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Abstract

Efficient algorithms are derived for computing the entries of the Bezout resultant
matrix for two univariate polynomials of degree n and for calculating the entries
of the Dixon-Cayley resultant matrix for three bivariate polynomials of bidegree
(m,n). Standard methods based on explicit formulas require O(n®) additions and
multiplications to compute all the entries of the Bezout resultant matrix. Here
we present a new recursive algorithm for computing these entries that uses only
O(n?) additions and multiplications. The improvement is even more dramatic in
the bivariate setting. Kstablished techniques based on explicit formulas require
O(m*n*) additions and multiplications to calculate all the entries of the Dixon-
Cayley resultant matrix. In contrast, our recursive algorithm for computing these
entries uses only O(m?n?®) additions and multiplications.

Keywords: Algebraic Geometry; Computer Graphics; Geometric
Modeling; Robotics; Elimination Theory; Resultant

1 Introduction

Resultants are a classical algebraic tool for determining whether or not a system of n poly-
nomials in n — 1 variables have a common root without explicitly solving for the roots. By



systematically eliminating the variables, one can obtain a single polynomial expression in
the coefficients of the original polynomial equations whose vanishing signals the existence
of a common root. Elimination theory was once a classical branch of algebraic geometry,
but because the computations involved were often unwieldy, by the middle of this century
it had fallen out of fashion in favor of more abstract, less constructive techniques.

Computers revived elimination theory by enabling complex computations that were
previously beyond the reach of mathematicians. Resultants are now applied systemati-
cally to provide constructive solutions to problems in computer graphics [5], robotics [6],
geometric modeling [4, 10] and algorithmic algebraic geometry [2]. Groebner bases are
another more modern manifestation of this contemporary renewal of elimination theory.
Resultants and Groebner bases are currently standard tools in contemporary computer

algebra systems such as MAPLE and MATHEMATICA.

Resultants are often represented as the determinant of a matrix whose entries are
polynomials in the coefficients of the original polynomial equations. Since these matrices
may be very large, especially in the multivariate setting, research has focused on efficient
computation of these determinants [7]. Remarkably, however, little attention has been
paid to efficient computation of the entries of these resultants matrices. The purpose of
this paper is to address this oversight.

In elimination theory, there are two standard formulations for the resultant of two
univariate polynomials of degree n: the Sylvester resultant and the Bezout resultant. The
Sylvester resultant is the determinant of a matrix of order 2n; the Bezout resultant is
the determinant of a matrix of order n. Thus the Bezout determinant is generally faster
to compute. But whereas the non-zero entries of the Sylvester resultant are just the
coefficients of the original two polynomials, the entries of the Bezout resultant are much
more complicated expressions in these coefficients. Standard techniques based on explicit
formulas require O(n®) additions and O(n®) multiplications to compute the entries of
the Bezout matrix. Here we shall present a new recursive algorithm for computing these
entries that requires only O(n?) additions and O(n?) multiplications.

For three bivariate polynomials of bidegree (m,n), Dixon presents several different
formulations for the resultant [3]. We focus here on two of these representations that are
analogous to the univariate resultants of Sylvester and Bezout. We shall call the first ap-
proach the Sylvester resultant because it can be generated by Sylvester’s dialytic method.
The second technique we shall call the Cayley resultant because it can be constructed
by a stratagem similar to Cayley’s device for generating the Bezout resultant. In the
literature, this Cayley resultant is often called the Dizon resultant.

The non-zero entries of the bivariate Sylvester resultant matrix are again just the
coefficients of the original three polynomials, but the Sylvester matrix is order 6mn which
is huge even for bivariate polynomials of moderate bidegree. The Cayley resultant matrix
is of order 2mn, which is much more manageable, but the entries of the Cayley resultant
are also much harder to compute. Indeed standard methods based on explicit formulas
require O(m*n*) multiplications and O(m?*n?) additions to compute these entries. Here we
shall develop a new recursive algorithm for calculating the entries of the Cayley resultant
matrix that requires only O(m?n?) additions and O(m?*n?) multiplications.



To develop these fast algorithms, we have organized the remainder of this paper in the
following fashion. In Section 2 we introduce an innovative technique for dividing by = —y
a bivariate polynomial f(z,y) that vanishes when 2 = y. We shall have occasion to apply
this method several times throughout this paper, since Cayley’s device for generating
both univariate and bivariate resultants requires exactly this type of division. In Section
3 we apply this division technique to transform the Sylvester resultant matrix into the
Bezout resultant matrix and we then use this transformation to develop a fast recursive
algorithm for computing the entries of the Bezout resultant. As a bonus, along the way
we shall provide an elementary constructive proof that the polynomials represented by the
columns of the Bezout resultant lie in the ideal generated by the original two polynomials.

Section 4 is devoted to deriving similar results for the Cayley resultant of three bivari-
ate polynomials of bidegree (m,n). Again to develop a fast algorithm for computing the
entries of the Cayley resultant, we apply our division technique to transform the Sylvester
resultant matrix into the Cayley resultant matrix. We take advantage too of the natural
block structures that appear in the Sylvester resultant and its accompanying transforma-
tion matrix, and we make use as well of the fast algorithm we developed in Section 3 for
computing the entries of the Bezout matrix. As in the univariate setting, we also provide
an elementary constructive proof that the polynomials represented by the columns of the
Cayley resultant lie in the ideal generated by the original three bivariate polynomials.

2 Exact Division by Truncated Formal Power Series

We begin with a device for dividing a bivariate polynomial f(z,y) that vanishes when
x = y by the expression x — y. This technique will play a central role in our subsequent
analysis.

Consider the quotient Y7 a;(y)z'/(z — y), where a;(y), 0 < i < n, are polynomials
in y. By treating 1/(z — y) as the formal power series Y - a7 “y*"!
quotient as the product

, we can write the

2 aily)e Y a7y =) a)a Y oy T 4 Y aly)t Y Ty
=0 u=1 =0 u=1 =0 u=1+1
where the vacuous sum 22:1 -+ is taken to be zero. Observe that the first sum on

the right hand side is a polynomial in z, y, but the second sum involves only negative
powers of x. Thus the quotient is a polynomial if and only if the second sum vanishes.
Consequently,

En CL'( ):EZ n i—1 '
20 I N () Yy et (1)
r=y =1 k=0

if and only if the quotient is a polynomial — that is, if and only if Z ai(y)z' = 0 when

=0
T =y.



An alternative to the above expression can be derived from synthetic division. Col-
lecting the coefficients of z*, we have

Sla(y)e (Z aly) y)

;E j—
Y : k=i+1

1=

if Y ag(y)x is divisible by (z — y). Though synthetic division and multiplication by
truncated power series both give the same quotient, the one given by power series is more
suitable for the kind of derivations we want to perform later on because it expands by
collecting on the coefficients a;(y) while synthetic division collects by the powers z°.

For example, the quotient (7z* — 7y*z 4+ 9yz* — 9y*)/(z — y) is a polynomial, since
the numerator is zero when x = y. Therefore, by the method of truncated formal power
series,

T2t — Tydz + 9yx? — 9y®

= (=9y° — Ty’r + 9y + T (2T dyr P+t 4 )
r—y

= yz*(z™' +yz7?) — Tylx(x")
O e B B
= Ta(z® + 2y +y°) + (e +y).

3 Fast Computation of the Bezout Resultant Matrix

The Sylvester resultant matrix Syl(f,g) and the Bezout resultant matrix Bez(f,g) for
two univariate polynomials

n

HOED IS g(t) = zn: bit!

1=0

are well-known in elimination theory [9]. In this section, we briefly review the construc-
tions of Syl(f,g) and Bez(f,g), show that Syl(f,g) can be transformed to Bez(f,g) by
matrix multiplication, and develop an algorithm to compute Bez( f, g) rapidly by exploit-
ing this transformation.

3.1 The Sylvester and Bezout Resultants

The Sylvester resultant for f(t¢) and g(¢) can be constructed using Sylvester’s dialytic
method. Consider the system of 2n polynomials {t"f,{"¢g | 7 =0, ---,n — 1}. In matrix
form this system can be written as

[(fg) - " g ]=[1 - ] Syl(fg). (2)

The coefficient matrix Syl(f, g) is a square matrix of order 2n, and the Sylvester resultant
for f and g is the determinant [Syl(f,g)|.



To write the entries of Syl(f,g) explicitly, let L; = [a; b;]. Then by construction,

i ao bo ] [ LO ]
Gp—1 bn—l . Go bO Ln—l . LO
Syl(f.g) = - . 3
g’ (f g) Gy bn a1 bl Ln Ll ( )
_ an by L

One way to construct the Bezout resultant is to compute the coefficient matrix of the
polynomials produced by the Cayley expression

T

f(t) g(t) tbi— tai :
o ‘ | U —glt)e)s .,

B—t Bt
for two univariate polynomials. Since the numerator vanishes when § = ¢, the quotient
A(t, 3) is actually a polynomial

A(t,8) = ‘

3
|
—_
3
|
—_

A(taﬁ) = By t"3"

U

Il
=]
Il
=]

v

of degree n — 1 in ¢ and degree n — 1 in #. In matrix notation

1
AB) =[1 - " Bes(fg) | | (5)
/Bn—l

The coefficient matrix Bez(f,g) is a square matrix of order n. The Bezout resultant is
the determinant |Bez(f,g)|.

While by (3) the non-zero entries of Syl(f,g) are just the coefficients of f and g,
the entries {B,,} of Bez(f,g) are more complicated polynomial expressions in these

coefficients. In the next two sections we shall devise an efficient technique for computing
the entries of Bez(f,g).

3.2 Transforming Syl(f,g) into Bez(f,g)

The Cayley expression (4) can be written in polynomial form by the technique of truncated
formal power series:

n  1—1

At 8) =Y > (f(8)bi — g(t)as)t ™'V p" (6)

=1 v=0



Since the coefficient of 3" is fbyyy41 — gayyrs1 if u+ v < n — 1, and zero otherwise,

R, - R, 1
ALB) = [(Fg - " (]| + . :
Rn Bn—l
R, - R, 1
Rn Bn—l
where R; = [b; —ai]T. Rewrite Equation (5) as
B 1
A(t, /6)) — [1 . tn—l moo.. t2n—1 ] . ez(fvg) . : (8)
Oan /Bn_l
Then by Equations (7) and (8), we conclude that
[ O ] =Syllfig)- | & : (9)

As an aside, notice that this equation implies that the polynomials represented by the
columns of Bez(f,g) lie in the ideal generated by f,g. Now considering the first n rows
on both sides of Equation (9) and denoting the entries of Bez(f,g) by {B; ;}, we have

Boo -+ Bon-1 Ly Ry -+ R,
S : = i - P : (10)
Bn—l,O e Bn—l,n—l Ln—l e LO Rn
3.3 Fast Computation of the Entries of Bez(f,g)
Equation (10) gives
min(i,n—1—5)
Bi; = LicgRijy14r, 0< 4,5 <n—1 (11)

k=0
Since Ly Rjt14r+ LisiRjziqpp=01ifand only if k 4+ =¢— 7 — 1, the sum from £ =0 to
k =min(0,7 — j — 1) in Equation (11) is zero. Thus Equation (11) can be improved to

min(i,n—1—7)

Bij= Y  LigRias, 0<ij<n-—1. (12)

k=max(0,:—j)

Equation (12) also appears in [4]. The symmetry of Bez(f,g) can easily be established
from Equation (12).



Along the diagonals i +j = k, 1 < 7, 0 < k < 2n — 2, Equation (12) can be written
recursively as:

Bij = Bi1j+1 + Lilj1a. (13)

Exploiting this recurrence, we can construct Bez(f,g) in three stages:

1. Initialization

Set
LoRy - LoR,

Bez(f,9)init = : ,
Ln—l Rn

that is,
(Bij)init = LiRjy1 = abjpy —biajy, 0<1<j<n—1.

2. Recursion

Add along the diagonals : + 7 = k from top to bottom, left to right:
for ¢« from 1 ton — 2
for j from ¢ to n — 2

Bij < Bij + Bio1jn

Bez(f, g)up_diagonal —

N NN #

L - nXn

3. Completion

Since Bez(f,g) is symmetric, set
Bi,j = Bjﬂ', r > ]

For example, let n = 4 and abbreviate L;R; by 1.7. The 4 matrices after the initial-
ization and the end of each outer loop are

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
init. 1.2 1.3 14 recursion 1.24+03 1.3+04 1.4 recursion
— 2.3 24 — 2.3 2.4 —
3.4 3.4
0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
1.24+03 1.3+04 14 symmetry | 0.2 1.2403 13404 1.4
23+14 24 — 03 1.34+04 234+14 24
3.4 0.4 1.4 2.4 3.4



3.4 Computational Complexity

Since Bez(f, g) is symmetric, we need to compute only the entries B; ; where ¢ < j. Using
the algorithm developed in Section 3.3, we initialize and march southwest updating these
(n? 4+ n)/2 entries as we go:

LoR, --- LoR, S S
Ln—l Rn \/ *
*

Initialization Marching

During initialization, each of these entries requires two multiplications and one addition.
Thus there are (n2 + n) multiplications and (n2 + n)/2 additions in this initialization.
As we march southwest, each entry above the diagonal 1 = j — except for the entries in
the first row or the last column — needs one addition. Thus there are (n? — n)/2 more
additions. Therefore, to compute Bez(f,g) by the new algorithm, we need to perform
(n? 4+ n) multiplications and n? additions.

On the other hand, to compute Bez(f,g) in the standard way, i.e. computing each
entry separately by the entry formula (free of cancellation)

mingi,n—1—j;)

Bi; = E (@i—pbjprer — bimkajyi4k),

k=max(0,i—j)
we must compute the entries {B; ;} for all 1+ < j:
D (@ikbiprgk = bisgajpagn), i+ <n—1;
Bij=1q

=0

—1—j

Z (@igbjyron — bikajpiqn), 1+7>n—1.
k=0

Each summand requires two multiplications and one addition. When n is odd, the total
number of multiplications to compute all the B; ;, 1 < j, is

(n—1)/2 n—1
2- ) (n=2i)-(i+1)+2- Y (n—j)-(2j—n+1)
i=0 i=(n+1)/2
B 202 +9n? + 10n + 3
B 12 ’
and the total number of additions is
(n=1)/2 n—1
Yo om-20)-2i+1)+ DY (2n—2j-1)-(2j—n+1)
=0 i=(n+1)/2
B 23 +3n? +4n + 3
B 12 '



Similar results hold when n is even. Therefore, the standard method needs O(r?) multi-
plications and additions to compute all the entries of Bez(f,¢g), while our new technique
requires only O(n?) additions and multiplications:

Table 1: Computing the Bezout resultant matrix

Standard method | New algorithm
# of mul. O(n?) n’+n
# of add. O(n?) n?

4 Fast Computation of the Dixon Resultant Matrix

Consider three bivariate polynomials of bidegree (m,n):

f(s,t) = Z Zai7jsitj, g(s,t) = Z Zbi7jsitj, h(s,t) = Z ci st
i=0 j=0 i=0 j=0 i=0 j=0

[3] outlines several methods for constructing a resultant for f, g, h, and [11] discusses var-
ious additional representations for such a resultant. The two most commonly used rep-
resentations are the Sylvester resultant and the Cayley resultant. The Sylvester resultant
matrix Syl(f,g,h) can be constructed by the dialytic method, and the Cayley resultant
matrix Cay(f,g,h) can be generated from an extension of the Cayley expression for the
Bezout resultant.

The two resultant matrices Syl(f,g,h) and Cay(f,g,h) are generalizations of the
Sylvester resultant matrix and the Bezout resultant matrix for two univariate polynomials.
The non-zero entries of Syl(f,g,h) are very simple. In fact, as in the univariate setting,
these entries are just the coefficients of f(s,1),g(s,t), h(s,t). However, Syl(f, g, k) is huge
— 6mn x 6mn. To compute the resultant of f,g,h, people generally use Cay(f,g,h),
which is 2mn x 2mn, one ninth the size of Syl(f, g, h). Thus Cay(f, g, h) is often called the
Dizon resultant. Nonetheless, the entries of Cay(f, g, h) are very complicated expressions
in the coefficients of f, g,k [1, 10].

In this section, we first review the construction of Syl(f,g,h) and Cay(f,g,h). Then
we introduce natural block structures on these two resultant matrices. We shall use these
block structures together with the method of truncated formal power series to derive
a transformation matrix from Syl(f,g,h) to Cay(f,g,h). Finally combining the block
structures and the transformation matrix, we present an efficient algorithm to compute
the entries of Cay(f,g,h).

4.1 The Sylvester and Cayley Resultants

The Sylvester resultant for f(s,t),g(s,t),h(s,t) is constructed using Sylvester’s dialytic
method. Consider the 6mn polynomials {s7t" f,s717g,s°t"h | ¢ = 0,---,2m — 1;7 =



0,---,n —1}. This system of polynomials can be written in matrix notation as

[f g Lo tn_l(f g h) S2m—1(f g h) S2m—1tn—1(f g h)]
— [1 cen =100 g3m=1 53m_1t2”_1]-5yl(f,g,h), (15)

where the rows of Syl(f,g,h) are indexed lexicographically with s > ¢. That is, the

t2n—1’ . o . SG’th—l’ . Sm—l’ . ’SBm—thn—l' The

monomials are ordered as 1, - - -, 87, e, , 8

coefficient matrix Syl(f, g, h) is a square matrix of order 6mn, and the Sylvester resultant
for f,g,h is simply [Syl(f, g, h)].
The Cayley resultant for f, g,k can be derived from the Cayley expression

A(s,t,a,3) =

(16)
Since the numerator vanishes when o = s or # = ¢, the numerator is divisible by (o —
s)(8 —1t). Hence A(s,t,a,3) is a polynomial in s,t, «, 3, so

2m—1n—1m—12n—-1

S t a, Z Z da,T,u,vsgtTauﬁvv

u=0 v=0 =0 7=0

for some constant coeflicients d, ;.. In matrix form,

_ 1 - T _ 1 -
t?n—l 5n—1
Sm—l a2m—1

i Sm—l'th—l | i a?m—‘lﬁn—l |

The rows and columns of Cay(f,g,h) are indexed lexicographically by s7t", a*3" with
s > t, a > (3 respectively. The coefficient matrix Cay(f,g,h) is again a square matrix
but of order 2mn, and the Cayley resultant for f, g,k is |Cay(f,g,h)|.

4.2 The Block Structures of Syl(f,g,h) and Cay(f,g,h)

We can impose a natural block structure on the entries of Syl(f,g,h). Let

n n

fz(t) = ZGZ] ', szjt 5 it = Zci,jtj7

7=0 7=0

10



and let S; be the 2n x 3n coefficient matrix for the polynomials (tf;, t'g;, t"h;), v =
0,---,n—1:

a; 0 bi,o Ci0
S = i n—1 bi,n—l Cin—1 a; o bi,O €0 (18)
i bin  Cin oain by e
L i n bi,n Cin |

2n—1
. 7t

Here the rows are indexed by the monomials 1, - - , and the columns are indexed

by the polynomials t°(f; gi hi), ---, "' (fi g hi).

Note that the matrix S; is Sylvester-like in the sense that if we drop the f;-columns
from S;, then we get the univariate Sylvester matrix of g; and h;; dropping the g;-columns
yields the univariate Sylvester matrix of h; and f;; dropping the h;-columns yields the
univariate Sylvester matrix of f; and g¢;. It follows from Equations (15) and (18) that

So
Sm-1 - 5o
Sm Sl So
Syl(f.g.h) = ST Y : (19)
Sm Sm_1 - SO
S’m Sl
Sm

As for the block structure of Cay(f, g,h), we simply write

Coo s Co2m-1
Cay(f,g,h) = : : : : (20)

Om—l,O Tt Cm—l,?m—l

where each block C; ; is of size 2n x n. The reason why we impose this particular block
structure on the entries of C'ay(f, g, h) will become clear shortly.

4.3 Transforming Syl(f,g,h) into Cay(f,g,h)

Since A(s,t,a,3) is a polynomial in s,«, by the technique of truncated formal power
series, Equation (16) can be written as

A(S7t7 a? /8)
= |fls:1) (Z gi(t)a" - Zhy‘(ﬁ)a] - Zgi(ﬁ)of ' Zhj(t)a”) T



Fh(s,1) (Zﬁ(tw > ai(B)a’ = fi(B)e’ Zgﬁt)oﬂ) ﬁl—t] al_s

i+5—1
+ ST g(s 1) - hi(t)fj(ﬁ;:ft%(ﬁ)fj(t)

S a0 {06~ Jtzw)gxt)) | (21)

The coefficients of a*, -+, 3"~ in A(s, ¢, o, 3) are polynomials in s and ¢. Denote these
polynomials by pyo,- ", pun-1, u =0,--+,2m — 1. Then

2m—1n-1
A(s,t,a,8) = Z pr'a“ﬁ]. (22)
u=0 35=0
It follows from Equation (21) that the polynomials p,o,- -, pun—1 can be written as linear

combinations of st/ f,s't/g, s't’h, 0 <1 < 2m — 1, 0 < j < n — 1. Therefore, there exists
a 6mn X 2mn matrix F' such that

[((f g h) - 27U g h)]iemn - F
= [po,o rPop-1 " P2m—-10 "7 P2m—-1mn-1 ]1x2mn (23)
That is,
[1 e @7 Sl St LSy (f g, h) - F
= [1 Tt th_l Tt Sm_l e Sm_ltzn_l ] ' an(fvgv h) (24>
Appending 4mn rows of zeros to the bottom of the right hand side of Equation (24), we
have
(1o B0 S Smolet ]Sy ) - F
_ [1 co.ogn=l 0 Bmel S3m—1t2n_1]_ |:Cay(f7gvh):| ]
04mn><2mn
Therefore,
Ca 3 7h
Syl(f,g,h) - ' = { 4y(i29 q : (25)

Notice that Equation (25) implies that the bivariate polynomials {p, ;} represented by
the columns of Cay(f, g, h) lie in the ideal generated by f, g, h.

12



Next we introduce a block structure on the entries of F' compatible with the block
structures on Syl(f,g,h) and Cay(f,g,h). The matrix F' is of size 6mn x 2mn. We write

F as
Foo Fo.9m—1

F2m—1,0 e F2m—1,2m—1

where each block F; ; is of size 3n x n. By Equation (23), we have, in particular, that

FOu

’

[f g ho .- S?m—ltn—l(f g h) ]IXGmn . : — [pu,O o Pun—1 ]lxn .

FQm—l,u 6mnXxn

Therefore, by Equations (21) and (22), the entries of F, ,, 0 < o < 2m — 1, are generated
from the coefficients of

gi(Dh;(B) — gi(B)h;(t)
Z 3 —1 ’

i+j=oc+u+tl !

| Z hz’(t)fj(ﬁ;:ft%(ﬁ)fj(t)’ (26)
fi1)g;(B) — fi( B)g; (1)
Z B—t '

i+j=c4u+1

Each term in these three sums is a Cayley expression for two univariate polynomials:
{gi, hj}, {hi, f;}, and {fi, g;}; hence each term generates a Bezout matrix when written
in matrix form [8, 4]. Therefore, each block F,, contains three summations of Bezout
matrices, where the three summations interleave row by row. That is,

F,. = interleave row by row the three matrices
Z Bez(gi, hj), Z Bez(hi, f;), Z Bez(fi,g;). (27)
i+j=04u+1 i+j=o4u+1 t+j=o+u+l
In particular, if ¢ + v = 2m — 1, then ¢« = j = m in expression (26), so F,, is the

matrix obtained by interleaving the rows of the three Bezout matrices: Bez(gm, hm),

Bez(hpm, fm), Bez(fm, gm)-
By expression (26), the blocks F,,, have the two following properties

: ! !,
o [ =Foy ifo+u=oc+u’

o I, =034, i c+u>2m—1.

Therefore,
Fcr u —

)

0, otherwise.

{ Foopu, 04+ u<2m —1;

13



Thus

F F o Foome
Fop T Fo2m-1 Fz’? ?11 . 0.2m—1
F=1 : : = (28)
Fy,. A S
2m—1,0 2m—1,2m—1 Foam-1

For simplicity, we can drop the first index from the subscripts of Fp; and instead denote
Fy; by F;. Then F' can be written as
Fo o Fam
F= : . (29)
F2m—1

4.4 Fast Computation of the Entries of Cay(f,g,h)

Below we will derive an efficient algorithm based on the block structures of Syl(f,g,h),
Cay(f,g,h),and the transformation matrix ¥ from Syl(f, g, h) to Cay(f, g, k) to compute
the entries of the Cayley resultant matrix Cay(f, g, h).

From Equations (19), (20), (25), (28) and (29), we have

So i
St % F, F F
Sm S S 0 o am=1
. 11 '0 . Fl a a _ an(fvg7h)
. . . ‘ o B 04mn><2mn ‘
Sm Sm—l . SO F2m—1
S’m i Sl

. Sm -

(30)
Recall that each block \S; is of size 2n x 3n, each block Fj is of size 3n x n, and each block
C;.; is of size 2n x n. Considering just the first 2mn rows on both sides of Equation (30),
we have

[ Coo -+ Coam-
_Cm—l,O T Om—l,?m—l
[ So I R T
_Sm—l SO Fm—l FQm—l
Therefore,
min(¢,2m—1—7)
Cij= Y Sig-Fipp, 0<i<m—1, 0<j<2m—1. (32)

k=0

14



Notice the similarity of Equation (32) for C; ; to Equation (12) for B; ;. Again, we observe
that

Cij=Cicijp+ 5 F;, 1<i<m-—1,0<;<2m-2,
which leads to the following fast algorithm for computing the entries of Cay(f, g, h):

1. Initialization:

So - Fo So - Fom—1
Sm—l . FO e Sm—l . F2m—1
That is,
(Cii)iney = Si - Fj, 0<:<m-—1, 0<53<2m—1.
2. Recursion:
for ¢ from 1 tom — 1
for 5 from 0 to 2m — 2
Cij + Cij+ Cictjn
So-Fo o SorFror So-Fno - So - Fam—1
v v v S S oy
v N v T S Famy
v N v T St Famoy

Notice that this method for computing the entries of Cay(f,g,h) eliminates lots of re-
dundant calculations: after the initialization, we need only update the blocks along the
southwest diagonals by one (block) addition per block. This approach is much faster than
the standard method of calculating each entry independently [1, 10], especially when we
compute the Bezoutiants Fj, efficiently [see Section 3.4]. In the next section, we will
present a more detailed analysis of the computational complexity of this algorithm.

4.5 Computational Complexity

To compute the entries of Cay(f,g,h) by the method developed in Section 4.4, we need
the following three steps:

1. Preprocessing: compute F,, 0 < u < 2m — 1.

2. Initialization: calculate (C;,). . =S5 F,,0<i:<m—1,0<wu<2m — 1.

inat

3. Recursion: march along the southwest diagonals, and update the entries of C;,,.
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Step 1: Each F, contains the following three summations of Bezout matrices:
Z Bez(giahj)v Z Bez(hiafj)7 Z Bez(fi,gj).
i+j=u+1 i+j=u+1 i+ j=u+1
We can use the technique developed in Section 3 to efficiently compute the sum
Z B@Z(gh h])
i+ j=u+1
First we initialize each Bezout matrix Bez(g;, h;)inir; then we add these initializations

together; and last we march along the southwest diagonals updating the entries as we go.
Altogether, we need

(n2 +n)-min(u +2,m + 1) multiplications,

initialization
and
2 2 2 _
notn -min(u+2,m+1)—|—n o -min(u 4+ 1,m) + n n additions.
——
initialization summation marching
Similarly, we can compute Z Bez(h;, f;) and Z Bez(fi, g;) efficiently. Therefore,
i+j=u+1 i+j=u+1
in step 1,
2m—1
# of multiplications = Z 3. (712 +n)-min(u+2,m+ 1)
u=0
m— 2m—1
= n—l—n Zu—l—? Z(m—l—l)
=0 u=m
3 5 3
= 3(n2 + n)w - §(nQ + n)(3m2 + 5m),
and
2m—1 2 2 2 .
# of additions = ; 3- {n ;nmin(u—l-Q,m—l- 1)+ " ;—nmin(u—l- I,m) + z 5 o
n?+n 3m?+5m n+n 3Imi4+m 9
= 3 5 5 +3- 5 5 + 3m(n® —n)
9
= 5(712 + n)(m2 +m) + 3m(n2 —n).
Step 2: By Equations (18) and (27),
ai .
SZ' . Fu _ A n—1 ;0 ) Z Bez(gi, h]‘) +
Gim e G i+j=u+1
L Aim |




_ bi,O _
bin—1 - big
. E Bez(hy, f;) +
bi,n " bm itj=u+1
i bin |
- cio Z
Cin—-1 ;0
| N Bex(fi9)).
Cimn - G it j=utl
L Cin

Each one of these three matrix multiplications requires
2 (n +2n+--- 4+ n2) =n’ + n? multiplications,
and
2[n-O—I—n-1—|—---—|—n(n—1)]:713—712 additions.

Adding these three 2n x n matrices together requires 4n? more additions. Therefore,
since there are 2m? products S; - F,, step 2 requires 6m?* - n*(n + 1) multiplications and
2m? - (3n® 4+ n?) additions.

Step 3: Since each Cayley block C;; is of size 2n x n, marching along the southwest
diagonals requires only (m — 1)(2m — 1) - 2n? = 2n?(2m? — 3m + 1) additions and no
multiplication.

Altogether, we perform
;(3m2 + 5m)(n® + n) + 6m*(n® + n®) multiplications,
and

9
§(m2 + m)(n2 +n)+ 3m(n2 —n)+ 2m2(3n3 + n2) + 2n2(2m2 —3m+1) additions.

Notice that the main bottleneck is step 2, which requires O(m?n?) multiplications and
additions.

On the other hand, the standard way [1, 10] to compute the entries of Cay(f,g,h)
needs to compute

%m(m F12(m42) n(n+1)5(n +2)

3 x 3 determinants, each of which has 6 terms and hence requires 12 multiplications and
5 additions. So if we compute all these 3 x 3 intermediate determinants just once and
store them, we need to perform at least

2m(m + 1)2(m +2)-n(n+ 1)2(71 +2) multiplications
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and

gm(m + 1)2(m +2)-n(n+ 1)2(n +2) additions.

A summary of the complexity of computing the entries of the Cayley resultant matrices
using the standard method vs. the new fast algorithm is given in Table 2:

Table 2: Computing the Cayley resultant matrix

Standard method | New algorithm
# of mul. O(m*n?) O(m*n?)
# of add. O(m*n?) O(m*n?)

Parallel computation can be used to speed up the new algorithm even further. For
example, we can compute each of the blocks F,, 0 < u < 2m — 1, and perform the
initialization of the blocks (C’m)mit = 5; - I, in parallel. Moreover, the recursions along
different diagonals are independent, so these steps can also be done in parallel.

Finally notice that the time complexity O(m?*n?) for computing the entries of the ma-
trix C'ay(f, g, h) is not symmetric in m and n. The reason is that the Sylvester resultant
matrix Syl(f, g, h) and the Cayley resultant matrix Cay(f, g, h) are not symmetric in s,¢
— hence not symmetric in m,n. If we reverse the roles of s,¢ during the construction of
Syl(f,g,h) and Cay(f,g,h), and impose appropriate block structures on these matrices,
the time complexity for computing the entries of Cay(f,g,h) is O(m>®n?). (The differ-
ence between the two Cayley resultant matrices C'ay(f, g, h) is that one is the transpose
of the other.) Therefore, we can actually compute the entries of Cay(f,g,h) in time

min (O(m*n?), O(m°n?)).
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