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Abstract

Arithmetic of del Pezzo surfaces of degree 1
by

Anthony Varilly-Alvarado
Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Bjorn Poonen, Chair

We study the density of rational points on del Pezzo surfaces of degree 1 for the Zariski
topology and the adelic topology. For a large class of these surfaces over Q, we show that the
set of rational points is dense for the Zariski topology. We achieve our results by carefully
studying variations of root numbers among the fibers of elliptic surfaces associated to del
Pezzo surfaces of degree 1. Our results in this direction are conditional on the finiteness of
Tate-Shafarevich groups for elliptic curves over Q.

We also explicitly study the Galois action on the geometric Picard group of del

Pezzo surfaces of degree 1 of the form
w? = 23 + Axb + By

in the weighted projective space Px(1,1,2,3), where k is a global field of characteristic
not 2 or 3 and A, B € k*. Over a number field, we exhibit an infinite family of minimal
surfaces for which the rational points are not dense for the adelic topology; i.e., minimal
surfaces that fail to satisfy weak approximation. These counterexamples are explained by

a Brauer-Manin obstruction.

Professor Bjorn Poonen
Dissertation Committee Chair
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Chapter 1

Motivation and main results

1.1 Guiding questions in diophantine geometry

Let k be a global field, i.e., a finite extension of Q or F,(t) for some prime p, let
Ay denote its ring of adeles, and let X be a smooth projective geometrically integral variety
over k. Generally speaking, diophantine geometers seek to “describe” the set X (k) of k-
rational points of X. For example, we are interested in determining whether X (k) is empty
or not. If X (k) # 0, then we may further want to know something about the qualitative
nature of X (k): is it dense for the Zariski topology of X7 Is the image of the natural
embedding X (k) — X (Aj) dense for the adelic topology? If not, can we account for the
paucity of k-rational points? We may also pursue a more quantitative study of X (k). For
instance, we might try to prove asymptotic formulas for the number of k-points of bounded
height on some special Zariski-open subset of X.

On the other hand, if X (k) = 0, then we might try to account for the absence
of k-rational points. For example, the existence of embeddings X (k) — X(k,) for every

completion k, of k£ shows that a necessary condition for X to have a k-rational point is
X (ky) # 0 for all completions k,, of k. (1.1)

To illustrate this, note that the projective plane conic 22 +y? = 322 over Q has no Qs-points,
and hence it contains no Q-points.

We say that X is locally soluble whenever (1.1) is satisfied, and we note that local
solubility makes sense for any variety over a global field. Whenever checking (1.1) suffices

to show that X (k) # ), we say that X satisfies the Hasse principle. Many classes of varieties,



such as plane quadrics, satisfy the Hasse principle.

Perhaps the first known counterexample to the Hasse principle is due to Lind
and Reichardt, who show that the genus 1 plane curve over Q with affine model given by
2y% = 2% — 17 is locally soluble, but lacks Q-rational points; see [Lin40, Rei42]. Failures of
the Hasse principle are often explained by the presence of cohomologically flavored obstruc-
tions, such as the Brauer-Manin obstruction. These kinds of obstructions may also produce
examples of varieties X as above, with X (k) # (), for which the embedding X (k) — X (Ag)

is not dense.

In this thesis, we study the above circle of questions for the class of del Pezzo
surfaces of degree 1. We think of these surfaces as smooth sextics in the weighted projective
space Pr(1,1,2,3). Among other things, we show that many such surfaces over Q have
a Zariski dense set of rational points, provided that Tate-Shafarevich groups of elliptic
curves are finite. By systematically studying the Galois action on the set of exceptional
curves on these surfaces, we also produce the first explicit (minimal) examples for which the
embedding X (k) — X (Ay) is not dense. For detailed statements of our principal results,
see §1.5.

To appreciate how our results fit in the literature, we explain in §1.2 how the
answers to the guiding questions we have outlined depend only on the birational class of a
variety. We then use a birational classification theorem of Iskovskikh to focus our efforts
del Pezzo surfaces and rational conic bundles (§1.3), and we present a synopsis of known
answers to our guiding questions in §1.4. Our knowledge gaps on the the arithmetic of del
Pezzo surfaces of degree 1 will become transparent. To the author’s knowledge, the results
in this thesis represent the first progress on the arithmetic of del Pezzo surfaces of degree 1

since [Man74].

Notation. The following notation will remain in force throughout this thesis. First, &k
denotes a field, k is a fixed algebraic closure of k, and k* C k is the separable closure of k
in k. If k is a global field then we write Ay, for the adele ring of k, §, for the set of places of
k, and k, for the completion of k at v € Q. By a k-variety X we mean a separated scheme
of finite type over k (we will omit the reference to k when it can cause no confusion). If
X and Y are S-schemes then we write Xy := X xg Y. However, if Y = Spec A then we

write X4 instead of Xgpeca. A k-variety X is said to be nice if it is smooth, projective



and geometrically integral. If T is a k-scheme, then we write X (7T') for the set of T-valued
points of X. If, however, T' = Spec A is affine, then we write X (A) instead of X (Spec A).

1.2 Birational invariance and a theorem of Iskovskikh

Let X be a nice k-variety. Many properties of X (k), such as “being nonempty,”

depend only on X up to birational equivalence, as follows.

Existence of a smooth k-point. The Lang-Nishimura lemma guarantees that if X’ --» X
is a birational map between proper integral k-varieties then X’ has a smooth k-point if and

only if X has a smooth k-point; see [Lan54, Nis55].

Zariski density of k-rational points. If X, X’ are two nice birationally equivalent k-
varieties, then X (k) is Zariski dense in X if and only if X'(k) is Zariski dense in X': the
key point to keep in mind is that any two nonempty open sets in the Zariski topology have

nonempty intersection.

Weak approximation. Let X be a geometrically integral variety over a global field k.

We say that X satisfies weak approximation if the diagonal embedding

X(k) = T X (k)

vEQ

is dense for the product of the v-adic topologies. If X is a nice k-variety then X(Ay) =
[1, X (ky), the latter considered with the product topology of the v-adic topologies; see
[SkoO1, pp. 98-99]. In this case X satisfies weak approximation if the image of the natural
map X (k) — X (Ag) is dense for the adelic topology. Note also that if X does not satisfy

the Hasse principle, then automatically X does not satisfy weak approximation.

Lemma 1.2.1. If X and X' are smooth, geometrically integral and birationally equivalent
varieties over a global field k, then X' satisfies weak approximation if and only if X satisfies

weak approximation.

Sketch of proof. Tt is enough to prove the lemma in the case X' = X \ W, where W is a
proper closed subvariety of X, i.e., X’ is a dense open subset of X. Then, if X satisfies
weak approximation, then clearly so does X’. On the other hand, by the v-adic implicit
function theorem, the set X’(k,) is dense in X (k,); see [CTCS80, Lemme 3.1.2]. Suppose
that X’ satisfies weak approximation and let (z,) € [[, X (ky) be given. Choose (y,) €



I, X'(kv) € II, X (ky) as close as desired to (x,) for the product topology. By hypothesis,
there is a rational point y € X'(k) whose image in [[, X'(k,) is arbitrarily close to (y,);

then y is also close to (z,), and X satisfies weak approximation. O

Remark 1.2.2. There is a useful variant of weak approximation, as follows. Let X be a geo-
metrically integral variety over a global field k. We say X satisfies weak-weak approximation
if there exists a finite set T C € such that for every other finite set S C Qj with SNT = 0,
the image of the embedding

X(k) =[] X (ko)

vES

is dense for the product topology of the w-adic topologies. Note that X satisfies weak
approximation if we can take T = (). If X is smooth then weak-weak approximation

depends only on a birational model of X.

It is thus natural to ask the qualitative questions of §1.1 in the context of a fized
birational class for X. In particular, we will fix the dimension of X. In this thesis, we
will consider these questions only for nice surfaces. In addition, we require that X be
geometrically rational, i.e., X xj k is birational to ]P’%. The reason for this last restriction
is the existence of the following beautiful classification theorem due to Iskovskikh, which

describes the possible birational classes for X.

Theorem 1.2.3 ([Isk79, Theorem 1]). Let k be a field, and let X be a smooth projective
geometrically rational surface over k. Then X is k-birational to either a del Pezzo surface

of degree 1 < d <9 or a rational conic bundle. 0

1.3 Del Pezzo surfaces and rational conic bundles

In light of Theorem 1.2.3, we take a moment to review the definition and some
basic properties of del Pezzo surfaces and rational conic bundles. The reader is referred to
Chapter 2 for further particulars on del Pezzo surfaces. In this section, we work over an
arbitrary field k.

We begin by recalling some basic facts and setting some notation. If X is a nice
surface, then there is an intersection pairing on the Picard group (-,-)x: Pic X x Pic X —
Z; see [Kle05, Appendix B] We omit the subscript on the pairing if no confusion can arise.

For such an X, we identify Pic(X) with the Weil divisor class group (see [Har77, Corollary



11.6.16]); in particular, we will use additive notation for the group law on Pic X. If X is
a nice k-variety, then we write Kx for the class of the canonical sheaf wx in Pic X; the

anticanonical sheaf of X is w®!.

X is an irreducible curve C' € X} such that (C,C) = (Kx,C) = —1. By the adjunction

An exceptional curve on a smooth projective k-surface

formula, an exceptional curve on X has arithmetic genus 0, and hence it is isomorphic to

IP’};; see [Ser88, IV.8, Proposition 5.

Definition 1.3.1. A del Pezzo surface X is a nice k-surface with ample anticanonical sheaf.

The degree of X is the intersection number d := (Kx, Kx).

If X is a del Pezzo surface then the Riemann-Roch theorem for surfaces and
Castelnuovo’s rationality criterion show that X is geometrically rational. Moreover, Xjs is
isomorphic to either P}, x P, (in which case d = 8), or the blow-up of P%, at r < 8 distinct
closed points (in which case d =9 — r); this is the content of Theorem 2.1.1 below. In the
latter case, the points must be in general position: this means no 3 of them on a line, no
6 of them on a conic and no 8 of them on a cubic with a singularity at one of the points.
General position of the blown-up points is equivalent to ampleness of the anticanonical class

on the blown-up surface; see [Dem80, Théoreme 1, p. 27].

Definition 1.3.2. We say a nice surface X over a field k is k-minimal (or just minimal) if

there is no nonempty Gal(k®/k)-stable set S of pairwise nonintersecting exceptional curves.

When a nice surface X is not k-minimal, there is a Gal(k®/k)-stable set S of
pairwise nonintersecting exceptional curves which can be simultaneously ‘blown-down’. This
process can be iterated on the ‘blown-down’ surface until there are no more Gal(k®/k)-stable
sets of pairwise nonintersecting exceptional curves. This is a finite process since the Picard
number of the surface decreases at each stage; the final surface is k-minimal. In fact, when
k is perfect, X is minimal if and only if any birational k-morphism to a nice surface Y is

an isomorphism; see [Has09, Theorem 3.2].

Definition 1.3.3. A rational conic bundle X over a field k is a minimal smooth projective
geometrically rational surface together with a dominant k-morphism 7: X — C for which
the base curve and the generic fiber are smooth curves of genus 0. The degree of X is the

intersection number d := (Kx, Kx).

If f: X — (' is a rational conic bundle, then each smooth fiber of f is a geomet-

rically reduced plane conic split by a quadratic extension of k. Moreover, the non-smooth



fibers of fis: Xgs — Cps consist of pairs of exceptional curves intersecting transversely at

one point; see [Has09, Theorem 3.6].

Remark 1.3.4. It is possible for X as in Theorem 1.2.3 to be k-birational to both a del Pezzo
surface and a rational conic bundle. More precisely, a rational conic bundle is birational
to a minimal del Pezzo surface if and only if d = 1,2 or 4 and there are two distinct

representations of X as a rational conic bundle; see [Isk79, Theorems 4 and 5.

Examples of rational conic bundles are certain smooth projective models of affine

surfaces defined by an equation of the form
y? — a2’ = P(x), (1.2)

where a € k*, and P(x) is a nonzero polynomial. We may assume (by making suitable

rational changes of variables) that P(x) is a separable polynomial of even degree. For an

explicit construction of the smooth projective model of these surfaces, see [Poo08, §4].
The geometry of rational conic bundles has been extensively studied; see [MT86,

§2.2] and [Has09, §3.2] for a survey of geometric results.

1.4 Survey of arithmetic results

We survey known answers to the questions we raised in §1.1 for smooth projective

geometrically rational surfaces over a field k, in light of Theorem 1.2.3.

Existence of a smooth k-point. Del Pezzo surfaces of degrees 1, 5 and 7 are known to
carry k-rational points. If X is such a surface of degree 1, then the linear system |— K x| has a
single basepoint ([Dem80, Proposition 2, p. 40]), which is necessarily defined over the ground
field. The case of degree 5 surfaces is a theorem formulated by Enriques in [Enr97] and
proved independently by Swinnerton-Dyer, Shepherd-Barron and Skorobogatov; see [SD72,
SB92, Sko93], respectively. If X is a del Pezzo surface of degree 7, then Xjs is isomorphic
to a blow-up of P?, at two distinct points, and the strict transform of the line on P2,
passing through the two blow-up points is an exceptional curve that is Gal(k®/k)-stable.
Contracting this curve yields a surface of degree 8 with a k-rational point, and we conclude
by using the Lang-Nishimura lemma.

Del Pezzo surfaces of other degrees need not have k-rational points. Surfaces of

degree at least 5, however, are known to satisfy the Hasse principle. For example, del Pezzo



surfaces of degree 9 are forms of }P’i, i.e., Severi-Brauer surfaces, and thus satisfy the Hasse
principle; see [Chad4]. If X is a del Pezzo surface of degree 8, then Xjs is isomorphic
either to a blow-up of IP%S at a closed point or to JP’}CS x PL.. In the former case, the
unique exceptional curve is fixed by the action of Gal(k®/k); contracting this curve yields a
Severi-Brauer surface with a k-rational point, and we conclude by using the Lang-Nishimura
lemma. For the latter case, see [CT72b, p. 19]. The case of surfaces of degree 6 is a theorem
of Manin, though we refer the reader to a beautiful and elementary proof by Colliot-Théléene
in [CT72a).

Del Pezzo surfaces of degrees 2, 3 and 4 can fail to satisfy the Hasse principle, as

the following examples show.
Example 1.4.1 ([KT04, Example 1]). The hypersurface given by
w? = —6z* — 3y4 + 224

in the weighted projective space Pg(1,1,1,2) is a del Pezzo surface of degree 2 which is
locally soluble, but which lacks Q-points.

Example 1.4.2 ([CG66]). The cubic surface in IF’% given by
523 4+ 9% +102° + 120° = 0
is a del Pezzo surface of degree 3 which is locally soluble, but which lacks Q-points.

Example 1.4.3 ([BSD75, Theorem 3]). The variety in IP’@ defined by the equations

w = 2 — 5y2

(u+v)(u+ 20) = 2% — 522
is a del Pezzo surface of degree 4 which is locally soluble, but which lacks Q-points.

All such known counterexamples can be explained by a Brauer-Manin obstruction;
see §2.3.

The state of affairs for rational conic bundles is not a good one. The strongest
known result is due to Salberger. In [Sal88], he shows that if X — P} is a rational conic
bundle over a global field k, such that H* ( Gal(k*/k), Pic st) = 0, then X has a zero-cycle
of degree 1 if and only if X}, has a zero-cycle of degree 1 for all v € Q. A similar claim

for k-rational points is unknown as of this writing.



There is a smattering of (hard-to-prove) results for surfaces X of the form (1.2).
For example, if deg(P(z)) = 2 then the conic bundles satisfy the Hasse principle by the
Hasse-Minkowski theorem on quadratic forms. If P(x) is a monic polynomial of degree 4,

then we call X a Chatelet surface. Such surfaces need not satisfy the Hasse principle.

Example 1.4.4 ([Isk71]). The Chételet surface over Q given by a smooth projective model
of
v’ 422 = (3 -2 (2? - 2)

does not satisfy the Hasse principle. A proof of this of fact, phrased in terms of Brauer-

Manin obstructions, can be found in [SkoO1, p. 145].

By generalizing Example 1.4.4, Poonen recently constructed Chatelet surfaces over
any global field of characteristic not 2 which violate the Hasse principle; see [Poo07, Propo-
sition 5.1 and §11]. Viray extended the construction to global fields of characteristic 2
in [Vir09].

In the landmark two-part paper [CTSSD87a, CTSSD87b], Colliot-Théléne, Sansuc
and Swinnerton-Dyer show that the Brauer-Manin obstruction to the Hasse principle and
to weak approximation on Chatelet surfaces is the only obstruction; see Chapter 2 for the
necessary background material. In [SD99], Swinnerton-Dyer proves an analogous result for
surfaces such that P(z) is the product of polynomials of degrees 2 and 4. A streamlined,

concise proof of these results is written up in [SkoO1, Chapter 7].

Zariski density of k-rational points. A k-variety X is said to be unirational if there
exists a dominant rational map P}’ --» X for some positive integer m. The following
theorem, a proof of which can be found in [Man74, Theorems 29.4 and 30.1], shows that

k-points are Zariski dense for a large class of del Pezzo surfaces.

Theorem 1.4.5 (Segre-Manin). Let X be a del Pezzo surface of degree d over a field k of
characteristic zero. Assume that X (k) # 0, and if d = 2 then assume further that X has
a k-rational point that does not lie on any exceptional curve of X. Then X is unirational;
in particular, X (k) is Zariski dense in X. Furthermore, if d > 5 then X is k-birational to
P2, O

Remark 1.4.6. If k has positive characteristic then X is still unirational provided that either

1. k contains more than 22 elements and X has degree at least 4, or that



2. k contains more than 34 elements and X has degree at least 3.
See [Man74, Theorem 30.1].

There is no proven analogous result to Theorem 1.4.5 for rational conic bundles
over general fields. However, over a local field k, a rational conic bundle with a k-point is
unirational, whence k-rational points are Zariski dense; see [Isk67] for a proof in the case
when £ = R and [Yan85] for nonarchimedean k.

The problem of unirationality for low degree nice geometrically rational surfaces
remains wide open, and according to Manin and Tsfasman, it is “extremely difficult”
(IMT86, p. 64])

Weak approximation. By Lemma 1.2.1 and Theorem 1.4.5, it follows that a locally
soluble del Pezzo surface X of degree at least 5 satisfies weak approximation (note that
X (k) # 0 because X (Ay) # 0 and X satisfies the Hasse principle). On the other hand,
there are examples of del Pezzo surfaces of degrees 2, 3 and 4, for which weak approximation

fails, even when k-rational points are Zariski dense, as follows.

Example 1.4.7 ([KT08, Example 2]). The surface X given by
w? = —2z% — y4 +182*

in the weighted projective space Pg(1, 1, 1,2) is a del Pezzo surface of degree 2. The Q-point
[tx:y:z:w]=[1/2:0:1/2:1] on X is not on any exceptional curve; by Theorem 1.4.5,

X (Q) is Zariski dense. However, X does not satisfy weak approximation.
Example 1.4.8 ([SD62]). The cubic surface X in IP’% given by
w(z? + %) = (42 — Tw) (2% — 2u?)

is a del Pezzo surface of degree 3 that does not satisfy weak approximation. Theorem 1.4.5,
however, shows X (Q) is Zariski dense (note that X (Q) # 0; for example, [z :y : z : w]| =
[1:1:0:0] € X(Q)).

Example 1.4.9 ([CTSSD87b, Example 15.5]). The variety in IP’?Q defined by the equations

w = 2% + y?

(4u — 3v)(4u —v) = 2% + 22
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is a del Pezzo surface of degree 4 that does not satisfy weak approximation. Theorem 1.4.5,
however, shows X (Q) is Zariski dense (note that X (Q) # 0; for example, [u:v:x:y:z] =
[1:4:0:2:0] € X(Q)).

The state of the art results regarding weak approximation on rational conic bundles
were already mentioned in our survey on “Existence of a smooth k-point” above. Exam-
ple 1.4.8 can be used to construct a Chatelet surface with a rational point that does not

satisfy weak approximation, namely, the Chatelet surface over Q given by
y? + 22 = (4x — 7)(2® - 2).

Table 1.1 encapsulates the results we have hitherto presented for del Pezzo surfaces
over number fields. A check mark (v') in the first two rows indicates that the relevant
arithmetic phenomenon holds for the indicated class of surfaces. A check mark in the
Zariski density row means that if there is a rational point, then rational points are Zariski
dense; the dagger (T) in the degree 2 case is there to remind the reader of the (presumably
extraneous) hypothesis of Theorem 1.4.5 on these surfaces. An entry with a reference
indicates the existence of a counterexample to the arithmetic phenomenon which can be

found in the paper cited.

Phenomenon d>5 d=4 d=3 d=2 d=1
Hasse principle v [BSD75] [CG66] [KT04] v
Weal approximation | v [CTSSD87b] [SD62] [KTO08] ?
Zariski density v v v vl ?

Table 1.1: Arithmetic phenomena on del Pezzo surfaces over number fields.

1.5 Del Pezzo surfaces of degree 1: Main results

Let X be a del Pezzo surface of degree 1 over a number field k. Bearing in mind

the results of §1.4, especially Table 1.1, we ask the following natural questions:
1. Are k-rational points dense in X for the Zariski topology?

2. Is there an X which is a (minimal) counterexample to weak approximation? If so,

can we write down an explicit example?
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There are, of course, “artificial” examples of del Pezzo surfaces of degree 1 that do not
satisfy weak approximation. Take, for instance, the surface in Example 1.4.7, and blow up
the point [1/2 : 0 : 1/2 : 1] on it. By Lemma 1.2.1, the resulting surface is a del Pezzo
surface of degree 1 that does not satisfy weak approximation. To avoid such examples,
we will insist that our surfaces be k-minimal. Del Pezzo surfaces X with Pic X = Z are
minimal. The converse is true if d ¢ {1,2,4}; see [Man74, Rem. 28.1.1].

To state the main results contained in this thesis we fix the following notation. Let
klz,y, z, w| be the weighted graded ring where the variables z,y, z, w have weights 1,1, 2,3,
respectively. Set P(1,1,2,3) := Proj klz,y, z,w]. Let I C k[z,y,z,w] be a homogeneous
ideal. Then V(I) := Projk[x,y,z,w]/I. If I = (f1,--- fn) we write V(f1,..., fn) instead of
V((f1y--s fn))-

Every del Pezzo surface of degree 1 over k is isomorphic to a smooth sextic hyper-
surface in Pg(1,1,2,3). Conversely, any smooth sextic in Py (1,1,2,3) is a del Pezzo surface

of degree 1 over k; see §2.2.3.

1.5.1 Zariski density of rational points

Definition 1.5.1. Let F(x,y) € Z[x,y] be a homogeneous binary form, not divisible by a
square of a nonunit in Z[z,y]. We say that F' has a fixed prime divisor if there is a prime

number p such that F(z,y) € pZ for all z,y € Z.

Remark 1.5.2. If F(z,y) € Z[z,y|] is a homogeneous binary form with content 1, then
F mod p has at most deg F zeroes in P*(F,). Hence, if p is a fixed prime divisor of F', then
p+ 1 <deg(F).

Theorem 1.5.3. Let F(x,y) € Z[x,y] be a homogeneous binary form of degree 6. Let X
be the del Pezzo surface of degree 1 over Q given by

w? = 23 + F(x,y) (1.3)

inPo(1,1,2,3). Applying a linear transformation, we may assume that the coefficients of x°
and y5 are nonzero, without so changing the isomorphism class of X. Let c be the content
of F and write F(x,y) = cFi(x,y) for some Fi(x,y) € Z[x,y]. Suppose that Fy has no
fized prime divisors and that F\ =[], fi, where the f; € Z]x,y| are irreducible homogeneous

forms. Assume further that

ps € Q[t]/ fi(t, 1) for some 1, (1.4)
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where ps is the group of third roots of unity. Finally, assume that Tate-Shafarevich groups
of elliptic curves over Q with j-invariant 0 are finite. Then the rational points of X are

dense for the Zariski topology.

Theorem 1.5.4. Let G[z,y| € Z[z,y] be a homogeneous binary form of degree 4. Let X be
the del Pezzo surface of degree 1 over Q given by

w? = 2%+ G(x,y)z (1.5)

in Po(1,1,2,3). Applying a linear transformation, we may assume that the coefficients of
z* and y* are nonzero, without so changing the isomorphism class of X. Let ¢ be the content
of G and write G(x,y) = c¢G1(x,y) for some Gi(z,y) € Z[x,y]. Suppose that G has no
fized prime divisors and that G1 = [, g;, where the g; € Z[z,y] are irreducible homogeneous

forms. Assume further that

pa € Q[t]/gi(t, 1) for some 1, (1.6)

where g 1s the group of fourth roots of unity. Finally, assume that Tate-Shafarevich groups
of elliptic curves over Q with j-invariant 1728 are finite. Then the rational points of X are

dense for the Zariski topology.

The idea of the proof of Theorems 1.5.3 and 1.5.4 is as follows. Blowing-up the
canonical point of a del Pezzo surface of degree 1 gives an elliptic surface f: &€ — I%.
Assuming finiteness of Tate-Shafarevich groups, Nekovafr, Dokchitser and Dokchitser have
shown that the root number of an elliptic curve E/Q is (—1)"*%(E) (the parity conjecture;
see [Nek01,DDO07]). It thus suffices to show that there are infinitely many fibers of f over
Q with negative root number (i.e., odd Mordell-Weil rank). In [Roh93], Rohrlich pioneered
the study of variations of root numbers on algebraic families of elliptic curves. We use his
formulas for local root numbers, together with those of Halberstadt and Rizzo [Hal98, Riz03]
to compute root numbers of elliptic curves associated to the del Pezzo surfaces of degree 1 of
Theorems 1.5.3 and 1.5.4. We then modify a sieve of Gouvéa, Mazur, and Greaves [GM91,
Gre92] to search for infinitely many pairs of fibers with opposite root numbers. This gives
infinitely many fibers with odd rank, which proves the theorem.

The idea of studying density of rational points on an elliptic surface by looking
at variations in the root numbers of fibers is not new; the novelty in our approach lies in

the combination of sieving techniques from analytic number theory with explicit formulas
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for root numbers. The reader is especially invited to look at [GM97] where the question of
potential density of rational points, i.e., Zariski density after a finite extension of the ground
field, is studied for elliptic surfaces with non-constant j-invariant. In contrast, the elliptic
surfaces we study in this thesis are all isotrivial.

We obtain the following corollary to Theorem 1.5.3, which addresses the question

of Zariski density of rational points for “diagonal” del Pezzo surface of degree 1 over Q.

Corollary 1.5.5. Let X be the del Pezzo surface of degree 1 over Q given as a sextic in
the weighted projective space Pg(1,1,2,3) by

w? = 23 + Az + Byb, (1.7)

where A and B are nonzero integers. Assume that Tate-Shafarevich groups of elliptic curves
over Q with j-invariant 0 are finite. If 3A/B is not a rational square, or if A and B are

relatively prime and 91 AB, then the rational points of X are Zariski dense.

Remark 1.5.6. The restriction in (1.7) that A and B are integers is not severe. If A and B
are rational numbers, then one can clear denominators and rescale the variables to obtain
an equation of the the form (1.7). A similar comment applies for the restriction that
F(z,y) € Z[x,y] in Theorem 1.5.3 and that G(z,y) € Z[z,y] in Theorem 1.5.4.

Using our sieving technique, we will also show that the surfaces of Theorems 1.5.3
and 1.5.4 satisfy a variant of weak-weak approximation. We refer the reader to §3.5 for

details.

1.5.2 Weak approximation

We construct the following counterexamples to weak approximation.

Theorem 1.5.7. Let p > 5 be a rational prime number such that p Z 1 mod 12. Let X be
the del Pezzo surface of degree 1 over Q given by

w? = 25 4+ pab 4 pByP

inPg(1,1,2,3). Then X is Q-minimal and there is a Brauer-Manin obstruction to weak ap-

proximation on X. Moreover, the obstruction arises from a cyclic algebra class in Br X/ Br Q.

Remark 1.5.8. By Corollary 1.5.5, the above counterexamples to weak approximation have
a Zariski dense set of points, at least under the assumption that Tate-Shafarevich groups

of elliptic curves are finite.
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To prove Theorem 1.5.7, we begin with an explicit study of the geometry of “di-
agonal” del Pezzo surfaces of degree 1 over an arbitrary field k with chark # 2,3. These

are sextic surfaces of the form
w? = 2% + A2® + ByS (1.8)

in the weighted projective space Px(1,1,2,3), where A, B € k*. The conditions A, B € k*
and chark # 2,3, taken together, are equivalent to the smoothness of these surfaces. We
start by finding an explicit description of generators for the geometric Picard group for the
surfaces (1.8). More generally, we find explicit equations for all 240 exceptional curves on

any del Pezzo surface of degree 1 over any field.

Theorem 1.5.9. Let X be a del Pezzo surface of degree 1 over a field k, given as a smooth
sextic hypersurface V(f(x,y, z,w)) in Px(1,1,2,3). Let

'=V(z-Q,y),w—C(z,y)) C Pk (1,1,2,3),

where Q(x,y) and C(z,y) are homogenous forms of degrees 2 and 3, respectively, in k*[x,y].
If T is a divisor on Xys, then it is an exceptional curve of X. Conversely, every exceptional

curve on X 1is a divisor of this form.

With explicit generators for Pic Xis, we may compute the cohomology group
H'( Gal(k*/k), Pic Xjs), which is a k-birational invariant of X; see [Man74, Theorem 23.3].
We derive the following theorem, analogous to [KT04, Thm. 1].

Theorem 1.5.10. Let k be a field with char k £ 2,3. Let X be a minimal del Pezzo surface
of degree 1 over k of the form (1.8). Then H'( Gal(k*/k),Pic(Xys)) is isomorphic to one
of the following fourteen groups:
{1y (@/22), i€{1,2,3,4,6,8}; (Z/32), je{1,2,34};
(ZJ6Z)F ke {1,2); 7/27 x 7.J6Z.

Each group occurs for some field k. When k = Q only the following seven groups occur:

{1}, Z/2Z, 7/27 x 727, 7./27 x 7.J27 x 7./2Z,
7./3Z, 7./3Z x 7J3L, Z./6Z.
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Remark 1.5.11. In [Cor07, Theorem 4.1], Patrick Corn determines all the possible groups
that Hl(Gal k* [k, Pic st) can be isomorphic to, for del Pezzo surfaces of degree 1. The
advantage of our work is that we can compute this cohomological invariant as a function of

A and B for surfaces of the form (1.8).

If, furthermore, k is a global field, then we may compute the group Br X/ Brk, of

arithmetic interest, via the isomorphism
Br X/ Brk = H'( Gal(k®/k), Pic Xj:), (1.9)

obtained from the Hochschild-Serre spectral sequence; see §2.3.1 for the definition of Br X
and §2.3.4 for details on the Hochschild-Serre spectral sequence and the isomorphism (1.9).

To prove a statement like Theorem 1.5.7, we have to identify elements of Br X/ Br k
explicitly. Given a cohomology class in H! ( Gal(k*/k), Pic X ks), it can be difficult to iden-
tify the corresponding element in Br X/Brk guaranteed by the isomorphism (1.9). We
present a simple strategy to search for cohomology classes in H! ( Gal(k®/k), Pic X, ks) which

correspond to cyclic algebras in the image of the natural map
BrX/Brk — Brk(X)/Brk,

where X is a locally soluble smooth geometrically integral variety over a global field k.
We hope that Theorem 4.4.3 will be of use to others wishing to calculate Brauer-Manin
obstructions to the Hasse principle and weak approximation via cyclic algebras on this wide

class of varieties.
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Chapter 2

Background material

In this chapter we review some standard material from the theory of del Pezzo
surfaces and Brauer-Manin obstructions. We begin by outlining results of Coombes which
allow us to work with imperfect base fields.

The reader who is mainly interested in Chapter 3 is encouraged to skip §2.3; the

material in that section is relevant only for the results of Chapter 4.

2.1 Del Pezzo surfaces are separably split

Throughout this section, k denotes a separably closed field and & a fixed algebraic
closure of k. Recall that a collection of closed points in P?(k) is said to be in general position
if no 3 points lie on a line, no 6 points lie on a conic, and no 8 points lie on a singular cubic,
with one of the points at the singularity. Our goal is to prove the following strengthening

of [Man74, Theorem 24.4].

Theorem 2.1.1. Let X be a del Pezzo surface of degree d over k. Then either X is
isomorphic to the blow-up of IP’% at 9 — d points in general position in P?(k), or d = 8 and

X is isomorphic to IF’,{T X ]P’}g.
We need two results of Coombes, as follows.

Proposition 2.1.2 ([Coo88, Proposition 5]). Let f: X — Y be a birational morphism of

smooth projective surfaces over k. Then f factors as

X=Xgo—- X1 —--—X,=Y,
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where each map X; — X;11 is a blow-up at a closed k-point of X;11. O

The above proposition is well-known if we replace k with k. The main step in
the proof of Proposition 2.1.2 is to show that the blow-up at a closed point whose residue
field is a nontrivial purely inseparable extension of k cannot give rise to a smooth surface.
Using Iskovskikh’s classification theorem (Theorem 1.2.3), Coombes deduces the following

proposition.

Proposition 2.1.3 ([Coo88, Proposition 7]). The minimal smooth projective rational sur-
faces over k are P2 and the Hirzebruch surfaces F, := P(ﬁ]p]lc ® ﬁp}c (n)), where either n =0
orn > 2. O

Finally, we need the following lemma.

Lemma 2.1.4 ([Man74, Theorem 24.3(ii)]). Let X be a del Pezzo surface over an alge-
braically closed field. Then every irreducible curve with negative self-intersection in excep-

tional. O

Proof of Theorem 2.1.1. Let f: X — Y be a birational k-morphism with ¥ minimal, and
write

X:Xo—)Xlﬂ'-'—)Xr:Y (21)

for a factorization of f as in Proposition 2.1.2. By Proposition 2.1.3 we need only consider

the following cases:

1. Y = IP’%. We claim that no point that is blown-up in one step of the factorization (2.1)
may lie on the exceptional divisor of a previous blow-up: otherwise X would contain
a curve with self-intersection less than —1, contradicting Lemma 2.1.4. Hence X is
the blow-up of IF’% at r distinct closed k-points. We conclude that d = Kg( =9—r, as
claimed. Suppose that 3 of these points lie on a line L. Let fl%_ 1LE denote the strict
transform of Lj for the base-extension f;: Xz — Yz. Then (flglLE, f]glLE) < —1, but
this is impossible by Lemma 2.1.4. Similarly, if 6 of the blown-up points lie on a conic
Q, or if 8 points lie on a singular cubic C' with one of the points at the singularity, then
(]‘EIQE, f]ng,g) < —1, or (f]glC,g, f}glCE) < —1, respectively, which is not possible.

Hence the blown-up points are in general position.

2. Y = IP>,1C X IP}C. If X =Y then X is a del Pezzo surface of degree 8. Otherwise, we

may contract the two nonintersecting (—1)-curves of X,_; and obtain a birational
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morphism ¢: X,_; — IP’%. We may use the map ¢ to construct a new birational

morphism X — P2, given by
_ ¢ m2
X=Xo—->X1— = Xp1 =P,
and thus we may reduce this case to the previous case.

3. Y =F,,n > 2. Thereis a curve C C (F,); whose divisor class satisfies (C,C) < —1.
Let f- 1(C) denote the strict transform of C' in X ; for the base-extension f;: X; —
(Fn)z- Then (f7'C, f7'C) < =1, but this is impossible by Lemma 2.1.4, O

2.2 Further properties of del Pezzo surfaces

We review some well known facts about del Pezzo surfaces over a field k, be-
yond those stated in §1.3 and in the previous section. The basic references on the subject

are [Man74], [Dem80] and [Kol96, IIL.3].

2.2.1 The Picard group

Let X be a del Pezzo surface over a field k of degree d. Recall that an exceptional
curve on X is an irreducible curve C' on X such that (C,C) = (C,Kx) = —1. Theo-
rem 2.1.1 shows that exceptional curves on X are already defined over k®. The number of
exceptional curves on X varies with d as shown in Table 2.1.

We have seen that if Xjs 2 Pl x }P’,lﬂs then Xjs is isomorphic to a blow-up of P2,
at 7 := 9—d closed points {P; ..., P.} in general position. It follows that the group Pic Xjs
is isomorphic to Z'°~4 (see [Har77, Proposition V.3.2]); if d < 7 then it is generated by the
classes of exceptional curves. Let e; be the class of an exceptional curve corresponding to
P; under the blow-up map, and let £ be the class of the pullback of a line in Pis not passing
through any of the P;. Then {ej,...,e,, ¢} is a basis for Pic Xjs. Note that

(ei,ej) = _51']', (61,8) = O, (f, f) = 1,

where ¢;; is the usual Kronecker delta function. With respect to this basis, the anticanonical

class is given by —Kx =30 — > e;.
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d(X) 7 6 5 4 3 2 1
# of exceptional curves | 3 6 10 16 27 56 240

Table 2.1: Number of exceptional curves on a del Pezzo surface X

2.2.2 Galois action on the Picard group

Let X be a smooth projective geometrically rational surface over a global field k.
The Galois group Gal(k®/k) acts on Pic Xjs as follows. For o € Gal(k®/k), let 6: Speck® —
Spec k? be the corresponding morphism. Then idx x& € Aut Xgs induces an automorphism

(idx x0)* of Pic Xs. This gives a group homomorphism
Gal(k®/k) — Aut(Pic Xps) o (idx xa)*.

The action of Gal(k®/k) on Pic(Xgs) fixes the canonical class Kx and preserves the inter-
section pairing; see [Man74, Theorem 23.8].

Let K be the smallest extension of k in k* over which all exceptional curves of X
are defined. We say that K is the splitting field of X. The natural action of Gal(k®/k) on
Pic Xjs = Pic X factors through the quotient Gal(K/k), giving a homomorphism

¢x: Gal(K/k) — Aut(Pic Xk). (2.2)

If we have equations for an exceptional curve C' of X, then an element o € Gal(K/k) acts
on C' by applying o to each coefficient. The curve °C is itself an exceptional curve of X.
If, furthermore, X is a del Pezzo surface of degree 1, then the image of ¢ x is isomor-
phic to a subgroup of the Weyl group W (Es) (which is a finite group of order 696, 729, 600);
see [Man74, Theorem 23.9]. To keep computations reasonable in Chapter 4 when searching
for counterexamples to weak approximation, we work with surfaces X for which im ¢x is
small. On the other hand, the image cannot be too small: for example, if im¢pyxy = {1},

then X is k-birational to IP’%, so it satisfies weak approximation, by Lemma 1.2.1.

2.2.3 Anticanonical models

For any scheme X and line sheaf .2 on X, we may construct the graded ring

R(X, 2):= @ H (X, 2°m).

m>0
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When ¢ = w$ !, we call R(X,w$ ') the anticanonical ring of X. If X is a del Pezzo
surface then X is isomorphic to the scheme Proj R(X, w?}_l) [Ko0l96, Theorem III.3.5]. This
scheme is known as the anticanonical model of the del Pezzo surface.

The construction of anticanonical models is reminiscent of the procedure that
yields a Weierstrass model of an elliptic curve. In fact, we can use the Riemann-Roch
theorem for surfaces to prove the following dimension formula for a del Pezzo surface X
over k of degree d:

hO(X, —mKX) — m(m;—l)

see [Kol96, Corollary II1.3.2.5] or [CO99]. If X has degree 1, then the anticanonical model

d+1; (2.3)

for X is a smooth sextic hypersurface in P(1,1,2,3), and we may compute such a model,

up to isomorphism, as follows:
1. Choose a basis {z,y} for the 2-dimensional k-vector space HY (X ,—K X).

2. The elements z2, xy, 3> of H° (X ,—2K X) are linearly independent. However,
ho (X, —2KX) = 4; choose an element z to get a basis {22, xy,y?, 2z} for this k-vector

space.

3. The elements 23, 2%y, zy?,y3, vz, yz of HY (X, —SKX) are linearly independent, but
ho (X, —SKX) = 7. Choose an element w to get a basis {x3, 2%y, xy?, 9>, vz, yz, w} for

this k-vector space.

4. The vector space H° (X ,—6K X) is 22-dimensional, so the 23 elements

6 .5 4,2 3.3 .2, 4 5,6 .4 3 2,2 3
{QZ',IE Yy, ry,ry,ry,ry Yy ,r 2T yYz,r'y Iy =z,

2.2 2 3

y4z,x z ,xyzQ,y2z , 2 ,x3w,x2yw,xy2w,y3w,:rzw,yzw,w2}

must be k-linearly dependent. Let f(x,y,z,w) = 0 be a linear dependence relation
among these elements. Then an anticanonical model of X is Projk[z,y, z, w]/(f),
where x, y, z, w are variables with weights 1,1, 2 and 3 respectively. This way X may

be described as the (smooth) sextic hypersurface V' (f) in P(1,1,2,3).

For more details on this construction, see [CO99, pp.1199-1201].

Remark 2.2.1. If k is a field of characteristic not equal to 2 or 3, then in step (4) above we

may complete the square with respect to the variable w and the cube with respect to the
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variable z to obtain an equation f(z,y,z,w) = 0 involving only the monomials
{2°, 2%y, 2y, 2%y’ 2yt wy® o 2t e, 2ty z, 2Pz gtz 2, 2P w0
Moreover, we may also rescale the variables so that the coefficients of w? and 2% are +1.

Remark 2.2.2. If X has degree d > 3, then the anticanonical model recovers the usual
description of X as a smooth degree d surface in IP’%. In particular, when d = 3 we get a
smooth cubic surface in }P’z. If X has degree 2 then the anticanonical model is a quartic
hypersurface in the weighted projective space Px(1,1,1,2); such a surface can then be
thought of as a double cover of a IP% ramified along a quartic curve.

Remark 2.2.3. If we write a del Pezzo surface X of degree 1 over a field k£ as the smooth
sextic hypersurface V(f(z,v,2,w)) in Pr(1,1,2,3), then {x,y} is a basis for H° (X, —KX)
and {22, zy,y?, 2} is a basis for H° (X, —ZKX). In particular, the base point of |—Kx| is
0:0:1:1].

2.2.4 Del Pezzo surfaces of degree 1 and elliptic surfaces

Let X be a del Pezzo surface of degree 1 over a field k. Recall that the anticanonical
linear system |—K x| contains a single (k-rational) base-point (see §1.4); we call this point
the anticanonical point of X. By (2.3) we have h°(X, —Kx) = 2, and thus the linear system
|—K x| gives rise to a rational map f: X --» IP’}C; this map is regular everywhere except
at the anticanonical point O. Blowing-up O to resolve the indeterminacy of f we obtain a
commutative diagram

&
A
x-1-p
Almost all of the fibers of p are nonsingular genus 1 curves. The morphism p restricts to
an isomorphism between the exceptional divisor of £ and IP’}C. This gives a distinguished
section 0': P+ — € of p, making (p, @) into an elliptic surface.

Concretely, if X is given by a smooth sextic
w? = 2% + F(z,y)2* + G(,y)z + H(z,y)

in P(1,1,2,3), then O =[0:0:1:1]; see Remark 2.2.3. In this case, £ is the subscheme
of P(1,1,2,3) x P. = Proj(k[x, y, z,w]) x Proj(k[m,n]) cut out by the equations

w? = 2 4+ F(x,y)2> + G(x,y)z + H(z,y) and na —my = 0. (2.4)
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The map p: £ — P}, is then given by ([z : y : z : w],[m : n]) — [m : n]. Note that for points
away from the exceptional divisor we have [m : n] = [z : y].
Let ¢ be the rational function m/n, so that z = ty on £. The generic fiber E/k(t)

of p is the curve
E:w? =24+ F(t,1)2° + y*G(t, 1)z + y°H(t,1) (2.5)
in Proj(k(t)[y, z,w]). On the affine chart Spec(k(t)[z/y? w/y3]) of this weighted ambient
space, the curve (2.5) is isomorphic to the affine curve
(w/y*)? = (2/y*)° + F(t,1)(2/y*)* + G(t. 1) (2/y*) + H(t,1).

Relabelling the variables, we find that the elliptic curve E/k(t) is given by the Weierstrass
model

y? =2 + F(t, 1)z + G(t, 1)z + H(t,1).
Similarly, we can also check that the fiber of p above [m : n] € P4(k) is isomorphic to the

curve in ]P’i with affine equation given by

y? =23 + F(m,n)z?* + G(m,n)x + H(m,n).

2.3 Brauer-Manin obstructions

Let X be a nice variety over a global field k. We have seen that the inclusion
X(k) € X(Ag) gives a necessary condition for the existence of a k-rational point on X,
namely, X (Ag) # (. This condition is relatively easy to check in practice. For example, the
Lang-Weil bounds, together with Hensel’s lemma ensure the existence of k,-points for all but
finitely many v € Q. We have also seen that the condition X (A) # () need not guarantee
the existence of a k-rational point on X. To explain some counterexamples to the Hasse
principle, in [Man71] Manin introduced an obstruction based on a set X (A;)B" C X (Ay)

containing the closure for the adelic topology of X (k) in X (Ag):
X(k) C X(Ap)™ € X(Ag). (2.6)
Definition 2.3.1. Let X be a nice variety over a global field k. We say there is a
e Brauer-Manin obstruction to the Hasse principle if X (A) # 0 but X (A)B" = 0;

e Brauer-Manin obstruction to weak approximation if X (A;) \ X (A)B" # 0.
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2.3.1 The Brauer group of a scheme

The set X (Ay)P" is defined using the Brauer group of X, which is in turn defined

using either Azumaya algebras or étale cohomology, as follows.

Definition 2.3.2. An Azumaya algebra on a scheme X is an x-algebra A that is coherent
and locally free as an Ox-module, such that the fiber A(z) := A ®g, , k(r) is a central
simple algebra over the residue field k(x) for each x € X.

Two Azumaya algebras A and B on X are similar if there exist locally free coherent

Ox-modules £ and F such that
A Rox Endﬁx (5) =B Rox Endﬁx (f)

Definition 2.3.3. The Azumaya Brauer group of a scheme X is the set of similarity classes
of Azumaya algebras on X, with multiplication induced by tensor product of sheaves. We

denote this group by Bra, X.

The inverse of [A] € Bra, X is the class [A°P] of the opposite algebra of A; the
identity element is [Ox] (see [Gro68a, p. 47]).

Definition 2.3.4. The Brauer group of a scheme X is Br X := Hgt (X, Gm).

Remark 2.3.5. If F is a field, then Br Spec F' = Br F', the usual Brauer group of a field. The
Brauer group is a contravariant functor on schemes, with values in the category of abelian

groups.

For any scheme X there is a natural inclusion
Bry, X — Br X;

see [Mil80, Theorem IV.2.5]. The following result of Gabber, a proof of which can be found

in [dJ], determines the image of this injection for a scheme with some kind of polarization.

Theorem 2.3.6 (Gabber, de Jong). If X is a scheme endowed with an ample invertible

sheaf then the natural map Bra, X — Br X induces an isomorphism

Bra, X = (Br X)ors. O
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If X is an integral scheme with function field k(X), then the inclusion Spec k(X) —
X gives rise to a map Br X — Brk(X) via functoriality of étale cohomology. If further X is
regular and quasi-compact then this induced map is injective; see [Mil80, Example I11.2.22].
On the other hand, the group Brk(X) is torsion, because it is a Galois cohomology group.
These two facts imply the following corollary of Theorem 2.3.6.

Corollary 2.3.7. Let X be a reqular quasiprojective variety over a field. Then
Brs, X = Br X. O

Finally, we note that the Brauer group of well-behaved low dimensional schemes

over a field is a birational invariant.

Theorem 2.3.8 ([Gro68b, Corollaire I11.7.5]). Let X be a nice k-variety of dimension at
most 2. Then Br X depends only on the birational class of X. O

Corollary 2.3.9. Let X be a nice geometrically rational surface over a field k. Then

BI‘st =0.

Proof. This follows directly from Theorem 2.3.8 and the fact that BrP2, = 0; see [Mil70, p.
305]. O

2.3.2 The Brauer-Manin set

Let X be a nice variety over a global field k. For each A € Br X and each field

extension K /k there is a specialization map
evg: X(K)— BrkK, T A Qo , K.
These specialization maps may be put together to construct a pairing

¢:BrX x X(Ay) > Q/Z, (A (z)— Y invy(eva(zy)), (2.7)
VEQ
where inv,: Brk, — Q/Z is the usual invariant map from local class field theory. The sum

in (2.7) is in fact finite because for (z,) € X(Ax) we have ev4(x,) = 0 € Brk, for all but
finitely many v; see [SkoO1, p. 101]. For A € Br X we obtain a commutative diagram

X (k) — X(Ay) (2.8)

J/ l P(A—)
ev g ev g
Zv iIlV»U

0 Brk @, Brk,

Q/Z 0
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where the bottom row is the usual exact sequence from class field theory.

We are now ready to define the intermediate set in (2.6).

Definition 2.3.10. Let X be a nice variety over a global field k, and let A € Br X. Let
X (Ap)* = {(20) € X(Ag) : ¢(A, () =0}

We call

X(AP = [ XA
AeBr X

the Brauer-Manin set of X.

Remark 2.3.11. The commutativity of the diagram (2.8), together with the fact that the
bottom row is a complex, implies that X (k) C X (Ax)B". Moreover, if Q/Z is given the
discrete topology, then the map ¢(A, —): X(Ay) — Q/Z is continuous, so X (Ay)? is a
closed subset of X (A); see [Har04, §3.1]. This shows that X (k) C X (Az)P".

Remark 2.3.12. The structure map X — Speck gives rise to a map Brk — Br X which is
injective if X (Ag) # (; see §2.3.4 below. The exactness of the bottom row of (2.8) then
implies that to compute () 4cp, x X (Ag)? it is enough to calculate the intersection over a

set of representatives for the group Br X/ Brk.

2.3.3 Conjectures of Colliot-Thélene and Sansuc

Hasse principle and weak approximation. All the counterexamples to the Hasse princi-
ple and weak approximation in Chapter 1 can be explained by a Brauer-Manin obstruction.
In [CTS80, question ki], Colliot-Théléne and Sansuc ask whether for a smooth projective
geometrically rational surface X over a global field k, the Brauer-Manin obstruction to the

Hasse principle is the “only one,” i.e.,
does the implication X (Ax)P" # 0 = X (k) # 0 hold? (2.9)
One may ask a similar question for weak approximation:
does the equality X (k) = X (Ag)B" hold? (2.10)

Colliot-Thélene and Sansuc had affirmative answers to these questions in mind, based on
evidence eventually published in the papers [CTCS80, CTS82]. In the case of weak ap-

proximation, equality (2.10) is known to be true for del Pezzo surfaces of degree at least 4
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(the case of degree 4 is a hard theorem of Salberger and Skorobogatov [SS91]). Numerical
evidence for the case of the Hasse principle on surfaces of degrees 3 and 2 has been gathered
in [CTKS87, Cor05].

In [CTO03], these questions about the uniqueness of the Brauer-Manin obstruction

are generalized and the following far-reaching conjecture is proposed.

Conjecture 2.3.13 (Colliot-Thélene). Let X be a smooth proper geometrically integral
variety over a global field k. Suppose that X is geometrically rationally connected. Then
the Brauer-Manin obstruction to the Hasse principle and weak approximation for X is the

only one.

Not all counterexamples to the Hasse-principle and weak approximation can be
explained by a Brauer-Manin obstruction. Skorobogatov gave the first unconditional ex-
amples of the insufficiency of this obstruction: he produced a bi-elliptic surface that has
no rational points and which nonetheless has a nonempty Brauer-Manin set; see [Sko99].
Harari and Skorobogatov have constructed examples of Enriques surfaces that fail to satisfy
weak approximation, but for which the containment X (k) C X (A;)B" is strict; see [Har00,
HSO05]. Recently, Poonen constructed certain Chéatelet surface bundles whose lack of rational
points cannot be explained directly by any known cohomologically constructed obstruction;

see [Poo08].

Weak-weak approximation. Unirational varieties are expected to satisfy weak-weak

approximation.

Conjecture 2.3.14 (Colliot-Théléne [Ser08, p. 30]). Let X be a smooth proper geometri-
cally integral variety over a number field k. If X is unirational then it satisfies weak-weak

approximation.

Colliot-Thélene and Ekedahl have shown that if Conjecture 2.3.14 holds then the
inverse Galois problem could be solved over Q, i.e., every finite group is a Galois group over

Q; see [Ser08, Theorem 3.5.9].

2.3.4 The Hochschild-Serre spectral sequence in étale cohomology

Let X be a nice locally soluble variety over a global field k. By Remark 2.3.12, to

compute X (Ay,)P" it suffices to compute the intersection of X (A)* over a set of representa-
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tives for the group Br X/ Brk. If Br X;s = 0, then the Hochschild-Serre spectral sequence
in étale cohomology provides a tool for computing the group Br X/ Brk.
Let K be a finite Galois extension of k, with Galois group G. The Hochschild-Serre

spectral sequence
P . q Ptq _.7pt
EPY:=HP (G HY (XKk,Gn)) = HETY(X,Gyp) =: LPHY
gives rise to the usual “low-degree” long exact sequence
0— By — L' = EY' — EY° — ker (L2 — E9?) — Ey' — E3°

which in our case is

0 — PicX — (PicXg)“ — H*(G,K*) — ker(Br X — Br X) (2.11)
— H'(G,Pic Xg) — H3(G, K*). |

Taking the direct limit over all finite Galois extensions of k gives the exact sequence

0 — Pic X — (Pic Xps )% /%) _, Brk — ker(Br X — Br Xj+)
— H(Gal(k*/k), Pic X3 ) — H3( Gal(k* /), k). 212
Furthermore, if k is a global field, then H?( Gal(k®/k), k**) = 0; this fact is due to Tate—
see [NSWO08, 8.3.11(iv), 8.3.17].

For each v € €, local solubility of X gives a morphism Speck, — X that splits
the base extension 7,: X, — Speck, of the structure map of X. Thus, by functoriality
of the Brauer group, the natural maps 7;: Brk, — Br X}, split for every v € Q. The
exactness of the bottom row of (2.8) then shows that the natural map Brk — Br X coming
from the structure morphism of X is injective. Moreover, if X is a del Pezzo surface, then

Br Xjs = 0 by Corollary 2.3.9 and thus (2.12) gives rise the to short exact sequence
0 — Brk — Br X — H'(Gal(k®/k), Pic Xjs) — 0.

If K is a splitting field for X then the inflation map
H'( Gal(K/k), Pic Xg) — H'(Gal(k®/k), Pic Xj-)

is an isomorphism, because the cokernel maps into the first cohomology group of a free

Z-module with trivial action by a profinite group, which is trivial. Hence

Br X/Brk = H'(Gal(K/k), Pic Xf). (2.13)
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Finally, we note that since X (Ay) # ), if H is a subgroup of G, then by (2.11) and
the injectivity of the map Brk — Br X, we know that

Pic X yon — (Pic Xg)¥, (2.14)

where K is the fixed field of K by H. It will be important for us in Chapter 4 to make

this isomorphism explicit. This is the subject of the next section.

2.3.5 (Galois descent of line bundles

To make the isomorphism (2.14) explicit we need the theory of Galois descent
of line sheaves, which is a special case of the theory of descent of quasi-coherent sheaves
over faithfully flat and quasi-compact morphisms. Good references for Galois descent are
[BLRI0] and [KT06]. For the general theory of descent see [Gro03].

Let K/k be a finite Galois extension of global fields. For every element o €
Gal(K/k) let 6 : Spec K — Spec K denote the corresponding morphism. Let X be a k-
scheme, and suppose we are given a line bundle F on the K-scheme X K, together with a

collection of isomorphisms!' f, : F — 5*F such that
fro =fro fs for all o, 7 € Gal(K/k), (2.15)

where °f; := ¢*f,;. Then there exists a sheaf .# on X, and an isomorphism \: %x — F
such that f, = Ao A7! for all 0. Together, the equalities (2.15) are referred to as the
cocycle condition.

If X is a geometrically integral k-scheme, then F =0 X, (D) for some divisor
D € Div Xk, and f, can be regarded as a function (up to multiplication by a scalar) whose
associated divisor is D—D. If X (k) # () then one may use a point in P € X (k) to normalize
the functions so that f, acts as the identity in the fiber of Z at P. We usually do not know
if X (k) is empty or not, but in the case of del Pezzo surfaces of degree 1 over k we have the
anticanonical point.

To obtain a divisor for the descended line bundle, we take a rational section & of

Z and we “average it” over the Galois group G to obtain a rational section of %

5= 7 (f-())

ceG

'Here we use a slight abuse of notation: we write 6* for the automorphism of Xx induced by the
automorphism 6* of Spec K.
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Note that it may be necessary to change the choice of £ to make s nonzero. The divisor
of zeroes of s, with respect to local trivializations for .%, gives a line bundle isomorphic to
the descended line bundle. We often use the rational section & = 1, and since f, acts by

multiplication, we obtain s = >~ o7(f,) in this case.
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Chapter 3

Zariski density of rational points

on del Pezzo surfaces of degree 1

In this chapter we study the question of Zariski density of Q-rational points for

del Pezzo surfaces of degree 1 of the form
w? =22+ F(x,y) or w?=2%+G(z,y)z

in Pg(1,1,2,3), where F' and G are homogeneous integral forms of degree 6 and 4, respec-
tively. Our goal is to prove Theorems 1.5.3 and 1.5.4, as well as Corollary 1.5.5. Blowing
up the anticanonical point [0 : 0 : 1 : 1] on these surfaces gives elliptic surfaces & — IP’}@,

where the fiber above the point [m : n] € }P’b(@) is isomorphic to the plane cubic curve
2 _ .3 2 _ .3
y>=x"+ F(m,n) or y*=2z"+G(m,n)z, (3.1)

respectively; see §2.2.4. This cubic curve is an elliptic curve for all but finitely many [m : n].
We investigate the parity of the Mordell-Weil rank of these elliptic curves in an effort to
produce many rational points on the original del Pezzo surfaces. Our main tools are a

detailed study of the root numbers of the elliptic curves
Y =23+a and =2+ ax (a #0), (3.2)

and a “pseudo squarefree” sieve that allows us to produce infinite families of elliptic curves
of the form (3.1) with opposite Mordell-Weil parity; see Remarks 3.1.7 and 3.1.11.
Following a suggestion of Colliot-Thélene, we prove in §3.5 that the surfaces of

Theorems 1.5.3 and 1.5.4 satisfy a variant of weak-weak approximation.
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Throughout, for a prime p € Z we denote the corresponding p-adic valuation by

vp. If a is a nonzero integer then (a) will denote the usual Legendre symbol; if m is an
p

odd positive integer then (a> will denote the usual Jacobi symbol.
m

3.1 Root numbers and flipping

Let E be an elliptic curve over Q. The root number W(E) of F is defined as a

product of local factors

w(E) =[] wu(B),

p<oo

where p runs over the rational prime numbers and infinity, W,,(E) € {£1} and W,(E) = +1
for all but finitely many p. The local root number W,(E) of E at p is defined in terms of
epsilon factors of Weil-Deligne representations of Qp; it is an invariant of the isomorphism
class of the base extension Eg, of E. For a definition of these local factors see [Del73, Tat79].
If p is a prime of good reduction for E then W) (E) = +1; furthermore, W (E) = —1
(see [Roh93]). The computation of W,(E) for primes of bad reduction in terms of data
associated to a Weierstrass model of E has been studied by various authors, particularly
by Rohrlich, Halberstadt and Rizzo [Roh93, Hal98, Riz03]. We build on their work to give
formulas for the root numbers of elliptic curves as in (3.2).

Conjecturally, the root number W (E) of an elliptic curve is the sign in the conjec-

tural functional equation for the L-series L(FE,s) of E:
(27) "*T(s)N*2L(E, s) = W(E)(2m)*™°T(2 — s)NC=)/2(E,2 — 5),
where N is the conductor of E. According to the Birch—-Swinnerton-Dyer conjecture,
W(E) = (—1)"2nk(E), (3.3)

Equality (3.3) is itself known as the parity conjecture. By work of Nekovaf, Dokchitser
and Dokchitser, the finiteness of Tate-Shafarevich groups is enough to prove the parity
conjecture [Nek01,DDO07]. Our results on Mordell-Weil ranks of the fibers of elliptic surfaces

are thus all conditional on the finiteness of Tate-Shafarevich groups of elliptic curves over

Q.
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3.1.1 The root number of F,/Q: y? = 2>+«

Let « be a nonzero integer. We give a closed formula for the root number of the
elliptic curve E,/Q : y* = 23 + a, in terms of a. Throughout, we write W («) for this root
number and W),(«a) for the local root number of E, at p. We begin by determining W («)
and W3(a).

Lemma 3.1.1. Let o be a nonzero integer. Define ao and ag by o = 2V2(®qy = 3v(@) 5.
Then
—1 if va(a) =0 or 2 mod 6;
Wa(a) = or if ve(a) =1,3,4 or 5 mod 6 and s = 3 mod 4;
+1 otherwise,
—1 ifvs(a) =1 or 2mod 6 and az = 1 mod 3;
or if vs(a) =4 or 5 mod 6 and ag = 2 mod 3;
Ws(a) = or if v3(a) =0 mod 6 and az =5 or 7mod 9;
or if v3(a) =3 mod 6 and az =2 or 4 mod 9,

+1 otherwise.

Proof. According to [Riz03, §1.1], to determine the local root number at p of an elliptic

curve given in Weierstrass form, we must find the smallest vector with nonnegative entries
(a.b,¢) = (vplea), vp(ce), vp(A)) + k(4,6,12) (3.4)

for k € Z, where ¢4, cg and A are the usual quantities associated to a Weierstrass equation

(see [Sil92, Ch. III]). For the curves in question we have
ca=0, cg=-2°-3%qa, and A=-2%.3%.42

whence

(0,5,4) if p=2,
(vp(ea), vp(ce), vp(A)) = (00, vp(ar), 2vp(ar)) +
(0,3,3) ifp=3,

Now it is a simple matter of using the tables in [Riz03, §1.1] to compute local root numbers.
We illustrate the computation of Wa(«) in one example. Suppose that va(a) = 4 mod

6. Then (a,b,c¢) = (00,3,0), and according to the entries under (> 4,3,0) in Table III
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of [Riz03], we have Wy(a) = —1 if and only if ¢ := ¢g/2%2(%) = 3 mod 4, i.e., if and only
if o = 3 mod 4. All other local root number computations are similar and we omit the

details. O

Remark 3.1.2. We take the opportunity to note that the entry (>5,6,9) in Table IT of [Riz03]
has a typo. The “special condition” should read ¢ # £4 mod 9.

Remark 3.1.3. In [Liv95], Liverance gives a closed formula for the global root number of
curves of the form y? = 2% + «, where «a is a sixth-power free integer. However, what he
calls wo and ws in his formula are not the local root numbers at 2 and 3, respectively, for

these curves.

The elliptic curve E, has potential good reduction at every non-archimedean place.
We will use the following proposition, due to Rohrlich, which gives a formula for the local

root numbers of an elliptic curve at primes p > 5 of potential good reduction.

Proposition 3.1.4 ([Roh93, Proposition 2]). Let p > 5 be a rational prime, and let E/Q,
be an elliptic curve with potential good reduction. Write A € Qy for the discriminant of
any generalized Weierstrass equation for E over Q,. Let

12

© ged(v,(8),12)°
Then

1 ife=1,
1 '
— ife=2 or6,
p

Wi(E) =4 723\ -

— if e =3,
p2
—) ife=4.
p

Proposition 3.1.5 (Root numbers for y? = 23 + a). Let a be a nonzero integer, and let
-1
R(ar) = Wa(a) (a) Wa(ar)(—1)"(), (3.5)
2
Then

1 if vp(a) =0,1,3,5 mod 6,
W(a)=-R() []4 /-3y |
2l | =) ¥ vp(a)=2,4mod6.

p>5 ~\ P

Let 3 be another nonzero integer, and suppose that o = 3 mod 2v2(®)+2 . 3vs()+2  Thep

R(a) = R(B).
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Proof. Since A(E,) = —2*33a2, applying Proposition 3.1.4 we obtain

1 if vp(a) = 0 mod 6,
-1 )
W(a) = —Wa(a)Ws(e) [| if vp(ar) = 1,3,5 mod 6, (3.7)
pla
p=5 if vp(a) = 2,4 mod 6.

Let 7 be the product of the primes p > 5 such that v,(«) =1, let b = /7 and set

« b
by = STAOR

a9 = 2’1}2(0c) s

Note that r = as/ba = a/b. We may rewrite (3.7) as

1 if vp(a) = 0 mod 6,
-1 —1 .
Wia) = Waleate) () T () Tl =13.3mods. @y
p|b —
p25 =3 if v,(a) = 2,4 mod 6.
p

On the other hand, we have

()-(0)- (@)@ 6

plb
p25
so we can write (3.8) as
(/_1\ ()
<> if vp(a) = 0 mod 6,
p
—1 _ 1+vp(a)
W(a) = - {wxa) <a2> W3<a><—1>”3<a>] 11 (1) if 0,() = 1,3, 5 mod 6,
p
plb vp(a)
— —_ p
p=? <p3> . <pl> if vp(o) = 2,4 mod 6,
1 if vp(a) =0,1,3,5 mod 6,

p>5

as desired, because p|b, p >5 <= p?|a, p > 5.
To prove the last claim of the theorem, note that if & = 8 mod 2v2(®)+2 . 3vs(e)+2

then vo(a) = va(f), v3(a) = v3(F) and we have

o 15} Q B
v2(a) 2v2(B) mod 4 and 3vs(a) 3v3(8)

mod 9.

The claim now follows from Lemma 3.1.1 O
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The following corollary describes conditions on two nonzero integers o and 3 which
guarantee that the elliptic curves y? = 23 + o and y? = 23 + 3 have opposite root numbers.

This is one of the key inputs to the proof of Theorem 1.5.3.
Corollary 3.1.6 (Flipping I). Let «, 5 be nonzero integers such that
1. a = mod 2v2(@)+2 . gus(e)+2
2. a=cl, where { is squarefree and ged(c,l) =1,

3. B = cq**t5n, where n is square free, gcd(c,n) = ged(q,cn) =1, k >0, ¢ > 5 is prime
and ¢ = 2 mod 3.

Then W(a) = —=W(f).

Proof. The first condition ensures that R(«) = R(/). Since ¢ is squarefree and ged(c, £) = 1,
the only primes greater than 3 contributing to W(«) are those whose square divides c.
Similarly, since 7 is squarefree and ged(c,n) = ged(g,n) = 1, the only primes greater than
3 contributing to W () are those whose square divides ¢, and ¢. Since ged(q,c) =1,¢>5

and ¢ = 2 mod 3, we have

W) = (2w = -we a

Remark 3.1.7. To prove Zariski density of rational points on the elliptic surface £ — P}@
associated to a del Pezzo of degree 1 as in Theorem 1.5.3, it is enough to do the following.
First, prove that there exist infinite sets .7 and %, of coprime pairs of integers such that

whenever (my,n;1) € #; and (mg,n2) € %, then
1. a:= F(my,n1) and B := F(mag,ng) are nonzero integers.
2. a = mod 2v2(0)+2 . 3vs(e)+2
3. a = ¢l, where { is squarefree and ged(c, /) = 1,

4. B = cq®>T%n, where 7 is square free, ged(c,n) = ged(q,cn) =1, k > 0, ¢ > 5 is prime
and ¢ = 2 mod 3.

Then, by Corollary 3.1.6, we know that either

W(F(m,n)) = —1 for all (m,n) € Z,
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or

W(F(m,n)) = —1 for all (m,n) € %».

Hence, there are infinitely many closed fibers of £ — IP’}@ with negative root number. As-
suming the parity conjecture, this gives an infinite number of closed fibers with infinitely

many points, and hence a Zariski dense set of rational points on £.

3.1.2 The root number of £,/Q : y? = 2 + ax

Next, we give a closed formula for the root number of the elliptic curve E,/Q :
y?> = 23 + ax, in terms of the nonzero integer o. The proofs mirror those of §3.1.1, and
thus we provide only a few details for them. Throughout this section, we write W («a) for

the root number of E, and W) («) for the local root number at p of E,.

Lemma 3.1.8. Let a be a nonzero integer. Define ap and oz by o = 2V2(®) g = 3v3(¥) 5.

Then

.
—1 ifve(a) =1 or3mod 4 and az =1 or 3 mod 8;
or if vo(a) =0 mod 4 and ay = 1,5,9,11,13 or 15 mod 16;
Wa (o) =
or if vo(a) =2 mod 4 and ag = 1,3,5,7,11 or 15 mod 16;
[ +1 otherwise,
-1 ifvz(a) =2 mod 4,
Ws(a) =
+1 otherwise.

Proof. We proceed as in the proof of Lemma 3.1.1, this time using the quantities
ca=-23.a, =0 and A=-20.03
together with the tables in [Riz03, §1.1]. O

Proposition 3.1.9 (Root numbers for y? = 23 4+ ax). Let o be a nonzero integer, and let
-1
(€5

R(a) = Wg(@)( )Wg(a)(—l)“3(o‘). (3.9)

Then .
_> if vp(a) =2 mod 4,

W(a)=-R(e) []{ pX
p2|a ;) if vp(a) = 3 mod 4.
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Let 8 be another nonzero free integer, and suppose that o = 8 mod 2v2(@)+4 . 3vs(@)  Thep

R(a) = R(B).

Proof. Since A(E,) = —2°- a3, applying Proposition 3.1.4 we obtain

1 if vp(a) = 0 mod 4,

W(a) = —Wa(a)Ws(a) [ _pz if vp(ar) = 1,3 mod 4, (3.10)

pla -1
p>5 | —) if vp(e) =2 mod 4.
p

Now proceed as in the proof of Proposition 3.1.5. 0

The following corollary, which parallels Corollary 3.1.6, describes conditions on
two nonzero integers o and (3 that guarantee that the elliptic curves y? = 2® + az and
y? = 3 + Bz have opposite root numbers. This is one of the key inputs to the proof of

Theorem 1.5.4.

Corollary 3.1.10 (Flipping II). Let o, 3 be nonzero integers such that
1. a = mod 2v2(@)+4. gus(a)
2. a=cl, where { is squarefree and ged(c,l) =1,

3. B = cq* ¥, where n is square free, gcd(c,n) = ged(q,cn) =1, k >0, ¢ > 5 is prime
and ¢ = 3 mod 4; or 3 = cp*n, where 1 is square free, ged(c,n) = ged(q, en) = 1,
k>0,q>51is prime and ¢ = 3 or 5 mod 8.

Then W (a) = =W (). O

Remark 3.1.11. To prove Zariski density of rational points on the elliptic surface £ — Pb
associated to a del Pezzo of degree 1 as in Theorem 1.5.4, it is enough to do the following.
First, prove that there exist infinite sets .%7 and %, of coprime pairs of integers such that

whenever (my,n;1) € #; and (mg,n2) € F, then
1. a:=G(my,n1) and B := G(ma, ny) are nonzero integers.
2. o = mod 2v2(®)+4 . 3vs(a)

3. a = cl, where ¢ is squarefree and ged(c, {) = 1,
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4. B = cq**t** .n, where 7 is square free, ged(c,n) = ged(q,en) = 1, k > 0, ¢ > 5 is prime

3+4k

and ¢ = 3mod 4; or 3 = cq n, where 7 is square free, ged(c,n) = ged(q,en) = 1,

k>0, q>51is prime and ¢ = 3 or 5 mod 8.

Then, arguing as in Remark 3.1.7 (using Corollary 3.1.10) we find infinitely many closed
fibers of £ — P(b with negative root number. This gives a Zariski dense set of rational point

for £, assuming the parity conjecture.

3.2 The Modified Square-free Sieve

In this section we present a variation of a sieve by Gouvéa, Mazur and Greaves
[GM91, Gre92]. It is the tool that allows us to identify families of fibers with negative root
numbers on certain elliptic surfaces.

Let F(m,n) € Z[m,n] be a binary homogeneous form of degree d, not divisible by
the square of a nonunit in Z[m,n]. Write F = [[._, fi, where the f;(m,n) € Z[m,n] are
irreducible, and assume that deg f; < 6 for all . Applying a unimodular transformation
we may (and do) assume that the coefficients of m? and n? in F(m,n) are nonzero. Call
their respective coefficients a4 and ag. Write F'(m,n) = aq[[(m — 6;n), where the 6; are

algebraic numbers and 1 <1¢ < d. Let

A(F) =

Y

aoa?ld_l H(&Z — ej)
i#j

this is essentially the discriminant of the form F. It is nonzero if and only if F' contains no
square factors.

Fix a positive integer M, as well as a subset S of (Z/mZ)?. Our goal is to count
pairs of integers (m,n) such that (m mod M,n mod M) € S and F(m,n) is not divisible
by p? for any prime number p such that p { M. This will allow us to give an asymptotic

formula for the number of pairs of integers (m,n) with 0 < m,n < z such that
F(m,n)=v-{,

where v is a fized integer and ¢ is a squarefree integer such that ged(v,¢) = 1. The case
v = 1 is handled by Gouvéa and Mazur in [GM91] under the additional assumption that
deg f; < 3, and extended by Greaves in [Gre92] to the case deg f; < 6. We build upon their

work to prove an asymptotic formula when v > 1.
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We make use of the following (mild variation of an) arithmetic function studied

by Gouvéa and Mazur: put p(1) =1, and for k > 2 let
p(k) = #{(m,n) € 2> : 0<m,n < k—1,F(m,n) = 0 mod k}.

By the Chinese remainder theorem, the function p is multiplicative; i.e., if k1 and ko are

relatively prime positive integers then p(k1k2) = p(k1)p(k2).

Lemma 3.2.1 ([GM91, Lemma 3(2)]). For fized F' as above and squarefree ¢, we have
p(?) = O(L? - di,(£)) as £ — oo, where k = deg(F) + 1 and di(¢) denotes the number of
ways in which ¢ can be expressed as a product of k factors. In particular, p(p?) = O(p?) as

p — 00. ]
We can now state the main result of this section.

Theorem 3.2.2 (Modified squarefree sieve). Let F(m,n) € Zlm,n| be a homogeneous
binary form of degree d. Assume that no square of a nonunit in Zlm,n| divides F(m,n),
and that no irreducible factor of F' has degree greater than 6. Fix a positive integer M, as
well as a subset S of (Z/mZ)?. Let N(z) be the number of pairs of integers (m,n) with
0 < m,n < x such that (m mod M,n mod M) € S and F(m,n) is not divisible by p* for
any prime p such that pt M. Then, as x — oo, we have

2

N(z)=Ca?+0 (OO;)l /3> ,

S| p(p)
ptM

Remark 3.2.3. By Lemma 3.2.1, p(p?) = O(p?) as p — oo for a fixed F, so the infinite

where

product defining C' converges.

Heuristically, the condition that F'(m,n) be squarefree outside a prescribed integer
is well approximated by the condition that F'(m,n) not be divisible by the square of a prime
that is “small relative to x.” More precisely, let £ = (1/3)logx and define the principal

term

N'(z)={(m,n)€Z®: 0<m,n<z, F(m,n)Z0modp?forallp<&pt M
and (m mod M,n mod M) € S}.
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Let F = H§:1 fi be a factorization of F' into irreducible binary forms. Define the partial

i-th error term E;(x) as follows:
Eo(z) = #{(m,n) € Z*: 0 < m,n <z, p|m and p|n for some p > £},
and
Ei(z) = #{(m,n) € Z* : 0 < m,n < z, p*| f;(m,n) for some p > £}.
The total error term is E(z) := >.'_, E;(z). The proof of [GM91, Prop. 2], essentially

unchanged, shows the following.

Proposition 3.2.4. If £ > max{A(F), M} then

N'(z) — E(x) < N(z) < N'(x). O

The proposition implies that
N(z) = N'(z) + O(E(z)).

For this reason that we think of ¢ as giving us the notion of “small prime relative to z.”
The choice of (1/3)logx is somewhat flexible (see [GM91, §4]); what is important is that

when £ is a squarefree integer divisible only by primes smaller than £ then

/< Hp:exp (Zlogp) Sezg:xz/g, (3.11)

p<€ p<&
where the last inequality follows from the estimate
D logp <) log& = m(€)log€ < 2,
<€ <€

and w(z) = #{p prime : p < z}; see [Sto03, p. 105].

In [Gre92], Greaves shows that as © — oo

#10=0 (n)

Greaves’ proof requires the hypothesis that no irreducible factor of F' have degree greater
than 6, which explains the presence of this hypothesis in Theorem 3.2.2. Theorem 3.2.2

thus follows from the next lemma.
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Lemma 3.2.5. With notation as above, as x — oo we have

2
N'(x):Cx2+O< i >
log =

Proof. Let £ be a squarefree integer divisible only by primes smaller than &, and such that

ged (¢, M) = 1. Let Ny(M,S;z) be the number of pairs of integers (m,n) such that
0<m,n<xz, (mmodM,nmodM)ecS, andF(m,n)=0mod/?>

For a fixed congruence class modulo ¢? of solutions F(mg,ng) = 0mod ¢2, satisfying
(mo mod M, ng mod M) € S, we count the number of representatives in the box 0 < m,n, <

z, and obtain

2, S 52 62
Ni((M,S;x) = $M2 | .p(£4) +O<x-p(e2)>a

where the implied constant depends on £, M and S, but not on ¢ or x. By the inclusion-

exclusion principle we have
N'(x) =Y wlO)Ne(M, S; ),
l

where u denotes the usual Mdébius function and the sum runs over squarefree integers that
are divisible only by primes smaller than £ and that are relatively prime to M. Thus,

by (3.11),

2. 2 2
Ny = TS w20 4 0(;5. > )>
L 0<22/3

1'2-8 2 62
SIS <1_ﬂ§;;>)+o(x.g<zwp<ﬁ>)

p<&, ptM

Assume that x is large enough so that £ > M. Then, by Lemma 3.2.1, we have

1(-5) -0 -0(3) -2 ()

p>€ p>€ p>§

o 3#) -0

v S I (-4 w0 (5) vole- 3. %0)

Z§x2/3

Hence
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By Lemma 3.2.1, we have

( ol ) ( Z di (¢ > O(xz - 223 logh ' 2),
K<$2/3 €§z2/3

where we have used the well-known fact that

de O(xlogh 1 z);

n<x

see, for example, [IK04, (1.80)]. Since £ = (1/3)logz, it follows that

72
N'(z ‘S| (1 — ) +0 ( ) +O(x - %3 logh ' 1)
ptM

€
2218
e 10
ptM

p(zf)) +0 (1oix> . O

3.2.1 Making sure that C' does not vanish

In this section we explore the possibility that the constant C for the principal term
of N(z) is zero. This will depend on the particular binary form F(m,n), the integer M and
the set §. For any prime pt M, let

- (1222,

p

so that C' = |S| > [Ippar Cp- For pt M we know that p(p 2) = O(p?) (see Lemma 3.2.1); hence

C vanishes 1f and only if either S = (), or one of the factors C), vanishes.
Lemma 3.2.6. With notation as above, if p{ M and p > deg F, then C, # 0.

Proof. If p{ M then C, = 0 if and only if p(p?) = p*, which happens if and only if all pairs
of integers (m,n) modulo Z/p*Z are solutions to F(m,n) = 0 mod p?. But then all pairs
of integers (m,n) give solutions to the given congruence equation. By Remark 1.5.2; this

can happen only if p < deg(F). O

3.2.2 An application of the modified sieve

Corollary 3.2.7 (Pseudo-squarefree sieve). Let F'(m,n) € Z[m,n| be a homogeneous binary
form of degree d. Assume that no square of a nonunit in Z[m,n] divides F(m,n), and that

no irreducible factor of F has degree greater than 6. Fizx
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e a sequence S = (pi,...,pr) of distinct prime numbers and
e a sequence T = (t1,...,t,) of nonnegative integers.

Let M be an integer such that p>| M for all primes p < degF and p'iﬁ'l coepbr L M.
Suppose that there exist integers a,b such that

F(a,b) £ 0mod p*> whenever p| M and p # p; for any i, (3.12)

and such that
Up, (F(a,b)) =t; for alli. (3.13)

Then there are infinitely many pairs of integers (m,n) such that
m = amod M, n = b mod M, (3.14)

and
F(m,n) =pi*---plr - ¢,

where { is squarefree and vy, (€) =0 for all i.

Proof. Let S = {(a,b)}. By Theorem 3.2.2, there are infinitely many pairs of integers (m,n)
such that

m=amod M, n=bmodM, and F(m,n)# 0modp* whenever pt M,
(Note that |S| =1 and C' # 0 by Lemma 3.2.6.) The condition (3.12) then guarantees that
F(m,n) is not divisible by the square of any prime outside the sequence S. We also have

m = a mod pf”‘l,

ti+1

n=bmodp;" ", foralli,

because pf"ﬂ | M for all 7, and hence
F(m,n) = F(a,b) mod pfiﬂ for all i.

Using condition (3.13), we conclude that

Upi(F(m,n)) = 1. L]



44

3.3 Proof of Theorems 1.5.3 and 1.5.4

For a finite extension L/k of number fields, we let S(L/k) denote the set of un-
ramified prime ideals of k that have a degree 1 prime over k in L. Given two sets A and B,
we write A = B if A and B differ by finitely many elements and AC Bifr € A = x € B

with finitely many exceptions.

Proposition 3.3.1 (Bauer, [Neu99, p. 548]). Let k be a number field, N/k a Galois exten-
sion of k and M/k an arbitrary finite extension of k. Then

S(M/k)C S(N/k) <= M D N.

Lemma 3.3.2. Let f(t) € Z[t] be an irreducible nonconstant polynomial, and let N =
QIt]/f(t). Let ps denote the group of third roots of unity, and suppose that Q(us) € N.
Then there are infinitely many rational primes p such that p = 2 (mod 3) and there exists

a degree 1 prime p C N over p lying over it.

Proof. Since F)f contains an element of order 3 if and only if 3|(p — 1), it follows that

S(Q(p3)/Q) = {p € Z : p prime and p = 1 mod 3}.
Suppose that the following implication holds (with possibly finitely many exceptions):
p € Z has a degree 1 prime in N = p =1 mod 3.

Then
S(N/Q) E 5(Q(us3)/Q).

It follows from Proposition 3.3.1 that Q(us) € N, a contradiction. O
A similar argument proves the following entirely analogous lemma.

Lemma 3.3.3. Let g(t) € Z[t] be an irreducible nonconstant polynomial, and let N =
Q[t]/g(t). Let pa denote the group of fourth roots of unity, and suppose that Q(us) ¢ N.
Then there are infinitely rational primes p such that p = 2 (mod 3) and there exists a degree

1 prime p C N over p lying over it. O

Proof of Theorem 1.5.3. First, one checks that a surface in Pg(1,1,2,3) given by an equa-

tion of the form (1.3) is smooth if and only if F} is a squarefree binary form of degree
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6. Blowing up the anticanonical point [0 : 0 : 1 : 1] of X we obtain an elliptic surface
p: & — IP’}@ whose fiber above [m : n| € ]P’(b((@) is isomorphic to a curve in I% whose affine
equation is given by

y? = 23 + F(m,n) (3.15)

(see §2.2.4). This is an elliptic curve for almost all [m : n| € ]P’(l@((@).
Write ¢ = p{'---p%r, where the p; are distinct primes. Let S = (p1,...,pr),
T =(0,...,0) and let
M=(2:3:5)" (prpr).

Since Fi(m,n) has no fixed prime divisors, we know that for each prime p| M with p # p;

for all 4 there exist congruence classes a,, b, modulo p? such that
Fi(ap,b,) Z 0 mod p?.

Similarly, for a prime p; in the sequence S there exist congruence classes a,,, by, modulo p;
such that
Fi(ap;,by;) # 0 mod pj;

in other words, vy, (Fi(ap,, bp;)) = 0. By the Chinese remainder theorem there exist congru-
ence classes a,b modulo M such that

a = ap mod p? for all primes p such that p| M, p # p; for any 4, (3.16)

a = ap, mod p; for all primes p; in the sequence S,

and

b=b, mod p?> for all primes p such that p| M, p # p; for all 4, (3.17)

b = by, mod p; for all primes p; in the sequence S,

By Corollary 3.2.7, applied to F1,S,T, M,a and b as above, there is an infinite set .#; of
pairs (m,n) € Z? such that

Fi(m,n) =¢,
where £ is a squarefree integer with ged(c, £) = 1, by our choice of S and T. Note that the
elements m, n of each pair must be coprime since F(m,n) is squarefree. Furthermore, the

congruence class of £ modulo 23 - 33 is fixed (by our choice of M) and nonzero (because £ is

squarefree). Thus, for (m,n) € .%#; we have

F(m,n)=cl ged(c, 0) =1,
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and the congruence class of ¢f/2v2(¢3vs(¢t) modulo 22 - 32 is fixed and nonzero.

By Lemma 3.3.2, applied to a number field N := Q[t]/ f;(¢, 1) such that (1.4) holds,
there is a rational prime ¢ = 2 mod 3 and a prime q in N lying over g of degree 1. In fact,
we may choose ¢ so that ¢ > 5, ged(g, ¢) = 1, and so that it does not divide the discriminant
of fi(t,1).

We apply Corollary 3.2.7 again to Fj(m,n). This time we let S = (p1,...,pr,q)
and T = (0,...,0,2 + 6k), where k is a large positive integer!. Let

M = (2.3.5)3.(p1...pr).q3+6k_
We claim that there exist integers mg, ng such that
vg(F1(mg,ng)) = 2 + 6k.

Indeed, since ¢ has a prime q of degree 1 in N and it does not divide the discriminant of
fi(t, 1), the equation
fi (ta 1) =0

has a simple root in F,. By Hensel’s lemma, this solution lifts to a root in Q,. Hence
Fi(t,1) = 0 has aroot in Q;. Approximating this solution by a rational number r, = m,/n,
we can control v,(Fi(ry, 1)) modulo 6; i.e., there exists a pair (mg,n,) € Z? of coprime
integers such that vy (F1(mgq,nq)) = 2 + 6k for some (possibly very large) positive integer
k. By the Chinese remainder theorem, there exists a pair of integers (a,b) simultaneously

satisfying (3.16), (3.17) and

3+6k
)

a = mgy mod ¢ and b = n, mod ¢>**. (3.18)

By Corollary 3.2.7, applied to F1,S,T, M,a and b as above, there is an infinite set .#5 of
pairs (m,n) € Z? such that

Fl (mu ’I’l) = q2+6k777

for some squarefree integer n with ged(c, gn) = ged(q,n) = 1, by our choice of S and T.
Suppose that (m,n) € F,. Then

F(m,n) =cg*™%n  ged(e,n) = ged(q, cn) = 1.

"We will pick k large enough to ensure that C' # 0 upon application of the pseudo squarefree sieve.
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Furthermore, we claim that ged(m,n) = 1. To see this, note that since 7 is squarefree
and F is homogeneous of degree 6, then ged(m,n) is some power of ¢; by (3.14), (3.18),
and because ged(mg, ng) = 1, this power of ¢ must be 1. As before, the congruence class
of ¢q?t6kp/2v2(engus(en) mod 22 . 32 is fixed, nonzero, and equal to that of Fj(m,n) for
(m,n) € #; (by our choice of a and b).

Whenever (3.15) is smooth, we write W (F(m,n)) for its root number. By Corol-
lary 3.1.6, if (m1,n1) € %1 and (ma,ny) € F then

W(F(mlanl)) = _W(F(m27n2))'
Zariski density of rational points on X now follows by arguing as in Remark 3.1.7. O

The proof of Theorem 1.5.4 is quite similar; we give enough details so that the

interested reader can reconstruct it from the proof of Theorem 1.5.3.

Proof of Theorem 1.5.4. The surface in Pg(1,1,2,3) given by an equation of the form (1.5)
is smooth if and only if G is a squarefree binary form of degree 4. Blowing up the anti-
canonical point [0: 0 : 1 : 1] of X we obtain an elliptic surface p: £ — IP}@ whose fiber above

[m:n] € P(b (Q) is isomorphic to a curve in P%l) whose affine equation is given by
y? =23 + G(m,n)x (3.19)

(see §2.2.4). This is an elliptic curve for almost all [m : n] € Pg(Q).

We apply Corollary 3.2.7 twice, as in the proof of Theorem 1.5.3. First, we apply
it to G1(m,n) by taking S = (p1,...,pr), T = (0,...,0), where ¢ = p{"* --- p?", and the p;
are distinct primes. We use

M= (22'3)3'(p1"'pr)-

This way we obtain an infinite set .#; of coprime pairs of integers (m,n) such that
G(m,n) =cl ged(e, l) =1,

and the congruence class of ¢f/22(¢03vs(¢0) modulo 2* - 32 is fixed and nonzero.

By Lemma 3.3.3, applied to a number field N := Q[t]/g¢;(t, 1) such that (1.6) holds,
there is a rational prime ¢ = 3 mod 4 and a prime q in N lying over g of degree 1. In fact,
we may choose ¢ so that ¢ > 5, ged(g, ¢) = 1, and so that it does not divide the discriminant
of gi(t,1).
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We apply Corollary 3.2.7 again to Gi(m,n) with S = (p1,...,pr,q) and T =
(0,...,0,2+ 4k), where k is a large positive integer, and

M=(22-3% (p1---p) - T
Using Hensel’s lemma as in the proof of Theorem 1.5.3, we obtain a different infinite set
Fy of coprime pairs integers (m,n) such that

G(m,n) =cg®™n  ged(e,n) = ged(g, en) = 1,

where 7 is a squarefree integer. As before, the congruence class of cq?t%*n/ ua(en)gus(en)
modulo 2% - 3% is fixed, nonzero, and equal to that of Gy(m,n) for (m,n) € % (by our
choice of a and b).

Whenever (3.19) is smooth, we write W(G(m,n)) for its root number. By Corol-
lary 3.1.10, if (m1,n1) € %1 and (ma, n2) € %5 then

W(G(ml, nl)) = —W(G(mz, nz))

Zariski density of rational points on X now follows by arguing as in Remark 3.1.11. O

3.4 Diagonal del Pezzo surfaces of degree 1

We begin this section with two examples of del Pezzo surfaces of degree 1 that
show how the sieving technique used in the proof of Theorems 1.5.3 and 1.5.4 can fail. In
one case, however, we can show that rational points are Zariski dense, by exhibiting explicit

nontorsion sections of the associated elliptic surfaces.
Example 3.4.1. Consider the del Pezzo surface of degree 1 given by
w? = 23+ 272% + 1645

in Pp(1,1,2,3) Let p: £ — P(b be its associated elliptic fibration and let U C Pb(@) be
the set of points whose fibers are elliptic curves. The elliptic curve E,,, above the point
[m:n] € U is given by

Enn: y2 =23 4+ 27Tm5 + 16n5.
We claim that W (E,, ) = +1 for all [m : n] € U. We may assume that gcd(m,n) = 1. Let
a = 27m® + 16n°. Suppose that p > 5 divides « (in particular, p { m). Then

—3 = (4n3/3m>)? mod p,
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-3
and thus <> = 1; hence the product over p? | @ in (3.6) is equal to 1. Using the notation
p
of Proposition 3.1.5, it remains to see that R(a) = —1. Since ged(m,n) = 1, we have
va(a) = 4 or 0, according to whether 2|m or not. In either case, using Lemma 3.1.1, we

see that

-1
W (a) - (> =1 forall a.

a2
Similarly, vs(a)) = 0 or 3 according to whether 3 t n or not. By Lemma 3.1.1 it also follows

that
Wi(a) - (=1)") = —1  for all o,

and hence R(«) = —1, as desired.

The flipping technique of Corollary 3.1.6 thus cannot possibly work! Furthermore,
assuming the parity conjecture, it follows that E,, , has even Mordell-Weil rank for all
[m:n] € U. In fact, we claim that all but finitely many fibers have even rank > 2. To see
this note the family contains the points

4 6
(—3m?, 4n?) and (i?;, 287% + 4n3> .
We can check that these points are independent on the fiber [m : n] = [1 : 1], and thus
they are independent as points on the generic fiber of £. Then Silverman’s Specialization
Theorem [Sil94, Theorem 11.4] shows that the points are independent for all but finitely
many pairs (m,n). Hence, rational points are Zariski dense on the original del Pezzo

surface?.

One might naively hope that whenever the sieving/flipping technique fails to reveal
an infinite family of elliptic curves with negative root number one can find sections as in
Example 3.4.1, which show that rational points are nevertheless Zariski dense on a diagonal

del Pezzo surface of degree 1. We offer the following example as a challenge to that hope.
Example 3.4.2. Consider the del Pezzo surface of degree 1 given by
w? = 23 +6(272° + ¢°)

in Pg(1,1,2,3). The elliptic curve E,, , above a point [m : n] C I%((@) of the associated
elliptic surface £ — Pb is given by

Emn:  y* =24 6(27m5 + n®).

2In fact, this surface is not minimal. The two non-torsion sections of & — ]P’%D correspond to exceptional
curves on X that are defined over Q. Contracting these curves gives a del Pezzo surface of degree 3 with a
rational point. This surface is unirational by the Segre-Manin Theorem.
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As in Example 3.4.1 we can show that whenever E,, ,, is smooth, W(E,, ) = +1. However,

we cannot find readily available sections.

The key point behind both of examples above is that condition (1.4) on the form
Fi(m,n) fails. The following lemma gives a necessary condition for the failure of (1.4) to

occur, and suggests how to find the above examples.

Lemma 3.4.3. Let Fi(m,n) = Am® + Bn® € Z[m,n|, and assume that gcd(A, B) = 1.
Write Fy =[], fi, where the f; € Z|m,n| are irreducible homogeneous forms. Let p3 denote
the group of third roots of unity. Then

wus € Q[t]/ fi(t,1) for alli = 3A/B is a rational square. (3.20)

Proof. The proof is an exercise in Galois theory. We will prove the case where Fj is ir-
reducible to illustrate the method. Choose a sixth root £ of —B/A and an isomorphism

Q[t]/(At5 + B) = Q(¢). Suppose that Q(u3) € Q(€), so that Q(£)/Q is a Galois extension
of degree 6. Its unique quadratic subextension is Q(us) = Q(v/—3), hence

& =a+by/—=3 for some a,b € Q.
Squaring both sides of the above equation and rearranging we obtain
—B/A — a® + 3b* = 2abv/—3
so that ab = 0. Since ¢ ¢ Q, it follows that a = 0 and B/A = 3b°. O

If 3A/B is a rational square, it is often the case that not all fibers of the associated
elliptic surface have positive root number: the 2-adic and 3-adic part of AmS+Bn® may vary
enough to guarantee the existence of infinitely many fibers with root number —1. This idea,

together with Theorem 1.5.3, are the necessary ingredients in the proof of Corollary 1.5.5.

Proof of Corollary 1.5.5. Let F(z,y) = Ax®+ By® and put ¢ = ged(A, B). Write Fi(z,y) =
A28 4+ B1yS, where cA; = A and ¢B; = B. One easily checks that I has no fixed prime
factors. Write Fy = [], fi, where the f; € Z[z,y| are irreducible homogeneous forms. If

3A/B is not a rational square then it follows from Lemma 3.4.3 that

ps € Q[t]/ fi(t, 1) for some 1,

so by Theorem 1.5.3, X (Q) is Zariski dense in X.
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If, on the other hand, 34/B is a rational square, then by assumption ¢ = 1 and
9t AB. After possibly interchanging A and B, we may write A = 3a? and B = b? for some
relatively prime a,b € Z not divisible by 3. A smooth fiber above [m : n] € Pb(@) of the

elliptic surface £ — IF’}@ associated to X is the plane curve
Ey: vVP=23+aq,

where a = 3a?m5 + b?n®. Arguing as in Example 3.4.1 we see that the product over p? |«
in (3.6) is equal to 1.

To conclude the proof, it suffices to show that there are infinitely many pairs (m,n)
of relatively prime integers such that R(a) = 1 (see Proposition 3.1.5 for the definition of
R(«)). Indeed, if there are infinitely many such pairs, then (subject to the hypothesis that
Tate-Shafarevich groups are finite) it follows that for such pairs (m,n), the curve E, has
odd Mordell-Weil rank and hence rational points on X are Zariski dense. To construct such
pairs (m,n), first suppose that 3 | n (whence 31 m). Then v3(a) =1 and a3z = 1 mod 3, so
by Lemma 3.1.1

Wa(a) - (=1)*) = (=1) - (1) = 1.

wy = Wa(a) ((121)

We proceed by analyzing two cases, according to the 2-adic valuation of b, which we may

Next, we compute the product

assume is either 0,1 or 2. We use Lemma 3.1.1 to compute the local root number at 2:

1. va(b) = 0: choose n even. Then, regardless of the value of va(a) (which we may also

assume is 0,1 or 2), we obtain vy(a) even and ae = 3 mod 4, whence wy = 1.

2. v9(b) =1 or 2: choose m odd, so that va(ar) = 0 and ae = 3 mod 4, whence wg = 1.

In any case, there are infinitely many pairs (m,n) € Z? such that R(3a?m® + b?n8) =1, as
desired. O

Remark 3.4.4. If 3A/B is a rational square, and either gcd(A, B) # 1 or if 9| AB then it
can happen that all the elliptic curves which are fibers of the rational surface associated
to X have root number +1 (see Examples 3.4.1 and 3.4.2). Even when 9| AB there are
examples of surfaces, such as

w? = 2% +3%2% + 245,

where we were not able to find nontorsion sections.



52

3.5 Towards weak-weak approximation

It is currently not known whether del Pezzo surfaces of degree 1 are unirational.
Theorem 1.4.5 gives us some hope that this might be the case. If so, then Conjecture 2.3.14
predicts that these surfaces (over global fields) satisfy weak-weak approximation. Following
a suggestion of Colliot-Thélene, we use our sieving method to show that the surfaces of
Theorems 1.5.3 and 1.5.4 satisfy a property that would be implied by weak-weak approxi-
mation.

Let X be a del Pezzo surface of degree 1 over a number field k. Let p: £ — IP’,IC
be the elliptic surface obtained by blowing up the anticanonical point. Let R be the set of
points @ € P} (k) such that the fiber £ = p~!(z) is an elliptic curve of positive Mordell-
Weil rank. As a surrogate for weak-weak approximation of X we might ask if there exists
a finite set Py C Qy, such that for every finite set P C Q;, with PN Py = () the image of the
embedding

R < [] P (k)

veP

is dense for the product topology of the v-adic topologies. Problems of this nature are

considered for general elliptic surfaces in [CTSSD98].

Theorem 3.5.1. Let X be a del Pezzo surface of degree 1 over Q of the kind considered in
either Theorem 1.5.3 or 1.5.4. Let p: £ — ]P)}@ be the elliptic surface obtained by blowing up
the anticanonical point of X, and let R be the set of points x© € ]P’(l@((@) such that the fiber
E: = p Y(x) an elliptic curve of positive Mordell-Weil rank. Finally, assume that Tate-
Shafarevich groups of elliptic curves over Q with j-invariant 0 or 1728 are finite. Then
there exists a finite set of primes Py, containing the infinite prime, such that for every finite

set of primes P with PN Py = (), the image of the embedding

R — H Pl(Qp)

peEP

s dense for the product topology of the p-adic topologies.

Proof. We carry out the details for the case of a surface X as in Theorem 1.5.3, the other

case being similar. The fiber of p above [m : n] € P}@(Q) is isomorphic to the plane curve

y? =23 + F(m,n) (3.21)
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which is an elliptic curve for almost all [m : n]. As in Theorem 1.5.3, we write ¢ for the
content of F' and Fi(m,n) := (1/¢)F(m,n). By Lemma 3.3.2, applied to a number field
N = Q[t]/ fi(t, 1) such that (1.4) holds, there is a rational prime ¢ = 2 mod 3 and a prime
q in N lying over g of degree 1 over Q. We may assume that ¢ > 5, ged(c, ¢) = 1, and that ¢
does not divide the discriminant of f;(¢,1). Write ¢ = pJ* - - - p&, where the p; are distinct
primes. Let Py ={2,3,5,p1, - ,pr,q,00}.

Fix a finite set of distinct primes P = {q1 ..., qs} such that PN Py = (), as well as
a point [my, : n,] € P1(Q,) for each p € P. We may assume that my,,n, € Z,, and without
loss of generality® we will further assume that n, € Z, for every p € P. Let € > 0 be given

and choose an integer N large so that
1/pN <e and wv,(Fi(myp,ny)) < N for every p € P. (3.22)

Let

S=P1y-sDrsquy---3qs), T = (O, o5 0,0g, (Fi(mg,,ngy))s - - - Vg, (F1(my, nqs))),
and let
M=(2-3-5°-(pr-p)(qi--qs)".
Since Fj(m,n) has no fixed prime factors, for any prime p| M such that p # p; for all ¢ and
p ¢ P, there exist congruence classes a,, b, modulo p? such that

Fi(ap,by) # 0 mod p?.

Similarly, for a prime p; with 1 <4 < r, there exist congruence classes ay,, by, modulo p;
such that
Fi(ap;, bp,) # 0 mod p;.

By the Chinese remainder theorem there exist congruence classes a,b modulo M such that
a = ap mod p?  for primes p such that p| M, p # p; for all i and p ¢ P,

a = ap, mod p;  for primes p; with 1 <7 <, (3.23)

a = m;, mod p for primes p € P.

3In fact, we may only really assume that either m, € Z} or ny € Z,; . We can interchange the roles of m,
and n, in any one step of the proof without much difficulty, so the assumption that n, € Z, is an artifact
to clean up the details of the proof.
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and
b = b, mod p?  for primes p such that p| M, p # p; for all i and p ¢ P,
b= by, mod p; for primes p; with 1 <7 <, (3.24)
b = n, mod pV for primes p € P.

By construction,

Fi(a,b) = Fi(myp,n,) mod p  forall p e P.
It follows from (3.22) that
vp(F1(a,b)) = vp(F1(mp,np)) forall p e P.

By Corollary 3.2.7, applied to F1,S,T, M, a,b as above, there is an infinite set .#; of pairs
(m,n) € Z? such that
F (mv n) =,

where £ is a squarefree integer with ged(c, ¢) = 1, by our choice of S and T'. Furthermore,
the congruence class of £ modulo 23 - 33 is fixed (by our choice of M) and nonzero (because

¢ is squarefree). Thus, for (m,n) € #; we have
F(m,n) =<l ged(e, 0) =1,

and the congruence class of ¢f/2v2(¢03vs(¢0) modulo 22 - 32 is fixed and nonzero.

We apply Corollary 3.2.7 again to Fj(m,n). This time we let

S =Py sPrsq1y---5Gs,q), T = (O,...,O,Uql(Fl(mql,nql)),...,vqs(Fl(mqs,nqs)),Q—i—Gk),

where k is a large positive integer (large enough to ensure that C' # 0 upon application of

the sieve), and we let
M=(2-3-5% (pr--p)-(q1--q5) - 1O

Arguing as in the proof of Theorem 1.5.3, using Hensel’s lemma and Lemma 3.3.2, we can

show that there exist integers a4, b, such that
vg(F1(ag, bg)) = 2+ 6k
for some large positive integer k. By the Chinese remainder theorem, there exist congruence

classes a, b modulo M such that (3.23), (3.24) hold, and in addition

3+6k

a = ag mod ¢ , and b = b; mod q3+6k.
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By Corollary 3.2.7 there is an infinite set .3 of pairs (m,n) € Z? such that
Fy (mv TL) - q2+6k777 (325)

where 7 is a squarefree integer such that ged(c,n) = ged(q, cn) = 1 (by the choice of S and

T). In summary, for (m,n) € %3, we have

F(m,n) =cg*™%n  ged(e,n) = ged(q,cn) = 1,

and the congruence class of cq2+6kn/ 2v2(en) mod 22 - 32 is fixed, nonzero, and equal to that
of Fi(m,n) for (m,n) € 7.

Whenever (3.21) is smooth, we write W (F(m,n)) for its root number. By Corol-
lary 3.1.6, if (m1,n1) € %1 and (ma,na) € Fa, then

W(F(mi,n1)) = =W (F(ma,n2)).

Hence, there exists a pair (mg,ng) € 1 U %y such that W(F(mg,ng)) = —1. By the
assumption that Tate-Shafarevich groups are finite we conclude that the fiber of p above

[mo : no| has positive Mordell-Weil rank, i.e., [mg : ng] € R. By construction, ng # 0, and
_ N _ N
mo =mpmod p~, and ng=n,modp” forallpecP.

Hence

m m
Tp 0 |myno — monyl, < <e€ for all p € P,

p

np no pr
and [my : ng) is arbitrarily close to [my, : n,] for all p € P. This concludes the proof of the

theorem. O
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Chapter 4

Weak approximation on del Pezzo

surfaces of degree 1

In this chapter we study the question of weak approximation on diagonal del Pezzo
surfaces of degree 1 over global fields. Our goal is to prove Theorem 1.5.7. In order to do
this, we must understand the geometry of these del Pezzo surfaces in an explicit way. More
precisely, we need equations for the 240 exceptional curves on a del Pezzo surface X of
degree 1, and a concrete description of the Galois action on these curves. This is the
subject matter of the first three sections. In §4.4, we explain how to use this knowledge to
track down Azumaya algebras in Br X/ Br k that are amenable to computation, and we use
these algebras to construct the counterexamples given in §4.5.

All computer calculations in this chapter were carried out using Magma; see [BCP97].

4.1 Exceptional curves on del Pezzo surfaces of degree 1

4.1.1 The Bertini involution

Let X be a del Pezzo surface of degree 1 given as a smooth sextic V(f) in
Py(1,1,2,3). Write f(z,y,2,w) = w? — aw — b, where a,b € k[z,y,z] have degrees 3
and 6, respectively. If char k # 2, then we may (and do) assume that a = 0 by making the
change of variables w — w + a/2. The map

v Pr(1,1,2,3) = Pr(1,1,2,3), [z:y:z:w|—[r:y:z:—w+d]

restricts to an automorphism of X called the Bertini involution; see [Dem80, p. 68].
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Assume that k is algebraically closed, and let
.= V(Z - Q(x7y)7w - C(.f, y)) g Pk(lv 17 27 3) = PI'Oj k[ZE, Y, Z7w]7

where Q(z,y) and C(z,y) are homogeneous forms of degrees 2 and 3, respectively, in k[x, y].

Define I as the image of I under .

Lemma 4.1.1. Let X be a del Pezzo surface of degree 1, given as a sextic hypersurface
in Px(1,1,2,3). If T is a divisor on X then so is I'; in this case T NI is finite, and
(T, ) x = 3.

Proof. Assume that T is a divisor on X, in which case it is clear that I" is also a divisor on

X. Assume first that char k # 2. The defining ideal of the scheme I' N T” is

(2 - Q(m,y),w - C(l‘, y)a w+ C(m,y)) = (Z - Q(xa y)vwv C(xvy)),

it is now easy to see that I NT" is finite. Now note that (I',I")x is equal to the degree of
I'NIY. We compute

deg(PrOj k’[l‘, Y, z, w]/(z - Q7 w, C)) = deg(PrOj k[$7 y]/(C)) =3.
When char k = 2, the ideal of T NT" is (2 + Q(z,y),w + C(z,y),a). A calculation similar
to the one above shows that (I',I")x = 3. O
4.1.2 The bianticanonical map

Let X be a del Pezzo surface of degree 1 over k. The map
¢2: X — P(HY(X,—2Kx)") =P}

is known as the bianticanonical map. If X = V(f(x,y,z,w)) C Pg(1,1,2,3), then the basis
elements x2,zy,y?, z for HO (X, —2KX) are homogeneous coordinates for ¢ (see §2.2.3).
Let Ty, ...,T3 be coordinates for IP’%. The map ¢9 is 2-to-1 onto the quadric cone Q =
V(ToTy — T?). This cone is in turn isomorphic to the space Py(1,1,2) via the map

Jj:Pr(1,1,2) — Q, [x:y:2]— [2%: 2y 9 2] (4.1)

The composition j7! o ¢o: X — Pi(1,1,2) is just the restriction to X of the natural pro-
jection Py (1,1,2,3) -—-» Px(1,1,2). We fix the notation 7 := j~! o ¢o for future reference.
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Lemma 4.1.2 ([C0O99, Proposition 2.6(ii)]). Let V denote the vertex of the cone Q, and
let T be an exceptional curve on X. Then ¢ao|r: I' — ¢o(I') is 1-to-1 and ¢2(T") is a smooth
conic, the intersection of Q with a hyperplane H that misses V. O

Remark 4.1.3. The image of the anticanonical point under ¢ is V € Q. By Lemma 4.1.2,

the anticanonical point does not lie on any exceptional curve of X.

4.1.3 Proof of Theorem 1.5.9

We may assume k is separably closed, since the exceptional curves of X are defined
over k°, by the results of §2.1. First, we show that any I' as in the theorem is an exceptional
curve by proving that it is irreducible and that (I', Kx)x = (I',T')x = —1 (the adjunction
formula then shows that I' has arithmetic genus 0; see [Ser88, IV.8, Proposition 5]). Note
that V(z) € |-Kx|. Hence

(Fv _KX)X = deg(PrOj k[xvyasz]/(z - Q7w - C? IL‘)) = deg(Proj k[y]) =1,

so I is irreducible, because —K x is ample. Let D = V(z — Q(z,y)) C Px(1,1,2). Since D
is isomorphic under (4.1) to a hyperplane section of the cone Q, we have 73(D) € |-2Kx|,
so (m3(D),73(D))x = 4. Define I' as the image of I' under the Bertini involution.

By Lemma 4.1.1, " is a divisor on X and I' NI is finite; thus I" # I, and the
divisor 75(D) — I' — I" is effective. As above, we may show that (I, —K x) = 1. Thus

(m3(D) =T —T",-Kx)x = (2Kx - =T, -Kx)x =2-1-1=0,

from which it follows that I + I'" = 73(D), because —K x is ample; see [Deb01, Theorem
1.27]. By Lemma 4.1.1 and symmetry of the intersection form on X we know that (I',T)x =
(I'",T')x = 3. Thus

4= (m3(D),m3(D))x = (C+T".T +T")x
= (0,T)x +2(I,)x + (I, T)x
=, D)x + (I",I")x +6.

Since the Bertini involution preserves the intersection form on X (see §2.2.2) and inter-
changes I" and IV, we conclude that (I',T')x = —1, and thus that I" is an exceptional curve.
Now we prove the converse. Let I be an exceptional curve on X. By Lemma 4.1.2

we know that ¢o(T") is a smooth conic. It is isomorphic under the map j to the curve ma(T")
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in Px(1,1,2). The equation for the conic in P,(1,1,2) can be written as z = Q(z,y), where
Q(z,y) is homogenous of degree 2 in k[z,y| (the coefficient of z is nonzero because ¢5(I")
misses the vertex V' of the cone Q).
Let D =V (z — Q(z,y)) C Pg(1,1,2), as before. We have shown that I' C 75(D).
Since 73 (D) € |-2K x| as above, we have (73(D),I')x = 2. If #5(D) = mI for some m > 1
then
2 = (m3(D),T)x = m(I,T)x = —m,

a contradiction. Hence 73 (D) is reducible, and 73(D) = I' + I'; for some divisor I'y # T

Note that
(I, T1)x = (ma(D) =T, my(D) —N)x = (—2Kx —T', -2Kx — I')x
:4(Kx,Kx)X+4(Kx,F)X+(F,F)X =4—-4-1=-1.

and similarly

(', —Kx)x = (m3(D) = TI', =K x)x = (—2Kx —I', =K x)x
=2(Kx,Kx)x +(ILKx)x =2—-1=1,

so I'1 is an exceptional curve of X. We have

W;(D) = V(f(a:,y,z,w),z - Q(:Z:?y))

On the affine open subset where = # 0, the coordinate ring of 73(D) is

k[y7 va]/(f(]-vf% va)7 = Q(17y)) = k[y7w]/(f(17ya Q(17y)7w))

Since 73 (D) is reducible, the polynomial f(1,y,Q(1,y), w) must factor, and degree consid-

erations force a factorization of the following form:

(’LU - C(l7y))(w - C,(lay))a
where C(z,y) and C’'(z,y) are homogeneous forms of degree 3. Hence I' has the form we
claimed. This concludes the proof of Theorem 1.5.9.

Remark 4.1.4. The divisor I'y in the proof above is the image of I' under the Bertini invo-

lution.
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Remark 4.1.5. We have used several ideas from the proof of [CO99, Key-lemma 2.7] to
prove Theorem 1.5.9. The theorem can also be deduced from the work of Shioda on rational
elliptic surfaces S — P! (see [Shi90, Theorem 10.10]). Shioda shows that rational elliptic
surfaces have at most 240 sections P! — S of a particular form, whose description bears a
striking resemblance to the divisors of the form I" above. A rational elliptic surface (over an
algebraically closed field) with exactly 240 of these special sections corresponds to the blow
up of a del Pezzo surface X of degree 1 with center at the anticanonical point; the special
sections of the elliptic surface are in one to one correspondence with the exceptional curves
of X. Under this correspondence, Shioda’s explicit description of the 240 sections becomes
the explicit description of the exceptional curves of Theorem 1.5.9. Cragnolini and Oliverio
have a somewhat different description of the exceptional curves on a del Pezzo surface of

degree 1 [C0O99, Key-lemma 2.7] (see also [Dem80, p. 68]).

Remark 4.1.6. Suppose that k is not separably closed. The Bertini involution interchanges

I' and I"; since it is defined over k we conclude that
')y = (°T) for all 0 € Gal(k®/k).

We will therefore use the unambiguous notation °I" for this divisor.

4.2 Exceptional curves on diagonal surfaces

We begin by studying the particular surface Y given by the sextic w? = 2346 +y5
in Py(1,1,2,3). Suppose first that & = Q. By Theorem 1.5.9, the exceptional curves on Y
are given as V(w — C(x,y), z — Q(z,y)), where

C(z,y)* = Qz,y)* + 2° + ¢°. (42)
To compute the curves explicitly, let

Q(z,y) = ar’® + bry + cy2,

C(z,y) = ra’ + szy + txy? + uy?,

but consider a,b,c,r,s,t and u as indeterminates. Substituting into (4.2) and comparing

coefficients of the monomials z'y’ we find that a,b,c,r,s,t and u satisfy the system of
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equations:

wW—-c—-1=0
2tu — 3¢*b =0
2su + t2 — 3ac® — 3cb? =0
2ru + 2st — Gach — b> = 0
2rt + 52 — 3a%c — 3ab® = 0
2rs — 3a%b =0

P?—a>—1=0

Let I be the ideal over the polynomial ring Q[a,b,c,r,s,t,u| corresponding to the above
system of equations. Fix the lexicographic order » > s >t > u > a > b > c¢. Then, using
the computer software package Magma, we find a Grobner basis for I. The last element of

this basis is the polynomial
cle—2)(c+1) (A —c+1) (A +2c+4) (A +4) (A +6c2+4) (5 —6¢7+36¢ +8¢ —24¢2+16) (4.3)

The roots of this polynomial are the possible values for ¢ as a coefficient of y? in Q(x,v).
Each value of ¢ can be substituted into the elements of the Grébner basis for I to determine
the corresponding possible values of b, a,u,t,s and r. An easy way to do this is to append
one of the factors of (4.3) to I and recalculate the Grobner basis for the appended ideal.

For example, appending ¢ 4 4 to I we obtain the Grébner basis
{6r + ub®, 25 + uac?, 2t + ubc?, u? + 3,12a% + b% + 12, 6ab + 632, b7 + 108b, ¢* + 4}

This gives us a few of the possible values for r, s,t,u,a,b and c. After repeating for all the
factors of (4.3) we count exactly 240 tuples (r, s,t,u, a, b, c), as predicted by Theorem 1.5.9.

To do arithmetic on the surface Y we need to know the subfield of Q over which the
240 exceptional curves are defined. The splitting field of the polynomial (4.3) is Q(¢, v/2),
where ( is a primitive cube root of unity. It is somewhat surprising that every root to every
expression in the ideal I is in fact contained in Q(C, ¥/2), This is easily checked using Magma.
Consequently the image of the homomorphism ¢x of §2.2.2 is isomorphic to a subgroup of
order 6 of W (FEg). This will keep many subsequent computations reasonable.

If k is algebraically closed of characteristic 0 then the equations for the exceptional

curves we calculated over QQ give exceptional curves over k via an embedding ¢: Q — k.



62

Now suppose that k is algebraically closed of characteristic p > 3. Let W(k) be
the ring of Witt vectors of k, and let F' be its field of fractions. Let X be the del Pezzo
surface over W (k) given by the equation w? = 23 + 2% 4 4% in Py ry(1,1,2,3). The generic
fiber of X is a del Pezzo surface over F. We may write down its 240 exceptional curves as
above: even though F' is not algebraically closed, we may embed Q(¢, ¥/2) in it, and this is
enough to write down equations for all the exceptional curves.

The usual specialization map 6: Pic Xp — Pic X} is a homomorphism, and it
preserves the intersection pairings on Pic Xr and Pic Xy; see [Ful98, §20.3]. It is injec-
tive because the pairing on Pic Xz is nondegenerate. A standard computation shows that
0(Kx,) = Kx,; see [Ful98, §20.3.1]. Hence 6 maps exceptional curves to exceptional curves.
The injectivity of 6, together with the fact that distinct exceptional curves have distinct
classes in Pic X'p, shows that the 240 exceptional curves on Xp specialize to 240 distinct

exceptional curves.

Let us drop the assumption that k is separably closed. We turn to the general
diagonal surface X over k, given by w? = 23 + Ax% + ByS. Fix a sixth root a of A, a sixth
root B of B in k* and let s = v/2. If I = V(2 — Q(z,y),w — C(z,y)) is an exceptional
curve on w? = 23 4+ 28 4 9%, then V(2 — Q(ax, By),w — C(ax, By)) is an exceptional curve

on X, and vice versa. We deduce that the splitting field of X is contained in (¢, V/2, a, 3).

Proposition 4.2.1. Let k be a field with charp # 2,3. Let X be the del Pezzo surface of
degree 1 given by

w? = 23 + Azb + By,
in Pr(1,1,2,3). Then the splitting field of X is K = k((,V/2,a,3), and therefore [K : K]
divides 216.

Proof. Let L denote the splitting field of X. The above discussion shows that L C K. By
Theorem 1.5.9, the subschemes of Pk (1,1,2,3) given by

V(z — safzy,w — o*z® — 3y3),

V(2 + s¢afay,w — o’z® — 37,

V(e +a®s® = $(0%°w — s(C + Da’Ba’y + (20 — 1)5°%) and
V(z — s?Ca’x® + B2y% w — (2¢ — 1)ad2® + (¢ + 1)af?xy?)
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are exceptional curves on X. By definition of L, we find that

S = {saB,sCaB,s(C+1)af? s(C+1)a?p} C L.

Taking the quotient of the second element of S by the first shows that ( € L. Adding the first
two elements of S we see that s(¢ + 1)a € L, which shows that s(¢ + 1)a3?/s(( + 1)a8 =
B € L. Similarly s(¢ +1)a?3/s(C +1)af = a € L. Finally, we deduce that s € L. This
shows that K C L. ]

To end our discussion on exceptional curves on diagonal surfaces, we give gener-

ators for Pic Xys in terms of these curves. Consider the following exceptional curves on
X:
24 a2a?w — B,
Ty = V(z— (= + 1)a’z? w+ %),
z—Cala? 4 82 8% w — (s¢ — 28)a® By — (=2¢ + 1)),
Iy =V(z+2(a?2? — (2s¢ — s)afry — (—82C + 32)52 2,
w — 30323 — (=25¢ — 25)a?Bx’y — 352 CaBPry® — (=2 +1)5%3),
Is = V(z +2Ca?z? — (s¢ — 25)afzy — s°C 3%y
w+ 303z — (4s¢ — 23)0425372y — 3s%af%ry® — (—2¢ + 1)3%%),
Tg=V(z— (—s2C+ 5% — 25 + 2¢)a’2* — (25°C — 25* + 35 — 4¢)afzy
$2C + 52 — 25 + 20) 32 2,
25%¢C — 45 + 25¢ 4+ 25 — 6¢ + 3)a®
5s 2c+1os — 65¢ — 65+ 16¢ — 8)a 2[395 y
55%¢C — 10s% 4 65¢ + 65 — 16¢ + 8)af%ry”
2 2( +4s% — 25¢ — 25 + 6¢ — 3)3%°),
s% —25C + 25 + 20)a’x? — (=25%C + 35 + 4C — 4)afBzy
§2C 4 8% + 25¢ — 2)6%2,
25%C + 252 + 25¢ — 4s — 6( + 3)a®
105%¢ — 55% — 65¢ — 65 — 8¢ + 16)a 25m2y

7 =V(z

552¢ — 10s% — 125¢ + 65 + 8¢ + 8)afxy?

- (=
- (=
—
— (=
—
- (=
- (=
- (=
—
— (10
= (
— (—25%¢ — 25% — 2s( + 45 + 6¢ — 3) 5%y,
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Iy = V(z — (s2C 4 25¢ 4+ 20)a%z? — (25% 4 3s + 4)afzy
s%C + s 2s<+2s—2¢+2)ﬂ2 2
w — (—45°C + 257 — 45¢ + 25 — 6¢ + 3)a’z?

— (s
— (=
(—
— (=55%¢ — 55% — 65¢ — 65 — 8¢ — 8)a’ By

— (55%¢ — 105% 4+ 65¢ — 125 + 8¢ — 16) a3 xy?
—

45%C — 257 +4s¢ — 25 + 6¢ — 3)3%9°).

A calculation shows that the above exceptional curves are all skew, that is, (I';,I';)x =0
for i # j; note that it is enough to do this calculation for A = B = 1. We will also need the
exceptional curve

Iy =V(z — stafry,w — o3z + ﬁgyg)-

The curve I'g intersects each of I'; and I's at exactly one point and is skew to all the other

r;.
Proposition 4.2.2. Let X be the del Pezzo surface over k defined by
w? = 23 + Az% + By,

in Pr(1,1,2,3), and let K = k(3/2,(,,3). Then Pic Xps = Pic Xx is the free abelian
group with the classes of I'; for 1 <i <8 and I'g +1'1 + 'y as a basts.

Proof. By Proposition 4.2.1 we know K is the splitting field of X. The classes of I'; for
1 <¢<8and I'g+I'y +I'y generate a unimodular sublattice of Pic X of rank 9. Hence

they span the whole lattice. O

4.3 (Galois action on Pic Xx

Suppose that V/2,¢ ¢ k; let K = k(C, V/2,, 3), as above, and assume that [K
k] = 216. The action of Gal(k®/k) on Pic Xjs factors through the finite quotient Gal(K/k),
which acts on the coefficients of the equations defining generators of Pic X (cf. §2.2.2).
The group Gal(K/k) has 4 generators, which we will denote o,7,t14,tp5, whose action on
the elements ¢, v/2, & and f3 is recorded in Table 4.1. If [K : k] < 216 and if /2 € k (resp.
¢ € k), then we do not need the generator o (resp. 7).

Using the basis for Pic Xx of Proposition 4.2.2 we can write o,7,t4 and tp as

9 x 9 matrices with integer entries. This 9-dimensional faithful representation is useful
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Table 4.1: Action of the generators of Gal(K/k), assuming +/2,( ¢ k.

because the action of Gal(K/k) on Pic Xk becomes right matrix multiplication on the

space of row vectors Z°. This description allows us to calculate the birational invariant

H'( Gal(k*/k), Pic Xjs), as follows.

Proof of Theorem 1.5.10. Assume first that V/2,¢ & k. Then Gg := (0,7, 14,18) C GLg(Z)
is isomorphic to the generic image of Gal(k®/k) in Aut(Pic Xs) for a diagonal del Pezzo
surface of degree 1. For a particular surface, a choice of sixth roots a and § of A and B,
respectively, and a primitive third root of unity ¢ gives a realization of G := Gal(K/k) as
a subgroup of Gy, where K = k((, V/2, a, ).

We turn this idea around by focusing on the subgroup lattice of Gg. We use Magma
to compute the first group cohomology (with coefficients in Pic X) of subgroups in this
lattice. We note there is no need to compute this cohomology group for every subgroup
in the lattice. For example, any two subgroups of Gy conjugate in W (FEs) give rise to
isomorphic cohomology groups. There are 448 conjugacy classes of subgroups of Gg in
W (Eg).

We also note that in order for a subgroup G C Gg to correspond to at least one
diagonal del Pezzo surface of degree 1, it is necessary that the natural map G — Go/{ta,tB)
be surjective because k(¢,+/2) C K. This cuts the number of conjugacy classes for which
we need to compute group cohomology to 242.

Fix a subgroup G C Gy. For each exceptional curve I" (given as a row vector in
77, using Proposition 4.2.2) we may compute the orbit of I' under the action of G. If there
is a G-stable set of skew exceptional curves, then any surface X that has G for its image of
Gal(k®/k) in Aut(Pic Xs) is not minimal. Hence, we discard any such G. This way we get
rid of 58 conjugacy classes of subgroups of Gy and guarantee that surfaces we deal with in
the rest of this chapter are minimal.

The above reductions cut the number of candidate groups for G to 184. The results
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of our computations are summarized in Table 4.2. For each abstract group Br X/ Br k we list
the number C(G) of conjugacy classes of subgroups of G that give the listed cohomology
group. We also give an example of a subgroup G C Gy that has the given cohomology
group, and a pair of elements A, B € k* such that the surface X of the form (1.8) realizes
G as a Galois group acting on Pic X;. The elements A, B are defined in terms of any a, b, ¢
and d € k* satisfying the restrictions in the last column of the table. This shows all the
possible cohomology groups do occur.

If /2 € k but ¢ ¢ k then we may repeat the above process starting with Gy =
(T,04,1B). If ¢ € k but /2 ¢ k then we use Gy = (0, 14,¢p). Finally, if ¢, /2 € k then we

use Gy = (L4, tp). The results in these three cases are summarized in Table 4.2. O

Remark 4.3.1. In [Cor07, Theorem 4.1] Corn determines the possible groups
Br X/Brk = H'( Gal(k/k), Pic X;)

for all del Pezzo surfaces X over a number field k. In particular, Corn shows that the
only primes that divide the order of this group are 2, 3 and 5, and the latter can occur
only when X is of degree 1. Unfortunately, diagonal surfaces of degree 1 cannot be used
to give examples of 5-torsion in Br X/ Brk. This follows either from Theorem 1.5.10 or,
more easily, from the isomorphism (4.6): the group H'( Gal(K/k),Pic Xx) is annihilated
by [K : k], which divides 216, by Proposition 4.2.1.

4.3.1 An observation

Looking through our computations we observe that H! (Gg, Pic X K) = 0, regard-
less of whether the elements /2 and ¢ belong to k or not. This means that generically there
18 no Brauer—Manin obstruction to weak approrimation on diagonal del Pezzo surfaces of
degree 1 over a number field. If Conjecture 2.3.13 holds (even in some of the milder for-
mulations discussed in §2.3.3), then our observation shows that, generically, diagonal del

Pezzo surfaces of degree 1 over a number field satisfy weak approximation.
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’ H Br X/Brk ‘ C(G) ‘ Example of G ‘ A, B ‘ Restrictions ‘
\:75 ¢ k, {1} 65 <ULBa 71’?4) 2067 +4d° a ¢ <2a k*3>
C¢k 727 18 <ULA,T ) 4a3c® 63d5 | a,b ¢ (2,-3,k*2)
(2.)27,)* 9 (o,7,03%) adcl, a3d6 a¢ (2,-3,k*?)
(Z.)27.)3 4 (02,1, 303 | 16a3c%,a3d8 | a ¢ (2,-3,k*?)
Z/3Z 56 | (owatk, 3,1y | 4a3c8 £16d° | a ¢ (=3, k*2)
(2.)37,)* 26 (T, maﬂB) ac®, ad® a € £16k*
Z/6Z 6 (o, 3, TLE) 4a3c®, —3d% | a ¢ (3,k*2)
V2 €k, {1} 11 (T,14LB) ac®, ad® a ¢ (3,2 k*3)
¢k Z7)27 7 (T,040%) ac®, a3d® a ¢ (3,k*2 k*3)
(Z.)27.)? 2 (T,04L%) ac®, a’db ¢ (3,k*2 k*3)
(Z.)27.)3 1 (1,03, %) 3¢5, p3d0 a,b ¢ (=3,k*?);
a#b
(Z.)27.)* 2 (1,03%) a8, a3db ¢ (—3,k*2)
7./37 8 (1,050%) a’cb, addb a ¢ (3,k*2 k*3)
(Z./37)? 5 (1,0%%) a’cb, a?ds a¢ (3,k3)
7/67 4 (T,L4) ac, db a ¢ (3,k2 k*3)
V2 ¢k, {1 26 | (041%, 03,08 | 16a3¢°,1663d° | a,b ¢ (2,k*?);
a#b
(ek (7.)27,)* 10 (ouh, 30%) &, 4a3d5 | a ¢ (2,k*?)
(z)27) 6 (o, 30%) (1306 a®d’ a¢ (2,k2)
(2.)27,)° 2 (0%, 130%) b 16a3al6 a ¢ (2,k*?)
Z/3Z 16 (012, 5%) 16a & a%d® | a ¢ (2,k*? k*3)
(2.)37,)* 16 (oral%) 4a3c ,16d6 a ¢ (2,k*?)
(2)37)3 4 (1%, 1%4%) a?c®,16a%d® | a ¢ (2,k*3)
(z)37)* 3 (ol4e%) 16c%,16d° | —
7)27 x LJ6Z | 2 (o,14) a,d’ a ¢ (2,2 k)
(Z./67.)? 2 (oLB) b, 4b3d° b (2,k*3)
V2 €k, {1} 5 (LaB) ac®, ad® a ¢ (k*2 k*3)
ek (Z.)27,)* 5 (BeB) a3c®, ad® a ¢ (k2 k*3)
(Z.)27.)* 1 (Laty) ac®, addb a ¢ (k2 k*3)
(7.)27.,)° 1 (B, 0%) a®b8, b3db a,bd k*?; a#b
(Z.)27.)® 1 (Bd) a3cb, a3db a ¢ k*?
737 2 (La, %) acG, b?db a ¢ (k*2, k*3);
b ¢ k,*3
(7Z./37.)? 3 (5%) a®cb, a%db a ¢ (k2 k*3)
(2./37)* 1 (%) a’cb a?db a¢k*3
(Z/62)* 2 (B) e, bd’ a ¢ (k*% k™)
Table 4.2: Possible groups H! (G,Pic X). See the proof of Theorem 1.5.10 for an

explanation.
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4.4 Finding cyclic algebras in Br X

Having computed the group Hl( Gal(k®/k, Pic st)) for diagonal del Pezzo sur-

faces of degree 1, it will be important for us to invert, as best we can, the isomorphism
Br X/Brk = H'( Gal(k®/k), Pic Xj)

furnished by the Hochschild-Serre spectral sequence; see §2.3.4. This problem is quite
hard in general. Instead, we present a simple strategy to search for cohomology classes
in H'( Gal(k*/k), Pic Xjs) which correspond to cyclic algebras in the image of the natural
map

BrX/Brk — Brk(X)/Brk, (4.4)

where X is a locally soluble smooth geometrically integral variety over a number field k.
We are interested in cyclic algebras because their local invariants are relatively easy to
compute. We note that the map 4.4 is injective whenever X is a regular, integral, quasi-

compact scheme and X (Ay) # 0; see [Mil80, I11.2.22].

4.4.1 Review of cyclic algebras

Let L/k be a finite cyclic degree-n extension of fields. Fix a generator o of
Gal(L/k). Let L[z], be the “twisted” polynomial ring, where ¢z = x°(¢) for all £ € L.
Given b € k*, we construct the central simple k-algebra L[z],/(z™ —b). This algebra is usu-
ally denoted (L/k,b); it depends on the choice of o, though the notation does not show this.
If X is a geometrically integral k-variety, then the cyclic algebra (k(Xp)/k(X), f) is also
denoted (L/k, f); this should not cause confusion because Gal(k(X1)/k(X)) = Gal(L/k).

For a smooth variety X over a global field k, and a Galois extension L/k, we
write Nz ;2 Div Xy — Div X} and NL/k: Pic X; — Pic X} for the usual norm maps,
respectively. The following is a criterion for testing whether or not a cyclic algebra is in the
image of the map Br X — Brk(X). For a proof, see [Cor05, Prop. 2.2.3] or [Bri02, Prop.
4.17).

Proposition 4.4.1. Let X be a smooth, geometrically integral variety over a field k. Let
L/E a finite cyclic extension and f € k(X)*. Then the cyclic algebra (L/k, f) is in the image
of the natural map Br(X) — Brk(X) if and only if (f) = N (D), for some D € Div Xy,
If, furthermore, X is locally soluble, then (L/k, f) comes from Brk if and only if we can
take D to be principal. ]
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4.4.2 Cyclic Azumaya algebras

Let X be a smooth geometrically integral variety over a global field k. Assume
that X is locally soluble, and let L/k be a cyclic extension. Define the set

classes [(L/k, f)] in the image of the}

B X,L):=
I'cyc( ) ) { mapBrX/Bl"k—)Brk(X)/Brk

Lemma 4.4.2. Viewing A :=1— o as an endomorphism of Div X, we have ker Ny, =
imA.

Proof. By Tate cohomology we know that Hl(Gal(L/k),Div XL) = ker Np/,/im A. On
the other hand, this cohomology group is trivial: Div X is a permutation module, so the

result follows from Shapiro’s Lemma. O

The seeds behind the following theorem can already be found in [Bri02, §4.3.2,
especially Lemma 4.18].

Theorem 4.4.3. Let X be a k-variety as above. Let L/k be a cyclic degree-n extension,

generated by o, and view A =1 — o as an endomorphism of Pic X;. The map

bt ker Npj/imA — Broye(X, L) [D] — [(L/k, f)].
where f € k(X)* is any function such that N (D) = (f), is a group isomorphism.
Proof. First we check that ¢ is well-defined by showing that

(i) the class [(L/k, f)] is independent of the choice of f: if Ny (D) = (f) = (g), then
g = af for some a € k*. Since (L/k,a) € Brk, we obtain [(L/k, f)] = [(L/k, g)].

(ii) if D and D' are linearly equivalent divisors in ker N, with N (D) = (f) and
Np(D') = (f'), then [(L/k, f)] = [(L/k, f')]: Suppose that D = D'+ (h). Then
(f/f") = Nisx((h)), and by Proposition 4.4.1, we have (L/k, f/f') € Br(k).

(iii) an element in im A maps to zero: by (ii) it suffices to assume that D is of the form
E —?E. Then Ny (D) = 0, so we can take f € k™ in the definition of ¢, in which
case (L/k, f) € Br(k).

If Npjx(D) = (f) and Ny (D’) = (g) then

W([D] + [D]) = (ID + D) = [(L/k, fg)]
= [(L/k, /)] + [(L/k, 9)] = »([D]) + ¥([D]),
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so 1 is a homomorphism. The map ¢ is injective: if ([D]) = [(L/k, f)] is 0in Br k(X)/Brk,
then by Proposition 4.4.1 there exists an h € k(Xp)* such that (f) = Ny ,((h)). Hence D —
(h) € ker Np,j;, = im A (see Lemma 4.4.2). Surjectivity also follows from Proposition 4.4.1:
given a class [(L/k, f)], take any divisor D such that Ny (D) = (f); then ¢([D]) =

[(L/K, f)]- =

4.4.3 Cyclic algebras on rational surfaces

Let X be a nice locally soluble rational surface over a global field &k, and let K be
the splitting field of X. We saw in §2.3.4 that there exist isomorphisms

H' (Gal(K/k), Pic X ) 25 H'(CGal (k*/k), Pic Xjs ) <= Br X/ Brk, (4.6)

where the map on the right comes from the Hochschild-Serre spectral sequence.

Let G = Gal(K/k) and suppose that H is a normal subgroup of G such that G/H
is cyclic. Let L be the fixed field of H. Since (Pic Xx ) = Pic X, (by (2.14)), we obtain
an injection

H' (Gal(L/k), Pic X1) 2% H'(G, Pic Xk ) 2 Br X/ Brk. (4.7)
On the other hand, by Tate cohomology we know that
H! (Gal(L/k),Pic X1) = ker Npp/im A.

We can thus use Theorem 4.4.3 to write down cyclic algebras (L/k, f) in the image of the
injection Br X/Brk — Brk(X)/Brk. Indeed, since G is finite, we may search through its
subgroup lattice to find subgroups H as above, and hence write down all cyclic algebras
coming from cyclic extensions of k (contained in K) in Br X/Brk. In summary, for each

H we consider the diagram

Br X/Brk =~ H'( Gal(k®/k), Pic Xp=)
inf |~
Brk(X)/Brk H!( Gal(K/k), Pic Xk)
inf

H!( Gal(L/k), Pic X1)

~

~ ¥
Breye(X, L) —

ker]vL/k/imA
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and we construct elements of Br X/ Brk by making the map ¢ explicit. We believe the
above diagram commutes (perhaps up to sign), but have not checked this, and we do not

require to know this.

Remark 4.4.4. Finding Brauer-Manin obstructions to the Hasse principle on del Pezzo
surfaces of degree greater than 1 may require the injection (4.7) to be an isomorphism.
(This will be the case, for example, if H! (H ,Pic X K) = 0). We may need representative
Azumaya algebras for every class in Br X/ Brk to detect a Brauer-Manin obstruction (for
example, see [Cor07, 9.4]). Obstructions to weak approximation require only one Azumaya

algebra.

Remark 4.4.5. Let X be a diagonal del Pezzo surface of degree 1 over QQ such that the order of
Br X/ BrQ is divisible by 3. Let K be the splitting field of X. Then an exhaustive computer
search reveals that there does not exist a normal subgroup H of G := Gal(K/Q) such that
|G/H]| is divisible by 3. This means that any counterexamples to weak approximation over

Q we find using the above strategy will always arise from 2-torsion Azumaya algebras.

Remark 4.4.6. Not all Brauer-Manin obstructions on del Pezzo surfaces arise from cyclic

algebras: for example, see [KT04, Example 8§].

4.5 Counterexamples to Weak Approximation

4.5.1 A warm-up example

Let ¢ be a primitive third root of unity. We begin with an counterexample to
weak approximation over k = Q(({) for which we do not need to use the descent procedure
described in §2.3.5, and for which Gal(K/k) is small. The presence of an obstruction to
weak approximation on it cannot be explained by a standard conic bundle structure (see

Remark 4.5.2).

Proposition 4.5.1. Let X be the del Pezzo surface of degree 1 over k = Q(() given by
w? = 23 +162° + 16y°

in Pr(1,1,2,3). Then X is k-minimal and there is a Brauer-Manin obstruction to weak

approximation on X. The obstruction arises from a cyclic algebra class in Br X/ Brk.
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Proof. Let o = 3 = /4. By Proposition 4.2.1, the exceptional curves of X are defined over
K := k(+/2), and in the notation of §4.3 we have G := Gal(K/k) = (p), where p = 01%(%.
Since G is cyclic, we may apply the strategy of §4.4.3 by taking H to be the trivial subgroup
(so L = K). Using the basis for Pic X = Z% of Proposition 4.2.2 we compute

ker Ny /p/im A = (Z./32)%,
see Table 4.2. The classes

bl = [(07 17 07 07 070)0) 2) _1)]7 b? = [(070)0)0) ]-a 05 07 27 _1)]7
hs =[(0,0,0,0,0,0,1,2,—1)], hs =[(0,0,0,0,0,0,0,3, —1)]

of Pic X determine generators for this group.

Consider the divisor class h; — h = [I'y — I's] € Pic Xi. By Theorem 4.4.3, this
class gives a cyclic algebra (K/k, f) in the image of the map Br X/Brk — Brk(X)/Brk,
where f € k(X)* is any function such that Ng/,(I'2 — T's) = (f), that is, a function with
zeroes along 'y + PT'y + P"I'y and poles along I's + #T's + PTs. Using the explicit equations
for T'y in §4.2 we see that the polynomial w + 43 vanishes along I'y 4+ *T' + pQFQ.

Let I be the ideal of functions that vanish on I's, ”I's and PTs. Explicitly,

I=(2=Qs,w—C5)N(z—"Qs,w—"Cs) N (2 = Qs,w — 7°C5),

where (5 and Cs are the quadratic and cubic forms, respectively, corresponding to I's,
and, for example, *Qs5 is the result of applying p to the coefficients of Q5. We compute a
Grobner basis for I (under the lexicographic order w > z > y > x) and find the polynomial
w+ (2¢ + 2)zy + (=8¢ 4+ 4)y> + 1223 in this basis. Hence

w + 413

Ji= w+ (2¢+2)zy + (=8¢ + 4)y3 + 1223

has the required zeroes and poles.

Consider the following rational points of X:
Pr=[1:0:0:4 and P,=[0:1:0:4].

Let o/ be the Azumaya algebra of X corresponding to (K/k, f). Specializing the algebra
o at P we obtain the cyclic algebra o7 (P;) = (K/k,1/4) over k. On the other hand,
specializing at P» we compute <7 (P2) = (K/k,1/(1 —()) = (K/k, ().
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Let p be the unique prime above 3 in k. To compute the invariants we observe

that

1

invy(e/(P)) = 51/(P), 2]y € Q/Z,

where [f(P;)p,2]p € Z/3Z is the (additive) norm residue symbol. We compute [1/4,2], =
0 mod 3 (using [CTKS87, (77)]) and [(, 2], = 1 mod 3 (using biadditivity of the norm residue
symbol and [CTKS87, (75)] with § = —(, a = 1). Let P € X (Ay) be the point that is equal
to P; at all places except p, and is P, at p. Then

> vy (#/(Py)) = 1/3,

v

so P € X(Ag)\ X(Ar)P" and X is a counterexample to weak approximation.
To see that X is k-minimal, see the proof of Theorem 1.5.10: the surface X appears

as the example in the twelfth line from the bottom of Table 4.2. O

Remark 4.5.2. The surface X of Proposition 4.5.1 is not birational to a conic bundle C,
since the birational invariant Br X/ Br k is isomorphic to (Z/3Z)*, while Br C/ Br k is always
2-torsion. In particular, the failure of weak approximation cannot be accounted for by the

presence of a rational conic bundle structure.

4.5.2 Main Counterexamples

Proof of Theorem 1.5.7. Let a = 8 = /p. By Proposition 4.2.1, the exceptional curves of X
are defined over K := Q((, V2, /p), and in the notation of §4.3 we have G := Gal(K/Q) =
(o, T, Lib%). One easily checks that the element p := LE‘L% acts on exceptional curves as the
Bertini involution of the surface (see §4.1.1).

The subgroup H := (o, 7) of G has index 2; hence it is normal and G/H is cyclic.

Thus, we are in the situation described in §4.4.3, that is,
H'(Gal(L/Q),Pic X1) — Br X/ BrQ,

where L = K* is Q(,/p) in this case. The injection is in fact an isomorphism because
H'(H,Pic Xf) = 0, though we will not use this fact!. Using the basis for Pic Xy = Z° of

Proposition 4.2.2 we compute

ker Npp/im A = 7./27 x 7./ 2.

!The isomorphism follows from the inflation-restriction exact sequence and (4.7).
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The classes
h=1(2,1,1,1,1,0,1,2, —3)] and h2 =[(0,0,0,0,0,1,0,—1,0)] (4.8)

of Pic X1, generate this group. In fact, Pic X = Z3, generated by the classes (4.8) and the
anticanonical class, and p interchanges the classes (4.8). It follows that (Pic X )G2(Z/Q) =
Z, generated by the anticanonical class. By (2.14), we obtain Pic X = Z, and thus X is
minimal.

Next, we apply the procedure of §2.3.5 to descend the line bundle Ox, (I's — I's)
in the class of b to a line bundle defined over Q(,/p). We must give isomorphisms

fn: Ox,(T6 — T5) — Ox, ("Tg — "Tg),

one for each h € H, satisfying the cocycle condition. In this case H is isomorphic to the
symmetric group on 3 elements, with presentation

2

H=(o,7|c®=7*=1,01 = 707,

so it is enough to find isomorphisms f, and f, as above such that
2 .
7 fo0fs0 fo =1id,
Tf’?’ © fT = id,
’frofo="fo0"fo0 fr.

For example, the map f, is just multiplication by a function having zeroes at I'g and “I'g
and poles at I's and “T's. We also denote this function f,, and find it as follows. First, take

a function that vanishes on I's, °I'g, and possibly some extra lines. For example, recall that

FG = V(Z - Q6($7y)7w - 06('7;73/))? and F8 = V(Z - QS('rvy)aw - CS(xvy))a

where Q¢ and Qg (resp Cg and Cg) are the quadratic (resp. cubic) forms in z and y,
corresponding to I'g and I's given in §4.2. Let °Qg denote the result of applying o to the

coefficients of (Qg, and similarly for the other binary and cubic forms. The function

g1 = (2 = Qs(2,9))(z — Qs(z,9))

vanishes on the exceptional curves® “T's, °T§, I's and T's. Let I be the ideal of functions

that vanish on I'g, “T's, °T'y and I'i. Explicitly,

I = (z—Qﬁ,w—Cﬁ)ﬂ(Z—UQg,w—"Cg)ﬁ(z—"Qg,w—i—"C’ﬁ)ﬁ(z—Qg,w—l—C’g).

2The notation °T'y is unambiguous (cf. Remark 4.1.6).
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We compute a Grobner basis for I (under the lexicographic order w > z > y > z) and find

the following degree 4 polynomial in the basis:

f1 = 6y/pwy + 3/p(¢ — 1) (% + 2)wz + (—2¢ + 1)s2% + 2p(2¢ — 1)(s® + 5 + 1) 21/
+p(—=C — 1)(35% 4 25 4+ 2)zyx + 2p(—C 4+ 2)(s? + 5 + 1)z2® + 2p%(2¢ — 1)(s2 + 1)y
+p2(—C — 1)(38% + 25 + 2)y°x + 2p*(—C + 2)(s? + s + 1)y?a?
+2p%(2¢ — 1)(s + Vya® + p*(¢ + 1) (s> — 2)z*.

The function f;/g1 has the right zeroes and poles to be f,. We set

. 1 A
Jo = g s g0

The constant in front of f1/g; is a normalization factor, making f,([0:0:1:1]) = 1.
Similarly, f; denotes a function with zeroes at I's and "I's and poles at I's and

T'g. Let

92 = (2 = "Q¢(x,y)) (2 — Qs(x,y)),

fo = 6y/pwy — /pwz + (—=2¢ + 1)kz? +2p(2¢ — 1)(k* + k + 1)29°
+2p(2¢ — 1)(k + V) zyx + 2p(2¢ — 1) (k* 4+ k + 1)za? + 2p*(2¢ — 1)(k* + 1)y*
+2p%(2¢ — 1) (k + D)z + 2p*(2¢ — 1) (E* + k + 1)y?2? + 2p*(2¢ — 1) (k + 1)ya®
+2p%(2¢ — 1) (k2 + 1)z™.

Then the function

._ 1 WLl
= Tk g

has zeroes at I'g and "I'g and poles at I's and "I'g. Because of the normalization, f; and f,
satisfy the cocycle condition. Thus Ox, (I's — I's) descends to a line bundle .# over L, as
we expected. It remains to find a divisor over L in the class of .%. To this end, we average

the rational section 1 of Ox, (I's — I's) over the group H to obtain a rational section

s=S ) = T T+ T T T 4 T T

heH
of %#. The common denominator of s is

2

g TO,

9179291792 - "°go.
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By definition of g; and g2 this denominator vanishes along the divisor
g + 2T + 7 Tg + 7 T + Ty + T +2(7 Tg) + 2(”"Tj)
+ UF8 + JF/S + 0'7'1"8 + 0'7'1"/8 + UFG + 0’1"% + TUFS + 7'0'1'\/8‘

Here 2I'g means, for example, that the denominator vanishes on this curve to order 2. The

numerator of s vanishes along the divisor
Do+ 20 + 7 Th + T +2(7T6) +2(7T4) + T4 + 7Tk + 7T + T + T + Z,
where Z is some curve on Xj. Thus, the divisor of s as a rational function is Z — P, where
P:=Tg+%Tg+Tg+Tg+Tg+ T
The divisor of s as a rational section of Ox, (I's —I's), is (Z — P) — (I's — I's). Let

P/ — FS + U2F8 + Trg + UTPS + 0'1-\8 + TJFS _ Z hFS;
heH

the divisor Z — P’ € Div X, represents the class of I'g — I's.
Let p be the image of p in Gal(L/Q). By Theorem 4.4.3, the class [Z — P'] gives
a cyclic algebra (Q(,/p)/Q, f) in Br X/BrQ, where f € Q(X)* is any function such that

No(ypyje(Z =P =Z+°Z — (P'+°P') = (f).

We find an explicit f. The numerator of s (after cancelling out common divisors)

is a polynomial of degree 12 in Q(\S/i, ¢, /D)[z,y, z,w]. We may express it as
1+ V2p2 + Vps + Cpa + (V2ps + ¢ Vdps,

where p; € Q(y/p)[x,y,z,w] for i = 1,...,6. Then Z = V(p1,...,ps). We find constants
b; € Q(\/p) such that the polynomial ¢ = ), b;p; belongs to Q[z,y, z,w]; then the polyno-

mial ¢ vanishes on Z UPZ and is a suitable numerator for f. A little linear algebra reveals



7

that

q = 1225 — 72p2°y? — 192p2°yx — 48p2°2? + 300]9224?44 + 600p224y3a: + 576p2z4y2x2

+ 408p2z4y:v3 + 156p224:c4 — 288193:53,1;6 — 720p3z3y5:n — 888p323y4:v2 — 768p323y3x3
— 756p3 23y %t — 264p3 2ya® — 204p3 2320 + 144p* 228 + 456p* 22y 2
+1032p2%y% 2% + 1080pt22y° x> + 756pt2ytat + 864pt 2ty + 684pt 22y’
+ 456p422ya:7 — 48p*222® + 192p° 2410 — 48p° 2y — 720p° 29822 — 1104p° 2y 2
— 600p5zy6x4 — 216p°2y°z° — 240p5zy4x6 — 480p5zy3x7 — 504p° zy?2® — 24p° zya®
+48p° 2210 — 1921063;12 - 288p6y11:v + 192}963/10%2 + 528p6y9x3 + 432p6y8$4
+ 168p6y73:5 — 192p6y6x6 — 288}763/5:U7 + 192p6y4x8 + 312p6y3x9 — 48p6yz‘11

works. Now we look for a polynomial  of the same degree as q vanishing on P’ +7P’. Since

p acts as the Bertini involution I — I" on exceptional curves, we have

P 7P = " MIg+T).
heH

The polynomial z — Qg(z,y) vanishes on I's + I';. Hence we may take

r= [ -"Qs(.v)).

heH

and obtain

r =25 — 6pzPy? — 24pzdyx — 6pzOa? + 36p? 2yt + T8p% 2ty Px + 132p% 2ty 0

+ 78p% 2 ya? + 36p22tat + 8pP 23S — 60p3 23yt x — 168p3 23y a? — 276p3 23y a?
- 168p323y2a:4 — 60p>23yx® + 8p32328 — 24p422y8 - 24p422y7x + 156p4z2y6x2
+ 396p* 220 x> + 540p* 22yt at + 396pt 22yt a® + 156p* 22y a’ — 24pt 2Py’

— 24p4z2:v8 + 24p5zy9x + 24]05,23/8;1:2 — 12()1)5,23/7333 — 324p5zy6:v4 — 432p5zy5x5

12 + 48p6y11m

— 324p° 2928 — 120p° 21227 + 24p°2%2® + 24p° 2y2® + 16p%y
+ 48p°%y 1022 4 48p°%y 23 + 120p°%y 8t + 192p%y72® + 212p%9%28 + 192p%y %27
+ 120p8y*a® + 48p%y32® + 48p5y2210 + 48pSyxt + 16p5212.

Let f = q/r and let 7 denote the Azumaya algebra on X corresponding to (L/Q, f). There

are two obvious rational points on the surface X other than the anticanonical point, namely,

P=[1:0:—p:0] and P,=[0:1:—p:0].



78

Specializing the algebra <7 at P, we obtain the quaternion algebra (p,12) = (p,3) over Q.
The invariant of this algebra at a prime ¢ is calculated using the Hilbert symbol [-,-], €
{#£1} of the quaternion algebra: the invariant is 0 if the Hilbert symbol is +1 and 1/2 if the
Hilbert symbol is —1. Using the formulas for the Hilbert symbol in [Ser73], we find that

(

(_1)(p—1)/2 if g =2,
g if ¢ = 3,
[ 73}q = 3
» if ¢ =p,
1 otherwise,

where <p> is the usual Legendre symbol. On the other hand, specializing &/ at P, we
q

obtain the quaternion algebra (p,16) = (p, 1) over Q. We find that [p, 1], = 1 for all primes

q. Hence

invs(p,3) #invs(p,1) if p=5mod 6 and inva(p,3) # inva(p,1) if p=3 mod 4. (4.9)

Let P € X(Ag) be the point that is equal to P at all places except p, and is P> at p. Then
by (4.9) it follows that if p =5 mod 6 then

> vy (#/(Py)) = 1/2.

v

Similarly, if P’ € X(Ag) is the point that is equal to P; at all places except 2, and is P, at
2, then by (4.9) we find that the sum of invariants is again 1/2 when p = 3 mod 4.

If p > 3 is a prime such that p £ 1 mod 12, then either p = 3 mod 4 or p = 5 mod 6,
and by our computations above it follows that X (Ag) # X (Ag)P'. We conclude that X

does not satisfy weak approximation. O
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