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Abstract

We prove the celebrated Kronecker—Weber theorem. We develop much of the theory
of ramification of prime ideals in Galois extensions of algebraic number fields for this
purpose.

1 Introduction

The Kronecker—Weber theorem gives a characterization of all finite abelian extensions of the
rational numbers Q, i.e., extensions of finite degree over Q with abelian Galois group. In
fact,

Theorem (Kronecker—Weber). Every abelian extension of Q is cyclotomic.

The key idea behind the proof we present here is the theory of ramification of prime
ideals in Galois extensions of algebraic number fields. We will develop this theory following
a simplified program of that presented by Zariski and Samuel [Z-S] and also inspired by
Ribenboim [R]. Our exposition of the proof of the Kronecker—Weber theorem is inspired by
Greenberg [G] and Ribenboim [R].

We will assume all field extensions to be of finite degree throughout this paper. We
will also assume standard results about Dedekind domains. Chapter V of [Z-S] is a good
reference for these results.

1.1 Cyclotomic Extensions

Throughout this paper (,, will denote a primitive m'" root of unity. A cyclotomic extension

of Q is a subfield of Q((,,). Recall that Q((,,) is an abelian extension of Q, and that its
Galois group is isomorphic to the group of units of Z/mZ [Lang, Thm VI.3.1]. We will
be interested in cyclotomic extensions inside Q((,r), where p is a prime number and r is a
positive integer. We know from elementary number theory that the group of units of Z/p"Z



is

Cpr—ph if p is an odd prime,
C(22) x C(2) ifp=2andr >3,
C(2) ifp=2r=2,

{1} itp=2r=1,

(Z/p"2)" =

where C'(m) denotes a cyclic group of order m [Long, 6, Proposition 2.2].

Our first stab at Kronecker—Weber theorem will be to reduce it to the case where the
degree of the extension is a prime power. This follows from the fact that the composite of
two cyclotomic extensions is also cyclotomic. Indeed, recall that if &k is a field and K and
L are two Galois extensions of £ both contained in some larger field, with Galois groups G
and H respectively, then the composite KL has Galois group canonically isomorphic to a
subgroup of G x H consisting of the pairs (o, 7), where o and 7 agree on elements of K N L.
An automorphism o € Gal(K L|k) maps to G x H by o — (0|k,0|r) [Lang, p. 267]. Thus,
if K is a subfield of Q((,,) and L a subfield of Q((,), KL is a subfield of Q({nn)-

Theorem 1.1. Let K be an abelian extension of Q. Suppose all abelian extensions of Q of
degree p" (p a prime number) are cyclotomic. Then K is cyclotomic.

Proof. By the structure theorem for finite abelian groups, the Galois group G of K|Q is
isomorphic to a direct product C'(p{*) x --- x C(p>), where the p;’s are prime numbers. Let
K; be the fixed field of the subgroup [] i C (p?j ). This is a normal subgroup of G (since G
is abelian). By the fundamental correspondence K; is a Galois extension of Q with Galois
group isomorphic to C(p;*). By assumption, K; is cyclotomic. Since K is equal to the
composite K --- K, it is cyclotomic. O

2 Ramification of prime ideals in Galois Extensions

The next stage in the proof of the Kronecker-Weber theorem consists in further reducing
the problem to the case when the abelian extension K over Q is of prime power degree p",
and where p is the only prime that ramifies in K. First, however, we must explain what
ramification is. We will develop much of the theory of ramification groups, which is quite
beautiful in its own right.

Let K be an abelian extension of Q. We are interested in the behaviour of prime ideals
pZ of Z when considered as ideals in O, the ring of integers of K. We will look at a slightly
more general set-up; little is gained in our proofs by specializing to the case just described.

Initial Set-up. Unless otherwise indicated, we will use the following notation throughout
the rest of this paper. Let £ and K be two algebraic number fields with K a finite Galois
extension of degree n over k with Galois group G. Let R be the ring of integers of k and R’
the ring of integers of K. Then both R and R’ are Dedekind domains (see, for example, [R,
p. 113]). The case we want to keep in mind is k = Q.



Let p be a proper prime ideal of R. Consider the ideal pR’ of R'. Since R’ is a Dedekind
domain and pR' # R’ [Z-S, p. 258], the ideal pR’ has a unique factorization into proper
prime ideals of R/,

pR = )
=1

We call g the decomposition number of p in Klk; e; is the ramification index of B; over p
(which we will denote e;(;|p) if necessary). If ey = --- = e, = 1, we say p is unramified in
K|k. Otherwise, we say p ramifies in K|k. Alternatively, if e; > 1 for some i, we say PB;
ramifies over p.

Note that p C (pR' N R) C (P; N R). However, since R is a Dedekind domain, p is a
maximal ideal, and since ;N R is a proper ideal of R (otherwise B; contains 1), we conclude
p =P, N R. A prime ideal P of R’ such that P N R = p is said to lie over p.

Since p = P, N R, R/p can be identified with a subfield of R'/;. Furthermore, R'/; is
a finite algebraic extension of R/p [Z-S, p 284]. The degree f; = [R'/P; : R/p] is called the
wnertial degree of 3; over p.

Remark 2.1. One can show that the ramification index and the inertial degree satisfy
transitivity relations. Let & C K C L be algebraic number fields with rings of integers
R C R C R” and let P’ be a non-zero prime ideal of R”, P =P N R, p=PNR. Ifeis
the ramification index of B in K|k, €' is that of P’ in L|K and €” that of P’ in L|k, then
¢ = ee’. With the obvious similar notation, f” = ff’. See [R, p 162].

Until now, we have not made use of the hypothesis that K is a Galois extension of
k of degree n. Our next goal is to show that in such a case, e; = --- = ¢, := e and
fi=---= f,:= fin (2). Furthermore, we will show that efg = n.

Lemma 2.2. Let P and P’ be two prime ideals of R’ such that PN R =P’ ' N R. Then there
exists an element 0 € G = Gal(K|k) such that () =F'.

Proof. Suppose B’ # o;(P) for all o; € G. Let Py,...,P,, be the distinct conjugates of
B under the action of G (these are prime ideals in R’). Since P’ # B, for i = 1,...,m,
there are elements a; € P’ — ;. Furthermore, since the 3, are distinct, there exist elements
x;; € P; — P, for all ¢, j with i # j. Let b, = a; H#ixzj and let b =by + -+ +b,,. Then, on
the one hand, b is in P’ since a; € P’ for all i. On the other hand, b is not in o;(P) for any
o; € G because there is one (and only one) j for which b; ¢ ¢;(F). Consider the norm of b,
Ngi(b) = 1, 04(b). Then Ng(b) € P'NR =P N R. But Ng(b) ¢ B since B is a prime
ideal and o;(b) ¢ B for any i (otherwise we would have b € o; '(p)). Hence, there must be

some i for which P’ = 0;(‘B). O
Theorem 2.3. If K is a Galois extension of k and p a prime ideal of k such that pR' =
[LB, theney=---=e;:=eand fi =---= f, .= f.

Proof. The ideals of R’ in the factorization of pR’ all lie over p. Therefore, by Lemma 2.2,
for each j there is a ¢ € G such that o(B;) = P1. We have pR’ = o(pR’) = [[, o (P,)“.
Uniqueness of prime-ideal factorization in Dedekind domains gives e; = e; for each j. Also,

R'/PB; = R'/o(P1), and one may verify that R'/o(PB;) = R /Py, so f; = f1 for each j. O
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Now, in order to show that efg = n, we will prove a more general relation and then show
how the equality efg = n follows in our initial set-up. We need the following lemma.

Lemma 2.4. Let R be a Dedekind domain, k its field of fractions, K a finite separable
algebraic extension of k of degree n and R’ the integral closure of R in K. (Note that our

initial set-up is a special case of this, when K, k are algebraic number fields and ) = R,
Ok = R'.) Then R is an R-submodule of a free R-module of rank n.

Sketch of proof. Let {z1,...,x,} be a basis of K over k. Each z; satisfies an algebraic
relation over k. If s; is the common denominator of the coefficients of this relation, then
u; = s;x; is integral over R. In this way we construct a basis {uy,...,u,} of K over k with
elements in R'.

Consider K as a vector space over k. If K* denotes the dual of K, and (-,-) is a non-
degenerate, bilinear symmetric form on K, then the map ¢ : K — K* given by

P(x) 1y — (1,9),

is an isomorphism. Take (x,y) = Tr(zy) (Tr is the trace map). Note Tr(zy) is non-
degenerate since K is separable over k [Lang, Thm IV.5.2]. Let {vy,...,v,} be elements
of K that are linearly independent over k such that ¢(v;) from the dual basis of K* to
{ur, ..., u,}, e, Tr(vu;) = 6;;. For x € R, we have x = ) bv;, b; € k for every i. Since
x € R, we have zu; € R’ for every i, so Tr(zu;) € R since it is one of the coefficients of the
minimal polynomial of zw; in R. But Tr(zw;) = ) b;Tr(w;v;) = b;. Thus b; € R for every ¢
and so R' C ) Rv,. O

Corollary 2.5. With the set-up of Lemma 2.4, if R is also a principal ideal domain (PID),
then there is a basis {x1,...,x,} of K over k such that R' =) Rx;.

Proof. If R is a principal ideal domain, a submodule of a free R-module is free. This means
R’ has rank < n as an R-module. But we’ve exhibited an n-element basis of K over k
contained in R/, so R’ must have rank > n as an R-module. O

We are now ready to show that efg = n. We will only do this for R a PID, since the
case that interests us is R = Z. The relation still holds true when R is a Dedekind domain;
in fact, this case can be reduced to that of R being a PID by localization. We will not show
how to do this for lack of space, but the proof can be found in Samuel’s excellent book [S,
§5.2, Theorem 1]. His proof we have slightly adapted for our purposes.

g
Theorem 2.6. Using the set-up of Lemma 2.4, let R be a PID, p a prime ideal of R, H‘Bf
i=1

the factorization of pR' and f; = [R'/B; : R/p]. Then

g

> eifi=[R/pR : R/p] =n. (3)

i=1

Consequently, if K|k is Galois, then efg = n.
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Proof. Consider the chain of ideals given by

ROPiOPID - OPL OPIPo D - DPIPF O -+ DPP -+ P = pR.

Two adjacent elements in this chain have the form P D PPB;. Now [B/PP, : R'/Pi] =1
since there are no intermediate ideals between P and PPB;. Therefore

[B/BPBi - R/p] = [B/BPi « B /P[R/Bi - R/p] = fi.

For a given ¢, there are e; consecutive elements in our chain with associated quotient space
of the form P/PP,; of dimension f; over R/p. The total dimension of R'/pR’ over R/p is
the sum of the dimensions of these quotients. This establishes the first equality of (3).

Since R is a PID, R’ is a free R-module of rank n by Corollary 2.5. If {xq,...,2,} is
a basis of R’ as an R-module, reduction mod pR’ gives a basis for R'/pR' over R/p, so
[R'/pR = R/p] =n.

If K|k is Galois, we know from Theorem 2.3 (which also holds in the slightly more general
set-up of Lemma 2.4) that ey =--- =e¢; =e and f; =--- = f, = f. Hence efg = n. m

The relation efg = n gives us a lot of information about the higher ramification groups
of an ideal 3. These groups are essential to our proof of the Kronecker-Weber theorem.

3 Decomposition, Inertia and Higher Ramification Groups

Let us go back to our initial set-up where K and k are algebraic number fields and K is
a finite Galois extension of k of degree n and where R’ and R denote the rings of integers
of K and k respectively. We now turn our attention to certain groups associated with the
phenomenom of ramification. We will start with the decomposition and inertia groups of a
prime ideal B in R’ lying over the prime ideal p of R. These are subgroups of the Galois
group G of K over k. To make notation a little less cumbersome, we will write K = R’/

and k = R/p.

3.1 Decomposition and Inertia groups

Given a proper prime ideal p of R and a prime ideal B of R’ lying over p, the decomposition
group Z of P is defined as
Z ={o0 € Glo(P) =P}

By Lemma 2.2, the prime ideals that lie over p are conjugate by elements of G and appear
in the factorization of pR’; in particular, there are g of them. Hence the orbit of 9 under
conjugation by G has size g. By Theorem 2.6, the stabilizer of P has size ef, i.e., |Z] = ef.

Let K7 denote the fixed field of Z. By the fundamental Galois correspondence, K is a
Galois extension of K and Gal(K|Kz) = Z. Furthermore, if K is an abelian extension of k

(recall we are interested in abelian extensions), then Z <G and K is a Galois extension of

k with Galois group G/Z:

K<k, &2k (4)
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The inertia group T of P is defined as
T={ceG|o(r)=2modP Ve R}

Clearly, T' < Z. One may verify that 7" is a normal subgroup of Z (this is trivial if G is
abelian).

Let Kr denote the fixed field of T. Again, by the fundamental Galois correspondence K
is a Galois extension of K7 with Gal(K|Kr) = T and Kr is a Galois extension of K, with
Gal(Kr|Kz) = Z/T since T' < Z:

KLk, 2k, S (5)

We know already that Z has order ef, i.e., [K7 : K] = g. What is the order of 77 This
is equivalent to knowing the order of Z/T since |T|-|Z/T| = ef. We will show in fact that

Z|T = Gal(K|k). (6)
By Theorem 2.3 it will follow that
12/T| = | Gal(R\B)| = K : 7] = . ™)
Hence T has order e. In fact, the beautiful tower of extensions k C K C Ky C K of (5)
n=[K:k=[K:Kg] [Kr:Kj-[K;:k]=¢ef-g. 8)

Remark 3.1. In the second equality of (7) we have tacitly assumed that K is a Galois
extension of k. One can show in general that K is a normal extension of k [Z-S, p 292]. As
for separability, since K and k are algebraic number fields and R’, R their respective rings
of integers, K is a finite field of characteristic p, so by uniqueness of finite fields K = Fn
for some m. F,m consists of the roots of X" — X, and this is a separable polynomial. So
K|k is separable in our initial set-up.

To verify (6) we need another lemma.

Lemma 3.2. Let Ky be the decomposition field of a prime ideal B in R'. Define Ry =
RNKyz andBy = PNKz. Then P is the only prime ideal of R lying over B . Furthermore,

Rz/PBz = R/p (= k).

Proof. By definition of Z, B is the only conjugate ideal of 3 in K, so P is the only prime
ideal of R’ lying over Bz. By Theorem 2.6 (using the ring Rz as the starting Dedekind
domain instead of R), we have [K : Kz| = ezfz, where ez is the ramification index of
P over P, and f; the inertial degree of P over P,. We already know, however, that
(K : Kz = ef, so ef = ezfz. By transitivity of the ramification index and the inertial
degree, we have ez|e and fz|f, so ez = e and f; = f. Thus

[R'/B: Rz/Bz] = fz=f=I[R/B: R/,
and it follows that Rz /B, = R/p. O



Theorem 3.3. With the above notation, Z/T = Gal(K|k).

Proof. We will follow ideas set out in [R, p 222-3] for our proof. We will show there is a
surjective homomorphism ® : Z — Gal(K|k) whose kernel is T. Every o € Z induces a map
7 : K — K defined by 3(z) = o(z) for € R'. One can check this is well-defined and is a
Rz /% z-automorphism. By Lemma 3.2,  determines a k-automorphism, which we will also
call & for simplicity.

Set ®(0) = 3. We must check ® is surjective. By the primitive element theorem there is
an 7 € R such that K = k(7). Let 7 be an element of Gal(K|k). Then 7(7) is a conjugate
of 7 over k.

Let f be the minimal polynomial of r over K. Since K|K is Galois with Galois group
Z, we have f =[] .,(X —o(r)) [A, p. 553]. Note that » € R means o(r) € R’ for o € Z,

so f has coefficients in R' N K, = Rz. We claim that f = [[(X — o(r)) ‘lies in’ k[X].
Indeed, the quotient map Ry — Ry/%B, extends to the canonical map R’ — R'/P = K.
Since f has coefficients in Ry, f has coefficients in Rz/%B2. So the image of f under the
identification of Ry /%, with k (Lemma 3.2) has coefficients in k. We will write f for this
image for simplicity. (It is this image f that lies in k[X].)

Since f(7) = 0, the conjugates of 7 are roots of f, so the minimal polynomial of 7 over
k divides f. Therefore, there is a ¢ € Z such that 7(7) = o(r) = (7). Since 7 and & fix k
and they agree on the primitive element 7, they must be equal. Thus o is the pre-image of
7 under @, and P is surjective.

Finally, every element o € T fixes I3, so

kerd ={oce€Z|5(z)=2 V€ K} =T,
so Z/T = Gal(K|k), as claimed. O

With our initial set-up, K is a finite-field extension of k (see Remark 3.1). Let ¢ be the
number of elements in k. The group Gal(K|k) is cyclic and is generated by the Frobenius
automorphism x +— z9. This observation yields a useful corollary to Theorem 3.3 that we
will exploit in the proof of the Kronecker—-Weber theorem.

Corollary 3.4. Z/T is a cyclic group generated by the coset of o € G such that o(x) =
z? mod B for all z € R'. O

Before moving on to the theory of higher ramification groups, we present a theorem
which ties together much of the material in this section and is crucial to our proof of the
Kronecker-Weber theorem. It is an analogue of Lemma 3.2 for inertial fields.

We have shown so far, that under our initial set-up, if p is a prime ideal of R, then
pR' = (P1---P,)°, where the P, are the prime ideals of R’ lying over p (conjugate by
elements of G) and efg = n. If e = n, we say p is totally ramified in K|k, or equivalently,
any of the 3; is totally unramified over p.

Theorem 3.5. Let B be a prime ideal of R lying over a prime ideal p of R, and let Kt be
its inertia field. Define Ry = R'N Ky and Pr = PN Kp. If K is a separable extension of k,
then Pr is unramified over p (i.e., p is unramified in Kr|k), and B is totally ramified over

PBr (i.e., P is totally ramified in K|Kr). Furthermore, Rr/Br = R' /B (= K).
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Proof. If K is a separable extension of k, then, on the one hand, [K : K7] = e by (8) and
Remark 3.1. On the other hand, by Theorem 2.6 (applied to Ry as our starting Dedekind
domain instead of R), [K : Kr| = erfr, where er is the ramification index of P over Pr
and fr the inertial degree of P over L.

We claim fr =1, i.e., [R'/B : Rr/Pr] = 1. Consider the Galois extension K|Kr. The
inertia group Z(K|Kr) of B in this extension consists of elements o of Gal(K|Kr) = T
such that o() = PB. But this is all of T, i.e., Z(K|Kr) = T. By Theorem 3.3 applied
to Z(K|Kr) and T(K|Kr) it follows that Gal((R'/B)|(Rr/PBr)) = Z(K|Kr)/T(K|Kr) =
Z(K|Kr)/T = {1}. Hence [R'/P : Rp/Pr] = 1, and since Ry/Pr C R /B, Rr/Pr =

R /B.
Since fr =1, er = e, so B is totally ramified over . By transitivity of the ramification
index, Pr must be unramified over p. O

3.2 Higher Ramification Groups

Given a non negative integer m we define the m*™ ramification group of a prime ideal B of
R as
V,y={0€Glo(z) =2 modP" Vz e R'}.

The first ramification group is the inertia group of 8. These groups form a descending chain
of subgroups of G, T'=V; > V5, > --- >V, that terminates at the identity at a finite m.
Indeed, since (;o,B* = 0, the intersection of all ramification groups must be the trivial
group. Since G is a finite group, V,, must reduce to the identity for large enough m. One
should verify that the ramification groups are normal subgroups of Z, the decomposition
group of P [Z-S, p 294].

We are interested in the succesive quotient groups V;/V;.1, as these are important to the
proof of the Kronecker-Weber theorem. We know much about their structure, which we will
explore in the following theorem.

Recall that under our initial set-up K is a separable extension of k (see Remark 3.1).

Theorem 3.6. Let P be a prime ideal of R' (lying over a prime ideal p of R), and let T =
Vi > Vo > .- >V, be the ramification groups associated to . If K is a separable extension
of k, the group T /Vy is isomorphic to a subgroup of the multiplicative group K* = k\ 0, and
Vi /Viy1 is isomorphic to an additive subgroup of the structure of K, fori > 2.

Proof. Suppose first that B is a principal ideal generated by some element b. Then o(b) €
P\ PB? for 0 € T. Indeed, if o(b) € PB?, then o1 (a(b)) € P2, so b € P2, which is absurd
since P = (b). Hence o(b) = z,b for some z, € R'\ P. One can check that for 7 € T, z,, =
r,x, mod P so that z,, = Z,2, in K. This means the map ¢ — Z, is a homomorphism
from T into a multiplicative subgroup of K. The kernel of this homomorphism consists of
the automorphisms o € T such that Z, = 1, i.e., o(b) — b € P2 We will deal with this kernel
shortly.

For the higher ramification groups (i > 2), o(b)—b € P’ for o € V;, so that o(b) —b = y, b’
for some y, € R'. One may verify that for 7 € V;, y,» = yo +y, mod B, so that J,, = ¥, + Y-



in K. This time the map ¢ — g, is a homomorphism of V; into an additive subgroup of K.
The kernel of this homomorphism consists of automorphisms o € V; such that ¢, = 0, i.e.,
o(b) — b e Pt

Now we deal with the kernels of both situations at once. We know so far they consist of
elements o € V; such that o(b) — b € P! for i > 1. We want to show this set is the group
Vi1, ie., that o(z) — 2z € P! for all € R', and not just for b. Since K is separable over

k, Theorem 3.5 tells us Ry /Pr = R'/P (= K). So for v € R, x = y + 2 where y € Ry and
z € PB. Furthermore, for o € V;

olz) —x=0(y) —y+o(z) -z

but o(z) — z € P! since z € (b) = P, and o(y) —y = 0 since 0 € V; < T. Therefore
o(z) —z € P for all x € R/, as desired. This establishes the theorem for the case when P
is a principal ideal.

Now we will argue that we can always reduce to the principal ideal case. We start by
localizing R' at 3. The local ring Rﬁp is still a Dedekind domain and its only proper maximal
(hence prime) ideal is PRy A Dedekind domain with a finite number of proper prime ideals
is a PID (see for example [Z-S, V Theorem 16]). Thus PRy is a principal ideal.

Let Vi@) denote the i*" ramification group of ‘BRﬁn From what we have shown so far,
T®/ ‘/2(%) is isomorphic to a multiplicative subgroup of (Rgy/PBRy)x and V;(;m / Vl(ﬁ) is iso-
morphic to an additive subgroup of R/ Ry

One can verify that Ry/PRy = R'/PB. We claim that Vi(m) = V;. This is enough to
establish the theorem. The inclusion V; C Vi((m is easy. Let ¢ be a generator of the principal
ideal PRy, Then o(t) —t € P'Ry for o € Vi(m). To see that Vi(sm C V; we want to show
o(x) —x € P for all € R'. One may write z as Z;é a;t’ where a; € Kr [R, p 225-6].
Then

e—1
olx) —z =Y ai(c(t) —t).
=0
Now, o (t)—t|o(t)! —t’ forj=1,...,e—1. Sinceo(t)—t € P’ Riy, then also o(t)) —t/ € P’ Ry
Hence o(z) — v € R' NP Ry = P O

The following easy corollary of Theorem 3.6 is perhaps more important than the theorem
itself.

Corollary 3.7. With the notation of Theorem 3.6, T /Vy is cyclic and V;/Viyq is trivial or
is a direct product of cyclic groups of order p, where p is the characteristic of R/p. 0

What is known about the size of T'/V57 Since it is a subgroup of the multiplicative group
(R'/B)*, if q is the number of elements of R/p, then the order of T'//V, divides ¢/ — 1. If,
however, Z/V; is an abelian group (as is the case when the Galois extension K |k is abelian)
then we can obtain a much better bound on the size of T'/V5.



Theorem 3.8. Let P be a prime ideal of R' (lying over p in R), and let Z, T, and V;
denote the decomposition group and first two ramification groups of B, respectively. If Z/Vs
is abelian, then T /Vy has order dividing ¢ — 1, where ¢ = #(R/p).

Proof. In the proof to Theorem 3.6 we showed that ramification groups remain unchanged
if we localize R at 3. One can show that Z also remains unchanged. Thus, we may assume
B is a principal ideal generated by some element .

Giveno € Z, 0(t) = z,t for some x, € R'\'P (see the proof to Theorem 3.6). Theorem 3.3
tells us Z/T = Gal(K|k); let o € Z induce the coset of the Frobenius automorphism x + 9
that generates Gal(K|k). Let 7 € T be such that its coset in V; generates T'/V;. Thus

o(t) =x,t, 7(t)==x,t, and aTg_l(t) = Tyro-1t.

A straightforward calculation shows that z,.,—1 = 070 ' (z,) 'o(z,)x,. Now reduce this
equation mod‘B. Notice that 7 reduces to the identity and that (z,) = o(z,) = z2. Hence
Tore—1 = 4. Since Z/V, is abelian, Zy75-1 = Z,. This means 797 = 1, i.e., the order of
T/Vy divides g — 1. O

4 Back to the Kronecker—Weber theorem

4.1 Ramification in extensions of Q

We are almost ready to take another stab at the Kronecker—Weber theorem. We reduced the
theorem to the case when the degree of the abelian extension K over QQ is a prime power p".
We will now further reduce to the case where all primes other than p do not ramify in K.
Before we do this, however, we state, without proof, a theorem of Minkowski that guarantees
the existence of at least one ramified prime in K [R, p. 202].

Theorem (Minkowski). In a finite, non-trivial extension K of @Q, there is at least one
prime that ramifies. Furthermore, only finitely many primes ramify.

In fact, the only primes that ramify are the ones that divide the different of K|Q [Z-S,
p 303](see Section 4.3 for a discussion of the different). For a cyclotomic extension Q((,,),
these are the primes that divide m.

4.2 One Ramified Prime is Enough

Theorem 4.1. Let K be an abelian extension of Q of prime power degree p" with Galois
group G. To prove the Kronecker—Weber theorem, it suffices to show K is cyclotomic under
the additional hypothesis that p is the only ramified prime in K.

Proof. Suppose A # p is ramified in K. We will show there is a subfield L of Q(¢)) and a
field K’ such that KL = K'L, and where A is unramified in K’. If K’ is cyclotomic, then K
will be cyclotomic too. By Minkowski’s Theorem only finitely many primes ramify in K, so
we can ‘remove’ all of them (except p) by this process.
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Since A # p, all higher ramification groups of an ideal 8 in Ok lying over \ are trivial.
Indeed, A does not divide the order of any subgroup of G, and by Corollary 3.7 V;/V;,; is
a direct product of cyclic groups of order p for ¢ > 2, so V; is trivial for ¢ > 2. The inertia
group T has order p™ for some m < r. By Theorem 3.8 (with R = 7Z),

A —1=0mod p™. (9)

The Galois group of Q((y) is cyclic of degree A — 1. By (9), there exists a subfield L of Q(())
which is a cyclic extension of Q of degree p™.

Let H = Gal(L|Q). The composite K L is a Galois extension of Q of degree p"**, s < m,
and its Galois group is isomorphic to a subgroup of G x H.

Let B’ be a prime ideal in KL lying over 3, 7" the inertia group of P’ over A (i.e,
T'=T(KL|Q)). Foro € T', o|x € T, and so T" < T x H. The order of T" is at least p™
since

p" = T| = e(Blp) < e(P'p) = T7].
As before, all higher ramification groups of 3’ are trivial, so 7" must be cyclic by Corol-
lary 3.7. No element of T' x H, however, has order greater than p™ since |T| = |H| = p™.
Hence |T'| = p™.

Let K’ be the fixed field of 7" and let " = P’ N K’. Then A no longer ramifies in K,
since, by Theorem 3.5 PB” is unramified over A. Furthermore, since " N L is unramified over
A, i.e, A does not ramify in K’ N L because it does not ramify in K’. We may also check that
P” N L is also totally ramified over A. It follows that [K' N L : Q] = e(P" N L|Q) = 1, so
that K'NL=Qso [K'L:Q]=[L:Q]-[K":Q).

Now, because [KL : K'| = p™ = [L : Q] it follows that

[K'L:Q=[L:Q]-[K':Q=[KL:K'-[K':Q]=|[KL:Q),

and since K'L € KL, we conlcude K'L, = KL. Finally, no new primes ramify in K’.
Otherwise, this prime would ramify in KL, and an isomorphic copy of the inertia group of
an ideal lying over this prime would be contained in the direct product of the inertia groups
of this prime in K and L. Since this prime did not ramify in K or L (recall A is the only
prime that ramifies in Q(¢)), a fortiori, in L) both these inertia groups are trivial. O

It remains to prove that the Kronecker—Weber theorem holds for abelian extensions K
of Q of prime power degree p” where p is the only ramified prime. We will consider two
separate cases, according to the parity of p. For odd primes, we need to use a couple of
facts from the theory of differents of extensions. We will present those facts without proof,
though references will be provided.

4.3 And now for something completely different!

We use the set-up of Lemma 2.4, which we will restate for convenience. Let R be a Dedekind
domain, k its field of fractions, K a finite separable algebraic extension of k of degree n and

!Monty Python
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R’ the integral closure of R in K. Now, let M be a subset of K. Define the complementary
set M* of M with respect to R as

M*={r e K| Tr(zy) € RVy € M}.

One may verify that R'™ is a fractional ideal of R'. The different of R’ over R is defined
as the inverse of this fractional ideal, and is denoted A(R'|R). This particular different is
also called the different of K|k and is denoted A(K|k).

If p is a prime ideal of R, we may form the rings of quotients M 'R := Ry; and M 'R’ :=
R, where M = R\ p. Both rings are still Dedekind domains [Z-S, p. 270]. The different
A(RY|Rar) is called the different of L|K above p and is denoted A,(L|K).

If K is a Galois extension of k, and p has only one prime ideal B lying above it, then
Ap(Kk) = RyPB®, where Ry, is the ring R localized at P and s is a non-negative integer,
called the exponent of P of the different A, (K|k). It is sometimes denoted s,(K|k) [R, p
230].

We will require the following three facts about differents.

Theorem 4.2 (Transitivity of the different). With the set-up of Lemma 2.4, let L be
a separable extension of finite degree of K, and let R"” be a Dedekind domain whose field of
fractions is L and is also the integral closure of R' in L. Then

A(R"|R) = R"A(R'|R) - A(R"|R)).
See [R, p 209].

Theorem 4.3 (Hilbert’s formula). Let K be a Galois extension of k, and suppose the
prime ideal p of R has only one prime ideal *P lying above it. If P is totally ramified over p
then

r—1

sp(K[k) =) (Vi = 1),

i=0
where V; is the i™" ramification group of B. See [R, p 230).

Theorem 4.4. Let K be an abelian extension of Q with ring of integers R', and H an
intermediate field between Q and K such that [H : Q] = p, a prime number. If C is the ring
of integers of H, P a prime ideal of R lying above p (which can be shown to be uniwue in

this case), and P’ =P NC, then
sp(H|Q) =2(p—1)

which is independent of the field H. See [R, p 234].
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4.4 0Odd prime numbers

Let K be an abelian extension of Q of degree p”, where p is an odd prime and is the only
prime which ramifies in K. Let G be its Galois group, B a prime ideal lying over p and V;
its i*" ramification group. We will show K is cyclotomic in two steps.

Lemma 4.5. With the above notation, K is a cyclic extension of Q.

Proof. By Theorem 3.5, p is unramified in K. This means no primes ramify in Kp, so by
Minkowski’s theorem, K7 = Q, and so G = T'. It follows that

e=|T|=|G|=[K:Q =efg.

Hence B is totally ramified in K|Q and [K : k] = f = 1, i.e., K is a finite field with p
elements since k = Z/pZ in this case. By Theorem 3.8 T = V; because p{p — 1.

Let [ be the smallest index for which V; # G. Let Ky, denote the fixed field of V;. We
claim that [Ky, : Q] = p and that Ky, is the only extension field of Q of degree p contained
in K.

We have Ky, : Q] = |Vi-1/Vi|. By Corollary 3.7 Vi_1/V] is either trivial or a direct
product of cyclic groups of order p. But V;_;/V; is an additive subgroup of K, |K| = p and
Vi—1 # Vi, so that V1 /V] is cyclic of order p. Hence [Ky, : Q] = p.

To see why Ky, is unique, suppose there exists another intermediate extension H such
that [H : Q] = p. We will arrive at a contradiction through a computation of the differents
A\(K|Ky,) and Ay(H|Q).

Let H' = Gal(K|H) and let V/ be the i*" ramification group of 8 in the extension K|H,
ie, V! =V,NnH. Then V) = ... =V, =H' since Vi =--- =V, =G, V] CV, for
i > 1+1, and V/ C V}, because if V/ = V; then V; = H' and Ky, = H. Similarly, let
V! be the i ramification group of P in the extension K|Ky;, i.e., V/ = V;N'V;. Then
VW=-=V'"=Viand V) =V, fori > 1+ 1

Since |H'| = |V|| = |G| /p, Hilbert’s formula for the different tells us that

r—1 r—1

sp(E|Ky) =Y (V= 1) > > (V| = 1) = sy (K|H).

i=0 =0

By the transitivity of the different we have

Ap(K|Q) = RpAg, (Ky|Q) - Ap(K|Ky;)
= RyAw, (H|Q) - Ap(K|H)
where By = P N Ky, and Py = PN H. Since P is totally ramified in K|Q and [H : Q] =
[Kv; : Q] = p, by Theorem 4.4, the exponents of RyyAg, (Ky;|Q) and RpAsp, (H|Q) are equal.
Therefore
sp(K[Ky,) = sp(K[H),

which is a contradiction. The result of this whole computation is simply that Ky, is the
unique extension field of Q of degree p contained in K.

By the fundamental Galois correspondence, G has only one subgroup of order p"~1. It is
not a hard exercise in group theory to show this means G is cyclic. O
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Theorem 4.6. Let K be an abelian extension of Q of degree p”, where p is an odd prime,
with G its Galois group. Then K is cyclotomic.

Proof. By Theorem 4.1 and Minkowski’s Theorem, we may assume p is the only ramified
prime in K.

Let ¢ be a primitive p"™ root of unity. Recall that Q(¢) has a cyclic Galois group over
Q of order p"(p — 1), and that p is the only ramified prime in Q(¢). Let K’ be the unique
subfield of Q(() of degree p” over Q and let G’ be its Galois group. A fortiori, p is the only
ramified prime in K.

Suppose K and K’ are not equal. Consider the composite K K'. The only ramified prime
in KK'ispand [KK': Q] > p". Lemma 4.5 tells us KK is a cyclic extension of Q. However,
its Galois group is isomorphic to a subgroup of G x G’, and no element of this group has
order greater than p”. This is a contradiction. Therefore, K coincides with the cylotomic
extension K’ of Q. H

4.5 Even prime numbers

It remains to show the Kronecker—Weber theorem holds for abelian extensions K|Q of degree
2" where 2 is the only ramified prime. We will use induction on r. To establish the base
case, we will use a Gauss sum, following [Lang, VI §3].

p
v
S = Z — (), where v runs across residue classes modp. Then
T \P

(2

Proof. Using the well-known properties of the Legendre symbol, we compute

SO0 E

v,p v,p

Lemma 4.7. Let p be a prime number and (—) denote the usual Legendre symbol and let

As v runs through residue classes, so does v, so

92 — Z (VTlf) CM(V—H). _ Z (K) C,u(u—&—l)‘

Vst v, p

RATA oD

v#1
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Lemma 4.8. Fvery quadratic extension of Q s abelian.

Proof. Let Q(y/a/b) be the quadratic extension we are interested in, with the fraction a/b
in lowest terms. This extension is contained in the field obtained by adjoining the square
roots of the prime factors of a, b and —1. By Lemma 4.7, either p or —p is a square in Q((,)
(for the case p = 2, note (1 +14)2 = 2i, so V2 € Q((g)). Our quadratic extension is therefore
contained in the composite Q(i) [[ Q((,), where p runs across the prime factors of a and b,
and this is a cyclotomic extension. So Q(+/a/b) is itself cyclotomic. O

Theorem 4.9. Let K be an abelian extension of Q of degree 2", with Galois group G. Then
K s cyclotomic.

Proof. As advertised, we will use induction on r. Lemma 4.8 establishes the base case. By
Theorem 4.1 and Minkowski’s Theorem, we may assume 2 is the only ramified prime in K.

Since (G is a cyclic group, K has a unique quadratic subfield K’. In fact, if K’ is real,
K' = Q(+/2) since 2 is the only ramified prime in K [Weiss, p. 235]. Otherwise, we may
embed K in the field C of complex numbers. The group generated by complex conjugation
has a fixed field of degree at least 277! over @, and all its subfields must be real. So
K' = Q(v/2) in this case as well.

Now let ¢ be a 2"*2 primitive root of unity. The unique quadratic subfield of Q(()
is Q(v/2) because it satisfies the same hypotheses as K. Let L = Q(¢ 4+ ¢™'). By (1),
[Q(¢) : Q] = 27t Tt follows that [KL : Q] < 2%, so Gal(KL|Q) < G x H, where
H = Gal(L|Q). Both G and H are cyclic; let o and 7 be their respective generators chosen
so that they agree on LN K. Then (o,7) € Gal(K L|Q) generates a subgroup G’ of order 2".
The fixed field F' of this group in KL has degree 2™ over Q, m < r, and 2 is still the only
ramified prime in F. F' is cyclotomic by inductive hypothesis.

Furthermore, FFIL = KL. To see why this is true, notice first that 'L C KL. Now
suppose there exists o € Gal(K L|Q) that fixes the field F'L. Then « fixes both F' and L.
Since it fixes F, it is in G'. But G’ = ((0,7)), so a = (0, 7") for some . Since « fixes L, 7
must be the identity. However,

so o' must also be the identity. Therefore the only automorphism of KL fixing FL is
the identity. It follows that FIL = KL. Since both F' and L are cyclotomic, K is also
cyclotomic. O]

This completes the proof of the Kronecker-Weber theorem.
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