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Abstract : Let N be a compact simply connected smooth Riemannian
manifold and p an arbitrary positive integer. For any map u from RPFL into
N whose gradient is in LP(RPTY) | the restriction of u to almost every p di-
mensional sphere in RF*Y defines an homotopy class in w,(N) (/[Wh]). Eval-
uating a fived element z of Hom(m,(N),R) on this homotopy class thus gives
a map ®., from the space of “generic” p-spheres into R. The main result of
the paper is to show that, under the assumption that u can be approximated
by a W' weakly convergent sequences of smooth maps in C®(RPTY N),
there exists a rectifiable Poincaré dual of ®,., : a countable union T of C!
curves in RPTY together with a Hausdorff H*—measurable real multiplicity
function 0 and orientation T on T such that the intersection number be-
tween any “generic” sphere S and this Poincaré dual equals @, ,,(S). More-
over, we exhibit a nonnegative integer n,, depending only on z, such that
Jr |p@t) " dHY < oo. We give cases of N, p and z for which this rational
number p(p + n.)~" in the above integral is optimal. The construction of this
Poincaré dual is based on 1 dimensional “bubbling” described by the notion
of “scans” which was introduced in [HR1].

I Introduction

Let (N, g) be a closed Riemannian manifold. With the help of Nash embed-
ding theorem, we may assume that N is a submanifold, with the induced
metric, of some Euclidian space R*. One then has, for any m € Nand p > 1,
the space of Sobolev maps:

WYP(R™ N) = {uc W"P(R™ R") : u(x) € N for almost every z € R™}.

An important issue regarding the description of these non-linear function
spaces, which plays an increasing role in analysis, is the question of the
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density in WHP(R™ N), for the W' norm, of smooth maps taking values
into N.

In case p > m, Sobolev embedding shows that any map in W'?(R™ N) is
(Holder) continuous. For such a continuous W' map u, it is not difficult to
see, using standard smoothing in W1H?(R™ R¥) N C° and nearest-point pro-
jection to N, that u is strongly WP approximable by maps in C*°(R™, N).

In case p = m, this continuity of a Sobolev map is no longer automat-
ically true. Nevertheless, C*°(RP, N) is still strongly dense in W*(R?, N)
as noted by Schoen and Uhlenbeck [SU]. It follows similarly that any map
u € WHP(SP, N) admits a strong WP approximation by maps in C*°(S?, N).
White [Wh] showed how this approximation gives a well-defined homotopy
class in m,(N). Conversely, every homotopy class in m,(N) (which is, by
definition, given by a continuous map) admits a smooth and hence W1'?
representative.

In case p < m, the strong WP density of C*°(S?, N) in W'?(RP, N) may
fail (as seen in the example z/|z| € W'?(B$, N) discussed in [SU]). The
general problem of strong W? approximability was considered by Bethuel
in [Be] (see also more recent works and updated results on the necessary and
sufficient topological conditions by Hang and Lin in [HL1] and [HL2] ). It was
shown in particular in [Be] that smooth maps are not dense in W'?(R™, N)
whenever 7,)(N) # 0 (where [p] is the integer part of p).

In this paper we restrict to the case m = [p] + 1. For a map u in
W1P(R™, N), Fubini’s Theorem, implies that, for each center ¢ € R™, and
almost every radius r > 0, the restriction of u to the [p]—sphere 0B (c)
belongs to W'?(9B,(c), N). Thus the map

Ueyr : SP — N | uer(x) = ulc+re)

gives, as discussed above, an element of 7, (V) because p > [p| = dim 9B, (c).
The map u is strongly W1? approximable by smooth maps if and only if the
homotopy class of such a restriction u., is zero for almost every (c,r). The
goal of this paper is to describe, for an arbitrary map in W1 (RPN, “how
big” is the obstruction of the strong approximability. The idea is to try to
“connect” the topological singularities of u. Such a singularity is recognized
by seeing that the homotopy class [u.,] changes as the sphere 0B} (c) moves
across the singularity. We restrict to the obstruction coming from the infinite
non-torsion part ) (N) ® R of 7, (V). Also to simplify the notations in
the presentation, we henceforth assume that

p = [p]
Suppose z is an element in the vectorspace

(mp(N) @ R)" = Hom (m,(N), R) ,
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and v € WHP(RPHI N). To study the z-topological singularities of u, we
consider restriction to spheres with the map

P,,: RFIXRE — 2(m(N))CR,

(e,r) = z([ues]) -

This is defined for almost every (c,r) in RP™! x R, and is, as we shall see,
Lebesgue measurable. Note that @, ,(c,7) = 0 in case u is continuous on the
closed ball % because then u., is homotopic to a constant.

Recall that any countable union I' of C'! embedded curves admits an H?
measurable orientation, that is, a unit vectorfield T so that, at H! almost ev-
ery point x € I', I'(z) orients the approximate line for I at = (see [Fe],3.2.19).
We keep denoting I as the set of points at which T exists. Moreover, for al-
most every (¢,r) in RPT! x R* | the sphere 0B, (c) intersects I' transversally
(see Lemma V.1) ; that is,

T'(a)-(a—c)#£0 forall aelNdB,(c)

We can now state our main result.

Theorem 1.1 Let N be a compact simply connected Riemannian manifold, p
be a positive integer, and z be an element of Hom(m,(N),R). Then there exist
a nonnegative integer n, and a positive constant C, such that for any map
u in WHP(RPTY N which can be approzimated weakly in WHP(RPTL N) by
smooth maps, there exists a countable union I' of C' curves with measurable

orientation I’ and a nonnegative H' measurable multiplicity function 6 from
I' into z(my(N) ) such that

O.uer) =2([ue,]) = Y T(a)-(a—c) 6(a) (1.1)

a€T'NOB;-(c)

for almost every (c,r) e RFTL xR, HYa €Tl : 0(a) #0} < oo, and

/‘9‘p+pnz aH' < Czliminf/ IVu,|Pde < oo (I.2)
T Rp+1

n—oo

for any sequence u,, € C*(RPY N) converging WP weakly to u. (T, T, 0) is
called a rectifiable Poincaré dual to @, ,,.

Remark 1.1 In the previous theorem, the assumption of WP weak approx-

imability by maps in C=°(RPTL N) can be replaced by the assumption of WP
weak approzimability by maps u, in WHP(RPT N) satisfying ®..,, = 0.
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The reason why we call (I, I', §) a Poincaré dual to ®, , is the following: In
case u has only finitely many isolated singularities ¢y, - - -, ¢y, each homotopy
class d; = [u,, ] is then independent of the choice of radius r < min;; |¢;—c¢;|.
For any p cycle C' with compact support in M = RPH\ {¢;, -+, ¢/}, C = IB
for some unique (p + 1) chain B of compact support in RP™'. The chain B
has constant multiplicity in each component of M \ spt C, and we suppose
that n; is the multiplicity of B at ¢;. Then the map ® given by

d(C) = Z(Znidi)

gives a well-defined cohomology element in H?(M,R). It is easy to see that
any choice of (I, T', ) satisfying (I.1) is a representative of the Poincaré dual
in Hy(M,R) of ®. Recalling that maps having isolated point singularities are
dense in WhP (RPN (see [Be]), we see this notion of Poincaré dual can be
interpreted as a limit of the classical one.

Theorem 1.1 was first established in the particular case where N = S?
in [BCL], [BBC], [GMS1], [ABL] (see the discussion in [GMS]). In that
case, there is one generator z of Hom(7,(S?),R) ~ R (the topological degree)
and n, = 0. These situations where n, = 0 are a very special and allow
the bubbled object (F,f ,0) to be interpreted as a current. Being a limit
of a mass-bounded sequence of rectifiable currents, it is also rectifiable by
geometric measure theory (see [GMS]). Then in [Ri] and [HR1] the case
where N = S? for arbitrary p was considered. In that case, for p = 3,
Hom(73(S5?%),R) ~ R is also generated by one element z (the Hopf degree),
but now n, = 1, and any corresponding (T, f, ) cannot, by specific example
[HR1],2.5, be interpreted as a current.

A critical general problem behind this work is the question:

For any homotopy invariant z € Hom(m,(N),R) and M > 0, what is the
minimum possible p energy [g, |Vu|PdHP necessary for a map u € C=(SP, N)
to have z([u] ) > M?

For N = S? and z being the topological degree, n, = 0, and this minimum
p energy is precisely p?/?HP(SP) - M. On the other hand, for N = S? with
p = 3, and z being the Hopf degree, n, = 1, and the minimum 3 energy
is asymptotically C M1 = C M@+ by [Ri]. There are other situations
where we know that the integer n,, as defined in I11.2(iii) and I1.5, is optimal
for the inequality (I.2). Precisely we have the following result:

Proposition 1.1 Let N be a compact simply connected Riemannian mani-
fold, p be a positive integer and z be an element of Hom(m,(N),R). Assume

4



that the critical exponent p(p + n.)~t, with n. defined in definition IL.5 is
optimal in the sense given by definition IL.2. Then, for any 3 > p(p+mn.)~ !,
there exists u in WIP(RPYL N a weak limit of smooth maps, such that for
any Poincaré dual of ®,,, (T, T, 0), satisfying (1.1), one has

/ye\ﬁ dH' = oo
T

JFrom section 2 we know, for instance, that the optimality assumption of
this proposition is fulfilled for N being a sphere or a connected sum of CIP?
and S? x S? and arbitrary z # 0. We believe that this should be true for
a large class of N (including in particular every 4-dimensional simply con-
nected manifold). The proof of Proposition I.1 is based on the construction
corresponding to the one presented in the example 2.5 of [HR1]| which deals
with the case N = 5% and p = 3.

Finally we make the following observation. If p(p + n.)~! is optimal in
the sense given by definition 1.2, then the following converse of Theorem 1.1
holds : let u be an arbitrary map in W'?(RP*! N) admitting a rectifiable
Poincaré dual (T', T, 0) satisfying (I.1) such that

/|9|p+nde1 < oo
r

Then there exists a sequence of maps u,, in W (RPN satisfying @, ,,, = 0
converging weakly in W1? to u. The proof of this assertion is quite immedi-
ate if I' is made of finitely many C' curves, but requires an approximation
theorem similar to the one in [ABO], section 5 for dealing with the general
case.

The goal of the paper is to prove Theorem I.1. We spend some time in
Section II recalling facts and establishing new tools regarding the Novikov
integral representation of Sullivan’s rational homotopy groups that we need
to prove our main result. Generalizing known formulas for the topological
degree or for the Hopf degree, we derive, for any z €Hom(m,(N),R) and
u € C*°(SP, N) an integral expression

() = [

where the p form u"* is constructed from u pull-backs of closed forms on N
by operations of wedge product and explicit (and analytically estimable) “d~*
integrations” using certain Gauss integrals. The combinatorial form of these
operations is described by the notion of a “tree-graph” associated with z,
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which is defined and illustrated by several specific examples, in I[.3. In
Section IIT we discuss the z-type bubbling for a WP weakly convergent
sequence u, € C*(S?, N) = u € W'P?(SP N). In particular, a subsequence
of the p forms uf* converge as Radon measures to a sum u®: + Zle M;0q,
where the m;d,, are the “bubbles”. Finally in Section IV, we turn to maps on
RPTL again considering W1? weakly convergent sequences of smooth maps
and assemble the bubbles in a limiting “scan”. We prove, for a subsequence,
the uniqueness and rectifiability of this scan, and, by integration, obtain
Theorem I.1.

II Gauss Forms and Integral Representations
of Rational Homotopy Groups.

In this part we shall exhibit Gauss forms associated to the Novikov linear
forms of the rational homotopy groups from a smooth compact simply con-
nected manifold N. To that aim we need to review D.Sullivan [Sul] and
S.Novikov results in [Novl], [Nov2] and [Nov3].

I1.1 Integral Representation of Elements from
Hom(m,(N),R).
I1.1.1 Minimal Models and Geometric Realizations.

A differential graded algebra A over R is an R-graded vector space of the
form A = @;>0A* together with a skew-commutative law

a-b= (=197 p.q |
and an antiderivation of degree 1 satisfying
d(a-b)=da-b+ (-1)"% - db

It is free when it possesses no other relation than this skew-commutative law

and the associativity rule. Let V' = span{xy,---,z;} be a graded R—vector
space, each z; having a degree in N, and let A(x; - - - 21) denote the free graded
commutative algebra generated by wq,---,x. If, for instance, zq,---, 2,
are of even degree and zgy1,---,x, are odd, then, ignoring the grading,

A(wy -+ xg) identifies with S(®{_,z;) ® Aj_{z;. Here AJZ{z; denotes the
exterior algebra of ®;_x; while S(B) is the symmetric algebra of B : S(B) =
B/(z®@y—y®z). An element a € A is said to be decomposable if it is a sum
of the product of two elements in A* = ®;50A". A differential graded algebra
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M is called a minimal model for another differential graded algebra A if
M satisfies the following three conditions:

i) M is free. This means that there exists a graded R—vector space
V = @;51 V" such that M = S(Veer) @ AVedd

ii) There is a morphism of D.G.A’s ¥ : M — A, called a geometric
realization of M, which induces an isomorphism in cohomology.

iii) The exterior differential of a generator is either 0 or decomposable.

Since V? = {0}, M° = R. Observe that iii) means that dV? € MT - M
where M™ is the maximal idea M™* = ®;5; M’ A minimal model M is said
to be simply connected if M! = 0. A minimal model M = S(V*") ®
AV is also said to be nilpotent if each space V' is finite dimensional. A
basic result is the following:

Proposition I1.1 [Sul/ For any compact simply connected manifold N, the
exterior algebra of differential forms on N, A = A*N, admits a nilpotent
simply connected minimal model My .

A proof of Proposition II.1 can for instance be found in [BT| pages 230-
231 or [GM] page 116-117. The uniqueness of My (modulo isomorphism of
D.G.A.’s) and the uniqueness of the associated geometric realization (modulo
homotopy of morphisms of D.G.A.’s) is given in [GM] Theorem 10.9. For any
integer p > 1, we have the following important identification of linear forms
on m,(N) @ R.

Theorem II.1 [Sul] Let My = S(Ve) @ AV be the minimal model
for the compact simply connected manifold N, the space Hom(m,(N),R) is
1somorphic to VP the vector space spanned by the generators of degree p in
My (or indecomposable elements of degree p in My ).

Proofs of this theorem can be found in [Sul], [GM]...etc. In [Sul] page 312
an expression of this duality between V? and Hom(m,(N),R) involving some
“integral expression” is explained briefly : let v be a map from S? into N
representing a class in m,(N). By pull-back, «* induces a D.G.A. morphism
between A*N and A*SP. Given two geometric realizations ¥y between My
and A*N and Vg» between Mg» and A*SP, one can prove that u* lifts into a
D.G.A. morphism @ between My and Mgp such that the following diagram
is commutative modulo homotopy (see [GM] chapter XIV).

My -5 Mg
le l@y
AN 2 A*SP
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The space generated by the generators of degree p in Mgy is isomorphic to
R. (There is exactly one generator x - see the computation of Mg» in [GM]
and this isomorphism is given by integrating Wge»(x) on SP.) Therefore, @
restricted to the space V? generated by the generators of degree p in My =
S(Veren)y @ AV is a linear form : [, Ugp oG : VP — R. Tt is not difficult
to check that it only depends on the homotopy class of u. The dual of the
map
m(N) — Hom(V”,R),

u \IlspOﬂ’Vp
Sp

is the isomorphism between V? and Hom(m,(NN),R) given by Theorem II.1
(see [GM] chapter XIV).

Remark II.1 Note that this isomorphism between VP and Hom(m,(N),R)
depends on a choice of the geometric realization V. If z is an element in
VP, we will keep denoting by z the image of z in Hom(m,(N),R) by this
1somorphism when there is no ambiguity about which geometric realization
we are using.

Given a geometric realization Uy : My — A*N, it is tempting to identify
the correspondance between V? and Hom(7,(N), R) in a more tractable way
- the construction of @ from u* which holds up to homotopy in D.G.A.’s has
to be made more explicit (see for instance this construction for [u] € m3(N)
pages 159-161 of [GM]). We aim to get a procedure to construct some more
concrete expression of [, Wgpot(z) for the elements z in V? involving only u
and smooth differential forms in N, like for instance the well known integral
expression of the topological degree between S? and SP

[u] € m,(SP) — [ w'w
Sp

where w generates HP(S?) or the Hopf degree between S~ and S

[u] € myp_1(S?) — nAuw
G4p—1
where w generates H?P(S5%) and dn = w.
[Nov1], [Nov2], and [Nov3] contain a relatively simple procedure to com-
pute the linear form [, Ugr o 4 on VP, In the next section we recall that
procedure.



II.2 d-extensions of Minimal Models and the Hopf-
Novikov Integral Representation of Elements in
Hom(m,(N),R).

Starting from a given geometric realization Wy of the minimal model My,

we construct the following free extension of My. Let xa1,---,22,, be the
generators of degree 2 (i.e. V? = Span{zg 1, -+, X2y, }). We call Co(My) the
algebra My to which we add ps free generators of degree 1 : yi1, -, Y1,
satisfying

d(yl,i) = T2 for all ¢

Thus
Co(Mn)) = Mn[y11, 5 Y1ps)

This has the effect to kill the H? of My, moreover, we have
H(Cy(My)) = V?

Indeed, given x5 ; a generator of degree 3 of My, dxs ; is a linear combination
of wedges of degree 2 :

kl ki
drsj = E i Top N Ty = E a;" d(y1r N xay)

k<l k<l

It is straightforward to check that the family z3; = x5, — >, all gy g Ay
generates H 3(02(/\/1 ~)), and so we add ps free generators ys; so that dys,; =
z3;. We then go further in this construction until reaching the d—extension
of order p — 1 of My : C,_1(My). This procedure goes as follows : for
q<p—1HYC,_1(Mp)) is generated by the family of elements of the form
Zgi = Tqi + tgi for @ = 1,--- p,, satistying dz,; = 0, where the z,, are
the generators of degree g of My and t,; are elements of degree ¢ in the
ideal 1771(C,_1(My)) generated by the elements of degree strictly less than
q in Cy_1(My) and we pass from C,_1(My) to Cy(My) by adding p, free

generators yg_1,1," ", Yg—1,p, Satisfying
AYg1i = 240 = Tqi g

Consider then the ideal generated by the elements of degree less or equal to
qin Cyu1(My). It is a free graded algebra

19(Cqr(Mn))

= A1 Yips 220 Z2pys* Ygo11" “Yq—1,pg) %q1 " s Zq,pq)



generated by elements y;_;; and z;; for i = 2,---,gand j = 1,---,p, and
where
deg yi1;=1—1 and deg z ;=1
(IL.1)
dyi—1,j = Zi,

It is then easy to verify that such a free algebra has a trivial cohomology
H*(I(Cq-1(Mn))) = {0} (I1.2)

Indeed, consider a € 19(C,_1(My)) such that da = 0 and take i € [1, ¢] and
Jo € [1,pg] such that a contains y;,_1, or 2 ;, in its decomposition in this
free algebra. Assuming for instance ig is even, one has
a= Z Yio—1jo N 2h jo N Ak + 260 ANB+ R
k
where Ay, By and R contain no y;,_1j, or z;j, in their decomposition in
linear combinations of products of generators y and z. Since da = 0 one has
0= Z Zigjo N 28 o N Ag + Z Yio—1jo N 28 o ANd A+ Z 2 Nd B+ dR
k k k

(I1.3)
Because of (I1.1) it is clear that d Ay, d By, and d R contain no y;,_1,j, oI Zi_jo
in their decompositions in linear combinations of products of generators y

and z. Thus since the algebra 19(C,_1(My)) is free, we have uniqueness in
decompositions, and we get from (II.3) that

Ak :dBk

Therefore, we see that

a=> " dYi-1jo N2k ANdBe+ 250 ABY) + R
k

We may iterate this fact for R this time. After finitely many steps, we finally
get that a is exact. Thus (I1.2) is showed. Considering now one generator
Tgy1,; of degree ¢ + 1 in Cy(My), since 441, is in My, dxy41, is decom-
posable in My which means in particular that d ;11 ; is in 19(Cy—1(My)).
Because of (I1.2), there exists t;41,; in I9(Cy_1(My)) such that d(z,1, +
tg+1:) = 0. It is moreover clear that x,41; + t,11, is not an exact form of
Cy(My). Thus, H1(Cy(My)) ~ V4, and we have proved by induction the
following lemma.
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Lemma I1.1 With the above notations and p being a positive integer, the
following spaces are isomorphic

HP(Cp_ (My)) ~ VP ~ Hom(m)(N),R) . (IL.4)

Going back now to the question of finding a procedure for getting explicit
expressions of the integral representations [, Wg» o u(z) for arbitrary [u] €
mp(N) and arbitrary z € VP, we proceed as follows. We first construct a
d-continuation @ of u* between C,_1(My) and A*SP. Contrary to the case
of 4 where this lifting existed only modulo homotopies of D.G.A.’s, there
is here a procedure to get @ which goes by induction as follows. First we
construct @ between Cy(My) = My and A*SP by taking u(z) = u*VUy(z).
Suppose p > 2. In order to construct @ between Cy(My) and A*SP we just
have to define the images of the y; ; by @ and, in order to have a morphism of
D.G.A’s, they have to verify in particular du(y; ;) = @(xq;) = u* ¥y (x2,).
We look for a specific operation d=! on A*SP for 0 < k < p. It must satisfy

d(da) =a

for every closed form o € A¥SP. We may, using the standard metric on SP,
take the “Coulomb Gauge”

d—l — d*A_l

where A is the Hodge-Laplacian dd* + d*d and d* is the Hodge adjoint differ-
ential d* = (—1)P*+D+1 « dx. Here A is invertible because H*(S?) = 0. As
we will see below, other operations d~! can also be very useful. We will often
consider the one given by (I1.11) which corresponds to the Coulomb Gauge
but with respect to the flat metric on R? after pull-back by the inverse of the
stereographic projection.

Now fixing such an operation d~!, we take

U(yrg) = d~"a(ws,)
The construction of u then goes further, following the inductive construction
we made for Cy(My) by taking for y,,; (¢ +1 < p)
W(Yqj) = d"u(2g415) = d7 (2415 + tgrg)

= d_lu*\I/N(IqJ,-l,j) + d_la(tqﬂ,j)

Once u is completely constructed, it is then straightforward to verify that

[ weoit) = [ )
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where [z] is the class in H?(Cp_1(My)) corresponding to z € VP via the
isomorphism (I1.4) constructed by induction and the differential form a( [z])
has been constructed by induction also as described just above. We have then
an explicit procedure to construct the integral representation of the elements
in Hom(m,(N),R) starting from a geometric realization ¥y of the minimal
model M. Following the procedure, the forms @( [z] ) can be described with
the help of graphs. Suppose that, for each 7, the degree 7 forms w;; give a
basis for the degree i part of the the geometric realization ¥y of the minimal
model M. Thus,

Span; j{w;;} = Vn(Mny) C AN

It is straightforward to observe that @([z]) is a finite linear combination of
p forms obtained as follows.

Each p form is obtained by first constructing a connected and simply
connected tree-graph K = K, as shown in figure I1.2. The tree-graph contains

\tex{ $\om ®A_9} $}

\tex{ $lintg$}

\tex{ $\intg$} \tex{ $\orhy_{A_3}$}

° [}
\tex{Slom ¥A_1}$} \tex{$lom_{A_4}$} \tex{ $lom_{A_5}$}

\tex{ $lom_{A_2}$}

Figure 1: An example of tree graph arising in computing Hom(m,(N), R).

finitely many vertices and finitely many segments connecting these vertices.
Two vertices are connected by at most one segment, and the graph is assumed
to be simply connected, that is, it contains no closed path. To each vertex
A is assigned a closed element w4 of the ideal generated by ¥y (My). Each
segment is oriented such that at each vertex, except one, there is exactly one
segment leaving. The exceptional vertex is the summit or “end” of the graph
where all the attached segments are arriving. Each segment corresponds to
the integration procedure d—! in the orientation direction and the connection
of a segment to a vertex corresponds to taking a wedge product. Such a
tree-graph is called (p dimensional) simply connected tree-graph of
forms.
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There is the single important p form

UK

associated to the tree graph K for the given map u : S? — N and element
z in Hom(m,(N),R). It is obtained as follows : starting from the ends of the
branches, we pick the w4 at each end, each independently from the other,
and introduce the forms u*w,4 in A*SP. Then from these ends one goes one
segment backward in the graph by integrating the u*A that were assigned
to each end (i.e. one considers ny = d 'u*w,) and one wedges the resulting
form 14 with the pull-back by u of the form w4/ sitting at the vertex A’ of the
graph we have reached. One goes further in this algorithm until reaching the
summit of the tree-graph and the p form obtained there is u*. For instance
the form u® given by the graph I1.2 is

UK = u*wig,jg A d_l [u*wiws A d_lkl A d_l(u*wi&jy)) A d_lkg]

where

k1= d! [u*wi&ja A d_l(u*wil,jl) A d_l(u*wizdz)] )
and

ko = d! [U*wi%h A dil(u*wm,jzx) A dil(u*wist)]
The graph has to be read from the left to the right : if K' and K? are two
subgraphs connecting a node A and if K denotes the graph made of this two
subgraphs union the node A and the two segment starting respectively from
the summit of K; and the summit of K, and if K is at the left of K5, u® is
obtained by respecting the left-right order : we have u = u*w s Ad~  (u®*) A
d 1 (uf?).

Similarly, one has a form u” corresponding to any sub-tree-graph L of K

whose summit is some vertex of K. In general

degu® = | Z degws) — n* (IL.5)
vertices of L
where
n® = number of segments of L = (number of vertices of L) — 1 ,
and degul < p =degu’, with equality if and only if L = K. We have

established the following:

Proposition I1.2 To a compact simply connected manifold N, an element
z in (m,(N) @ R)* and any geometric realization ¥y of the minimal model

13



of N, one assigns, using the notation above, a formal linear combination of
simply connected tree-graphs K =", \K; (A; € R) such that for any class
[u] in m,(N), represented by a map v € C*(SP, N), one has

()= [ wsoi) = [ atld)= [

where uf* = 3" \ju™i. Starting from Un and z, the formal linear combina-
tion of tree-graphs K =Y, \;IS; is given by the algorithm described above in
this subsection.

Remark I1.2 For a Sobolev map u € WYP(SP, N), the p form u®™ is defined
H? almost everywhere on SP and is HP integrable, and the equation

1s still valid.

This is immediate from [Wh] and Proposition IL2 because [g, uf — [g, u®
whenever u,, € C*(S?, N) — wu strongly in W, (With only weak W7
convergence, there may be additional “bubbled” limiting terms, as discussed
below in Section III.)

II.3 Examples

We give here examples of application of the algorithm above to express el-
ements of Hom(7,(/N),R) in terms of formal linear combinations of tree-
graphs.

Example 1 : N = CP?2. We first construct the minimal model of CP?
and a geometric realization of it. Let w be the Kahler form on CP2. It is
easy to check that Mcp2 is generated by two elements o and ( of degree
respectively 2 and 5 satisfying

dﬂ = 043 s \IJ(CPQ(C() =w, and \II(CIP’Q (ﬁ) =0

Therefore only my(CP?) and 75(CP?) have a non-torsion part. We have re-
spectively

Cl(MCP2) = M(C[pﬂ and 04(MCIP’2) = S(a) ® /\[a, ﬁ]

where a is of degree 1, and satisfies da = .. So we have that H?(Cy(Mcp2)) =~
V2 is generated by o and H®(Cy(Mcp2)) =~ V5 is generated by —aAa?. The

14



\tex{ $om" g}

\tex{ $\og$}

\tex{ $\om!

\tex{ $K _\al$} \tex{ $K_\beta$}

Figure 2: the two tree-graphs arising in computing Hom(my(CP?),R) and
Hom(75(CP?), R).

tree-graphs associated to these two elements are respectively, for «, a vertex
alone with w assigned to it and, for 3, two vertices connected by one segment
going from w to w? (see figure I1.3) The corresponding integral expressions
are

o) = [ww md p(lu) = [ wt ad )

S5

Example 2 : N = §% x S2.

Let &1,& : R3 x R3 into R? being the projections of the three first (resp.
three last ) coordinates, and denote w; = fw where w is a given generator of
H?(S5?%). Easy computations give Mgz, g2 = S(aq, ) @ A[B1, B2] where the
«a; are of degree 2, whereas the 3; are of degree 3, and the following holds

ap = 04%: dpy = 043-

We can chose w; and wsy such that wq A w; = 0 and ws A wy = 0. Therefore,
we have the following geometric realization :

Usrxsz(oi) =w; Vsaxs2(Bi) =0
Only m3(S5? x S?) and m3(S? x S?) have non-torsion parts. One has
Ci1(Ms2xs2) = Mgzygz and  Co(Mgzys2) = S(an, az) @ A[Br, B2, a1, as]

where da; = ;. So H?(Cj(Mg2yg2)) ~ V? is generated by «; and ay and
H3(Cy(Mg2yg2)) =~ V3 is generated by 8; — a; a; and By — ay ay. The
tree-graphs associated to these elements are, for a; ( resp. ay) one vertex to
which w; (resp. wq) is assigned, and, for 3y, (resp. [32) two vertices connected
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by one segment going from w; to wy (resp. wy to wy). The corresponding
integrals are

a;([u]) = /52 ww; and  Gi([u]) = /53 w'w A dHuw)

Example 3 : N = (S5? x §%)#CP?.

N is the connected sum of the two 4-manifolds we studied in examples 1
and 2. We shall denote M?% the ideal in My generated by the elements of
degree less or equal to 5. We shall only compute the integral expressions of
the elements in 7,(CP' x CP')#CP?)* for p < 4. After some computations
one gets that

MZJL\[ - S(Oél, Qg, A3, 71, Y2, 73, V12, 723) ® /\[5117 5227 5137 ﬁ237 ﬁl?:’)]
where the following relations hold

i) for arbitrary ¢ and j such that §;; exists, one has

dBi; = a,a
and
dfras = o1 Ay — o
ii)

dy1 = azfin — a1fi3

dye = 3B — a3

dys = a1 23 — asfhs

dy13 = 18123 — aafi1 + azfis

dye3 = Qgf123 — a1 f22 + 323

One has

CQ(Mle) = M?V[&la a2, aS] 5

where da; = a; and H?*(Co(M3)) =~ V? is generated by (;; — a;cr; and
P23 — ajs + azasz. One has

03(Mf]1v) = CQ (Mf]l\/')[blla b227 bl37 6237 6123]

16



where dbj; = 3ij — a;o; and dbiaz = Braz — araz + azaz. HH(Cs(MY)) ~ V*
is generated by

Y — asby + aibiz

Y2 — azbag + ciabog

V3 — abas + b1z — ajazas

M3 — aibiag + aobiy — agbiz + ajazas
Yoz — Qiabiag + abag — aigbag + asaza

Denoting ¥ (c;) = w;. It is not difficult to see that we can choose wq, wy and
ws representative in A>N of a basis of H*(N) (generating H*(N)) satisfying

wiAw =0 , wWwAw =0
wiAw3=0 |, wAwg=0

The goal is to simplify the geometric realization Wy . Let 123 be a form such

that

dmos = w1 Awy — w?

The geometric realization Wy restricted to M?% is then defined by
Un(ai) =w; ,UN(Bij) =0 , Un(Bi23) =23

Un(y) =0 and WUpn(yy)=0

for every (3;;, v and +;; defined above.
Given a smooth map u from S* into N, the d—continuation of u* between

Cs(M3;) into A*S?* is defined by
a() =u(In())  on My
i(a;) =d '(u'wi) ,  alby) = —d H(dH(utw) A utw;)
(byas) = d* (u*mgg —d HNurwy) AuFwy — dH(utws) A u*wg)

Thus the following forms are generating (m4((S? x S?)#CP?) @ R)* : For all

17



w € (S84, (82 x S2)#CP?)

M([u]) = /54 ww Ad7H(ww) AdTH(ww)

Y2([u]) = /54 wwy AdH(ww) AdTH(uwwy)

ali]) = [ s A ww) nd ')

Y3 [u]) = /54 —u* oy A d 7 (wwy) + utwy A dTH(uFwr) AdTHuw,)

+ /34 wrws AdH(utws) AdTH(utws) Futor Ad T (utw) A dTH(uw)

Yo3( [u] ) = /34 — w93 A d 7 (utwy) +utws A dH(uFw) AdTH(uwy)

+ /34 wrws Ad”Huws) AdTH(utwy) + ufws AdTH(uFwe) A dTH (uFwy)
ox(Siom. 15 \tex{$iom 23} \ex{$iom 35}

[ J [ ]
)
\tex{ $lom_1$} \tex{ $lom_3%} \tex{ $\om_2%} \tex{ $\om_3%} \tex{ $lom_1$} \tex{ $\om_2%}

\tex{$K_{\gamma,_1}$} \tex{ $K_{\gamma 2} $} \tex{ $K_{\gamma 3} $}

Figure 3 : The three first tree-graphs K.

Y10
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\tex{$\eta_{123}$}

\tex{$\om_2$}

\tex{$\om_3$} \tex{$\om_3$} \tex{$\om_1$}
. . /\ .
° L4 °
\tex{$\om_1$} \tex{$\om_2%} \tex{$\om_2$} \tex{$\om_3$} \tex{$\om_1$} \tex{$\om_2%$}

\tex{$K_{\gamma_{13}}$}

Figure 4 : The linear combination of tree-graph K, , arising in computing

Hom(my(S? x S?#CP?), R).

Remark I1.3 Observe that we can restrict to graphs having only closed
forms.

Indeed, let M% be the minimal model at the stage k (i.e. the ideal generated
by the elements of degree less or equal to k). Suppose an element £ of
degree k + 1 is introduced in the minimal model in order to kill some closed
polynomial expression of degree P(xy,---,x;) of elements from M&%;, and ¢
is not exact in M¥% but Uy(€) is exact in N, we can decide that, for any
n € N,

w(é) =d (U N(P(ay, -, 1))

This modifies the graph as shown in the following example : replace for
instance U*Thgg = ’a(ﬁlgg) by

d MU (wiwy — w3))

JFrom the graph point of view this corresponds to the change described in
the following figure
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\tex{Bleta_{123)$P_ - o \lex($19}

\tex{s.t. $d\eta_{123}=\om_1\om_2-\om_3/2%} .

\tex{$\om_1\om_2-\om_3"2$}

Figure 5: Replacing non closed forms in tree-graphs by closed ones.

IT.4 Gauss Forms Associated to Elements in
Hom(m,(N),R).

To make analytic estimates, we need to have an explicit expression for eval-
uating an element of Hom(m,(N),R). In this subsection we will define one
specific integration operation d~! by introducing certain Gauss forms associ-
ated with the tree-graphs described in II.2.

The Gauss forms are easier to describe explicitly with formulas in R?
instead of SP. In this section we will consider, in place of C*°(AYSP), the
subspace AL RP of smooth ¢ forms w in A’R? satisfying

(1 + |z Vwl(z) < Cup
In particular, if
m o SPA\{(0,---,0,1)} — R?

denotes stereographic projection, then the pull-back by 7=! of any smooth ¢
form on S? is in AY,  RP.

Let G be the Green’s function for the Laplacian on R? :

G(z) = Cylz|* P for p>2 and G(z) = Cylog|z| for p=2,

where C, = (n — 2)7'SP7H™! and Cy = —(27m)~%. Given a g—form w in
N W RP w = > wr dey where I = (iy,---,4,) runs over all ¢ tuples of
1,---,psuch that 41 < iy <--- <1, ,we define the operator

d'w = I'A'w = d*) Grwpda
I
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where dz; = dw;, - - - dx;,, where * is the Hodge operator for the flat metric
on R? and « the convolution operator. Observe that for w € AL RP the
convolution w; x G is well-defined. If w is closed, it is clear that

d (d’lw) =w

We claim that there exists a form G? in A9"'RE A AP7IRP such that for any

q P
w in A, R

[d*A™ W] (z) = / w(y) NGE(z,y) - (I1.6)
yERP
Indeed we have by definition

(A7 w] (z) = 1(P=a) Z (G *wr) A *dxy]
I

Letting I¢ denote the (p — ¢)—tuple made of the complement of I ordered so
that dzje = *dz; (i.e. dxy A drpe = wpe = dzy - - - dz,), we then have,

1
d*A_IW(x) — Op(_l)Q(p_Q) Z */ wl(y) dﬁ A dl’[c A WRP(y)
yERP -

- ylP
— C’p(_l)Q(P—Q) (2—p)* Z Z/R w[(y — y|p dz; N\ dxre N wre(y)
i I P

Also denoting dxj, = dx;, - - dw,_ dxg, - - dw;,, we see that

s (dag, Adape) = (=1)F 1 (=1)@= Ve~ gy,

k
With this notation one has
d*Aw(x)

q

— (-1 2-p) S /ERP wily) war(y) A S (—1)F 1T Ve g

— |z =yl
— G- e-p) [ e ) S (1) By A,
yE]RP 7 k=1 y‘

Thus the form
q
Gr(w,y) = [P (=) Y s 1%dyﬁ/\dm (IL7)
r—Yy
J k=1
solves (IL.6).
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We introduce now the notion of a Gauss form associated to a simply
connected tree-graph of closed forms. Let N be compact simply connected
manifold. Consider ¥y a geometric realization of the minimal model My
from N and consider K a simply connected tree-graphs of forms from the
ideal generated by Wy (My). Let A; be the vertices of the graph, and let wa,
denote the closed form assigned to A;. Let ng be the number of segments
in the graph. Denote also p; the degree of wy,. To each vertex we assign 2
variables x' in R? and y® in N. To each vertex A; we assign the sub-tree-
graph K; of K whose summit is A; and made of the segments and vertices
“below” A;, that is the part of the graph connected to A; as one follows the
positively oriented paths ending at the summit of K see figure 6.

\tex{ ;Qomf{ A_91$}

itex{ $lom_{A_7}$} ,.\\E@‘{ $lom_{A_8}$}

\tex{ ﬁomf{ A_5}$} \e®Slom_{A_6}5}

\tex{Som_{A_4}$}
\tex{ lom_{A_2} $}

\tex{$lom_{A_1}$}

\tex{ $K$}

Figure 6 : Plain lines correspond to the sub-tree-graph K7 with summit A;.

We denote by n; the degree of the form obtained from this graph :
mel X degual—n
A vertex in K

where ng, is again the notation for the number of segments in K;. If A,
is a “starting vertex” with no other vertex below in the graph, then K;
is just made of A; and n; = p;. We denote Z the set of pairs of indices
(41,12) such that A; and A;, are connected by a segment in K going from
A;, to A;,. The total form of the tree-graph is a form denoted w™ A GX in
N APEN Ay inyez A2 TIRP AAPRP™ 2 where w® and G are defined as follows

Wi = Awi(yh). (IL.8)

and G, the Gauss form associated to the simply connected tree-graph of
forms K is defined by

gK = /\(ilvi2)ezggi2 (xil ) xiz) . (119)
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With any map v € C*(S?, N) we associate the map Uy from (R")"x+!
into N"5*! defined by

UK(xla L2,y 7an+1) - <(uo7ril)(x1)7 (uoﬂil)(l‘?)? T (uoﬂil)(lﬁm{*l)) ’
Recall that ng, the number of segments in a simply connected tree-graph, is
the number of nodes —1. Considering the “coordinates” (y',---,y"<"!) on

(N)™ 1 it is then easy to verify that

A;UK N L;“'l: Uk (@) AG" . (I1.10)

ng+1

where the integration operation d=' of a form « in A*¥SP is given by

o= ( [ e agie 0) (IL11)

Considering now a class z € (m,(N) ® R)*. Suppose K = Y, N K' is
the formal linear combination of tree-graphs of closed forms associated to z
(for a given geometric geometric realization ¥y on My), and u”' are the
associated p forms, constructed in the previous subsection. With the p form

l
uf = g)\luK ,
1

we now have, using the above notations,

A[]) = /Su _ ;Al/(m)w WY AGE L (L12)

We have thus succeeded in expressing the action of any element in
Hom(7,(N),R) on m,(N) as linear combinations of pull-backs by u of closed
forms depending only on the class we chose in Hom(7,(N),R) (modulo of
course a choice of geometric realization). This was the main goal of this
section. This generalizes the integral expression of the topological degree as
the integral of the pull-back of a form. This will be extremely useful for
analysis purposes through the rest of the paper.

We establish now a slightly different form of the integral expression of
z( [u] ) which is of particular geometrical interest. We first observe :

Lemma I1.2 Let II,,, denote the canonical projection of AP~ (RE x RP) onto
ANTTIRE APZIRE. The following identity holds

1L, , [ﬁ* (i(—l)k_le (dX)k>] = (_1)(‘1—1)(13—9)‘51)—1‘—1 gg(x’y)
= (IL13)
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where (dX)* is the p — 1 form in RP given by dX; - dXy_1dX}11---dX,
and GP(x,y) is the form given by (I1.7).

Proof of Lemma II.2. A classical computation gives
TV (S X (0] = DD g g
— - K = z—y)"
lz—yl \ = — 2z —ylP

(I1.14)

where (d(f - y))k = d(% - y1) . 'd(ﬂﬁk—1 - ykz—l)d(ﬂﬁkﬂ - ykz+1) - 'd(fp - yp)'
With the previous notations, drse A dzy, = (—1)k1(=1)@=D@=9) x dg;  and
therefore it is clear that

P
1Tk — Yk
1L, Z(_l)k 17}3((1@ - y))k
po [z =y
(I1.15)
— q 1)(p—q) k: lx]k yjkd
— ch AN dl‘]
DU A
The desired equality (II.13) then follows from (II.22). n

We now prove the following result:

Lemma 11.3 Let K be a simply connected tree-graph of forms in AN*N of
dimension p. Let uw € C*°(SP, N). Then the following formula holds

ool f e
Sp Tn

p—1 nK mK Liy — Tiy *Q
|S | UK z1 i2)€ZL | sp—1

Tiy — xi2|
(IL.16)
where Qgn-1 =Y 1_(=1)* 71X}, (dX)* and my is some integer depending on
K.

Proof of Lemma I1.3. This can be proved by induction on the number of
segments in the graph. Consider an end node iy in the graph (which has no
segment pointing to it), and let ¢; be the node to which is is connected. Let
w;, and w;,, of degree n;, and n,,, be the forms assigned to each of these two
nodes. By the previous lemma and dimensional reasons, it is clear that
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571 / (wo m™ ") w, (w1,) AGE (2, 21,)
Tig

— (_1)(n121)(pn12)/ (u ° ﬂ_fl)*wQ(xiQ) A 1—[p7m2 l Tijy — Tig QSI)—1:|
Ti, |ZL‘Z1 xi2|
= (0 [ won ) A T
Tig 11 2
(IL.17)

We then modify the graph by removing the node iy along with the branch
starting from it and by changing w;, into the form wj (x;,) given by
Ty — T4y

(_1)(m2—l)(p—m2)|Sp—1|—1wi1(xil)/\/ (Uoﬂ'_l)*wz‘Q(I’iQ)/\i Qgp1
’xil - xiQ’

IiQ

We then apply to this new graph, having one less node, the induction as-
sumption and Lemma II.3 is proved. [ ]

Remark 11.4 The construction of the tree-graph of forms can be described
in terms of linking and “angular forms” (see [BT]).

To see this, again let m denote the stereographic projection from S? into R?,
singular at the north pole, and introduce the linking map or segment map

L: SPxSr — Grd

m(x) = m(y)

- (IL.18)
@) = E@ =)

Let Qgp-1 be a p—1—form on SP~! satisfying [g, , Qge—1 = 1. It is interesting
to observe that

d(L*Q) = Tar — T{Nord}XSP - TSPX{NO’/‘d}

where A denotes the diagonal {(z,y) € SPxS? : v =y},Nord = (1,---,0,1)
is the north pole of SP, and Tx, Ti{nordyxs» and Tsrx{norqy are the currents
of integration along respectively A, {Nord} x S? and S? x {Nord}. Then
if one restricts to forms in @f_, AF SP APFI=F GP 1) plays the role of an
“angular form” (see [BT]) of the diagonal A in SP x SP (observe that it was
not possible to find 3 € AP71(SP x SP), even singular, such that d3 = Ta
in D" AP (SP x SP)). Thus in our representation by tree-graphs of forms of
elements of Hom(7w,(NN),R), two connections to one vertex by segments of
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two sub-tree-graphs corresponds to a connection of the two corresponding
forms by wedging them together with the angular form of the diagonal A
in S? x SP. This implies in particular that if we replace everywhere L*)
by any form whose restriction to @&f_, AF SP APTI=F GP ig the angular form
of the diagonal A in SP x SP (for instance L{(2, where ¥ is an arbitrary
diffeomorphism of SP and Ly(z,y) = L(V(x), ¥(y))), the computation of
Jo» u® is unchanged.

I1.5 Critical Exponents Associated to Elements in
Hom(m,(N),R).
I1.5.1 Definition of the Critical Exponent.

Lemma 11.4 Given a simply connected tree-graph of forms K, then, there
exists a constant Cx such that, for any map u € C*(SP,N), the following

/ Uu
Sp

where ng is the number of segments in K.

_p
p+ng

< Cx / Vul? dH? (11.19)
Sp

Definition II.1 In a formal linear combination K =Y, NK' of tree-graphs
of closed forms, consider the total number of segments in all the K'. The
critical exponent of a generator z € Hom(m,(N),R) is the number

b
ptn:

where n, is the minimum of such total number of segments among geomet-
ric realizations Wy of the minimal model My and among all formal linear
combinations K of tree-graphs of closed forms associated to z via Vy. If
K is a linear combination of tree-graphs of closed forms representing z with
minimum total number of segments, we say that K is optimal for z

Remark I1.5 The constraint of restricting to tree-graphs of closed forms is
important. By allowing tree-graphs of non closed forms the maximal number
of branches could decrease (see Remark I1.3) but won’t be the one we are
defining.

Proof of Lemma I1.4. The standard Sobolev inequality gives that for any
g form w on SP with 1 < g < p, there exists a constant C; such that

l Al e, < Collwlle - (11.20)
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Given a sub-tree-graph K; one first easily proves, by induction on the number
of branches of K’ that

[

o< [Twels (11.21)
jeJ

where J is the set of indices of vertices in Kj;, w; is the element of the

ideal generated by Wy(My) at the vertex j, p; is it’s degree, and ¢; =

>_jesPi — nx, (where, as before, ng, is the number of segments in K;). For

K; = K, (I1.21) implies

Il < Cx [T IVull (I1.22)

Combining now (I1.5) and (I1.22), we obtain (I1.19) and Lemma II1.4 is proved.
]

I1.5.2 Optimality of the Critical Exponent.

An important question is to know whether the critical exponent of a generator
z of the minimal model is optimal or not : That is, given a sequence of maps
uy from S? into N such that

lim [2)(f]) = Z)V/ W= o (11.23)
—00 ] Sp
and denoting
E, = inf{ |VulP dH? [z]([u]):ak} )
Sp
do we have log B
lim —2=k — Py (I1.24)
k—oo log ay p+n,

If z([ug] ) # 0, then there exists a positive constant ey ,, depending only on
p and N, such that

/\Vu]dep > enp
Sp

(see [Wh]). Combining this fact and Lemma II1.4, we have the existence of
C, n depending only on z and the metric on N such that

2([u] )it < Coy | |VulP dHP .
Sp
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for all w € WHP(SP, N). Thus the inequality
lim inf log B > b
k—o0 1Og Qg p+n,

(11.25)

is clear. The difficulty is whether a reverse inequality holds or not. A similar
question was raised in [Grl] and [Gr2].

Definition II.2 For a fized nonzero element z in Hom(m,(N),R), we say
that the critical exponent p(p + n.)~' is optimal if (11.24) holds for some
sequence [ug] in m,(N) satisfying (11.23). u

It was proved in [Ri] that this always holds if for instance N is a sphere (if
N =~ §9 then, for p = ¢, n, = 0 and, for p = 2¢ — 1 and ¢ even, n, = 1).
Answering this question in general seems to be an interesting difficult open
problem. We do not try to make a systematic presentation of this problem
in the present work, but just illustrate this question by considering more
specific N (related to the examples we exposed in the previous subsection)
for which the critical exponents are always optimal. Precisely we have.

Proposition I1.3 Let N be a 4-dimensional Riemannian manifold diffeo-
morphic to the connected sum (CIPQ#I/W#&SQ x S?) where u, v and
€ are 3 arbitrary natural numbers, (#m--- denotes the connected sum of
m copies of --- and CP? is CP? with the opposite orientation to the stan-
dard one). Then for any p € N and nonzero z € Hom(m,(N),R) the critical
exponent p(p +n.)~" is optimal.

Proof of Proposition II.3. Denote w; - --w, € H*(N) the Poincaré duals
of each of the standard CP!' embedded in each of the CP? in the connected
sum #uCP?#uCP2#£(S? x S?). Similarly, denote @, ---@, € H?(N) the
Poincaré duals of each of the standard CP! embedded in each of the CP? in
the connected sum #uCP?#vCP2#£S? x S, And finally denote a; - - - g
and f; - - - B¢ the Poincaré duals respectively of each of the S? x {Nord} and
each of the {Nord} x S? in the connected sum. For any k € Z, we first
construct a map Fy from N ~ #uCP?#vCP24£(S? x S?) into itself such
that

Frop, =kw, forh=1,---,p , Fw,=kw, fori=1,---,v
and Fya; =koa; and F;B;=dpg; forj=1,---,&
(11.26)
and
IVE ] <CVE (I1.27)
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with C' independent of k. First, the existence of F}, in the case where u = 0,
v =0 and £ = 1, is quite elementary to establish : it is not difficult ( see
[Ri]) to construct a family of maps ¢, from S? into itself such that

deggr = k& and ||V < ij ,

where Cj is independent of k. Then observe that Fj(z,y) = (¢a(x), ¢a(y)) is
a solution to (I1.26) and (I1.27) in the case N = 5% x S2.

We now construct Fj, solving (I1.26) and (I1.27) in the case N = CP?.
We split first CP? into two parts N' ~ E where E is diffeomorphic to the
Hopf disk bundle over S? which is the D? bundle whose principal bundle is
the S Hopf bundle which is diffeomorphic to S ( we then have OF ~ 53)
and N2 ~ B* We first construct £}, from N' into N'. Let H be the Hopf
fibration from OF ~ S* into S? and let ¢;, be the map described above. We
claim that we can lift ¢, to a map ¢y : S® — S (e Ho ¢y = ¢p o H)
satisfying .

IVérllo <CVE (I1.28)

where C'is independent of k. We follow the idea in [HR1]. Let (ef, e}, €3) be
the orthonormal coframe of A'S® given by the Lie Group action on S? starting
from i, j and k at (1,0,0,0). Classical computations give 2~ 'de} = e Nej_y
where we use indexation in Zs. We get the Coulomb Hopf lift (see [HR1])
of ¢, in the following way : there exists ¢ = ¢ satisfying (forgetting the
subscript k)

¢rei(r) = (dHé(x) ce1;dou() - (dH, - e1)) €1 ()
+ (dHy(,) - e1;ddn) - (dH, - e2)) e3(x)

Pres(r) = (dHé(x) ce23dQn () - (dH, - €2))e5()
+ (dHy,) - €25 dopy - (AH, - €1)) €7 ()
¢es(z) = n(x)

where (e, ez, e3) is the dual basis to (e}, e3,e%), (+;-) is the scalar product on
S? and 7 is the 1 form on S® solving the following elliptic problem

1
dn = §H*¢*w52
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where wg2 is the volume form on S%. We observe that the operator

L: 02(9, R4\B%) B CO(Qa R4) )

L(u) = (d*(u'e}), d*(u'es), d*(u*es), d* (u*2))

where Q = Bj \ Bf, is elliptic. Using a classical interpolation result (see
2

[BBH]), we get that for any subdomain Q" of Q one has
IVullze@) < Cllullz=@llLullz=@) + Cllullz=@)

Applying this result to u = ¢y, o (%), we obtain that

|z

Vil < Clidnll [HV2¢kHoo + Vi lloo | Voo | + lorll%

< Cd+Vk | Vil

Thus we have found a family of liftings of the ¢ that satisfies (I1.28). Now
we can extend ¢, to a map from F into E by homogeneity : We take the
flat metric on each fiber of the disc bundle E over S? and we take F(z) =
|z|10%(x/|x|1) where |z|; is the distance of x to the zero section ~ S? of the
disk bundle and where we are using the linearity on the D? fibers . It is
clear that F so defined on N; satisfies |V F| (v < CVE. On Ny ~ B*
we define F, from N, ~ B* into Ny ~ B* by Fj,(z) = |x|o¢k(z/|2];) where
this time |z| is the distance to the center 0 of B* and where we are using
the linearity on B* C R*. By gluing the two pieces N; and N, together we
get a family of maps Fj, from CP? into CP? satisfying (I1.26) and (I1.27).
Thus we have then Fy in the cases (i, v, &) = (0,0,1) (i, v,&) = (0,1,0) and
(1, v,€) = (1,0,0). We get Fy for general (u, v, ) by simple iterative gluing
of the previous ones.

Consider now a class z in (7,(N) ® R)*. Since H*(N) is generated by the
classes w;, W; «; and [3;, each form at each node of every tree graph K; arising
in the linear combination K representing z is a non exact 2 form representing
one of the class above or 4— forms, wedge of two nonexact two forms of this
family. We restrict to tree-graphs which are optimal in the sense of the

definition II.1. Let u : S? — N be such that z([u]) # 0. Consider now
S M (F o u)E'. Tt is a polynomial in v/ of the form

A([u]) = zl:k"lipAleuK’,

where we have used the identity (II.5). Since K is optimal n; < n,. Assume

that for every u such that z( [u] ) # 0 the coefficient in front of k™2 is always
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0, then, in representing z, we could remove all trees that contain n, node,
and we will prove that the minimal number of nodes for representing z would
be strictly less than n, which would be a contradiction. Thus we may choose
u such that the coefficient in front of k%" is non zero, and we have

nz+p

Ay = 2([Frou]) = ad™=" +P(Vd) | (11.29)

where a # 0 and deg P < n, + p. Observe that we have
E, = inf{ |VulP z2([u] ) dHP = Ak} < o [VE o uf?
Sp

which, combined with (I1.29), implies that

logBy _ P

lim su
kHOOp log Ak on,+ D

¢ From this inequality and (I1.25), we deduce that

. log Ej, p
lim =
k—o0 log Ak N, +p

so that p (n. + p)~! is optimal. Proposition I1.3 is proved. [ ]

I1.6 Rigidity Property of Linear Combinations of Tree-
graphs and Interpretation of Homotopy Integrals
as Linking Numbers.

One question we did not address yet is the invariance of the isomorphism
VP ~Hom(7m,(/N),R) under small deformation of the geometric realization
W y. In the previous subsections we have constructed the formal linear com-
bination of simply connected tree-graphs of forms K = Y, ;X' which have
the homotopy property : For any u

/ u® remains unchanged under homotopic deformation of u |
Sp

and which therefore correspond to an element in Hom(m,(/N),R). This is
why these integrals are also called homotopy integrals. Now we address the
question of finding the formal linear combination of simply connected tree-
graphs of forms of Wy (M) which have the rigidity property : For every
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smooth u from S? into N, [, u” is unchanged under a deformation of Wy
by adding an exact form to every closed generator of ¥y (My) (see [Novl],
[Nov2] and [Nov3]). For instance, for m3(S5?) the linear form

/ wrw A d*ATH(utW)
S3

where [i,w =1 and [, w = 1 remains unchanged as one adds to w and '’
arbitrary exact 2 forms da and do’. This means that this tree graph (made
of 2 vertices connected by 1 segment and where one generator of H?(S?) is
assigned at each vertex) has the rigidity property. This problem of the rigidity
property under deformation of geometric realization of minimal models was
first raised in [Novl], and sufficient conditions for this rigidity property to
hold are given in [Nov2|, [Nov3], [Mil] and [Mi2].

We say that an element in H*(N) is in general position if the correspond-
ing Poincaré dual is an integer multiplicity combination of simplices (i.e.
their integral on cycles in H,(N,Z) are in Z). The goal of this subsection is
to prove the following result.

Proposition II.4 Let N be a compact simply connected manifold, and ¥ be
a geometric realization of the minimal model My . Suppose z is an element of
Hom(my(N),R) admitting a representation via ¥y by a linear combination in
Z of simply connected tree-graphs K; of closed forms that we take in general
position. Assume also that K has the rigidity property and finally that in
each K', every pair of closed form connected by a segment have Poincaré
duals that can be represented by disjoint closed polyhedral chains. Then for
any map u from SP into N, one has

/uKEZ
Sp

Remark I1.6 We can always choose a basis of H*(N) which is in general
position.

In fact, first take free generators of H,(N,Z). They form a basis in H,(N,R)
(see for instance [GMS] 5.4.1) and the Poincaré duals of these classes form
a basis of H*(N) in general position. We can then proceed to the con-
struction of a geometric realization Wy of the minimal model of N starting
from these classes. In order to apply Proposition 1.4, it remains to check
both the rigidity property of K representing z and whether each pair of
forms connected by a segment in the tree graph can be realized by disjoint
cycles. Observe, as an illustration of Proposition II.4, that all these condi-
tions are fulfilled by each example we gave above (m,(CP?), m,(CP' x CP")
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and m,(CP?*#(CP!' x CP')) for p = 2,3,4 except for K., and K3 arising
while computing 74(CP?#(CP' x CP')) where our geometric interpretation
of [,, u™ is no longer valid.

Proof of Proposition I1.4. Let K'! be a tree-graph of closed forms
arising in the linear combination of tree-graphs of forms K = >, }K' in
the representation of z. Let wy---wy, , be the closed forms at the nodes
of K'. Let C; be the closed polyhedral chains representing the Poincaré
duals of the w; such that if (i1,i5) € Z then C;;, N C;, = 0 (recall that Z
is the set of pairs of indices whose corresponding nodes are connected by a
segment in the tree-graph). Assume, to simplify the presentation, that the
C; are smooth submanifolds of N of dimension p; = n — degw; (for general
polyhedral chains the approach below requires a more technical presentation
that we skip). Let N; be an open tubular neighborhood of C; (diffeomorphic
to the normal bundle of C; in N) that we choose sufficiently thin in order to
guaranty that V(iy,i2) € Z, N;; N N;, = (). We denote by m; the orthogonal
projection from N; into C;. We replace w; by a (cohomologically equivalent to
w;) representative of the Thom form of IV; supported in V; and whose integral
along each n—p;—plane perpendicular to C; gives 1. We keep denoting w; this
new representative of [w;] and since K has the rigidity property f op u® is not
altered by this change of geometric realization. Let S; be a R% vector bundle
over C; whose sum with NN; gives a trivial bundle N; & S; ~ C; x R Pitd
and let @; be a representative of the Thom class of S;. Let €; = u~!(V;) and
denote by FE; the pull-back bundle of S; by 7; o u over €);

Ei = (7Ti o U)ilsi

Denote by II; the projection map from F; into N; and, by ¢; the canonical
bundle map from FE; into S; lifting m; o v and realizing an isomorphism from
any fiber of E; into the image fiber by m; o u. Finally we denote by ®; the
following map

@Z' : EZ e SZ ) Nz ~ Cl X Rn_pi+Qi

r — ¢i(x) 4+ u(ll;(x))

Following [BT] we denote (II;), the integration on E; along the fibers which
assign a A*"%N; form to any AFE; form. Using the projection formula
(Proposition 6.15) in [BT], we have for any ¢ form a € C*°(AIN;)

(IL)o(Pjw; ANy AN1TMr) = w'w; A o

This implies in particular for ¢ = p — degw; that
/ O (w; ANwy) NTTa = / ww; A« (I1.30)
E 5P
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We assume that each N; avoids the north pole and denote by L the linking
map defined by (I1.18). Furthermore let Qg»-1 be a p — 1—form on SP~!
satisfying [g,-, Qgr-1 = 1. Following (IL.16), we have that

+1
:/ / /\iff u*w;(z;) /\(z'l,z‘g)ezL*st—l(%n%)
Sp Sp

Combining (I1.30) and (I1.31), we then have

S

Sp
—+1 ~
:/ / /\?:Kf cpf(wi/\wi)(zi) /\IGIH?L*QSP—I(ZZ'UZZ'Q) )
Eq E

ng+1

(IL.31)

where 117(2;,, zi,) = (I (2i,), IL;,(2:,)). Since the N; are disjoint and also
disjoint from the north pole of S?, LoIl; € C®(E;, X E;,, SP~!) forall I € Z.
Thus we have, for all I € 7

d (L*Qqu(zil, 212))) =0 in Eil X E'Z‘2 (1132)

Let Z; : S;® N; — C; x R*Pitdi he a bundle isomorphism and let P; be
the canonical projection from C; x R""Pit4 into R" Pi*t% which assigns X to
(z, X). Using (I1.32) since w; A @; is cohomologous to

A = IR (fi(X)AX0 A NdXopitg)

where f; is the characteristic function of the unit ball B} 7% divided by
it’s volume, we have

+1 -y * T %
= / / NI A (2) Arer L Qo1 (23, 2i,) -
Ey Enp+1

Using Federer’s coarea formula, we have, denoting r; = n — p; — ¢;,
nKl+1
(v [T 187

1
/ ut
i=1 sp

= /\?:Kdei/ A1erl7 L Qg1 (241, 215 ) -
/BII /BI"K“ U R ey
(IL.33)
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For a regular value (&1,--+,&n,41) of H?:KIH(R o Z; o ®;), we introduce the
map

ni+1

Vo o [[ (ProZio®)7' (&) — (877

=1
(x17'“7xn1(+1> - H(LOHI>(xi17xi2>

Iez
A short computation using (I1.5) shows that

ng+1

dim ] (PoZio®)7'(&) = dim (7)<
=1

A standard deformation argument shows also that the topological degree M
of Ve, .., 41 18 independent of (£y, - -+, &uyeq1). Combining this fact together
with (I1.33) and the integral expression of the topological degree, we have
shown that, modulo a sign, f . s equals this topological degree. Proposi-
tion I1.4 follows. ]

Remark I1.7 An alternative proof of Proposition I1.4 may be obtained, fol-
lowing [BT] pages 230-234, by interpreting each elements of the integrand as
a geometric operation.

Here one interprets u*w; as the integration operation on u=*(C;), where
C; is the Poincaré dual to w; in N, one interprets the d—! operation as taking
a chain bounding a boundary and the wedge A as the intersection operation
- see (6.31) page 69 in [BT]- (see such an approach also in [Ri] Proposition
2.2).

IIT 7,(N) ® R—Type Bubbling for Sequences
of Maps in W'?(SP, N).

Given a class z €Hom(m,(N),R) and a sequence u, in W'?(SP N) which
weakly converges to a map u in W1P(SP N), the goal of this section is to
show that one can extract a subsequence u,, from u, such that

I

lim 2([un]) = 2([u]) + D 2([wi])

n—00 -
=1

where w; are disjoint “bubbles” from w, (i.e. maps in WH?(RP, N), weak
limits of the dilated map w,(rix + a}) where a} converges to a limiting point
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a; in S? and 7 tends to zero, moreover for two distinct j and j' both rJ
and 77 cannot be comparable to |a/, — @/ |). We will in fact formulate that
convergence using a modification of the “Graph” approach of Giaquinta,
Modica and Soucek [GMS] and by introducing in our context the Cartesian
Currents.

III.1 The Cartesian Current Associated to a Map u in
WP(S?, N) and a p dimensional simply connected
tree-graph K of closed forms from N.

Let N be a compact simply connected Riemannian manifold, K be a p di-

mensional simply connected tree-graph of closed forms, and u be a map in

WhP(SP N). Recall that the number ng of branches equals the number of
nodes —1. We first introduce the following definition.

Definition II1.3 To any map u in WP(SP, N) we assign a map Uy from
(SP)rs Tt gnto Nl x (SP=1nx defined by

UK(%, : ";%KH) = (U(ﬂﬁl), : ”7U/(ITLK+1)7”.7 |

where the pairs (i,7) run over the set of pairs I for which the nodes i and j
are connected, in the graph K, by a segment going from j to i. Such a map
will be called the tree-graph map associated to u and K.

Observe then that with this notation we have, using Lemma II.3,

/uK _ / / U (W) A GE
Sp 1 T

ng+1

= /(s o Uy (WK Nieg Q(XJ))
P\ K

where, for any J = (j1,72) € J , X7 is a variable in SP~! and Q(X”) denotes
the standard unit-volume form on SP~! C RP given by

p
QXT) =[S X ()X e dX] L dX - dX)
k=1

In the product space (SP)"5F1 x N™xT1 x (SP=1)nx we have the p (ng + 1)
integer-multiplicity rectifiable current Graph(Uy) defined by integration on
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the graph of Uy : For any smooth p (ng +1)—form W in (SP)"x+1 x Nt x
(5771,

Graph(Uk)(¥) = /(Sp)nK+1 ViV where Vi (z) = (z,Uk(x)), (IIL1)

The following proposition shows that Graph(Uy) is indeed an integer rectifi-
able current whose boundary also has finite mass (and hence is also rectifiable
[Fe],4.2.16.)

Proposition III.1 Under the notation above we have the existence of a con-
stant C independent of u € WHP(SP. N) such that

M (Graph(Uy)) < Cr [1+||Vu|p" D) 4 || Vau|pte] . (111.2)

Moreover there exists a constant Cx such that

M (0Graph(Ux)) < Ck [1+ [|[Vu|2™ + [|[Vulpr =<t . (I11.3)

Proof of Proposition III.1. Any smooth p (ng + 1)—form ¥ in the prod-
uct space (SP)"ETl x Nnetl x (SP=1)nk can be written as a finite sum of
smooth simple forms. Corresponding to a choice of nonnegative integers

(m17 Tty m?’LK-i-lapl) e 7an+17 q1, -, qu) SUCh that
nkg+1 ng+1 nK
Zmi+ ij+ZQk:p(nK+1)
i=1 7j=1 k=1

and m; < p, p; < dimN and ¢, < p — 1, we may let W' be the canonical
projection of W on A" SP .. . APrk+1SPAPLN .. APng+1 N AGLGPL L Adng GP—1
Then W' is the product of a function f € C*°(SP,R) and a simple form
aq (-rl)/\' : '/\OénK-i—l(an—I—l)/\ﬁl (yl)/\' : '/\ﬁnK-i-l (ynK-i-l)/\’yl(yl)/\' ' '/\’ynK (ZTLK)
We have

|(Graph(Us) (V)]

S| [ e A )
P K

.le — 33']'2

*

7.(25)

/\J:(jlva)GIKﬂ-* ’x — T ’
J1 J2
nx+1 1

Cre| 9| / 1 Ve ]I
(sp)rxtt j=1 J=(j1,j2) T ‘ﬂ'(le) - W(sz)‘qJ

(I11.4)

IN
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We prove now by induction on the number of nodes nx + 1 in the tree-graph
K that the integral

nx+1

/Sp ng 1 H | fil(z:) H ) _17T(x‘ I (IIL.5)

J=(j1,j2)€LK |7T(le)

is bounded by
ni+1

Cr [T A2 (I1L.6)
=1

To facilitate calculation, consider the sphere measure 1 = 74 (H”L SP) on RP
so that

1f o e = [Ifller
for f € LP(SP). Let’s take an end node i connected to the node i; so that
J = (i1,12) € Z. Classical estimates on Riesz potentials (see [St]) give

/ |f12|( (xm))
Ty ERP |l‘“ — Tiy |q

Therefore

fiu (7Y a,) / [fiol (7 (1))

i ERP ’xil - xiQ’qJ

. SOklfaem™ 2 = Cillfull
LPi2+QJ*"(u) 2 (p) 2

(I11.7)

< C’KHqupl waHpL
Diy TPigTag—P h ’
LY 2 (1)
(I1L.8)

Replacing then f;, o =1 by

fi/1(7ril(xi1>) = fh(ﬂ'l(xh))/ ‘fm’( ('TZQ))‘x’ll _xi2’7qJ ’
Tig

replacing p;, by p;, = pi; + pi, + ¢7 — p and removing the node 7, from the
graph K, we are in the position to apply our induction assumption to this
new graph and this permits to bound (IIL.5) by (IIL.6). Applying this fact
to the inequality (II11.4) we obtain (I11.2).

We establish now (II1.3). Suppose ® be a smooth compactly supported
p(nkg + 1) — 1 form in (SP)"xF1 x Nmx+l x (SP=1)mx. This time we may
consider the projection @’ in

NTSP o AT GPAPE N - APrictE NG P A G

where my, -+, My, 41,1, Pnge+1, @15 - 5 Gnje are nonnegative integers such

that
nig+1

Zmz - Zp] + qu = png+1)—1
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with m; <p, p; <dimN, and ¢, < p — 1. Again assume that @’ is simple.
We also observe that for any smooth form ~ in A%SP~! the following
identity holds, in the sense of distributions, if ¢ <p —1:

* x_y* *x_y* : !
dm 7) = dry in D'(A1(RP x RP I11.9
(= = @) (@< BY) (L)

whereas if v € C*°(AP~18P71) " a short computation shows that, for any form
¢ in C§o(AP(SP x SP)),

/ dpnm—— Yy = (—1)?/ 5/\7r*/ A*¢ (IIL.10)
5P x P |z -yl Sp—1 RP

where A is the diagonal map assigning (x,x) to z. Thus, because of (II1.9)
and (II1.10) the d commutes with U}, modulo the operation which corre-
sponds to sum all pull backs of forms obtained by removing one segment
Jo = (j1,J2) in K for which g; = n — 1 and by fusing the nodes j; and js :
precisely the form

* *

Ti — T s
le (yjl) sz (yJQ) ™ |$j2 ZL‘]1| Vo NG, J=(5,42)€Tr} T |:L’j2 — xj| 07
is changed into
T — Ta *
Bia (i) A By (y3) A / Voo NG, =G)eTx) T T Vs
s |25 — 24

We then obtain a linear combination of new tree-graphs and applying the
result (II1.2) we obtain (II1.3) and Proposition III.1 is proved.

II1.2 7,(N)® R—-Type Bubbling.

In this section we will consider the behavior of a sequence of p dimensional
tree-graph forms corresponding to a WP weakly convergent sequence of
maps in C*(SP, N) and a fixed element of Hom(m,(N),R). We first note
that a strict sub-tree-graph L will have dimension ¢ < p, and consider the
behavior of the corresponding ¢ forms in the following;:

Lemma IT1.1 Let u, be a sequence weakly converging to u in W1P(SP N)
and L be a q dimensional simply connected tree-graph of forms with g < p.
Then

uk — " in L' (SP, N1SP)
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Proof of Lemma III.1.

We prove this lemma by induction on the number ny +1 of nodes in L. If
there is only one node, this result can be found in [GMS]. Let w € D"(N) be,
as in section I1.2; the form at the summit of L. There exists then a family
of tree-graphs Ly, - - -, L,, whose dimensions sum to ¢ — r + m such that

QSpfl A ULi (ZEZ)

n

uy (1) = upw(z) ALy / ™
Sp

|z — 24
JFrom the proof of Proposition III.1 we have that

lullle < CollVulg

where ny + 1 is the number of nodes in L. Extracting a subsequence if
necessary, we can always assume that uZ converges weakly in L7 and the goal
is to show that this limit is u”. Assuming that N is isometrically embedded
in R*, we can write w as the pull-back under the inclusion map of N of a
form in R¥
w o= Za/] dy; € D'(RF)
JeJ

(Here J denotes the collection of increasing r—tuples in {1, - -+, k} and dy; =
dyjl/\”'/\dyjr fOI‘JEj.)

First, ignoring the coefficient functions a;(u,) occurring in u}w, we study
convergence of the ¢ forms

dult A - A dudr AT / " Qg A uki(zy) . (II1.11)
;€SP |I - xl|
Note that we may rewrite I11.11 as the sum of two terms

r—x; %

d |t dul? A - N dulr Zl/s *

T
p | — x|

QSpfl A Uﬁ’ (l‘z):|
QSpfl AN Uf.;z (JZ'Z)

(IT1.12)
For fixed n; > 1, we will also use an induction on r. In case r = 1, the
bracketed expression in the first term is simply

+(=1)" ufj duff A A duff Ad [/\;“1/ 7" S
Sp ]x - xz,

, T — T
A * ~ Qv Aubi(zy) .
ul Zzl/spﬁ 7= so-1 Ayt (x;)

Here the functions /!, being uniformly bounded in W1?(SP), converge, by
Sobolev embedding, strongly in L™, for all m < oo, to v/!. The remaining
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wedge product is, by III.7 and IIL.8, weakly convergent in some L™ space
with m’ < oo to the corresponding wedge product with u’i(x;) replacing
uLi(z;). Multiplying and applying d, we conclude that the first term in the
r.h.s. of (II1.12) with » = 1 converges, in the sense of distributions, to

d[uh ;nl/ ‘; Qg A i ()
Sp

T — ;]

In case r € {2,3,---}, the induction assumption on r implies that

. . ) T — T
J1 J2 A L. Jd AT * ’
wlt dul> Ao A dule /\i=1/ 0 Qgp-1 A uy(x;)
sp |z —
. _pP_
converges weakly in LT sense to
r—x;

Wt du? A A dud? Ny / "
Sp

So again, the first term in the r.h.s. of (II1.12) converges in the sense of
distributions to the corresponding term with with w,, replaced by w.

The second term of the r.h.s. of (IT11.12) equals, modulo a multiplication
by a constant,

m

S (1) ay (un) wlt dud? A- - Adud Aul A#l/ "
Sp

=1

*

« 2T % Qgr1 Aubi(2;) .

|z — @]

where s; is some integer depending on [. Each of the terms of this sum
correspond to a uTLL2 where the number of nodes in L] has been decreased by 1
and now equals n;,+1—1 = nz. We can thus apply our 1nduct10n assumption
on the number of nodes and deduce that each of this un converges weakly
in L4 to the corresponding u”

Thus we have showed by induction on r that

dul A du?? A - A dult AT / "
s |z — i

converges weakly in L7 to

du* A du? A - A dudm NI 1/ T -
Sp

Finally we consider the coefficients aj(u,). Since a; is smooth and
bounded on the compact submanifold N, Sobolev embedding implies that
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the sequence a;(u,) converges strongly in every L™ space to ay(u), and
therefore (IT1.11) converges in the distribution sense to
r—x; "

ay(u) du? - A du?t AT, / " Qg Auli(z;)
s |7 — il

Since it is bounded in Lg, this convergence also holds weakly in L¢ and
Lemma III.1 is proved. ]

Now we are ready to study the behavior of the smooth p forms X on SP
associated with WP weakly convergent sequence of maps u,, € C*(S?, N)
and a linear combination K = ), N K; of tree-graphs constructed in section
I1. The weak convergence of the mappings u,, implies by (I1.19) the bounded-
ness in L' of the sequence of p forms v or equivalently of the dual functions
xul € C°°(SP). Thus the corresponding sequence of signed measures on SP

(xul) HPLSP (I11.13)

has a subsequence (x ufk) ‘HPL SP convergent to a signed Radon measures v
on SP. Here, for notational simplicity, we indicate this by simply saying

K

u, — v weakly as Radon measures .

The goal of this subsection is to prove the following proposition.

Proposition IIL.2 Let z be an element of Hom(m,(N),R), and K = K, =
Y NKG be a formal linear combination of tree-graphs of closed forms on N
associated to z for a given choice of geometric realization ¥y (as described in
part II). For any sequence u, € C*(SP, N) which W' weakly converges to
a map u € WYP(SP N), there exist a subsequence u,,, finitely many points
ai,---,ar i SP, and finitely many maps w1, - - -, wy from SP to N with each
z([w;] ) # 0 such that the following assertions hold :

i) The differential p forms unKk converge weakly as Radon measures

1

ul = uf 4+ Y " a([w])da, (I11.14)
=1

ii) For k sufficiently large, the following identity holds

1

Aun]) = 2([u]) + D =(lw]) . (IL.15)

i=1

42



iii) The following inequality holds in the sense of measures

]Vu\pHpLSp+CKZ\ D 8, < lim inf [Vuy,, [7H?L S?
=1
(I11.16)
where Ck is a positive constant depending only on K and ng is the
total number of segments among all K' in K.

i) Given any diffeomorphism VU of SP, we have
I
(U, 0 U)K — (o W)K + Zz wi]) Sw-1(ay) - (II1.17)
=1

v) There exists a constant €, y > 0 depending only on p and N such that

lim i inf /S " IV, [P dH? > e,y (IIL.18)
o0 PNB;(a;
whenever z( [w;]) # 0 for somei=1,---,1.

vi) Let B be an open subdomain of SP, and let v, be another weakly con-
verging sequence in WHP(SP. N) such that v, = u, on B for alln € N.
Then, as Radon measures,

(uh —vp)LB — (u* —0®)LB

Nk

: (I11.19)

where v denotes the weak limit of v, and L B 1s the restriction operator
to the subdomain B.

Remark II1.1 Using the language of currents we introduced above in (I111.1),
i) says that, for any function f in C°(SP) the sequence

(GraphU) <f(x1) WY1, Ynge, 1) Asety, Qsm(X;))

converges to

(GraphUy,) <f(331) W Y +1) Aseti, Qv (XJ)) +> ) flas) =([v))

where x; always denotes the variable assigned to the summit of the graph K;.
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Proof of Proposition III.2. In this proof, we will, for simplicity, not
change notations when we pass to subsequences. In particular, we first pass
to a subsequence to assume that

|[Vu,PHPLS? — u and  ulX — v

converge weakly as Radon measures on SP. There exists, by B. White’s
result in [Wh], a positive number £, x such that any map v € W'?(SP, N)
satisfying

|\VulPdH? < epn (I11.20)
Sp
is homotopically trivial. Thus there are only finitely many points aq,-- -, ay
in S? satisfying
pn{ar}) > epn o p{ar}) > g
We will first verify that
L(SP\{ay, -, a;}) = uf* . (I11.21)
To do this, it suffices by the Besicovitch covering lemma, to find, for each
point xy € S?\ {ay,--,a;} and each positive §, a positive numbers r < § so
that
lim ul = / u”
=00 J SrAB,(z0) SPNB(xo)

We may assume, for simplicity of the presentation, that xy does not coincide
with the pole sent to infinity by stereographic projection. The idea will be
to chose r so that [g, .- (z0) |Vu,|P is small, and then use the equation

/ ul = / k- / ak (I11.22)
SpﬂBr(:EQ) Sp SP\BT(xo)

with a certain extension @, € WP(SP N) of the restriction w,| [SPN B, (z)].
We will show below how to choose #, and the corresponding limit @ on
SP\ B,(xg) to have strong W1? convergence there. This will take care of
the convergence of the second term in (I11.22). The first term will involve
the topological quantities, namely z([a,]) and z([d]), that will all vanish
provided the total p energies of the 4, are all less than ¢, x.

To choose r and find a suitable extension 1, first let € be a small positive
number, to be determined later, and chose a positive s = s(d, €) small enough
so that

NN Q)

s < min{d, |xg —a1l, -, |xo —as]} and / p <
SpﬂBs(:EQ)
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Passing to a subsequence, we may, by Fatou’s lemma and Fubini’s theorem,
choose r € (%,t) so that

/ \Vu,|P dHP™ < re
SpﬂaBr(xo)

for all n large. This implies that

||un||Wl_l/p’P(S’PﬂaBr(mO),Rk) < Ce

(where R¥ is an ambient space in which N is isometrically embedded). Since
dim[SP N OB, (xy)] = p — 1 < p, there exist elements &, in N such that

|tn = &nllLoo(sPr0B.(20)) < Ce (II1.23)

where C'is independent of s, € and u,,. By (I11.23), we can form a Whitney
C' extension 1, of u,|S? N IB,(xg) to SP \ B,(xg). Letting mn denote the
nearest-point projection from a tubular neighborhood of N onto N, we see
that the map @ : S? — N defined by

U, =u on SPNB.(x) ,
U, =7noU, on SP\ B.(x)
satisfies the small energy bound

Vi, |? dHP < Ce
Sp

(The fact that constants are independent of r comes from the scaling invari-
ance of the p—energy in RP).
It is clear, since u,, converges weakly to u, that u, converges to u and

/ VP dHP < Ce
Sp

Moreover, our choice of 7 so that [, (z0) |Vu,|P is uniformly bounded (with
respect to n) and our choice of extension guarantee that ,| (S? \ B,(x)),
converges strongly in W'P(SP\ B,(z), N). Let 4% be the form obtained by
replacing u, by 1, in each of the forms Uy, (w*') A G*t. By also insisting
that Ce < ¢, v, we then have that z( [4,]) = 0 so that

0 = / als = Z)\l/ / Up W)y AGRE | (111.24)
l r1 ERP aCnKl+1€RP
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and similarly

0:/ ot = Z/\l/ / Up oW )y AGM . (I11.25)
Sp x1 ERP anl+1€Rp ’

l

Next denoting
QO = W[Sp N Br(.]?o)] and Ql =RP \ W[Sp N BT(JZ'())] s

we write, for every tree-graph K arising in K,

A[(l _ L. A* Kl Kl
[t = / [ Oia@ng
S 1 ERP Tng, +1€RP

) (I11.26)
- Lo/ o n(0) A G
aC1GQ :EnKl+1€Q-

(41, ﬂnK +1)ET g, 1

where J; denotes the set of ng,—tuples of ordered numbers taken from the set

{0,1}. Thus the integral we are interested in, namely, [, By (x0) uf | equals
the single term in the sum given by the ng,—tuple (0,---,0). For each of the
remaining terms, i, = 1 for some k € {1,---,nk,41}, and we claim that we
have the convergence

w [ i (o n "

n—oo :Eleﬂi Tn +1€Qin ’

' " o (II1.27)
e / .. ./ U;(l,oo(le) /\ gKl .
aC1EQi1 anlJrleQi"KlJrl

To verify this, we may assume that iy = 1. We observe that the modification
of the orientation of segments in the graph only leads to a possible change
of sign in the integrand (A]}*(l’n(le) A Gt Therefore we can always assume
that the node for which the variable is integrated in €2y is the summit of our
graph. We have chosen indexation so that this is the variable z;. Let w; be
the form at the summit of the tree-graph K;. We now can write

2 K K
[ Uien@ ) N GF1 =
:Eleﬂil :EnKl+1€Q-

Z"Kl‘i'l
/ (ﬁno7r1)*w1(x1)/\k/ i N e Yz;,)
z1€m(SP\B,(x0)) e |71 %k’

Ik

where j;, are all the nodes connected to the summit and K are the tree-
graph issued from these nodes. Denote d; > 0 the degree of the form w;.
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From Lemma I11.1 we know that, for every k, in"* converges weakly in Lo
for some s, > 0 and the s, satisfy >, (sx — 1) = p — dq (where we are using
Proposition II1.1). Therefore, in the distribution sense,

/ ‘xl;ﬁspl/\(AKlk Wl)é/ R T N L S B
X

n T x]k‘ ZTjp. ’x x]k’

Using classical estimates on Riesz integrals (see [St]), we obtain that

/ SR g A (7 (o)

& |$1 xlk|

is uniformly bounded in L5-T. Therefore it converges weakly in L% to

.. T1—zj, * -~ K g 1 . A5
the limit ijk 1y, | Qgp—1 A U™k o T~ . Since 4wy converges strongly to

W*wy on Qo = RP\ B,.(xg), (I11.27) is proved. Therefore, combining (I11.24),
(II1.25), (II1.26) and (II1.27) we obtain that

lim Z /\l/ .. / U}kq,n(wm) A ng
et z1€By(z0) Tny, +1€Br (20)

- Z,\l/ / Ug, oo (050) A GH
x1€Br(z0) anl-HEBr(xo)

l

(111.28)

Considering now the integral of uf = >, NuXt on B, (zy). We make the
following elementary remark : Let f,, be some sequence of functions weakly
converging in L (RP\ B,(x)), for 2 < s <p— 1, to a limit f. Then

1
= fu(y) dy
/RP\BT(J}O) ‘.CI? - y’pil

converges strongly in L} (B,(xq)) for any ¢ > 0 and converges weakly in
L+ (B, (x0)) to Jor B, (o) W f(y). Moreover, it is not difficult to check
that [ pr\BT (z0) To= yl‘p r oW La(B, (z0)) is uniformly bounded for some ¢ >

. Therefore, we deduce that there exists some ¢ > -£5 such that
/ e fuy)d e fly) dy in LB, (x0)
— Jn\Y)0Y — _ y)ay 1m r\ L0
R\ B, (z0) |7 — Y[P R\ By (z0) [T — Y|P~

Considering a decomposition of the domain R? into B, () and R?\ B, () in
computing the integral [p,aft = [ o, - fanﬁleRp U o (w51) AGEY only

the convergence of the term

/ .. / Uge, n(W51) A GH
x1€Br(x0) Tny, +1€Br (20)
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is a-priori problematic. But using the result of our efforts above in (II1.28)

we can deduce that

uf —s u’
By (zo) By (z0)
This holds for any zg in SP \ {a1,---,a;} and any r small enough, therefore

(II1.21) holds true and we have that
ul ol Z m;0,, as Radon measures

for some real numbers mq,---,m;. A careful and classical concentration
compactness blow-up study at each a;, using similar arguments as above,
shows that each number m; may be identified as a sum of z( [vg] ) where vy,
are maps from S into N. One readily finds a single map w; : SP — SP with
[w;] = >, [vk]. This ends the proof of (II1.14) and (III.15).

The proof above shows that in B,.(a;) the part of uXt(z1) given by

[ Uf 0 (@"0) A GF
T2 GQ T ;

Z"K +1)€j "Kl+1€Q'”nKl+1

where J; is the set of ng,-tuples of numbers in {1, 2} such that at least one
1 is equal to 2, converges to

K, K,
/ / Uf, o (w50) A G
QCQEQ acnKl+1€Q-

(é2, 7'LnK +1)€T ing, +1

in B,(a;). Only the local term

‘/;‘ﬂi _ / . / U;(hn(le) A gKl
ZEQEBT(ai) anl+1€BT(a’i)

is concentrating. Using (I1.19) (i.e. Lemma II.4), we have

’ ‘/r,ai T S CKZ ’VUn‘dep

Br (az) Br

Combining this facts with the results of B.White quoted at the beginning of
the proof of the proposition which says that

lim lim inf/ |\Vu,PdH? > e,n
r—0 k—oo Br(a;)

as long as z[w;] # 0, we get (II1.16). In order to establish (II1.17) it suffices

to combine the proof of (I11.14) with the last part of Remark I1.4. (II1.19) is

also a direct consequence of the previous observations. Proposition I11.2 is

then proved. [ ]
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IV Scans of p Dimensional Tree-graph Forms
for Maps of RP'!.

IV.1 Notations and definitions.

For the remainder of the paper we will be discussing W mappings
w: R — N

by considering their restrictions to p spheres.

Letting RP™! x R, parameterize the space of all p dimensional spheres in
R with (¢, r) — 0B,(c), we observe that, for almost all (¢,r) € RPT! xR,
the restriction w|dB,(c) € WP(dB,(c), SP). We will be applying all the
work of the previous chapters to the corresponding W'? map on the unit
sphere,

Ueyr @ SP — SP | ue,(2) = u(c+rzx) for x € 9B, (c) .

)

A scan S in RP*! will be simply a measurable map from the space of p
spheres to the space M(S?) of Radon measures on S?,

S RFIXR, —  M(SP)

As described in (I11.13), we may use, for any integrable p form w on SP, the
same symbol w to denote the corresponding absolutely continuous measure
(xw)HPLS? € M(SP). Thus, a linear combination K of p dimensional tree-
graphs on S? and a mapping u € C(RP*! N) induce the K-scan of the
mapping u ,

(er) —  ug,

C,7

where ufr is the p form constructed in I1.2 using the Gauss integrals of 11.4.
Even for nonsmooth v € W'?(RP*T! N), where u,., € W'?(SP, N) for almost
all (¢, r), similar constructions and integrations give a K-scan of w.

We next consider the behavior of the K-scans of mappings in a WP
weakly convergent sequence.

IV.2 Convergence of Scans

The goal of this subsection is to prove the following proposition.

Proposition IV.1 Let K = K, be a linear combination of simply connected
tree-graphs of closed forms associated to a class z € Hom(my,(N),R). For
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any sequence u, € C°(RPTY SP) converging W weakly to some limit u €
WP(RPHL SP) there exist a subsequence u, and a scan S of the form

I(c,r)

S(e,r) = ufT + Zmi(c,r)éai(w) (IV.1)

i=1

so that, for every ¢ € RPYL and almost every r € R, each subsequence of
contains a subsequence u,» so that

() = Sler)

weakly as Radon measures. Here the quantities, I(c,r) € N, m;(c,r) €
R: N z(IL, (n)), and a;(c,) € S?, are all measurable in (c,T).

Proof of Proposition IV.1.
Let {(c1, 1), (c2,82),- -} be a countable dense subset of RP*! x R,. By
Fatou’s lemma and Fubini’s theorem,

/ liminf/ |Vu,|PdHPdr < sup/ |Vu,|Pde < oo,
r€[s1—1,s1+1] n—oo OBy (c1) n Rp+1

and we may choose a number r; € [s; — 1,51 + 1] and a subsequence a4 (n)
so that

sup/ |Vta,(m)|P dHP < o0 .
n 837«1 (C1)

Similarly we inductively find, for & = 2,3, - -, numbers r; € [sx — %, Sp + %]
and a subsequence ay(n) of ay_1(n) so that

sup/ Vg, m [P dHP < oo
BBTk(ck)

n

Then {(c1,71), (co,72), -} is also dense in RP* x R, and the diagonal se-
quence ay,(n) gives

n

sup/ Vg, m)|P dHP < oo.
aBTk(Ck)

for all £ = 1,2,---. By Proposition II1.2, we may use another diagonal
procedure to find a subsequence wu, so that, for every £k = 1,2,---, one has
on S? the weak convergences of Radon measures

n—oo

PHILSY =

CksTk
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and

I(Ckvrk)

lim (un/)K = UK + mi(ck7 Tk) 5ai(ck,rk) ) (IVZ)

00 ClsTk ChsTk
=1

where fy, is a positive Radon measure on SP, I(Cy,r;) € {0,1,---} and
mi(ck, 1) € Ry and a;(cg,ry) € SP for i@ = 1,--+, I(ck, ). Consider now
an arbitrary point ¢ € RP™'. Since u,s converges strongly to u in Lj,., the
exceptional set

X, = {7’ eER : H’{zx € 0B.(¢) : lim wuy(x) #u(x)}) > 0} (IV.3)

n/—oo

has, by Fubini’s theorem, measure zero. Using now Fatou’s lemma, we have
that

/ liminf/ (IVu| + [Vu, |P)dH? < QSup/ |Vu,|Pdr < oo,
r 9By (c) Rp+1

er 70 n
and the set
Y. = {7“ eR : / |VulPdHP + lim inf/ |V, [PdHP = oo}
8By (c) =0 JaB.(c)
(IV.4)
also has measure zero. Finally,
Z.={reR : u(0B,(c)) > 0 for some k=1,2,---} (IV.5)

is countable. Removing these three sets and taking r € R\ (X, UY. U Z,),
we can find a subsequence, that we keep denoting wu,,, such that

Uy — u in W (9B, (c), N)

By Proposition II1.2, any subsequence of w,s contains a subsequence u,,»
giving the weak convergence of measures in the form

K K —
(un”)c,r U, + Zmz 5(11- )

where I € {0,1,---} and m; € R\ {0} and a; € S? for i = 1,---,I. To prove
the proposition, we need to establish the uniqueness of this limit. That is,

J

I
Z n; 5bj = Z m; (Sai (IVG)

j=1 i=1
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whenever w,,» is another subsequence of u,, giving a similar weakly conver-
gent limit,

J
(un///)fr — U/fr + Zn] 5bj . (IV?)
j=1

To verify (IV.6), take any one point a; € {ay,---,a;} and fix a positive
number

p < min{|a; — b| : a;#be€{ay, - -,a;b,---,bs}

We may choose an element (¢, ;) of our countable family above so that
re < %p and @; € B,, (cg). Thus B,, (¢x) either does not intersect {by,---,b;}
or contains exactly one b;, which then coincides with a;.

Consider now the Lipschitz sphere

Y = (B, (cx)NB(c) =5, U, |

where

Yo = XN B, () = 0B.(c) N By, (ck)

Letting W(x) = r,'(z — ¢;) for z € X, we see that ¥ extends to a
bilipschitz homeomorphism of ¥ : ¥ — SP whose restriction to ¥, is a
smooth diffeomorphism.

Concerning the region ¥;, we have the convergence, as Radon measures
on S?, of the original subsequence (un/)fk - This convergence then restricts,
by (II1.19), to the open subset ¥(¥;) and, by (IV.5), to the closure ¥(3;).
Using (I11.14), (II1.17), and (II1.14), we deduce that,

(U © \Ijil)KL\I/(E_l) = (un’)K L\I/(E_l)

Ck,Tk

(IV.8)

=y LU() + R = (uo U HELU(E) + R,

CksTk

where

R = Z mi(ck7 Tk>5ai(ck77'k) .

a;(c,mE)EXL

Concerning the complementary region Y5, we may restrict the conver-
gences of the two subsequences (u,~)5, and (u,»)~, to the open subset (%)
of SP. By our choice of p, (II1.17), and (III.19),

(un” o \Ifil)KL\IJ(EQ) — (u o \Ilil)KL\I/(ZQ) + mi5\y(c+rai) (IVQ)
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and similarly combining (IV.2), (IV.7), (II1.17) and (II1.19), we get that
(U 0 UHELW(S,) = (wo U LW(Sy) + mly(eiray , (IV.10)

where
either m =0 1incase B, (ct)N{by,---,b;} =0,

or m=mn; and b; =a; .

Finally we note that

/(uno\lll)K =0 . (IV.11)

for all n because u, o ¥ is, by the continuity of u, on B,(c) N B, (¢x), homo-
topic to zero in [SP, N|.

Adding (IV.8) (with n’ replaced by n”) and (IV.9), integrating over S?,
using (IV.11), and taking lim,»_ .., we deduce that

0 = lim [ (upo¥ HF = (/ (uo\Il_l)K) + R(1) + m; .
n =00 op gp

Similarly using (IV.8) (with n' replaced by n”") , (IV.10) and (IV.11), and
taking lim,»_, ., we see that

0 = lim (Upr 0 U™HE = (/Sp(uo\II_I)K) + R(1) + m.

n'’—oo [gop

Combining the last two equations we see that m = m; # 0 so that n; = m =
m; and bj = a;.

By repeating this argument we deduce that the two sets {b1,---,b,} and
{@i,---,az} coincide and that the associated multiplicities are equal, which
completes the proof of (IV.6).

Finally the measurability of the limiting scan

I(c,r)
(e,7) +— ufr + Zmi(c,r)(sai(c,r) :
i=1

and hence of I(c,r), m;(c,r) and a;(c,r), follows from the measurability of
pointwise limits of sequences of measurable functions and the separability of
co(s7). n
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IV.3 Connecting 7,(N) ® R Singularities.

In this section we prove our main result : Theorem I.1. This is an immediate
consequence of Proposition I11.2(i)(ii) and the following structure theorem
on the rectifiability of the “bubbled scan” in Proposition IV.1 :

Theorem IV.1 Suppose z € Hom(m,(N),R), K = K, is a corresponding
linear combination of tree-graphs of forms,

u, € CRPFYN)  —  uwe WH(SP, N) weakly in WP |

and u, 1s the subsequence with bubbled scan

I(c,r)
Se,r) = ufr + Zmi(c,r)éai(w) )

i=1

as in Proposition IV.1. Then there exist a countable union I' of C1 curves
with measurable orientation I' and a nonnegative H' measurable function 0
from T into z(m,(N)) such that

/ g7 dH' < C.liminf / \Vu,[Pdz (IV.12)
T n—0aoo Rp+1
(with C, depending only on z and n, as in Definition I1.1) and, for almost
all (c,r) € RPT x R, OB, (c) is transverse to ', and
S(e,r) = ull, + Z sgn|C(a) - (a —¢)] 0(a) Gae . (IV.13)
a€l'NdBr(c) ’
Thus,
{CLl(C, T)7 Ty a[(c,r)(cv T)} - {

a—=¢C

r

: aEFﬂ@BT(C),Q(a)#O} :

and
mi(e,r) = sgn[L(c+rai(e,r)) - aile,r)] 0(c+ rai(c,r)) .

We will need the following elementary lemma, a proof of which can be found
in [HR1] (Lemma 7.1).
Lemma IV.1 For ¢ > 0 and for any sequence u, € WHP(RPTY N) with

L = sup, prH |Vu,|Pdx being finite, the € energy concentration set

1
E. = {c c RPH limsupliminf—/ |Vu,|Pde > 5}
Br(e)

r—0 n—oo T

has HY(E.) < C,e 'L where C,, is a constant depending only on p.
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Proof of Theorem IV.1. Suppose (¢,r) € RP™! x R,, a € 9B,(c) and
0 < p <r. Then the boundary

Y = 0(B,(a) N B,(c))

is uniformly bilipschitz homeomorphic to 0B,(a). In fact, one may define
U : ¥ — 0B,(a) to be the identity on (9(B,(a)) N B,(c) and, on (B,(a)) N
0B,(c), to be the radial projection away from the point ¢+ (*=£)(a — ¢) onto
9B,(a)\ B,(c). One checks that Lip ¥ < 4 and Lip ~! < 1. Thus

4p/ IVulPdHP < / IV(uwo ) PaHP < 4?/ VulPdH? .
b)) 9B, (a) by

For the corresponding map (v o ¥™1),, : S» — N, we have the conformal
invariance

|V((uo\1171)a7p) [PdHP = / |V(uwo U™ H[PdH? .

Sp OBy (a)

With &1 = 107'47?¢,, y where €, v is the constant introduced in (II1.20), it
follows that

/|Vu|p < 105, = [u|X] ~ [(uo¥™),,] = 0inm,(N) . (IV.14)

Suppose ¢ € RP™ and r € R, \ (X.UY,.UZ,) are as before (IV.3), (IV.4),
(IV.5), and consider the “bubbling points” in 0B, (c),

Ale,r) = Ac+raler), c+raer), ..., c+ragen(cr)}.

Also recall the classical fact (see e.g. [Gi] Th.2.2) that the set of energy
density points of the WP map u

1
S, = {CGRPH ; limsup—/ |\VulPdoe > O} (IV.15)
B (c)

r—0 T

has H'(S,) = 0.
We will complete the proof in three steps:

Step 1. A(c,r)\W C E.,.

Suppose, for contradiction, that there is a point

a = ¢+ raj(c,r) € Ale,r)\ (WUE,)
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By IV.4 and the fact that a ¢ (W U E.,), we can also choose a positive o
small enough so that B,(a) N A(c,r) = {a},

/ IVul? dHP le &, (IV.16)
OBy (c)NBs(a)

and
0_1/ \VulP dz + liminfa_l/ |\Vup [Pde < g .
Bg(a) Bo‘(a)

n/ —oo

Using now Fubini’s theorem and Proposition IV.1, we can find a subsequence
un of ul, and a radius p € [0/2, 0] such that

(unr)a, = Sla,p) | (IV.17)

and
lim |Vun|PdHP < 61 . (IV.18)

=20 J9B,(a)

Combining this facts with Proposition I11.2 and (IV.14), we deduce that
(Unn) X, cannot concentrate to produce any m;(a, p)da,(a,) o that

S(a,p) = uX (IV.19)

a,p

Let ¥ = 0(B,(a) N B,(c)) and ¥ : ¥ — 0B,(a) be as above. Using (IV.2),
(IV.17), (IV.19), (II1.17) and (II1.19) as in the proof of IV.10, we deduce
that

(e 0 W™h)g, = (o W+ mi(e,7) Gy (w(w)-a) (IV.20)

a,p

Combining now (IV.16) and (IV.18) and (IV.14), we also have that the p-
energy of (uo¥™1), , on X is below the required energy for having a nonzero
7,(N) homotopy class. Thus

/Sp(uoxlrl);fp =0 . (IV.21)

Since the restriction of w,» to X is also null homotopic (because it extends
as a smooth map on B,(c) N B,(a)), we also have

/ (U0 WX =0 . (IV.22)
Sp

Combining (IV.20),(IV.21) and (IV.22), we obtain that m;(r,c¢) = 0, a con-
tradiction which completes the proof of Step 1.
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Step 2. Choice of T'.

Since, by Lemma IV.1, H!(E.,) < oo, we see from the Besicovitch struc-
ture theorem [Fe] 3.3.13 that

H' (E., \(TUA)) =0, (IV.23)

for some some countable union I' of C' curves and some totally unrectifiable
set A. The latter set does not intersect almost all p-spheres so that, by
Fubini’s theorem, the set

By = {ceR"" : H'({reRy : 0B.(c)NA#£0}) > 0} (IV.24)

has (p + 1) dimensional Lebesgue measure zero.
By Lemma V.1 below, the set

Ar = {ceR'"" : HY(T}.) > 0} (IV.25)
where
Tr,. = {x €' : 0Bj;—¢(c) is not transverse to I" at x}

also has (p + 1)-dimensional Lebesgue measure zero.
For a point ¢ € RP™\ (ArUB, ), we deduce from (IV.15), (IV.25), )IV.23),
and (IV.24) that the set

W, = {reRy : 9B.(c) N (SuUTr,.UAU [E.,\(TUA)]) # 0}
(IV.26)
has H'(W.) = 0.

Step 3. Choice of multiplicity 6 and orientation r.

We fix one point ¢y € RFFY\ (Ar U By), and, recalling (IV.3), (IV.4),
(IV.5), and (IV.26), let

Ry = | J{A(co,r) + 1 €Ry\ (Wey UXey UYoy U Zg, )}

By Step 1 and (IV.26),
Ry Cc T

On the subset I' \ Ry we simply define # = 0, and take any choice of
measurable orientation I' there.
For any point a € Ry, a € A(c, |a — ¢| ) and

a = ¢ + |a—co|ai(co, |a—co|)
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for some i € {1,---,I(co,7)}, and we may define
0(a) = [mi(co,|a—col)|
and choose the unique unit tangent vector f(a) so that
sgn [[(a) - (a —c)] = sgnmy(co, la — col)

(because T is transverse to B, (c) at a). This implies the H! measurability
of # and T, and inequality (IV.12) follows from (II1.14) and (IIL.16). The
functions 6 and T’ were chosen so that the formula (IV.13) holds in case the
center ¢ = ¢ and the radius r € Ry \ (W, U X, U Y, U Zg).

It only remains to verify that, with this choice of # and r , the formula
(IV.13) is still true for an arbitrary ¢ in R\ (Ar U By) and almost every
r > 0. Since ¢g ¢ Ar, transversality a.e. implies that the set

Teg = {z €l : |[x—c| €W, UX,UY, UZ}
has measure H!(Y,,) = 0. It follows that
Vo = {reR; : 0B.(c)NY,, # 0}
also has H'(V.) = 0. Now, if choose any radius
re R\ (V.UW.UX UY, UZ) |,

then for any point a € I' N dB,(c), the distance ry = |a — ¢o| is also a good

radius for ¢, that is, ro ¢ (W, U X, U Y, U Z,,). In particlar, we have the

transversality of I" at @ with respect to both spheres 0B, (c) and 0B, (co)-
For the orientations, there are four possibilities,

sen[l'(a)- (a—c)) = +1, sgn[l(a)-(a—cp)] = £1
To simplify the presentation, we assume that

sgn[(a)- (a—c)] = sgn[l(a)- (a—c)] = +1 (IV.27)

(the other cases can be treated in a similar way). As above, we have, with
r=la—c| and ro = |a — ¢, that

a = ¢y + roa(co,ro) = ¢ + ra;c,r)

for some ¢ € {1,---,I(co,70)} and j € {1,---,I(c,r)}. To establish (IV.13),
it now suffices to show that

m;(e,r) = m;(co, 7o)
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First note that for positive p less than

d = min{dist(a, A(c,7)\ {a}) , dist(a, A(co,70) \ {a})} ,
one has
B,(a) N A(e,r) = {a} = B,(a) N A(co,70) - (IV.28)

Let Q@ = [B.(c) \ Byy(co)|U[By,(c) \ Br(c)]. By (IV.27), the unit tangent
vectors £I'(a) lie outside the (closed) tangent cone Tan(€2, a). It follows that

lim o4 ({p€(0,0] : TNOB,(a)NQ#£D}) = 0 (IV.29)

o—0

for some (slightly larger) open cone  about a containing a + Tan(Q, a).
Also, since x ¢ S,,,

20
lim 0_1/ / |VulP dH? dp < lir%a_l/ |VulPde = 0, (IV.30)
o 0B, (x) 7 B (a)

o—0

and clearly

/ VP dH + / VuPdH — 0 (IV.31)
OBy (c)NBy(a) 0B (co)NBy(a)

as p — 0.
We will now argue as in Step 1 using the two Lipschitz spheres

S = 9(B,(a)NB,(c)) and Z, = 9(B,(a)N Byy(co))

JFrom (IV.29), (IV.30), (IV.31), and (IV.14), we see that we may choose a
sufficiently small positive p < § so that

I'NoB,(a) N (QUQ) = 0, (IV.32)

so that the restrictions
wlX and w|Xg

have sufficiently small p energies so that their II,(N) homotopy classes both
vanish, and so that there is, as in Proposition IV.1, weak convergence of
subsequences of the p forms (u,)5, to S(a, p).
Let
U:Y¥ —0B,(a) and V,:%)— 0B,(a)

be bilipschitz homeomorphisms as in Step 1. Now, after translation and
rescaling, we are considering the five sequences of maps from S? to NV,

(n)er > (Un)eory » (Un)ap,  (un© ¥ ap,  (un© g )ay
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Since u, |¥ and wu,|X have smooth extensions to RPT! they are null-
homotopic and the integrals of the corresponding tree-graph forms vanish,

[ o, =0 = [ (wowhs,.
Similarly,

/(uo\lf_l)fp =0 = /(uo‘llal)fp.
Sp Sp

because, as we saw above, the p homotopy classes of u|X and u| X, also
vanish.

Our Proposition IV.1 allows us to pass to consecutive subsequences. Con-
cerning the bubbling, we may, as before, consider the partition

£ = (EnB.() U (EnB,@) |

and similarly for ¥y. On ¥ N B,(a) (respectively, ¥y N B,(a)), we have, by
(IV.1) and (IV.28), the single term

m;(c,7)0q;(cr) (vespectively, my;(co,70)0a;(co.r0) )

while, on ¥ N B,(c) or ¥g N B,,(co) all the bubbling occurs, by (IV.32), on
the intersection

YN B, (c) N XN B, (c) = (0B,(a)) N By(c) N Byy(co) -

Putting this all together, we have for some subsequence u,,~

0 = lim [ (upro¥
n—oo Sp

_ /Sp(uo\p—l)gp +omyler) > mya,p)

a+pay(a,p)€Br(c)

=0 + my(e,r) + Z my(a, p)
a+pax (.)€ Br ()N Brg (co)
Similarly,
0 =0 + my(eo,m0) + Z my(a, p)

a+pay(a,p)€Br, (co)NBr(c)

The last two equations now give the desired equality m;(c,r) = m;(cp,70). ®
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V Appendix

Suppose v : [0,L] — R" is a C' curve, t € [0,1], and a € R". Then 7 is, at
v(t), transverse to the intersecting sphere 0B|, ) (a) if and only if

@) - (V1) —a) # 0

For most centers a, one has such transversality at most points of the curve.
More precisely,

Lemma V.1 For any C' embedded curve v : [0,L] — R", the set
A = {acR - W ({te0,1] « 40 (1) —a) =0}) > 0} |

is countably (n—2) rectifiable, and thus has n dimensional Lebesque measure
zero.

Proof of Lemma V.1 : For i =0,---,n, let G; denote the Grassmann of ¢
dimensional vector subspaces of R™, and consider the projection

m o R'"xG; — R" | mi(a,P) = a
for (a, P) € R® x G; . For each such (a, P), also let

Tapy={tl0,L] : () -(v(t) —a) =0, §(t) C P}

Letting
S; = {(a,P)eR"xG; : H' (Twp) >0}

we readily infer that Sy = (. We also claim that S; = ). In fact otherwise,
there is a convergent sequence t; — to in some T(, py with dimP = 1. As-
suming v is parameterized by arc-length, §(¢;) is, for i = 0 and 7 sufficiently
large, the same unit vector v whose span is the line P. But then

| = vedty) = lim . L) =)

i—00 ti — 1o
V(L) - () — A(to) - (t () - a—A(t) -
i J®) ) =) alhe) ) e dlt) e
1—00 t; — o i—00 li —to

a contradiction. Thus, S; = 0.
Next we note that

AV = Wn(sn) D) Wn_l(sn_l) DD 7T1(Sl) :Q) s
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so that it suffices to show that each set

A = Wi(sz‘) \ 7Tz‘—1(5i—1)
is countably n — 2 rectifiable for ¢ = 2,3,---, n.
Consider two points (a, P), (¢/, P') in S; with P # P’. Then
H! (T((LP) N T(a/7pl)) =0 |, (V.1)

because otherwise the inclusion
Tia.p) N TPy C Tia,pripr)

would imply that H' (T, pnpy) > 0and a € m;(S;) with j = dim(PNP’) < 1,
contradicting a ¢ m;_1(S;—1). It now follows from (V.1) that distinct P give
H?! essentially disjoint positive measure subsets of [0, L]. Thus

P, = {P : (a,P)€S;for some a € R"}

is countable.
Fixing P € P;, we now claim that for any two distinct points a and o
satisfying
HI(T(%P) N T(a/yp)) >0 |

the vector a — a’ is orthogonal to P. In fact, otherwise the n — 1 dimensional
vectorspace H orthogonal to a —a’ would not contain P, dim(PNH) =i—1,
and, as before, the inclusion

Tia,py V1w, py C Tia,pPnm

would imply that H' (T, prm)) > 0 and a € m;_1(S;_1), contradicting a € A;.
It follows that the unique affine (n—1) plane @), which is orthogonal to P and
passes through a must coincide with the corresponding (n —7) plane Q. In
other words, if Q, # Q. for two points a and a” for which both H*(T{, p))
and H'(T(,»,p)) are positive, then necessarily

Hl (T(avp) N T(a”,P)) =0

It follows, as before, that the family Qp of all such orthogonal affine (n — i)
planes @, with H'(T(,p)) > 0 is countable because distinct ones give H!
essentially disjoint positive measure subsets of [0, L.

We now conclude that

4 < UU Ue

i=2 PEP; QEQp

is countably (n — 2) rectifiable. u
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