Math 102 Spring 2008: Solutions: HW #3

Instructor: Fei Xu
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We'll solve using partial fractions. If we assume xffig = g + % + %,
clearing denominators gives us Az? — Az + Bx — B+ Cx? = 2 + 1. Then

associating like terms gives us that A+ C =0, —A+ B =1,and —B = 1.
Therefore, B=—1, A= -2, and C = 2. Then we have

1 2 2 1 1
(x—l— dJC:/ ————=|de=2ln|z -1 -2In|z|+ - + K.
r—1 x a2 x

1. section 7.5, #18 Evaluate

2. section 7.5, #34 Evaluate

/ % +4 d
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Again, we’ll use partial fractions. If we assume that W =

x242)
Ax+B Cx+D Ex+F 3 . :
wis T o Tt CEESIEE then clearing denominators gives us that

A(®+22% + 2) + B(z* + 222 + 1) + C(2® + 32% + 22) + D(2* + 32% + 2)
+ E(2® 4 22) + F(2* + 2)
=(A+C)2® + (B + D)z* + (2A+3C + E)2*(2B + 3D + F)a*
+ (A4 2C +2E)x + (B + 2D + 2F)
=z24+4

Therefore, we have that

A+C=0, B+D=0, 24+3C+E=0
2B+3D+F =1, A+2C+2E=0, B+2D+2F=4

Solving for this system, we get that A=0, B=2,C=0,D = -2, F =0,
and F' = 3. Therefore,

/ 2% 44 d_/ 2 2 .3 N\,
@12+ S @22 2vr T @r2)

2 1 3
= +v/2arctan ({x) — B arctanx + > <arctanx + 2i_1> +C

T



For the last integral on the right, we use trigonometric substitution, let

u = tan @, then
3 3sec? 0
——dr = | ———— df
/ (22 +1)2 v / sect 6
1
=3 | —— dbf
/se(:29

= g(& + sin 6 cos )

3 + n T
= — |arctanz + ———
2 z2+1

3. section 7.5, #38 Make a preliminary substitution before using the method
of partial fractions to evaluate

/ cos
———————dz
sin“ @ — sinf — 6

Let’s use the substitution v = sinf, so du = cos dfl. Then we have

0 1
sin“ 0 — sinf — 6 u? —u—=06

Then using partial fractions, let uLluw = ﬁ + 1%2, so we get that
(A+ B)u+(2A—3B)=1,andso A= 1, B=—1. Then we have

1
cos dx:/idu

sin?f —sinf — 6
1 1 1
:7/ . du
5 u—3 u-+2

(In|lu—=3|—Inju+2))+C

1
5
1
g(ln|sin9 —3|—In|sinf +2|+C
4. section 7.6, #2 Use trigonometric substitution to evaluate
| =
——dzx
4 — 9z2
Let x = %sin u. Then we have

4—92% =4 —4sin?u = 4(1 — sin® u) = 4cos® u



and dr = %cosu du. This gives us that

—dz = g #cosu du
VAi—9z2 "  3) 2cosu
1
= §U+C

= é arcsin 3; +C
. section 7.6, #12 Use trigonometric substitution to evaluate
/ L —
VzZ+25
Let x = 5tanwu, so we have that

z® + 25 = 25tan® u + 25 = 25 (sec® u — 1) + 25 = 25sec’ u

and du = 5sec? u du. This gives us that
x> 125 tan® u
-5sec’u d
[ - [
= 125/tan3u secu du

= 125/ (sec2 U — 1) tanu secu du

Now make the substitution w = secu, so dw = secu tanu du. Then we
have

3
/\/xfiﬂdxz 125/(sec2u— 1) tanu secu du
:125/(w2—1)dw
1
=125 <3w —w) +C

=125 (3 sec® u — Secu> +C

Note that the right triangle with angle u, opposite side x, and adjacent
side 5 has hypotenuse v/z2 + 25. Therefore, we have that secu = ¥ ’325”5,
so we get

3/2 1/2
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= (2% +25)"" <; («® +25) - 25)

%(x +25)"% (22 = 50) + C



6. section 7.6, #16 Use trigonometric substitution to evaluate
/ V14 4z2dx

Let z = %tan u, so we have dxr = %sec2 u du and

V14422 = \/1+tan2u:\/1+(se02u71):secu

Then we have

1
/\/1+4x2dx: f/sec3u du

2

1 1
= jsecu tanu + Zln|secu+tanu\ +C

from integral formula for secant. Now note that the right triangle with
angle u, opposite side 2z, and adjacent side 1 has hypotenuse v/1 + 4x2,
so secu = v/ 1+ 422 and tanu = 2z, and so

1 1
/\/1—1—4:102(1:5: 75ecu tanu+iln|secu+tanu|+0
1 1
=3 1+4x2+zln‘\/1+4x2+2x‘+0

7. section 7.6, #24 Use trigonometric substitution to evaluate

1
—d
/(4_352)2 x
Let © = 2sinu, so 4 — 22 = 4 — 4sin?u = 4cos?u and dz = 2cosu du.
Then
1 2cosu
———dr= | —d
/(4—:52)2 v /16cos4u “

1
:§/secsu du

! t + ! In| +tanu| + C
= — secu tanu — ln|secu anu
16 16

Now consider the right triangle with angle u, opposite side x, and hy-

potenuse 2. This has adjacent side v4 — x2, so secu = \/42_7 and
tanu = \/ﬁ. Then we get that
/ﬁdx:%~ \/42—z2 : \/4gix2 +1161n’\/42x2 + \/4gix2 +C
2
= 8(4fx2) + 3121“‘(2 f;)r(? ¢
:8(4fx2)+3121n‘§fz +C




8. section 7.6, #36 Use trigonometric substitution to evaluate
/(4x2 —5)%2dg

NG

Let x = X5 secu, so dr = %> secu tanu du, and

2

422 — 5 = 5sec’u — 5 = 5 tan? w.

Therefore,
5
/(4:102 —5)%2dx = / (53/2 tan® u) : g secu tanu du
25
= 5 tan? u secu du
25 4 9
:? (sec u — 2sec u+1)secu du
25 5 3
=5 (sec u — 2sec u+secu)du

From secant integral formula, we have
5 L3 3 3
sec” u du = 7 5ecu tanu + 1] s du
1 4 3 3
= gsecu tanu + g secu tanu + §1n|secu—|—tanu| +C
Then

2
/(43:2 — 5)3/2da: = ?5 / (sec5 u — 2sec® u 4 sec u) du

2% (1 5 3
=5 Zsecutanu—gsecu tanu+§ln|secu+tanu| +C

Now consider the right triangle with angle u, adjacent side v/5, and hy-

potenuse 2x. It has opposite side v/4z2 —5, and so secu = % and
V5

Var2-5

tanu = . This gives us

3 2 _ 2 _ 2 _
/(4x2_5)3/2dx:25<1 S VA5 5 20VA=5 3 %+ Vi 5

2 \4 55 VB 8 5 8 V5
25 75
:m3\/4x2—5—§x\/4x2—5+E1n)2x+\/4x2—5’+0

e

9. section 7.6, #44 Compute the arc length of the parabola y = 22 over the
interval [0, 1].



With y = 22, we have

ds = /14 (dy/dz)?dx = /1 + 4a?dx

so we want to calculate L = fol V14 4x2 dzx. Therefore, let z = %tan 0,
so then 1+ 4z% = 1+ tan?§ = sec? 0, and dz = 3 sec’ §. Now we have

1
L:/ V14422 dx
0
! 1
:/ secf - = sec® 0do
0 2

1 1
= - / sec® 0do
2 Jo

1 1
= — (secf tanf + In [sec + tan6))

i 0
= i [2xx/1—|—4x2—|—1n (2x+\/1+4x2)}:
:%[2\/5+1n(2+\/5)}

10. section 7.7, #6
ati V397 — 2% is —=l=e__
The derivative of V3 — 2x — 22 is NeEs So

2
Ld:p:— 3—2x—x2+/7dz
V3 —2x — x? V3 —2x — a2

Now we complete the square to get 3—2z — 22 = 4— (z+1)2. Substituting
u=z+1 we get

/ 2 d / 2du / 2du
—  _dx = =
V3 —2x — x? V4 — u? 2¢/1— (u/2)?
Substituting v = u/2 we get
2dv
—— =2sin" t(v)+ C
[ (v)
where to get this last equality we either used the substitution v = sin 6 or
remembered the integral from memory.

Substituting back we get

1
2sin~t(u/2) + C = 2Sin_1(x i

)+ C

so the final answer is

1
—V3 =2z — a? +2sin_1(i) +C.

2



. section 7.7, #24

One can do this integral by integration by parts. But let’s do it by sub-
stituting = sinf. We get

sin® § sin® 6
————cosfdf = | ——db.
/ (cos? 6)* o8 / cos” 0
Now sin® § = sin §(1 — cos? 6) so we get

sin 6 sin 0
/ po a7l
cos”0  cos® 0
Now we substitute u = cos 6 to get

—d —d 1 1
[ -F e

u’ u® 6us  4ut

Substituting back we get

1 1 1 1
_ + _ _
6cosbO  4cos*f 6(cossin~ ' x)6  4(cossin~! x)
Now cossin™!(z) = v/1 — 22 so we get
1 1

6(1—22)3  4(1—a22)%

. section 7.7, #36
du = acos0df so the left side equals

1 1
/ ma cosfdf = / WGCOS 0do

1 1
db
a2n71 /COS2n710

L / sec® 1 9do

a2n71

. section 7.8, #20
The function "5 is undefined at = 1 in the interval [0,2]. Hence we

must calculate fol —*~dx and ff —%—dz. Now if £ > 1 then 22 —1 > 0
S0

/ r dmz/duT/Z:1/21n(u)+0=1/2ln(x2—1)+0

2 -1

where we substituted u =22 — 1. f 0 < 2 < 1 then 22 — 1 < 0 so

x 2



14.

15.

Now as b — 17 we have 1 — 2?2 — 07 and hence In(1 — 2?) — —oo.
Similarly, as @ — 17 we have 22 — 1 — 0T and hence In(z? — 1) — —o0.
Hence

1 2
L _r = i 2\10b ; 2 2
/0 o 1dx—|—/1 o 1da: = b]_l)I{lﬁ[l/an(l —z9)]0 +a1L1111*[1/21n(x -1

= (—00)=0+(1/21In(3) — (—o0)
So the integral does not converge.

section 7.8 #32

cosx — 0 as  — 7/2 so the problem is at = 7/2. Now letting u = cosx
we get

sinx - 7du o 71/3 o 71/3

Now as © — /2~ we have cos(z) — 0% and (cosz)™'/3 — co. Thus the
integral does not converge.

section 7.8 #52

14 22 > 0 so we only have to figure out what happens as x — #o0o0. Now

1+2x 1 1 9

which does not converge since In(1 + 2?) — oo as ¥ — oo.
On the other hand

t
1+z _ 1
/_t T2 de = [tan"!(z) + 3 In(1+ 2%,

— tan~'(t) — tan~}(—t) + %111(1 ) — %mu +(=1)?)
= tan"!(t) — tan"!(—1)

Now as t — oo we have tan=!(¢t) — 7/2 and tan~'(—t) — —n/2 which

means :
1
lim %dx — /2= (—7/2) = 7.

t—oo ¢



