28]). Using [16], the monodromy ψ of this fibration can be

described by the composition of Dehn twists Ta ◦Tb ◦Tc ◦T−1
d ; see Figure 3 for

the labelling of curves. Here, Tγ denotes the right-handed twist in γ.

a
c

b

df

e

Figure 3.

One computes the action of ψ on the homology of the fiber with respect

to the basis {a, f, c, d} given by the matrix A shown below:

A =

Ü
0 1 1 1

−1 1 2 1

0 0 2 1

1 0 −1 0

ê
and A6 =

Ü
18 17 88 57

9 9 48 31

14 12 66 43

3 2 9 6

ê
.

The fibration of S3 \ K extends to the surgered manifold M , and the action

of the monodromy on the homology of the closed genus 2 surface is again

given by A. Using SnapPy [19], M can be shown to be hyperbolic of volume

approximately 3.77082945 . . . .

We will be interested in the 6-fold cyclic covering of M , which we denote

by M6. Our interest lies with the fact that M6 arises as an index 24 cover of the

Weeks manifold. One could verify this by deriving presentations of the index

24 subgroups of ΓW , on the one hand, while on the other hand calculating a

presentation of Γ6 := π1(M6) from its description as the 6-fold cyclic cover

of the surgered manifold m289; a package such as Magma could then verify

that the groups are isomorphic, and Mostow Rigidity then assures us that the

manifolds are the same. But such calculations would leave the reader in the

dark as to why these facts are true, so instead we shall explain, with references,

the structure that leads to this conclusion. The following lemma gathers the

key facts from the preceding discussion, and its proof contains the promised

explanation.

Lemma 9.3. Let M denote the manifold obtained by 0-surgery on S3 \K.

Then
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(1) S3 \ K is fibered with fiber a once-punctured genus 2 surface, and M is

fibered with fiber a genus 2 surface.

(2) The action of the monodromy on the homology of the fiber for S3 \ K is

given by A above.

(3) M6, the 6-fold cyclic cover of M , is fibered with fiber a genus 2 surface and

H1(M6,Z) ∼= Z× Z/5Z× Z/55Z.

(4) M6 is a 24-fold cover of MW .

(5) Γ6 = π1(M6) lies in the conjugacy class of subgroup l[1] of [10, §6].

Proof. The proof of the first two items is contained in the preceding dis-

cussion. For the third part, M6 is clearly fibered with fiber Σ a once-punctured

surface of genus 2, and one calculates H1(M6,Z) by taking the quotient of ac-

tion of A6 on H1(Σ,Z) = Z4 = 〈a, f, c, d〉. (The torsion subgroup of H1(M6,Z)

has order 275.) For the next part let M = H3/Ω, and note that by [14] the

lattice Ω is arithmetic and commensurable with ΓW . However, Ω is not derived

from a quaternion algebra. Indeed it can be checked using Snap [18] that its

trace-field has degree 6 and Ω(2) < Γ1
O. If Ω(2) < ΓW then, by volume consid-

erations, the index would be 8. However, a Magma calculation (see [10, §6])

shows that ΓW has a unique conjugacy class of subgroups of index 8 and the

corresponding manifold is a rational homology 3-sphere with first homology

group Z/5Z×Z/30Z; in particular, it cannot be a fiber bundle over the circle.

Thus Ω(2)∩ΓW must have index 3 in Π(2). The double cover of S3 \K has first

homology group Z × Z/11Z. Performing 0-surgery on this manifold produces

H3/Ω(2). In particular, the first homology group is Z × Z/11Z, and so there

is a unique homomorphism onto Z/3Z whose kernel provides the cover M6.

Volume considerations show that the covering degree M6 → MW is 24. For

the last part, by inspection of the lists of first homology groups in [10, §6], the

only possibility for Γ6 is the group l[1]. �

We will also need the following.

Lemma 9.4. Let Modg be the Mapping Class group of the closed orientable

surface of genus g. Let η ∈ Modg , and let G(η) = Sg oη Z be the fundamental

group of the bundle with holonomy η. Assume b1(G(η)) = 1. If the image of

η ∈ Modg under the natural homomorphism Modg → Sp(2g,Z) has infinite

order and d > 1, then ‘G(η) 6∼= ’G(ηd).

Proof. The congruence topology on Sp(2g,Z) induces the full profinite

topology on abelian subgroups; see Segal [43, Ch. 10] (see also [32]). Thus,

given d, there is an integer n0 such that the images of η and ηd generate distinct

cyclic subgroups of Sp(2g,Z/n0Z). As b1(G(η)) = 1, we can now argue as in

Lemma 2.5 of [12]; we recall the details. The unique epimorphism G(η) → Z
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defines a short exact sequence

1→ Ŝg → ‘G(η)→ Ẑ→ 1.

If Ω < Sg is a characteristic and of finite index, then the canonical map Sg →
Sg/Ω defines an epimorphism ‘G(η) → G(η)/Ω. As Ω̂ is normal in ‘G(η), the

action of Ẑ by conjugation on ‘G(η) descends to an outer action on Ŝg/Ω̂ =

Sg/Ω, defining a cyclic subgroup Cη < Out(G/Ω). The right-hand factor of

G(η) = SgoηZ is dense in Ẑ, so the image of η generates Cη. If Ω is the kernel

of the canonical map Sg → H1(Sg,Z/n0Z), then Cη = Cη(n0) is the cyclic

group generated by the image of η in Sp(2g,Z/n0Z) < Out(Z/n0Z)2g. By

construction, Cη(n0) is an invariant of ‘G(η) (rather thanG(η)) and
∣∣Cηd(n0)

∣∣ <
|Cη(n0)|. Thus ‘G(η) 6∼= ’G(ηd). �

9.3. Proof of Theorem 9.1. Let Γ6 = π1(M6) be as in Lemma 9.3. Then

[ΓW : Γ6] = 24 and Γ6 is the subgroup l[1] described in Lemma 9.3(5). Denot-

ing the core of Γ6 in ΓW by Ω, we have Γ6/Ω ∼= PSL(2,F23). Let L6 = Γ6 ∩ L
and LΩ = Ω ∩ L. From the discussion in Section 4.5 we know that L/LΩ

∼=
ΓW /Ω ∼= ∆/ρ−1(Ω) and that the epimorphism L → L/LΩ

∼= PSL(2,F23) is

the restriction of the epimorphism ΓW → ΓW /Ω. Note that L 6= L6 since

b1(L6) > 0, and L can only have finite abelian quotients (since it is a quotient

of ∆ and “∆ ∼= Γ̂W ). It follows that [L : L6] = 24, since on the one hand

[L : L6] ≤ [ΓW : Γ6] = 24, while on the other hand, as remarked above, 24 is

the minimal index of a proper subgroup of PSL(2,F23).

Now consider ∆6 = ρ−1(L6) < ∆. This has index 24 in ∆ and, moreover,

by construction of L (see Section 4.5) the normal core of ∆6 in ∆ is ρ−1(Ω).

From [10, §6], and Proposition 2.1, there is a unique subgroup (up to conjugacy

in ∆) of index 24 with normal core having quotient PSL(2,F23) and positive

first Betti number. By construction, ∆6 is this unique subgroup and hence

Γ̂6
∼= “∆6.

Consider the epimorphism Γ̂6
∼= “∆6 → L̂6. Note that b1(L6) = 1 as

b1(Γ6) = 1. By construction, N = H3/L6 is a closed hyperbolic 3-manifold

that fibers over the circle: it is a finite cover of the fibered manifold M6. By

Lemma 9.3, M6 is a genus 2 surface bundle over the circle; let F < Γ6 be the

fundamental group of the fiber. The fiber of N has fundamental group L6∩F .

When we take profinite completions, the epimorphism Γ̂6
∼= “∆6 → L̂6 restricts

to an epimorphism “F → ◊�L6 ∩ F (because F and L6 ∩ F are the respective

kernels of the unique epimorphisms to Z). It follows that L6 ∩ F has genus at

most 2, and hence L6 ∩ F = F . In particular, N → M6 is a cyclic cover (of

degree d say) and L6 = F oψd Z.
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Now, since “F is Hopfian, we have that ρ̂ restricted to “F < Γ̂6 is injective.

Elements of Γ̂6 in the complement of “F project non-trivially to the right-hand

factor of Γ̂6 = “F o Ẑ and hence map non-trivially under ρ̂ to the Ẑ factor of

L̂6 = “F o Ẑ. We conclude that ρ̂ is injective on “∆6, and hence we have an

isomorphism Γ̂6
∼= “∆6 → L̂6. Thus ◊�F oψ Z ∼= ÿ�F oψd Z. Since the action of ψ

on H1(F,Z) is represented by a positive matrix, it has infinite order in Sp(4,Z),

so Lemma 9.4 applies and we conclude that d = 1; in other words, L6 = Γ6

and ρ : ∆6 → Γ6 is an isomorphism. Finally, we have proved that L6 has index

24 in L = ρ(∆), and by construction ∆6 has index 24 in ∆. Therefore L = ΓW
(since [ΓW : Γ6] = [ΓW : L6] = 24) and ρ : ∆→ ΓW is surjective. Thus we have

a surjection Γ̂W ∼= “∆→ Γ̂W , and using the Hopf property again, we conclude

that ρ̂ is injective, hence so is ρ. Thus ρ : ∆→ ΓW is an isomorphism. �

9.4. Profinite rigidity of Kleinian groups containing ΓW . As in the case

of Γ = PSL(2,Z[ω]), once the profinite rigidity of ΓW has been established we

can deduce the profinite rigidity for other Kleinian groups. We only record two

cases here. Recall from Section 5.4 that ΓW is a normal subgroup of index 3

in a group Γ1
O, which we now denote by Γ1. Moreover, as noted in Section 5.4,

there is a maximal group ΓO containing Γ1 with ΓO/Γ1
∼= Z/2Z× Z/2Z.

Theorem 9.5. The groups ΓO and Γ1 are profinitely rigid.

Proof. We deal with Γ1 first. As in the proof of Theorems 8.2 and 8.3, if

∆ is a residually finite group with “∆ ∼= Γ̂1, then ∆ contains an index 3 normal

subgroup Ω with Ω̂ ∼= Γ̂W , and from the profinite rigidity of ΓW and Mostow

Rigidity, we deduce that ∆ is either an arithmetic Kleinian group containing

ΓW as a normal subgroup of index 3, or else ∆ ∼= ΓW ×Z/3Z. The latter case

can be excluded for this implies that ∆ and Γ1 surject Z/5Z × Z/5Z, which

they do not, because as was pointed out in Section 5.4, the orbifold H3/Γ1 is

obtained from (3, 0) Dehn surgery on 52 and so has abelianization Z/3Z.

Thus we may assume that ∆ is an arithmetic Kleinian group contain-

ing ΓW . (We remark that this forces ∆ to contain an element of finite order

since MW is the minimal-volume closed (arithmetic) hyperbolic 3-manifold;

and the only possible order for a torsion element is 3, since ΓW < ∆ is a normal

subgroup of index 3.) Because Γab
1
∼= Z/3Z, we know that H1(∆,Z/2Z) = 0,

and since there is a unique maximal order in the invariant quaternion alge-

bra (as remarked in Section 5.4), we can assume that ∆ < Γ1. But then

[Γ1 : ΓW ] = [∆ : ΓW ] = 3, so ∆ = Γ1 as required.

We now deal with ΓO. Suppose that ∆ is a finitely generated, residu-

ally finite group with “∆ = Γ̂O. The commutator subgroup of ΓO is Γ1, and

ΓO/Γ1
∼= Z/2Z × Z/2Z. Hence there is a unique normal subgroup of index 4

in Γ̂O, which we denote by Ω. By the first part of the proof, ∆1 := Ω ∩∆ is
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isomorphic to Γ1 = Ω∩ΓO. Note that ΓO is maximal in the commensurability

class of Γ1 (see [29, Ch. 11]), so by Mostow Rigidity its action by conjugation

on Γ1 gives an isomorphism ΓO ∼= Aut(Γ1).

The action of ∆ by conjugation on ∆1 defines a map c : ∆ → Aut(Γ1)
∼= ΓO whose image contains Γ1, the group of inner automorphisms. Thus we

obtain a map c′ from ∆ to the finite group Out(Γ1) = ΓO/Γ1 with kernel ∆1.

The restriction to ΓO of ĉ′ : “∆ → Out(Γ1) = ΓO/Γ1 is the standard map. In

particular, it is surjective, so c : ∆→ ΓO is surjective. And since c restricts to

an isomorphism between subgroups of index 4, it is an isomorphism. �

Remark 9.6. A slight adjustment to the second half of the above proof

shows that if ∆ is a finitely generated, profinitely rigid, centerless group with

Out(∆) finite, then Aut(∆) is profinitely rigid.

9.5. Additional full-size examples. Let ΓW denote the fundamental group

of the Weeks manifold.

Theorem 9.7. For all integers r ≥ 0, the group ΓW × Zr is profinitely

rigid.

Proof. Theorem 9.1 shows that we can assume that r ≥ 1. Suppose that

∆ is a finitely generated residually finite group with “∆ ∼= ÿ�ΓW × Zr ∼= Γ̂W × Ẑr.
Since Zr is central, any Zariski-dense representation of ΓW ×Zr into PSL(2,C)

must kill Zr. (It is important here to work with the centerless PSL(2,C).)

Hence there is a bijection between Xzar(ΓW ,C) and Xzar(ΓW × Zr,C). By

Corollary 5.4, |Xzar(Γ × Zr,C)| = 3. It follows that ΓW × Zr is Galois rigid,

and so by Theorem 4.8, ∆ is Galois rigid. From Galois rigidity, we get an

epimorphism ρ : ∆→ L where L < ΓO1 and O is a maximal order contained in

the invariant quaternion algebra of ΓW . Recall that we can conjugate ΓW into

ΓO1 , in which case [ΓO1 : ΓW ] = 3. By construction, the kernel of ρ̂ : “∆ → L̂

contains {1} × Ẑr. Thus ρ̂ factors through the projection to the first factor of

Γ̂W ×Ẑr and we obtain a continuous epimorphism “ρ0 : Γ̂W → L̂. It follows that

L̂ cannot have Z/3Z as a quotient, and hence there is no 3-torsion in H1(L,Z).

The argument of Lemma 9.2 now applies to show that L < ΓW .

We may now run the argument in the proof of Theorem 9.1 on Γ̂W →
L̂ ↪→ Γ̂W to deduce that L = ΓW and “ρ0 is an isomorphism. Thus we obtain

a short exact sequence

(4) 1→ Ω→ ∆→ ΓW → 1,

where Ω = ∆ ∩ ({1} × Ẑr) is central in ∆. Associated to any short exact

sequence of groups 1→ G1 → G2 → G3 → 1 one has a 5-term exact sequence

in homology with Z-coefficients,

H2(G3,Z)→ H0(G3, H1(G1,Z))→ H1(G2,Z)→ H1(G3,Z)→ 0;
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for central extensions, the second term is simplyG1. In the caseG3 = ΓW , from

Section 5.4 we have H1(ΓW ,Z) = (Z/5Z)2 and H2(ΓW ,Z) =H1(ΓW ,Z) = 0 by

Poincaré duality. Thus the 5-term sequence reduces to a short exact sequence

(5) 0→ Ω→ H1(∆,Z)→ (Z/5Z)2 → 0,

where Ω is torsion-free. But “∆ = ÿ�ΓW × Zr, so H1(∆,Z) = (Z/5Z)2 × Zr, by

Lemma 2.4. Thus Ω = Zr and (5) splits. It follows that the central extension

(4) also splits, and therefore ∆ ∼= ΓW × Zr as claimed. �

Appendix A.

Here we prove Lemma 4.9, whose statement we repeat for the convenience

of the reader.

Lemma A.1. If K , K ′ are number fields and τf : V f
K′ → V f

K is an injective

map with K ′w
∼= Kτf (w) for all w ∈ V f

K′ , then τf is a bijection.

Proof. As K ′w
∼= Kτf (w) for all w ∈ V f

K′ , any prime that splits completely

in K must also split completely in K ′. By [30, p. 108, corollary to Th. 31] and

[27, p. 164, Th. 5.5], we see that K ′ is a subfield of the Galois closure Kgal of

K over Q. Let G = Gal(Kgal/Q), and let H and H ′ be the subgroups of G

that fix K and K ′ respectively. Let χ, χ′ be the permutation characters for the

G action on G/H and G/H ′. By [27, p. 128, Prop. 2.7], if p is a rational prime

that does not ramify in Kgal and g ∈ G is the Frobenius automorphism of any

prime of Kgal over p, then the inertia degrees of the primes over p in K,K ′ are

given by the orders of the orbits of 〈g〉 acting on G/H and G/H ′. Restricting

τf to V p
K′ , we get an injection G/H ′ → G/H of 〈g〉-sets. Thus χ′(g) ≤ χ(g).

By Chebotarev’s density theorem, each g ∈ G is the Frobenius automorphism

for infinitely many unramified primes of Kgal. Therefore,

(6) χ′(g) ≤ χ(g)

for every g ∈ G. For a G-set Z with permutation character χZ , the number of

orbits of the action on Z is 1
|G|
∑

g χZ(g). Hence

1

|G|
∑
g

χ(g) =
1

|G|
∑
g

χ′(g) = 1

and
∑

g(χ(g)−χ′(g)) = 0. From (6) we deduce χ = χ′. Thus |G/H| = |G/H ′|
and K,K ′ have the same degree over Q, so τf is a bijection. �
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