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Tn dhe previous talk, we described
how one tould get fopological variants

g H()—72
of Z-manitolds (and knots andh Zinks)
These invarignts were associated

bo dhe devived series of T (X).

BOWQUW: e SH are ﬂo_J_r_ MUav{(ers oL
nomology thordism  (or kmot  toncordance)

&. Con W€ obtain hﬂMﬂlOﬂﬂ CO!?OM}SM
nyariants ossociated b “he
derived Sevies ¢

|



Ledt M be a cloced, onyented 3-manibold.

Def M, is homelogy (wbordant o My,
M~ M-, iF Fhere exists a (smooth)

Y-manifold W suth that W= Mv-M,
ond (rMy— W ihduces s omorphiv

on H*("‘}Z). Mt

_E_PXamP\ea Let L, L, be links m §%,
T+ L, iS (mordant 4o Lo

(i.e. the wbomd@ﬂw-l-hlq) embe (f cled
anuli m ST then .

M, is hom. coberdent o My,
(o-surgmy = - —
Oh Lt 'F;:?p

/
bl

[



We \oeﬂin to Search for our laomologo/
hordism vanants 197 ‘lhvefﬁnjaﬁnﬂ
& Classica immwamjr, AMexander nulliy.

Reall if X is +he (Forsion-frae) abel jan
over of & 3mEd X Hyn
Hl()Z) s a module VeV HQ""LKX,’L___ijj],

Let Q(Z™) be dhe 6]u0+i€n+ fielo of
ZI2™)  Hhen

H,(X)8

zZ[2™)

Q2"
b o free Q(Z7)-module of rank r.

Def: The Alexander nullity of X o

o (¥) = ran ka(z'") H (%) 8, Q(Z")




Thm: Let X angt X' be ‘numologg
hordant 3-manifolds (onentable) Haen

Vo U()-': I"D (X')

Prooft et W be cumm that <31
(i) aw= Xv X', yf‘f
() (g, )% e 2 on Hyl-;2) '
led W——W be +he Z™ tover of W
where 7= W (W fg-+oesionn) . Since

Ly H(0O—=H, W), p'(xX)—T>x

dthe  Yomion-$ree dbelian ovev of X(p"(}f)zf)_

(euer%bﬁnﬁ Same for X')
sine Wy (X) —— Hi(w) for (20,13
= Hlwx)=H, (w,Xx)=0.

o

Constder loﬂq exact Sequemce D\C
(W, %) and tensor with QZ")

T



h, (W, K)8 Q@Y — U (X)eR(Z") —
4, (W) eR(Z")— 0w, x) K@)

¢ I H, (W, 088" (K e @"=0

—— T
—

then

H (W Yo g 2H, (X)e R (2").
Same 15 rue for X

= rank H(X) 8.Q(7") =
rank g, H,(X)eR(2"

= )= K



qua\: Show H;(w,x):o :?Hl-(ﬁjf)%cq@‘*):o

) Since Z[ZM}Z[X:”,.”,X?} 1S Noedheriah
and W, X are Hnife (W-(omplexes,
Hi (W, X) 15 a finidely prosented 2(27 3wk

‘W

Le+ V\; be the pre&em‘oﬁion matrrx
(assume Square).
DM has entnes 20X X ). Augmeat
M; by sending Y, +—1 to qet
c(M)=MeZ wwith presents K (W, Xx)

2) Since  Hi(w,X)=0 , det(g(M))=21

= (det Mj)(4,..., 1) = %]
TL&LWM# polynomia | L (S

Y) Since (det M), 1) #0 det U, F0
2 Hi W, )@ Q27 =0 (wkis o)



Nojre‘_ _ﬂ’lé +wo l(gv PDI‘VHLI ‘)Lr_:w

,_,..——-—"'""_"_—-

this  pro of are

(1) the maps TT;(X;)H———*ZH
exlend over the Y-paani fold W

K!' Tn(xr} EM

a7
X T s

(2) Z[EM] ez embeds Th & f&wﬁ'am’-
fiefd so Hat W (am FAKe

a rank.

 To deline homology (obordiam
" yariants we 120K for grogpe I

e

o Fle— Feld and sl (%) — 17
extend over W,



Hamo!aﬂﬂ Ejm'ualeme gl_el Fundawmerta | (7E

A hnrnu\osa tobordiSka gives maps
ii: MJ """W
Wit induce
eqpuivalence)

R

on Hy (ie. 1; 15 homologs

Q.1L¢ §:X—Y 15 & homology equivalence
what is preserved wnder
'c_': Tr' (K)'_’Tﬂ(\f) ?

EM?_'_@J: { RALY = )

¥ [0, 7, 0) [y, T
W ]

Exomple 2 Let 6=, , = (Y) Jhen
Stallings shows Jhad bor cathh 20,

.&: G/Gn ———9-: E/E“
‘iG},:Inwer central sevies o$ G
6:6 , G.*[c..,6\.

e



Theorem (Stallings): Let ¢: 6—E be «
hnmombfphi.!‘w\ of growf)s +Haat Mduces

i

= on H, awd an <pimorphism m H,.
Theu for awyfiuite n, ¢ Mmducs |

iSD ¢*: é_ "’ _E__
Gh Eh .

Reanll by H(6) ue mean
H_,F(?«@,i))

Q. What aboutr the danved series ?
Reenll , denived series:
Gu)= G
th-l»l}= [Gth)' Gtml

A. G/Gu.,.- 1S not hecessari ly preserud

Wnder homolo” egw'va(mu.'.



Example: Let K be a knot i S’
wih. A¥+1, G=m(s’-k) L@)
: G—» @ abelianization
(1) cb* & on homology
() [ochran] G is “large” (/674
B) Z/g™ = £ ¥ nzl.

N d).u: _8_!_“) ____,,_,E/ztm, g2 rot+ mono!
Also,

mevidion : # — G |

2 (meridian),: B 6 /g™ 4

sunjective |



However, we have +he following:

:n\tl) rem {Cochran-H)

I$ ¢:F—B indvces a
monomorphism on H,(-; @)
and on epmorphism on

“1( ' @) (2- (onnecked or rah th(v]
2-tnneckd), F is a fre qroup,
B 1S Finikely related Hien

‘?Df' a\l n2 ‘)

d),‘ : F/F(n) C > B/Btn)
\'S & Monomorphim,

N_(l'!:g‘.’ F dves h_Di have o be
Sinidely generated

b



One &PP\IC&’NGYW of this theorem s hat
the hygher order ranks of a glice link

are "maximal’

Let G=m(X'), [W=G/G""" where Gy

o the (D %erm of +the (rabhmal) derived
series and K, = Gluu\weM Lield of 20,
Reall, an tlement oF ¥ @ ab where
amb €20, b+ 0.

D(‘.q - We define Hhe h“"- order arank
(R €2 o be.

[ Lo rank yx,ﬂ

Nﬁ"fﬁl rn D{): rﬁnkk.‘ H ( “ j@ap 'K

wumb’\j s pale n{'— qx
with T (Xy)= 61

D



EPrope,r'\‘ieS of (n

) Let YeHOO) and KTE'] as before then

'rn(K) || 8. J Yr 4
) M -E'] & ”(n[{} IK&[LJ
(oll'ml of-

free cummand 1 iﬂdﬁpﬂﬂdﬁﬂ" of LP)

2) If K b a knot then r(s=k)=o0.

(othran-

More ﬂcnera\l\yj L) 2 B30~ 1. ( Orr-

Tei chner

D) IE X=X EX, with )21 (i=1,
Fhen (0= (X)) (X + 1

(H Fp=| b additive  whder (onnettd suwq)
\nLreasin

LD The v, are. hon- ée-eFe&H-kfry
Theorem (H): For all n% 0,

T £ 60

Suncbos of ne




L
5) A good boundary link” has
{s-L)=m-1
where M is Yhe number of (mpoments of L

= White hea d
double of

Borromean
\"‘ing-ﬁ‘

M (StL)=cl %

Good lammol.&tfj link L&
Hl(Ff‘w (over of ES1L)=0



EX&mple of link without maxima | ranks

L=Bing doubls
ot Bvrr"DMG‘J\H

r‘wﬂo

\9
; | y (S L) 5 3 devia
L *r‘*" lllgk)

r (s+L) < 5=, 5 ’nmm)

Thcanm (W) TF a link L m S is slice

(bobmoli fmbedde& dl.ﬂjﬂl‘h-l' d,jk}; h B )
Hhen {"Dr all  n> 0,
[ (S-1)= B (S-1)-) = 1, (S Arivia!

w ibh
B,(S1L) (owaps.

= Bihﬁ douwbole o4 Borvomean rings 1S not
Slice.



Thgprgm(Cuohmm-H)f Tf ¢:F— B tndkuces

_..-—--—-'-_—-_.

o mono. on H (- &) andk an
epi. oh L= @) with F a fee
group , B Hnidely rwted then iz

Oy F/[_“(”’ A B/Bm),

b & WMoenomo r"phism

Th fadk, 1§ we ShﬂhHU vary +he
deriwd sevies" we (an prove o-
more geneval verson od His Hhevrom

To do Hhit, we will need fo define
Yo dorsion-dat free  devived Jenes

ob & ﬂrowf: (-31:':’



'_Fhe,orem (Cochran- H)

5§ $:A— B is a M onomorph i,
on H,(-;@) and an
epimorphusm m Hy(-; &)
with A Sinidely generated and

B Ftinidely related +hen

for eath n'?.‘L

Cb* Tz (—'_7%")

b & monemorphism,
If ¢ w onto 0o wellLhe,,

' (f)* b Qu ;JomorPh#rM



. _ i n)
Torston-Free Derived Serieg: G,

( ) {n)

(2) Assmmu:)G::‘ has been defined |
(i) G:“d G (i) Z[ng‘“’] iS an Ore domain

clasrieal ri

= B\i (2) E[G/Gm] c—_7’K ring o% quoiltn‘h
(onsider:

tn) )
6““ dh Gh B“ G ®
D v X M T T L A
—
right 2[6/(,::3 module bj
69 = 5‘63 for 4¢G,

(3 u.m' _ o, Torsion snbmduﬂr\
) G = ker(Brsd= g, (T e /ret, 63,

= TImmediale ¥hat G4 G,

lnd(d

Can Show G, 4G and
EG/G ) oRE H’hﬂ

2y Gmn = (Gtm “Ldorsion.

#
|



Torsion-Free Derived Series
via_ Group Theory

———\

Let G be a group.

()

Define G, = G

(ntl) (n)

Gy = set of jGGH suth that
3 (04) 2k e 2[ ]

and
[

SN " (3
Ty < la), 601

Note:
‘ (h) {n)
G CGH for all nzO

V%



¥ {G(:’jis o Characteristic
but _11_9_‘!‘ ‘|‘D+a|ly inVariant
series of G\

HDWWU‘, we have +he 'Fn”oufna'.

Proposition{Cochran-H): I ¢:A—B
ihduces a monomorphism on

ﬂ:m C——?’Er) +henn
(3]

d) (A(M-I)) C B“"‘H‘)

In parkicular, we 'ﬂquc
homomorphasm

$,: B _

mn tn+1)
A. By .

b



E xamples -

() £ free group
Since F”"VF“""""'I is torsion-free
as Z[F/E1- module,
F'_:"’:: F(n) ¥ h3 0.

(2) K knot n 8, G=T1,(3~K)
Since 9(7@“) = Alex. module 13
o Z[6/c"]-+orsion module,
6u=[6,61 ¥ n=1. Hence



Theorem{ odhran-#)*
T8 PPA—B is a MDHOMDFPLI;I"H

on H(= @) and an epimorphicm
n Hal-j@) wid A finllely
ﬂemrw‘nd andk B -F!m‘-k,hj related
Hron Hfor eath h2l,

. B
.

W A MovloMorphi.f”h o ¢ b
onbo a5 well , Hhen @, is an
1Somorphism,



Corollay: I§ L is & bourdary link
then G—=F induces

6/ —= p
I;'UY' O‘L“ h7f0,

P_gfh et %(562) be +he 1&04{@:4# freld

UQ ZG/G’TH} | D("{"fﬂﬁ
Ra(X) = 1N Ky H (¢ K( %,T”ﬂ)

where G=T,(X).

Cocollacy = R is & Cn(ordene
invan antd oF I'Ihhﬂ (and an Mvanant
ot hUYholvﬁuj (ohordium).

mf. Ra(k) * LX) (i gfneml\).



Sketch ot PT‘{}O'Q of Theorem:
It [{’"A—'*E 15 a mBnomorphi$Mj
on H (= @) and an epimorphism

Thenmm: 1) Hz(-’; @J} A Hm'{{lj Q&MQFQI(T&{
B Jh‘niklt] reladed +hen ¥V n2l

QS A/qfh} « B

(1)

By

is & Monomorphisin

|. e j

By induchion and +he ncolfowr'ng diagran

b sulbizes ts s An o B
| JU Ceus Show l-:“” BH.“H
N H _

— A:qu:ll " %::HJ R %:] - }
|6 | ¢ |

(n)
B lhﬁ’l %mm B /Bl“ | '



{n)
A {“*') > ;
Swppose /AT —— B:ﬂ D s et o manomerphus

Then 3 [ﬂq7 gk
(0 &p.u |bs not Z[A/A ) oo
(2) [ﬂ)} 15 Z% fhcsiom
[ )ﬂbfhﬂhi-ﬂﬁmq
|.2.

A{h} ik
A?w @%k@\/ﬁ] ) - [ B{ﬂ cul @B/ “"FK(B/BW)

H:H

14 jji ”M'JC’OHL(’.
But & U Fhe anpbfiﬁ 2

[‘""l
{m — ’4 B/p "
[ A ﬂ[Mn XM m /‘J""J % (/6 )
H l—f \/@
Bu_ \
e chve Singd 5\4 B:’B;?’] %W)@/B}
T A ki on %‘;*f—ﬂ/ X

TV 1> adreq VAR Moty

|
o



®) s E‘—C{uimleﬁ +o

H, (A, ‘k(w )—— H,(8; «(B/a )
A;’)% o) )% (64

whidh & wommorphism by the following.

Proposifion (H-Cochran): Tf ¢*A—8
nduces o mono, on H(=5@) and an €pr.
on H (= @) (A Hinilely 3@4@#’0(4(6{, R finllely rlatcs
then tor any (oeflicrent syckmt B—>T,

n PTFA,
H ﬁ‘W(F))LﬂH(B;,"K(F)).

Note: This proposttiom is & genera ligatior of

Jd/\{ staktment e proved i M Jhe beginning -
Sor = AT, (7 ) eQE)-—H w) & GE")

i h[ VX—W mducls an = qu ama{ H Qw:H X/hrr{m«



