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ABSTRACT. We identify a sufficiant condition for a sequence of Gibbs measures Py with the density Zye~Jo(?)=J1(v),
v € R™, defined on a state space of v’s, to converge weakly in a sense of measures to a Gibbs measure with a density
Zxe~ 7o) where the dominating measure for the density is the Hausdorff measure with an appropriate dimension. The
function Jp identifies an objective and J1 defines a constraint. The condition we introduce requires the Hessian of Jp to
be non-negative definite and to have a constant rank on each component of {v € R™ | J1(v) = 0}. The result presented
shows that the probability measures P, concentrate on the highest dimensional stratum of J;~ 1(0). We apply this result
to a non-quasiconvex variational problem describing microstructural equilibria of a binary martensitic alloy. We show that
the Young’s measure describing, in general, non-attainable infimum of such a problem can be obtained as a “push-forward”
measure induced by the probablity measure P, through a linear bounded operator T : GM +— AY, where GM denotes
the space of Gibbs measures, and Y M denotes the space of Young’s measures defined as all probability measures generated
by gradients of bounded sequences in a suitable Sobolev space.

1. INTRODUCTION

We consider some measure theoretic problems within the context of simulated annealing with constraints. Simulated
annealing is a stochastic optimization algorithm that mimics the physical process of a system settling into the state of
minimal energy. It is usually considered in a discrete state space setting when the objective has multiple optima, but
continuous state space simulated annealing has found many applications ([2], [3], [7]). In a problem described below,
we consider a discrete state space simulated annealing with, possibly, complicated constraints. The constraints can be
expressed as the zero set of a nonnegative function, and then we can implement the algorithm through a relaxation
method wherein we add in a nonnegative multiple of the constraint function to the objective and let the multiplier go to
infinity. The results presented in this paper show that one must choose the constraint function carefully for otherwise
the relaxation will introduce spurious terms into the objective.

The basic idea of Simulated Annealing (SA) goes back to [8], although it was not given its name until 30 years
later [10]. Numerous advances in the general area of “Markov Chain Monte Carlo” (MCMC; see [12]) have lead to
extensions of the basic SA algorithm which greatly improve its performance and range of applicability. Suppose our
objective is to find

argmin Jo(v), v € R™

Assume that Jy is a sufficiently regular function (e.g., continuous), bounded below, and Jy — oo as ||v|| — oo
sufficiently fast that

77t = / e W dy < .
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Then, it is easy to construct Markov Chains so that the limiting (stationary) distribution of the chain will be the Borel
probability measure with Lebesgue density function

(1.1 f(v) = Ze P,

Here, the limiting probability distribution is known as a Gibbs measure. The MCMC methodology provides many
different approaches to obtain such chains with the Gibbs measure as limiting distribution. Now suppose that we wish
to constrain v to the set

(1.2) M = {v:Ji(v) = 0},

where J; > 0 and also satisfies regularity conditions similarly to Jy. A convenient approach to solving the constrained
minimization problem is to apply SA to the Gibbs measure with density

(13) f(’l); )\) déf Z)\e—Jo(’U)—AJl(U)’

and then let \ — co. Here, Z, is a normalizing constant so that | f(v; A\)dv = 1. We conjecture that the resulting
limit would be the Gibbs measure with density (1.1) on M, where the dominating measure for the density would
be Hausdorff measure on M of an appropriate dimension. The main result of this paper shows that, with a suitable
condition on the second derivative of J, this conjecture is true.

2. STATEMENT OF THE MAIN RESULT

We use weak convergence of probability measures. To define weak convergence of probability measures, suppose
(Py : t € Z) is a sequence of probability measures and P is a fixed probability measure, all defined on the Borel sets
& of a given Polish space E. Weak convergence of P, to P, denoted P,, = P, means

/ ¢dP, — / ¢dP,

for all bounded continuous real valued functions ¢. The theory of weak convergence of measures is presented in [1].

For A > 0 and nonnegative continuous functions Jy, J; on R™ with

z7 = / e~ @A) gy < oo

we have the probability density function

f(x;\) = Zye  Jo@)+AL(@)
and corresponding probability measure

RB) = [ fande,
B
defined for Lebesgue measurable subsets B of R™. We will investigate the behavior of Py as A — oo.
Theorem 2.1. Assume the following:
(A1) Jo € C°(R™) and J, € C3(R™).
(A2) Jop >0 and J; > 0.

(A3) Forsomep >0, Jo(z) > ||z||P and Ji(z) > ||z||P for all |z| sufficiently large, p > 2.
(Ad4) M = {x € R": Ji(z) = 0} is nonempty and bounded.
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(AS) There exist bounded disjoint open set U1, U, --- ,U; and integers 0 < ky < ko < --- < k;j < n satisfying:
@ M cU= UlUUQU"'UUj,
(b) On each U;, the Hessian D?J; is nonnegative definite and has constant rank k; fori =1,--- , 7,

(c) For some positive numbers C and o, D3J, satisfies the uniform Holder condition

ID?Ji(2) = Dyl < Cla—y|* for z,y€U.

Then each set M; = M NUj is a C*“ smooth n — k; dimensional manifold, and, as A — oo, the probability measures
converge
P, = P s

where, for any Borel set B C R",
2.1) P(B) = Z/ e MW A(@)TV2dH e with 27 = / e~ ATV gHnh

MinB M,y
A(a) is the product of the ki positive eigenvalues of D2 Jy(a), and H" ¥ is (n — k1 )-dimensional Hausdorff measure.
We note that the probability measures Py concentrate only on the highest dimensional stratum M; of M = J; Lo}
and do not produce any lower dimensional measures on Mz U - - - U Mj.

In Section 7, we discuss a generalization of the main result, first to the case where the ambient space R" is replaced
by a compact Riemannian manifold and second to treat multiple limits

lim  lim -+ lim Py .5,
A1—00 Ag—00 Aj—00

of probability measures in the form

Pyagn; = Z/\1A2~~)\j/ e~ Wo @)= @)Wr (@) =Re () Wa ()= =2; (@) W5 (=) gy

n

Sections 3 through 5 gather material necessary to prove Theorem 2.1 in Section 6.

3. NEAREST POINT PROJECTION FOR A SUBMANIFOLD

Recall that, for any Borel set A C R™ and 0 < k < n, the k dimensional Hausdorff measure H’“(A) is defined [6],
2.10.2. It is normalized so that, for integer &, in R¥, H* coincides with k& dimensional Lebesgue measure. In a higher
dimensional R", the restriction of H* to a k dimensional C'* submanifold M coincides with the Riemannian volume
measure on M for the metric induced from R™. In particular, a k dimensional ball of radius r in RF,

Bf(a) = {x eRF : |z —a| <7},
has
3.1) HF(By(a) = apr®
where «, is the k dimensional Lebesgue measure of the unit ball in R¥.

Our notation for an integral with respect to a (lower dimensional) Hausdorff measure will have the form

/Af(a)dH’fa or /Adek,

while our integrals with respect to the (top dimensional) Lebesgue will keep the standard notation

/f(a;)da: rather than /f(x)dH”x.
v U

In particular, we have the polar coordinate formula for a Lebesgue integrable function f on the ball Bz (0) = B’ (0)

/BR(O)f(‘”) de = /SM /ORf(W)TnldrdHnlw7
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where S™~1 is the n — 1 dimensional unit sphere in R™. One readily checks that
(3.2) HHS™Y = nay,
by differentiating (3.1).

For any vector subspace T of R™, the orthogonal projection
IIr : R* — T
is the linear map which takes any point 2 € R™ to the unique point II(z) in T that is nearest to .

Suppose that M is a compact m dimensional C?® submanifold of R™. Then the
m dimensional tangent space T,M and n — m dimensional normal space (T, M )J‘

are continuously differentiable functions of @ € M. For the submanifold M there is also a nearest point map I, that
is well-defined in some “tubular” neighborhood of M. Its differential at a point x is close to the orthogonal projection
of R™ onto Ty, () M. Specifically, we have the

Lemma 3.1. There is a bounded open neighborhood U of M in R™ so that every point x € U has a unique nearest
point Iy (x) in M. Moreover, on some such U, the map 1 is CY smooth, and there is a positive constant C' so
that

[ D (2) — Mgy omll < Oy (2) — 2|
forallz € U.

Proof. As discussed for example in [5], the nearest point neighborhood property of a compact C? submanifold M
depends on its curvature bound. It holds specifically for the open neighborhood

{w € R : dist(z, M) < (max]| Ay (a)]) 7'}

where Ay is the second fundamental form of M. For a € M, DIIs(a) = Il ps. Since, for a compact C 2, subman-
ifold M, the map I, is C1 bounded in some compact neighborhood of M, the desired estimate of || DII;(z) —
7y M| follows. O

Corollary 3.2. The m dimensional Jacobian J,,11y; = || A, DLy || = \/det ((DILar) o (DILar)*) (See [6] 3.2.22)
satisfies
|JmHM(£L') -1 ‘ < ClH]p{({,E) - l‘la

on some such neighborhood U for some positive constant C.

Proof. The linear map Ilz;,  as , being an orthogonal projection onto an m dimensional space, has m Jacobian 1.
Since v/t is smooth near t = 1, the estimate follows from the formula for .J,,, and Lemma 3.1. ]

For small U, each slice ng{a} is the graph of a C'! small function over an n — m dimensional normal disk
Ns(a) = Bs(0) N (T,M)*" .
More precisely,
Corollary 3.3. For some such U, there are positive § and C and, for every point a € M, a C*® function
9o * Ns(a) — ToM

so that g,(0) =0, || Dga(y)|| < Cly|* fory € Ns(a), and

I,/ {a} = Gu(Ns(a)) where Ga(y) = a+y+ga(y)-

It follows that G, : Ns(a) — 13/ {a} is a C* diffeomorphism satisfying
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|Jn—mGa(y) - 1| S C|y|a7

where Jy,—mGo = || Ap—m DGl = \/det ((DGo)* o (DGy)).
Forx € U and a = 1y (x), the inverse relation

r=Guly) & y =1 (r—a)
shows that

(3.3) ly| < lz—al < |yl + Cly/**T.

Proof. By Lemma 3.1, the rank of DII /() equals m for x near M. By the rank theorem [4], 10.3, the set TT,} {a}
is a C1'® submanifold orthogonal to M at a, and hence the graph of a C'* function over a ball in the normal space
to M at a. As a varies over the compact submanifold M, estimates on the size of this ball and the C12 norm of this
function are all uniform, by the proof of the rank theorem. O

Integrals over such a tubular neighborhood may be computed using the above Jacobians:

Lemma 3.4. For any bounded continuous function ¢ on R™,

/U?ﬂ(as) de = /M (/Hl{a}¢ (I TTpg) ! dHnm> IH™a

/M (/N ( )"/’(Ga(y)) : (JmHM)_1<Ga(y)) . Jnfm(Ga<y)) dy) dH™a .

Proof. For the first equality, we may apply the (coarea) change of variable formula [6], 3.2.22(3) for the map 11, :

U— M,
/Ugb(m)(JmHM)(x) de = /M (/H;}{a} QSdHnm) dH™a |

with ¢(z) = ¥(x) - (J,,Ipr) =1 (2). For the second equality, we then apply the (area) change of variable formula [6],
3.2.5 for the map G, : Njs(a) — I,/ {a},

| @Galo) - Gy = [ sarn
Ns(a) My {a}

with ¢ = o - (JpIa) "L O

For use in Section 7, we next observe that:

All the results through Corollary 3.2 continue to hold in case the ambient space R" is replaced by an n dimensional
Riemannian manifold N .

Concerning Lemma 3.4, one additional observation is required. In the R™ case, each set
3.4 I/ {a} = {z € R : dist(z, M) < 6, Hp(x) =a} = {a+v : veE (Tyla))™, |v| <3}

is simply a flat n — m dimensional planar disk, while, in the general Riemannian case, it is a uniformly smooth (but
possibly curved) n — m dimensional disk in N.

More precisely, consider, for each a € M, the n — m dimensional planar disk in the normal space

Vs(a) = {ve (T,M)* : jv] <8} € T,N.
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Lemma 3.5. There exist positive § and C' and, for every point a € M, a C*® function G, mapping Vs(a) diffeomor-
phically onto Ty {a} so that G,(0) = a, DG4 (0) is an isometry, and, for every y € Vs(a),
IDGa(y) — DGa(0)]| < Cly|*;
hence,
(3.5) lyl < dist(Galy),a) < |yl + Clyl'™e,

and
| Jn-mGaly) — 1] < Cly|*,

where J,,—mGo = \/det (DG,)* o (DG,)).

Proof. In the general Riemannian case, the set HX/[l{a} is a totally geodesic n — m dimensional disk in /V that is or-
thogonal to M at a. The desired parameterizing map G, is obtained by simply restricting the Riemannian exponential
map Expflv to the normal disk Vj(a). The estimates all follow from properties of this exponential map. In particular,
as a varies over the compact submanifold M, all estimates are uniform because of the C% bound on the sectional
curvature of M. O

Lemma 3.4 is now replaced by:

Lemma 3.6. For any bounded continuous function 1) on N,

/Uz/J(x) de = /M (/lTNIl{a}zp-(JmHM)_ldH"_m) dH™(a)

/ ( D(Ga(®)) - (JuIlar) " (Ga(y)) - Ju-m(Ga(y)) dy) dH™(a).
M Vs (a)

Proof. The first equality follows from [6], 3.2.22(3) as in the proof of 3.4. For the second equality, we then apply the
(area) change of variable formula [6], 3.2.5 for the map G, : V5(a) — H]_vfl{a},

[ Gt UnnGry = [ g
Vs (a) Iy, {a}

with ¢ = 1 - (JTIps) L O

4. THE ZERO SET OF A NONNEGATIVE FUNCTION OF FIXED NONDEGENERACY

Theorem 4.1. Suppose that F is a nonnegative, C> smooth function on R", m € {0,--- ,n — 1}, M = F~Y{0} is
o°F
63:,8%

compact, and rank () = n — m for all x in some neighborhood of M. Then, there are positive numbers 0 and

C so that:

. . . 9%F . TSN .
(1) For a € M, gradF(a) vanishes, and the symmetric matrix 5e:0%; (a) has, counting multiplicities, m zero eigen-

values and n — m positive eigenvalues

Ar(a) < Az(a) < - < Am(a),
which are continuous in a with a positive minimum and a finite maximum.
(2) M is an m dimensional embedded C*® smooth submanifold.

(3) For each a € M, there is an an orthogonal rotation ', of R™ so that

Lo ({0} x R™™™) = (T,M)*
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and

n 1
[Fla+Ta(@) = > sAla)(zi—a)?| < C(sup [|D*F|)|z —af’
i=m+1 2 Bs(a)
forall x € Bs(a).

Note that the numbers § and C' in Theorem 4.1 as well as the § and C of Corollary 3.3 are all uniform, independent of
a€ M.

Proof of 4.1. To verify (1), note that for each a € M and each vector v € R", the function F,(¢) = F(a + tv) has a
minimum at ¢ = 0. So v-gradF(a) = -0 =0, and

d?F,
0 < W‘tzo = |t ov - gradF'(a + tv) Z“az 3IJ

Thus gradF'(a) = 0, and all the eigenvalues of 83%5; - (@) are nonnegative. In general, the full collection of eigenvalues
0

of a square matrix, being the complex roots of the characteristic polynomial, varies continuously as the matrix varies.
. . 92F . T .

See e.g. [6] 4.3.7?. Here, by assumption, for a € M, the matrix z7- o7 (a) has, counting multiplicities, precisely m

zero eigenvalues and precisely n — m, nonzero, hence positive, eigenvalues. So, under ordering by size, these positive

eigenvalues become continuous functions on M. By the compactness of M, A; has a positive minimum and A,,_,, a

finite maximum.

To verify (2), we first observe that, near each point a € M, the set M = (gradF')~*{(0,---,0)} is a C*> smooth
submanifold of dimension m. This follows from the general rank theorem [4], 10.3. So it sufﬁces to show that, locally
near any such a, M coincides with M. To see this, consider a connected coordinate neighborhood (2 of a in M. For
be V,thereisa C' curve v : [0,1] — Q. Since

FO) = FO) = Flo) = [ (Foay@d = [ (enar)o)-v @i = [ oar =0,

b belongs to M. ~Thus Q C M. We conclude that M N M is open, as well as closed, relative to M so that, near M, M
coincides with M.

For (3), we let vy, - - - , v, be orthonormal eigenvectors of the symmetric matrix 6325’; - (a) corresponding to the eigen-
2075
values 0,--- ,0, )\ (a), -+, \n—m(a), and choose the rotation I',, of R™ satisfying I',(e;) = v; fori = 1,--- n.
With H,(z) = a + T's(z), we deduce that
82(F0Ha)()[ | = 0 fori=1,---,m
00z, Y Xi(a)e; for i=m+1,---,n

Since also (F o H,)(0) = 0, grad(F o H,)(0) = 0, and || D?F|| is bounded in some neighborhood of M, the second
order Taylor expansion for F' o G, now gives (3). O

5. SOME INTEGRALS.

Lemma 5.1. Fork=1,2,---,
/ e MW Hhlgr — gATE
0
where

k—1

B 275 (k—2)(k—4)---(2) Sor k even
B = 2= (k—2)(k—4)--- (3)- /7 forkodd.

Proof. The substitution s = v/t gives the factor A~ % and reduces to the case A = 1.
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Integration by parts gives

/ et = —/ t2de ) = — = [ et 3ar.
0 2 0 2 0

This may be applied with k replaced by k — 2,k — 4, - - - | finally giving the formula

/00 e 27" (k —2)(k —4)---(2) - [>°e "t dt for k even
(& = _
0 277 (k—2)(k—4)---(3)- [Ce P dt forkodd.

Of course, substituting s = t? gives fooo e ttdt = %, and the last integral is found by the usual polar coordinate trick

00 2 0o 00 27 0o 00
2
</ et dt) = / / eV dudy = / _/ e rdrdd = 2 e du = 7.
0 0 0 0 0 2 0

O
Corollary 5.2.
G.D ,\ILH;O % /OOO e Mgt = 0 for any integer j > k — 1,
and
(5.2) AILH;o A2 /500 e Ml g = forany d >0

Proof. Applying Lemma 5.1 with k& = j + 1 gives the first conclusion because A(~7T¥=1)/2 _ 0 as A\ — oo. For the
second, we change variables s = \'/2¢ to see that

oo oo
k 2 k k—1 2
)\5/ e Mg = AzTNT 2 )\*1/2/ e % s 1ds — 0as A\ — oo
) AL/2§
because [;~ e~ s* 1 ds < oc. O

Corollary 5.3. Ford > 0and0 < A1 < o < -+ < A < 00,

lim )\g/ @*%A(Alnyr---Jr)\kyi)dy _ 2k/2A71/2kak/6k
B (0)

A—00

where A = Ay - \p.

Proof. One can explicitly compute the integral over the k£ dimensional elliptical region

Ey = {y€R" : \igf +-+ Myi < 267},
because Ef = L(B}(0)) where

L(z,--szm) = ((2/A) 221, (2/0) P2) for (21,0, z1) €RE.

Using the change of variables y = L(z) with dy = (JxL) dz = 2F/2A~1/24dz, as well as polar coordinates, Lemma
5.1, and equation (5.2), we find that
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A3 S e 2 AV gy = 2k/27A-1/2)\% S e M= d
— 9ok/2p-1/2)\% fsk—l fozi ef,\r2rk71 dr dHk1
= 2k/2ZA=1/2)\5 kqy, f(f e k=1 gy
= 2k/2A_1/2kak/\§[f0°° e k=l — [ e pk=1 g |
— 262N 2 0B — 0 as A — 00.

We get precisely the same limit with E§ replaced by the ball ]B%’g (0) because we have the inclusions

B%(0) C By(0) CBF(0) and  B%(0) C E5(0) C BF(0)

with v = min{d, (2/A\x)/26} and € = max{d, (2/\;)'/26} and we have

. k _1 Ty 2 . E _1 Lyl?
limy oo A2 fo(o)\Bg(O)e s MMV FMYE) dy < limy g A2 fo(o)\Bg(o)e EAOLIYI) gy

< limy_ kak)\g f’;)o 6_%>‘(>‘17"2)rk_1 dr= 0

by equation (5.2). O

Lemma 5.4. Suppose 0 < k < n, F is a nonnegative continuous function on R™, p > 0, and F(y) > |y|’ whenever
|ly| is sufficiently large. Then, for any bounded open neighborhood U of F~1{0},

lim WQ/ e MWy = 0.
A—00 R7\U

Proof: We may assume p < 2. Choose R > 0 so that U C Br(0) and F(y) > |y|P whenever |y| > R. On the
bounded region B (0) \ U, F has a positive lower bound ¢, and

)\k/?e—AF(y) S )\k/Qe—)\e =0

uniformly as A\ — oo. Thus

)\lim )\k/Q/ e MWy = 0.
e Br(0)\U

For the remaining set R* \ B (0), we use polar coordinates and change variables s = \'/P¢ to see that

o0 o0
AW/ e MW gy < nan_lAk/Q/ e Mgt = nan—l)\%_%_%/ e s lds — 0
R7\B R (0) R A

as A — oo because g — 2 <0and fooo e~ 5"s" 1 ds < 0. O

6. PROOF OF MAIN THEOREM.

First we treat the case j = 1 where the Hessian D?.J; has constant rank k = k; in an open set U; containing all of
M = J; {0} so that M is, by Theorem 4.1, an n — k dimensional submanifold of R".

Taking F' = J; and M = Jfl{O}, we choose 6 and U C U; small enough and C' large enough to satisfy Lemma 3.1,
Corollary 3.2, Corollary 3.3, and Theorem 4.1 with m = n — k. In the remainder of the proof, we will occasionally
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enlarge C, finitely many times, without changing the notation. Nevertheless, the constant C' will always just depend
onn and Jq.

Let ¢ be a bounded continuous function on R™ and € be any positive number satisfying
< mi 11
3 min-<§ —, —
2°2C )7

First we may assume that the tubular neighborhood U in Lemma 3.1, Corollary 3.2, and Corollary 3.3 (with the
corresponding § from Corollary 3.3) is small enough so that, for any point € U and nearest point ¢ = II;(x) € M,
one has

(6.1 lz—al < e, |Jo(z)—Jo(a)] < e, |p(z)—oa)l < c.

with C as in Corollary 3.2.

For X sufficiently large, we have, by Lemma 5.4, that

[N

(6.2) A / P(x)e™ @A) gy < )\%/ e M@ gy < ¢,
RP\U RP\U

—Jo—

For the integral over U, we use Lemma 3.4 with 1) replaced by ¢e M1 to write

[SIE

)\N/¢(az)e_‘]0(g”)_/\]1(w) dx
U

(S

=\ / </ d(Ga(y)) - e~ J0(Ga(y) | o= A1(Ga(y)) | (JnkaM)il(Ga(y)) ) Jk(Ga(y))dy> dH"Fa.
M \ JNs(a)

We may make upper estimates on each of these five terms in the integrand. Note that, by our choice of U and (3.3),
with z = G,(y) € U (hence a = Ty, (x)), one also has

yl < v —a| < e.

For the first term we use (6.1) to see that

?((Ga(y)) < Pla) + €.

For the second term we again use (6.1)

e_Jl((Ga(y)) < e—Jl(a)-'rE — e—J1(a)eE < e_Jl(a)(1+2E)-

For the fourth term, we use Corollary 3.2 to infer that

(JnieIIng) " H(Galy)) < (1—Ce®)™L < 14206

For the fifth term, we use Corollary 3.3 to obtain
Ji(Galy)) < (14 Ce”).

Combining these and changing C', we now have the upper bound

6.3) A%/ p(z)e™ T @A) g < A3 (1 +C’aa)/
U

(qS(a) 4 5)6*-]0(‘1) / e~ M1(Ga(y)) dy dH" *q .
M

Ns(a)
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The remaining third term is in the integral over Ns(a). To estimate this, we rotate coordinates as in Theorem 4.1(3)
with F' = J; and use (6), Corollary 5.3 with k = k, and (5.1) with k£ = k + 2 to deduce that

>
[N
g
Q

MG gy < A%/ e~ NE) BA@?) O gy
Ns(a)

e MEL M@ (1 4 20Ay) dy

IN
>

6.4) Ns(a)
(oo}
< )\%/ —/\(ZL 1 3 Xi(a)y? )dy + 20)\ + k‘ak/ e—%AAl(a)r2r3+k—1 dr
Ns(a) 0

— 27\ V2(a@) ko + 0 asA— oo,

where A(a) = Ai(a)----- Ak(a). Taking the lim sup,_, . in (6.3) along with (6.4), recalling (6.2), and then letting
€ | 0, we conclude that
(6.5) lim sup A2 (b(x)e_JO(z)_Ul(r) dr < 25 k‘akﬁk/ e_JU(“)A_l/Q(a) dH" *q

A—o0 R™ M

Next, arguing in the same manner using lower bounds gives the inequality

(6.6) hmmf/\ P(x)e 7@ =A@ gy > 25 kakﬁk/ e T @WA=2(g) dH"*a
Rn M

This essentially finishes the proof. For the normalization, we define, for A > 1,

Y, = (23 kakﬂk) IS5

-1
Z = (/ e Tol@AT1/2(g) dH"ka>
M

as before. We now apply (6.5) and (6.6) first with g = 1 to see that

where

Y,
lim - = lim YA/ e~ o@)=AN(@) gp — 1
A—oo Ly A—00 n

and second with the general bounded continuous ¢ to obtain the conclusion

lim Zy [ ¢(x)eTo@= @) gy

A—00 R™

= )\lim Y, P(x)e”To@AE) g — 7 (b( Ye T AT2() dH*a
—00 R

which gives the desired convergence of measures Py = P.

Finally we consider the case j > 1 of the Main Theorem involving the extra disjoint regions Uy, - - - , U; on each of
which the Hessian D?.J; has constant rank strictly larger than k;, which is its rank on U;. Now each set

M; = {z€U; : Ji(z) =0}

is, by Theorem 4.1(2), a compact n — k; dimensional submanifold. We will repeat most of the above arguments and
again use the factor \*1/2 to try to estimate

(b(x)e_‘]‘)(x)_)“h @) gy .
R’!L
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as A — oo. As before we may, by Lemma 5.4, restrict our integration to any fixed neighborhood U of M. We take
U = U,U---UU; where each Uj is, as before, a sufficiently small (depending on a given ¢ and test function ¢) tubular
neighborhood of M;.

For the region U7, we find, by estimating the upper and lower bounds just as before, that

(6.7) Alim A7 P(x)e @A) g — 275 3 klaklﬂkl/ e T @ATY2(g) dH" F1a
— 00 U1 Ml

where A(a) is, as before, the product of the k1 positive eigenvalues of D2.J; (a) for a € M;.
However, for any region U; with¢ = 2, - - - | j, one finds that,with a € M;, in place of (6.4), one has the upper estimate

k1

\4 =M (Ga(w)) gy
Ng(a)

/\7/ e~ PNM@ID (1 4 20y dy
Ns(a)

IN

(6.8)
— )\7 kiaki/ AAl(a)r 1d’l“ + 20/\ 2 k‘ i, / e—%kkl(a)r2r3+k’i—1 dr
0 0

— 0 + 0 as\A— o0,

by (5.1), because k; > ki and 3 + k; > k1 + 2. It follows that, for any bounded continuous ¢ on R",

6.9) lim A7 / P(z)e T @A) gy — 0

fort=2,---,4. With

1 Ky

Y, = (2%1 k’laklﬁkl) Z\72

we conclude from (5.1), (6.7), and (6.9) as before that, as A\ — oo, Y\ /Z) — 1 and

d)( ) —Jo(z)—AJ1(z) dr — 7 d)( ) —Jo(a) A71/2(a) dHnikla,
R My

which completes the proof.

7. MULTIPLE LIMITS

Multiple constraints generated by functions Jq, Jo,- - -, J; lead to consideration of Gibb’s measures obtained from
multiple limits lim), oo limy, o0 - - - limy . With suitable nondegeneracy assumptions on the Hessians of the .J;,
one expects to obtain consecutively suitably weighted Hausdorrf measures on lower and lower dimensional submani-
folds. To inductively follow this procedure, one first needs to verify that:

The Main Theorem remains true if R™ is replaced by an n dimensional Riemannian manifold N.



CONVERGENCE OF GIBBS MEASURES ON MANIFOLDS 13

Proof. The proof follows exactly as in Section 6 until we need to apply Lemma 3.6 instead of Lemma 3.4 and replace
the righthand side of (6) by

@1 A3 / ( / ¢><Ga<y>>-eJ°<Ga<y>>-e”1<Ga<y>>-<Jnan)1(Ga(y>>-Jk<aa<y>)dy> dH"a.
M Vs (a)

Note that, by our choice of U and (3.3), with x = G,(y) € U (hence a = Iy, (x)), one also has
ly| < dist(z,a) < €.

We estimate the first four factors of (7.1) as before in our estimate of (6). The new fifth factor is estimated using
Lemma 3.3 to obtain
Je(Galy)) < (1+Ce).

Combining these and changing C', we now have the upper bound

A gb(x)e*'](’(f”)*)"h(f”) dx

(Ve
F

< M (1+C) [y (8la) +e)e @) [y ) e M EW) dydinFa,

s(a
which corresponds to (6.3). The remainder of the proof now follows precisely as before in Section 6. O

Using this, we may now establish one result concerning multiple limits.

Theorem 7.1. Suppose that p > 0 and that, for i = 0,--- , 7, J; is a nonnegative C>® function on R" satisfying
Ji(x) > |z|P for |x| sufficiently large. Suppose also that the set
M = {zeR": Ji(zx) = Jo(x) =--- J;(x) = 0}

is nonempty and lies in a bounded open set U on which each Hessian D? J; is nonnegative definite with a constant rank
kifori=1,---,j. We assume that, for a € M, the total Hessian D*(Jy + - - + J;)(a) has rank k = ky + - - - + k.
Hence M is a C*“ smooth n — k dimensional manifold. Finally we assume that the images of the individual Hessians
D?J;(a) are orthogonal.

For A\1,---,\j =2 1, let Py, ...\, be the probability measure on R", whose density is

Z)\l.“)\.C_JO(I)_/\IJl(13)—-»-—]](1)
with

J

Z)TllA — /n e—Jo(x)—)qJl(I)—AQJQ(I)—“‘—)\ij(a}) dfl;.

Then
Py.a; = P as A1, ,\j — 00, regardless of the order,

where, for any Borel set B C R",
P(B) = Z/ e A (a)7V2 Ay (a) T2 dH TR (a)
MNB
with
_ ZJo A—1/2 —1/2 0 m—k
z-! :/Me AT AT ann R
where A;(a) is the product of the k; positive eigenvalues of D*J;(a).
Proof. Following carefully the proof of the Main Theorem, we see that the only essential modification necessary for

treating the multiple limits is the step involved with finding, for fixed a € M, a rotation of coordinates, so that, on the
fiber, IT;;/ {a}, Ji(z) now has the form

YT+ Y, o Bk ke Yk, 0+ YR

where y = (y1,+ ,yn) = « — a. The point here is that because the Hessians D%J;(a), - - - , D?.J;(a) have images
that are completely orthogonal, they may be simultaneously diagonalized. ]
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8. APPLICATION OF THEOREM 2.1 TO MICROSTRUCTURES OF A S BISTABLE MARTENSITIC ALLOY

The result proven in this communication pertains to computation of microstructure underlying effective properties
of functional materials. For the sake of clarity and simplicity we restrict ourselves to 2 x 2 vectorial situation of a
bistable martenstic alloy. Functional materials have multiple equilibrium configurations exhibiting microscale domain
patterns. Such patterns can be modeled using gradients of weakly differentiable maps u : R? — R? that, in some
appropriate sense, satisfy the first order differential inclusions of the form

2
Vu € U SO(2)U;, ae. inQ C R?
i=1
&) {U;]i=1,2,...,2} = {RU,R" | ReP},
' u(z) = g(x), « €O,
2
Vg € Closure of the Interior of Rank-1 Convex Hull of U SO(2)U;.
i=1

P is a point group of rotation matrices that maps a referential configuration back to itself. The group SO(2) denotes
matrix rotations in R2. Namely, if Q € SO(2) then

o (cos(a) sina )

—sina  cos(«)

for some angle « € [0, 27). The point group P is given by rotations that map any plane parallelopepid back to itself
in the case n = 2 considered here. The variants U; € M>*? are assumed to be symmetric and positive definite Bain
(transormation) matrices, describing the distortion of the atomic lattice.

In the framework of crystalline microstructures characterizing functional materials, minimizing stored energy often-
times means to deal with the lack of lower semicontinuity. This means that the weak limit of a minimizing sequence
does not minimize the associated stored energy. At the staring point let us assume that we are given a twice differen-
tiable function W : R?*2 — R! such that, in view of (8.1),

2
{FeR¥?|W(F) =0} = U SO(2)U;, positive otherwise,
(8.2) =1
W(QF)=W(F), F c¢R?*2 Q € SO(2), frame indifference,
W(FR) = W(F), F eR*? RecP, material symmetry.

Then we assign to each matrix F', representing the deformation gradient, a number I(u) — the strain energy, given by
def
(8.3) I(u) = / W (Vu(x)) dz.
Q

The equilibria of I, i.e., the solutions of (8.1), are given by the variational problem
(8.4) inf {I(u) lu e WhP(Q), u—g € Wol’p(Q)} .

Now, let u; be a minimizing sequence of (8.4). Starting with a state with finite energy, such a sequence will be bounded.
Then by Sobolev imbeddings, 2 < p < oo or by Alaoglu(-Banach-Bourbaki) theorem, p = oo, this sequence will
posses either weak or weak-* limit u. By the Fundamental Theorem of the WP~ gradient Young’s measures, there
exists a Radon probability measure, p,, describing the microstructure representing (possibly) non-attainable infima of
1. Namely,

Q

J—0o0

where M = M?*2, This implies
Weffe(!tive (LII) _ / W(A) d/J/m(A)
M
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The dependence of We/fective on the spatial variable z is, in general, due to possible non-uniformity of the Young
measure. Moreover, the effective stored energy, obtained by integration against the underlying Young’s measure,
coincides with the quasi-convexification of the crystalline density. The quasi-convexification is given by

1

def .
I# = inf
meas 2

/W(Du)(x) dz|u € WHP(Q), u(z) = g(x), x € 09
Q
— /Weffectm;e (JJ) dr.
Q

There does not exist a general method for computing 17 based on the above definition. Hence, the proposed sharpening
of the initial Gibbs measure, by taking the limits \; — 400 and h — 0., yields approximation strategy, in the
measure-theoretic framework, to identify I #,

The structure of the probability measure can be simple, if j1, = dvy(s), Or it can be profoundly complex. This depends
on the boundary data g. The measure can be unique or it can suffer from a massive lack of non-uniqueness due to the
complexity of the solutions to (8.1), [9]. Due to a possible lack of weak lower-semicontinuity, i.e., due to the possible
lack of functional minimizers of (8.4), let us define

def -
(8.6) I(p) = Q/ /M W(A)dps(A) de,

and let

yM ¥ {1z | probability measures generated by the gradients of bounded sequances in A}

where A & {u eWLP(Q), u—ge Wy"r (Q)} The generalized variational principle reads
8.7 inf {I(p)|peYM}.

In the next sections, our goal is to show how the presented theory can be used to solve the generalized variational
problem (8.7).

8.1. REFORMULATION OF (8.4) USING LAGRANGE MULTIPLIERS WITHIN THE PRESENTED THEORY

We reformulate the variational problem (8.4) using Lagrange multipliers to separate the various requirements. Namely,
we have the following constraints

Ci: Vu e U?il SO(2)U;, fora.a. x € Q,
C5: continuity in view of the weak differentiability,
Cj: attainment of the boundary condition.

Let us assume that each of the constraints admits a suitable “density”’, which we denote W, = = 1, 2, 3. Consequently,

the global forms of the above constraints are given by J;(u) &f Jo Wi(u(z)) dz. The densities are constructed in
Section 8.2 and Section 8.3.

In order to re-phrase this problem in terms of our theory, we proceed as follows. Let i > 0 be a discretization
parameter of any acceptable partitioning of 2. We assume that the deformation « has a finite dimensional image
given by a Finite Element approximation w,, that has coordinates {{Ul] }fi(lh) ?:1
element basis {cpl}fi(lh ). Let us denote the space of such functions by Vj, i.e., up, € V}, has the representaion
ui(x) = Zf\;(lh) Ulgi(x), j = 1,2, and dim Vj, = 2N (h). In what follows we will write wy,, which is a function,

. 2
instead of the vector {U;}2N") = {{U; e )} . Let
=1

with respect to a suitable finite

My, € {uy, € Viy | Ji(un(z)) = 0, Jo(up(z)) = 0},

be a subset of V}, of those discrete functions that satisfy the gradient and continuity constraints in 2.
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Remark 8.1. We note that for My, to be non-empty an adaptive partitioning of €} is required in order to align the
inter-element boundaries with the set of points at which the gradient of uy, suffers a discontinuity. The reason is that
uh‘w € C”(wh). O

Then the finite dimensional version of the variational problem (8.4), may be written as a relaxed constrained optimiza-
tion problem in the following form

Argmin{Js(up) | up € My}.

We choose to replace the variational problem (8.4) in finite dimension with a relaxed (unconstrained) variational
problem

lim lim  min I(up; A1, A2).
Ao —+00 A1 —+o00 Up EVY

where

(8.8) T(wni Aty A2) BT (wn) + Aada(wn) + J3(un).

We prove the following Lemma before we proceed to application Theorem 7.1.

Lemma 8.2. The set M), is a union of isolated orbits in R2N ("),
Proof. 0

Let a Gibbs density f be given by
f (X7 )\1a )\2) déf ZA17A2€71(X;)‘1’/\2)’

X € R?M(M) where Z), , is the normalizing constant, given by
Zih ‘2/ e H(Xhir) gx.
1,72
R2N(h)

We note that the Gibbs measure is, in general, an asymptotic solution of the Fokker-Planck equation. In our particular
case, the standard variation o2 appearing in the Fokker-Planck equation, and, consequently, in the definition of the
Gibbs measure, is set to be 2. Let us consider the Gibbs measure Py, », ., given by

(89) P)\l_’)\%h(B) :/ f(uh(x);)\l,)\g) dUl7...,dU2N(h),
B

where B C R2M(™ is a Lebesgue measurable set in the phase space Vj, containing the coordinates of uj,. Con-
sequently, the Gibbs measure is a measure on the discrete function space V},. Assuming, for a moment, that the
assumptions of Theorem 7.1 are satisfied, we obtain weak convergence of the family of Gibbs’ probability measures
Py, .»,,n to a Gibbs probability measure P}, which is absolutely continuous with respect to a Hausdorff measure.
Namely,

(8.10) P)\1,)\27h = Ph7 as \; — +00, Ay — +00.

In addition, the order in which the limits are taken can be arbitrary for we assume that the images of the individual
Hessians of .J; and J; are orthogonal when restricted to the relaxing orbits SO(2)U; U SO(2)Us;. Next, we need to
identify the dimensionality of the Hausdorff measure. In view of (8.9), we consider the map

{{Uj}iﬁl(")} = J1(Vug) + Jo(up).

The Hessian corresponding to this maping is 4N (h) x 4N (h) symmetric matrix. Let us assume that the rank of
the Hessian of J; + J» restricted to the relaxing orbits is equal to 2N (h), i.e., the Hessian has a zero eigenvalue of
multiplicity 2N (k) when evaluated at SO(2)U; U SO(2)U;. Theorem 7.1 identifies the dominating measure to be
(n — k)-dimensional Hausdorff measure. It follows from Lemma 8.2 that the dominating measure is supported on the
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union of orbits in R*V("), Thus it has to be a one-dimensional Hausdorff measure. In our case, n = 2N (h), hence
k = 2N(h) — 1. For any Borel set B C RV (") the resulting Gibbs probability measure is thus given by

Pa(B) =7 [ A (o) )2 0 o),
M,NB

270 = [N () VA ) VR (),
My,

where, we recall, A; are products, one for each relaxing orbit, of the 2N (h) positive eigenvalues of the second tensor
2N (k)

derivative of J; + Jo ‘ e taken with respect to the coordinates {U } =1 -
Vh h

Let

def

Ly, = lim lim  Argmin I(up; A1, A2).

Ay —+400 A1 —+00 UpLeEVS
In words, we are collecting in £}, all continuous, discrete functions (more precisely their coordinates in V},) with
gradients in SO(2)U; U SO(2)Us, upon suitable repartitioning of (2, that minimize the L?(9))—distance to a given
boundary data (constraint) g. Now, suppose that we construct the Markov Chains of coordinates minimizing Js3 as
A — +00, i = 1,2. Then we have

Lemma 8.3. Let
M d:efArgmin{Jg(uh) |up € Vi, Ji(up(z)) =0, Jo(up(z)) = 0}.
Then the set M;"" is a union of isolated points, and
card MZ’” <.

Thus, in particular, the dominating measure for the limiting Gibbs measure Py, is the zero-dimensional Hausdorff
measure.

Proof. 0

Applying Theorem 7.1 to Markov Chains of coordinates, which are optimal with respect to .J3, we obtain a limiting
Gibbs measure, that, in view of Lemma 8.3, has now the representation
Pu(B)=2Z"" Y q(vi)dn;(B),  where q(v}) = e BURAL (vf) T2 A (vf) 2,
vy €L

Z70 Y qp) =1.

vE €Ly

Remark 8.4. We recall, that the convergence (8.10) takes place along the Markov Chains {Ujx, », }i\flﬂb) in Vj,.
The Gibbs measure on the discrete function space Vy, induces a measure on the physical domain ). Using these
coordinates, we construct maps x — Vux, x, n(x). Consequently, we construct a family of Radon measures, iz p,
parameterized by x € §), characterizing volume fractions
8.11)  Ain(zo) d:eleir% 7lir(r)1 {z € Bgr(zo)| dist{Vuy(x),SO(2)U;} < r} /meas(Bgr(zo)), i=1,2,

—U4 r—=U4
for any o € Q. Hence, there exists a family of linear bounded operators Ty, : Px, x,.h & Pr,,\s,z,R,rh- Then, in
view of Theorem 7.1,

X Aa,x,Rorh = Mo, Rohs as Ay — 400, Ag — +o00.

We note that the “volume averaging” (8.11) of the gradients of the induced sequences is not the only way to compute
the volume fractions. In terms of the Gibbs measure, it is more appropriate to compute the volume fractions as follows.

In this paper, we do not investigate the limit h — 0. Nonetheless, we expect

te R.p = [ as R,h — 04.

In connection with the generalized variational principle (8.7), we have in the sense of the weak convergence of mea-
sures, regardless of the order in which the limits are taken,

lim lim  lm  px, a,en = Arginf {E(u) |p € YM}.

h—04 Ag—+00 A\ —400
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We will provide a communication of our attempts to prove these results in a separate exposition. |

The next two sections contain a particular construction of the densities for J; and J5, which satisfy the assumptions
of Theorem 7.1 with k; = 2 for¢ =1, 2.

8.2. A VECTORIAL GRADIENT CONSTRAINT DENSITY FOR A BINARY ALLOY

A proper gradient constraint density has to satisfy the constrains (AS5) and (A6), in addition to the requirements (8.2),
appearing as the assumptions in Lemma 2.1, in order to avoid spurious states that could pollute the resulting measure
as the Lagrange multipliers approach infinity. We restrict ourselves to a two dimensional vectorial case for simplicity.

Let us consider the following two symmetric, positive definite, Bain (transformation) matrices

def fax 7y def (B
(8.12) Ul_(V 1) and U, = (7 1),

where o, 3,7 € R, a # 3, a # 72, 3 # ~2, are assumed to be given. We note that rank (U; — U,) = 1. We have the
following

Lemma 8.5. Leta; € RT,i =1,...,5, let e;, i = 1,2 be canonical basis vectors in R2 ¢ & (1, 1)T, and let us
define a gradient constraint density by

Wi(F) < a (det F = (o= 7)) (det F = (5= 7))’

"o (\CofFeaf @)’ (ot e - (57 + )’
(8.13) +as (\Fel\ 2))2 (|Fel|2_(g+72))2
+ag (\Feg\ 1))2
(

tas (1P — (@)~ (1 +12) (Fef (8 +7) — (v +1?)

Then for any a; € RT,i=1,...,5, the strain density constraint W, has the properties listed below.

(1) It satisfies the conditions (8.2).
(2) It satisfies the conditions (A5) of Theorem 2.1, with

rank / D*Wy(Vuy(x)) dx = 2N}, x 2N}, — by,

‘Vuh (I)ESO(Q)UlLJSO(Q)UQ

where by, is the number of the “boundary degrees of freedom”. This number is defined below.
(3) It satisfies the condition (A6) of Theorem 2.1.

Proof. Verification of (8.2)b. This property follows immediately from the fact that det(QF) = det F' and, using
Cof F = det FF~T, ! we obtain for any v € R2
|Cof (QF)v|* = (det F)? (QFTv)" QFTv = (det F)? 0T F~1F~Ty = |Cof(F)v|*.

The last three contributions in the definition (8.13) contain only the terms |Fei|2, i=1,2,3,e3 = (1,1)T, which are
unchanged by any unitary rotation.

Verification of (8.2)c. This can be proven identically to the previous step.

INotice that det F' = %F : (C’ofF)T for FF € M™*™ where “:” denotes Frobenius matrix multiplication given for two compatible matrices
Aabn Bby A: B =Tr(AB).
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Verification of (8.2)a. Since W1 (U;) = W1(Uz) = 0, the above proof of the frame indifference, property (8.2b),

shows that any matrix F' € SO(2)U; | SO(2)Us belongs to the null set of ;. It remains to verify the opposite
inclusion. Hence, let W1 (Fj) = 0, where
a b
Rt 0):

Then we get the following set of equations

ad—b=a—~% or =p—77>
A+ =a’++* or =3+
(8.14) A+t =a*+7* o =p*+42

t+d>=~*+1
(a=b2+(c—d?=(a=7)2+(-12 o =(LB—-7)7>*+(y-1)>
Solving with the right-hand sides given by a —~2, a? ++2 and (a —)? + (7 — 1)2, we obtain two solutions to (8.14).
Namely,
(CL, b7 C, d) S {(_a7 -7, _1)7 (047 Y5 1)}
These solutions are related by SO(2) rotations. Namely, by the Identity matrix, and by the negative Identity matrix,
which corresponds to the rotation matrix () with o = 7. Hence, we conclude that these two solutions are in SO(2)Uy.

Similarly, solving (8.14) with the right-hand sides containing /3, we obtain two solutions in SO(2)Us. If we intermix
the right-hand sides there is no solution to (8.14).

Verification of the condition (A5) of Theorem 2.1. Let us denote by d the tensor derivative with respect to the coor-

dinates {Ul-}fivl(h), and let us denote by D the tensor derivative with respect to the components of the deformation
gradient. First we observe that

(8.15) Vup(z) € SO(2)U; USO(2)Uy; = —div DWW (Vup(x)) =0 fora.a. z € Q,

which is the basic equation of elasticity since DW () is the stress tensor represented by a 2 x 2 matrix. We show
below that, dj; < 0/0U},

(8.16) W1 (Vuy(z)) de | =dy [ DWL(Vuy(2))Ve(z) de.
/ o

Hence, using (8.15) and integration by parts, we obtain

2 — .
(8.17) /d Wl(vuh(z))‘SO(2)U1uSO(2) dx = /aQ dleWl(vuh(x))‘SO(Q)UIUSO(z) np(x)dS.
Q ki

Now, we perform the d — tensor derivative of this equation. We obtain

2 2
. . . 0l Dpf
8.18)  —dy div DW1(Vuy () = — divdiu DWi (Vup () = —div Y > aplaqkwl(vuh)ﬁa—z.

p=1g=1

8.2.1. A CONTINUITY CONSTRAINT DENSITY

Suppose that €2 is partitioned into w; Uwa U ... U wg. Let up € V4. In order to impose the continuity across the
interelement boundaries, we define

o
3,

N |

C

Wo(up(xo)) = lim wp(x) — lim wp(x)|| , o € Q.

T—To r—xo

1
[un (w0)]* € 3
TEW; TEW;




20 DENNIS D. COX, ROBERT HARDT, AND PETR KLOUCEK

We note that W (up,(z)) = 0 for any z in the interior of any w;. Then

o) =3 / W (un(s)) dS

i Ow;NOw;
\J

vanishes if and only if the continuity constraint is satisfied, i.e., when the condition C'; holds. We note that the Hessian

of W is the zero matrix, i.e., all entries in D2W are zero, when restricted to My, since up, € M}, implies uy, € C’O(Q).

Consequently,

(1) rank (D*Wy + D*W>) |, = rank (D*W7) L, = 2N(h),
h h
@ T ((pPwa)" DWa) |, =0,

(3) Consequently, it follows that M}, is a zero-dimensional submanifold of R*Y (") *4N (") " In other words, Mj,
contains only isolated points, c. f. Lemma 8.2.

8.3. A BOUNDARY CONSTRAINT DENSITY
Taking W3 (u(s)) = 3 [|u(s) — g(s)|?, s € 09, we have that

J3(u) = Ws(u(s)) dS
o9

is minimized precisely when the boundary constraint holds, i.e., when the constraint C} is satisfied.

9. CONCLUSIONS

We here propose some alternatives to the Markov Chain Monte Carlo approach of the previous section. One straight-
forward alternative is to perform the MCMC on a set of approximants which already satisfy one of the constraints.
The most obvious version of this approach is to only consider v which already satisfy the gradient constraint C's. It
is easy to generate random variates from probability distributions on SO(N) and to use the product of Haar measures
as the dominating measure for the proposal density (v, w). It is also necessary to be able to jump between “wells”,
meaning the cossets SO(N)U;, 1 < ¢ < M. This seems straightforward, but it will probably be necessary to introduce
further parameters, e.g., stay in the current well with probability ¢, and otherwise jump to random well with probability
(1 —q)/(M —1), selecting from SO(n) using the Haar probability measure. For movements within a well, we would
naturally use proposal distributions absolutely continuous with respect to Haar measure. We will look for distributions
which are easy to use and give good convergence properties.

It seems possible that we could enforce the continuity constraint, but this looks very difficult.

Another strategy which has some promise is the so-called Gibbs sampler version of MCMC [12]. The idea here is
to update each component of v one at a time in some sweep through the components. In order to keep the Gibbs
distribution as the stationary distribution of the Markov Chain, it is necessary to use the conditional distribution of
the component (say) v; given all the other components (v1,va,...,0;—1,Vit1,...,Vx). This is determined from the
(unnormalized) density for Gibbs distribution

exp (—1(v,A)/(20?))

as a function of v;. Very efficient algorithms have been developed for sampling from general densities given in
exponential form (see [11]). There are numerous variants of this approach — e.g. instead of systematically sweeping
through the components v;, one can randomly sample them as well.
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