MATH 468 Handout #14 April 7,2014

Remarks concerning Problem 4 of Exam 2, based on the paper of Martin Aigner,
Catalan-like Numbers and Determinants, Journal of Combinatorial Theory, Series A 87,

33-51 (1999)

What motivated this study was to understand the following characterization of the
Catalan numbers:

Hankel matrix

The nxn Hankel matrix whose (, j) entry is the Catalan number C;,;_» has determinant 1, regardless
of the value of n. For example, for n = 4 we have

11 2 5
1 2 5 14

det 1o 5 14 go| =1
5 14 42 132]

Moreover, if the indexing is "shifted" so that the (, j) entry is filled with the Catalan number C; -1
then the determinant is still 1, regardless of the value of n. For example, for n = 4 we have

102 5 147
9 5 14 42

det | v 14 4o 132] =1
14 42 132 429]

Taken together, these two conditions uniquely define the Catalan numbers.
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