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Shimura curve computations

John Voight

Abstract. We introduce Shimura curves rst as Riemann surfaces and the n
as moduli spaces for certain abelian varieties. We give conc rete examples of
these curves and do some explicit computations with them.

1. Introduction: modular curves

We motivate the introduction of Shimura curves by rst recal ling the de nition
of modular curves.
For eachN 2 Z. o, we de ne the subgroup

o(N) = ‘Z‘ 3 2SLy(Z):c O0(ModN)  SLu(2):

The group o(N) acts on the completed upper half-planeH = H[ P(R) by linear
fractional transformations, and the quotient Xo(N)c = o(N)nH can be given the
structure of a compact Riemann surface. The curveXo(N)c parametrizes cyclic
N -isogenies between (generalized) elliptic curves and thefore has a modeK (N )g
de ned over Q. On Xo(N)g, we also haveCM points, which correspond to isogenies
between elliptic curves which have complex multiplication (CM) by an imaginary
guadratic eld K.

Shimura curves arise in generalizing this construction fran the matrix ring
M, (Q) to certain quaternion algebras over totally real elds F. A Shimura curve
is the quotient of the upper half-plane H by a discrete, \arithmetic" subgroup of
Aut(H) = PSL,(R). Such a curve also admits a description as a moduli space,
yielding a model de ned over a number eld, and similarly comes equipped with
CM points.

The study of the classical modular curves has long proved rearding for math-
ematicians both theoretically and computationally, and an expanding list of con-
jectures have been naturally generalized to the setting of Bmura curves. These
curves, which although at rst are only abstractly de ned, c an also be made very
concrete.

In x2, we briey review the relevant theory of quaternion algebras and then
de ne Shimura curves as Riemann surfaces. Ix3, we provide a detailed example
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of a Shimura curve overQ. In x4, we discuss the arithmetic of Shimura curves:
we explain their interpretation as moduli spaces, and de neCM points, Atkin-
Lehner quotients, and level structure. Finally, in x5, we illustrate these concepts by
considering the case of Shimura curves arising from triangl groups, in some sense
the \simplest" class, and do some explicit computations with them.

2. Quaternion algebras and complex Shimura curves

2.1. Quaternion algebras.  We refer to [Vig80 ] as a reference for this sec-
tion.

As in the introduction, we look again at SL,(Z) M2(Q): we have taken the
group of elements of determinant 1 with integral entries in the Q-algebra M »(Q).
The algebras akin to M(Q) are quaternion algebras.

Let F be a eld with char F 6 2. A quaternion algebra over F is a central
simple F-algebra of dimension 4. Equivalently, anF -algebra B is a quaternion

algebra if and only if there exist ; 2 B which generateB as anF -algebra such
that
2 - a; 2 - b; =
. a;b
for somea; b2 F . We denote this algebra byB = T

Example. As examples of quaternion algebras, we have the ring of 2 2-
. 11 o . 1; 1
matrices over F, or M,(F) = —== , and the division ring H = R

f
= 0

Hamiltonians.

From now on, let B denote a quaternion algebra overF. There is a unique

anti-involution —: B ! B, called conjugation, with the property that — 2 F for
all 2B. Themapnrd( )= — is known as thereduced norm.
a;b
Example. If B = = ,and =x+y +z +w ,then

"=x y z w; andnrd()=x* ay’? bZ+ abw:

From now on, let F be a number eld. Let v be a noncomplex place of, and
let F, denote the completion of F at v. If B, = B ¢ F, is a division ring, we
say that B is ramified at v; otherwise B, = My(F,) and we sayB is split at v.
The number of placesv where B is rami ed is nite and of even cardinality; their
product is the discriminant disc(B) of B. Two quaternion algebrasB;B ° over F
are isomorphic (asF -algebras) if and only if disc@®) = disc(B9).

Let Zg denote the ring of integers ofF. An order of B is a subringO B
(containing 1) which is a Zg -submodule satisfyingF O = B. A maximal order is an
order which is maximal under inclusion. Maximal orders are mt unique|but we
mention that in our situation (where B has at least one unrami ed in nite place,
see the next section), a maximal order inB is unique up to conjugation.

2.2. Shimura curves as Riemann surfaces. Let O B be a maximal
order. We then de ne the group analogous toSL,(Z), namely the group of units
of O of norm 1:

O,=f 20 :nd( )=10:
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In order to obtain a discrete subgroup of P SL,(R) (see Kat92 , Theorem 5.3.4]),
we insist that F is a totally real (humber) eld and that B is split at exactly one
real place, so that
B, B oR=MyR) HFQIL
We denote by ; : B! M3(R) the projection onto the rst factor.
We then de ne the group

Q)= 1 (0= 19) PSL(R):

The quotient X B(1)c = B(1)nH can be given the structure of a Riemann surface
[Kat92 , x5.2] and is known as aShimura curve.

From now on, we assume thatB 6 M(Q), so that we avoid the (classical)
case of modular curves; it then follows thatB is a division ring and, unlike the
case for modular curves, the Riemann surfacX B (1) is already compact Kat92 ,
Theorem 5.4.1].

3. Example

We now make this theory concrete by considering an extendedxample.
We take F = Q and the quaternion algebraB over Q with disc(B) =6, i.e. B
is rami ed at the primes 2 and 3, and unrami ed at all other pla ces, includingl .

1; .
T’?’ ,sothat ; 2 B satisfy
2 - 1 2 - 3: -
We nd the maximal order
O0=2zZ zZz Z Z where =(1+ + + )=2
and we have an embedding

Explicitly, we may take B =

1 1Bl My(R)

P
. 0o 1 3
My o 0 8§

With respect to this embedding, we compute a fundamental domain D for the
action of B(1) = ; (O,=f 1g) as follows. (For an alternate presentation, see
[ABO4 , x5.5.2] or KV03 , x5.1].)
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The elements
1= 5 2= t+; 3=2 + ;  4=1+ +
are known asside-pairing elements; they yield the presentation
3= 4321=1i
One can compute the area (D) of the above fundamental domainD by trian-
gulation, but we also have the formula (see [EIk98 , x2.2])

Y 2
(D)= (X®@)= 3 (P 1=
pjdisc(B)

The group B (1) then tessellatesH as follows.

(The algorithm for drawing hyperbolic polygons is due to Verrill [ Ver06 ].)
The genusg of X can be computed by the Riemann-Hurwitz formula as

(XB) X 1

2 & 1 5

29 2=
q q

where gy is the number of (conjugacy classes of) elliptic points of ater g. From
the presentation for B (1) above, we can see directly thate, = e3 = 2 and hence

29 2=1=3 2(1 1=2) 21 1=3)= 2

so g = 0. Alternatively, we can compute the number of these elemets by the
formulas
Y
e = 1
pjdisc(B) pjdisc(B)

U|4>
1
N
&
1
H
U|w
1
N

Since the genus oX is zero, we have a mapx B (1)c ! PL.
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4. Arithmetic of Shimura curves

4.1. Shimura curves as moduli spaces. Just as with modular curves,
Shimura curves are in fact moduli spaces, and this moduli desiption yields a
model for X B (1)c which is de ned over a number eld.

In the caseF = Q, the curve X B (1) is a coarse moduli space for pairs4; ),
where:

A is an abelian surface, and
0! End(A) is an embedding.
We say that such anA hasquaternionic multiplication (QM) by O. The involution
~ on O induces via an involution on End(A), and there is a unique principal
polarization on A which is compatible with this involution, then identi ed wi th the
Rosati involution.

If F 6 Q, the moduli description is more complicated: sinceB is then neither
totally de nite nor totally inde nite, it follows from the ¢ lassi cation of endomor-
phism algebras of abelian varieties oveC (see Mum70 , Theorem 21.3]) that we
cannot have End(A) 2 Q = B. Instead, one must choose an imaginary quadratic
extensionK of F, as in [Zzha0l1, x1.1.2], and consider a moduli problem oveK .
For simplicity, we assume from now on thatF has narrowpcliss number 1: under
this hypothesis, we have a natural choice, namel\K = F(* d), whered is a to-
tally positive generator for the discriminant disc(B). One may then think of the
objects parametrized by a Shimura curveX B (1) as \abelian varieties with QM
by O"|the precise meaning of this phrase will be neglected here.

It then follows from this moduli description that there exis ts a canonical model
X B (1) for X B(1)c de ned over F, a theorem due to Shimura Bhi67 ] and Deligne
[Del71].

4.2. Example: Models. The model X B (1)q over Q for our Shimura curve
with disc(B) = 6 is given by the conic

XB(1)g:x*+y?+322=0;

a result attributed to lhara [ Kur79 , p. 279].

This identi cation can be made quite explicit, a computatio n due to Baba-
Granath [BG08]. For k 2 Z o, we denote by M () the space of holomorphic
weight k modular forms for the group = B (1), namely, the space of holomorphic
mapsf :H! C such that

az+ b
—— =(cz+ d)*f(z
g =(cz+ (@)
forall = 2B 2 . Using an elementary formula due to Shimura, we compute

the dimension of M ():
dimcM4():dim CM@():]. ) dimchz():3 .

From this, one can show that there exist normalizedhy 2 My () for k = 4;6;12
such that

hf, +3hg + h§ =0;
which realizes the mapX 8 (1)c ! XB(1)o.
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4.3. CM points.  On the modular curves X (N ), we have CM points arising
from elliptic curves with extra endomorphisms. These poins are de ned over ring
class extensiondH of an imaginary quadratic eld K, and the Shimura reciprocity
law describes explicitly the action of GalH=K ) on them. In a similar way, on the
Shimura curve X B (1) we haveCM points which correspond to abelian varieties with
extra endomorphisms. LetK  F be a totally imaginary quadratic extension which
splits B, i.e. B g K = M,(K); the eld K splits B if and only if there exists an
embedding ¢ : K,! B, andthe map g is concretely given by an element 2 O
such that Zg[ ] = Zx. Let z = zp be the xed point of ; () in H; we then
say z is a CM point on X B (1)c. When F = Q, CM points on X B (1) correspond
to abelian surfacesA with endomorphism algebra EndA) 2z Q = M(K); the
interpretation is again more subtle whenF 6 Q, but there one may think of these
points as similarly having \extra endomorphisms".

On the model X B (1), these points are de ned over the Hilbert class eldH of
K (or more generally, ring class extensions), and one has alsoShimura reciprocity
law; see Bhi67] for a discussion and proof.

4.4. Example: CM points. The following computation can be found in
Elkies [EIK98 , x3.4] and Baba-Granath BGO08 , x3.3]. D

We retur% Ehe example from x2, with F = Q. Let K = Q( 19), and
Zx = Z[Q + 19)=2]. We have #CI(Zk ) = 1, and the elliptic curve E = C=Zg
with CM by Zx hasj-invariant 96°.

The genus 2 curveC de ned by

C:y2=21° 3(1+9" To¢* 31 9o ToH2+2

has JacobianJ(C) = E E, and End(J(C)) = MZ(ZK). This curve C \cor-
responds” to the moduli point [C] = (32 : 27 : 13 19) on the Shimura curve
XB(1): x2+3y?+ z? =0. (The eld of moduli of the point [ C]is Q, but Q is not a
eld of de nition for C; the automorphism group of C is Aut(C) = Z2=2Z Z=2Z.)

4.5. Atkin-Lehner involutions. Shimura curves also possess natural invo-
lutions, just like modular curves. The normalizer

NO)=f 2B =F : O=0; nrd( )is totally positiveg
acts via ; as automorphisms ofX B (1)r, and generates a subgroup
Y

W = Z7=27 = (Z=22)%:
pjdisc(B)

The elements of W are known as Atkin-Lehner involutions. Letting B (1) =
1 (N(0)), we see that the curveX B (1) = B (1)nH is the quotient of X B (1) by
W.

When F = Q, these involutions have a natural moduli interpretation. Recall
that the curve X B (1) parametrizes pairs (A; ), where A is an abelian surface (over
C, say) with QM by O speci ed by an embedding : O ! End(A). But there may
be more than one such embedding for a given A, even up to isomorphism: for
each divisorm j disc(B), we can \twist" by m to obtain a new pair (A; ™). All
such twists arise in this way (see Rot04 , x3]), and therefore the quotient X B (1)
of X B(1) by W parametrizes abelian surface®\ which can be given the structure

of QM by O, without a particular choice of .
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4.6. Example: Atkin-Lehner quotient. The two Atkin-Lehner involutions

wa; W3 act on X B(1)g : x2+ y2+322=0 by

Wo(X:y:2)=(Xx: y:2); wy(Xx:y:2)=( X:y:2):
The quotients are therefore

X —— I twoi = p1 X ——Mh i = p1

(x:y:2) /(x:z) (x:y:z)4/(y:z):
and the quotient by the full group W = hw,;wsi can be given by
j X — Jkw - p1
(x 1y :z) —{16y2 : 9x2);

under our normalization. Our deuIi point [ C] corresponding toK with discrimi-
nant 19 was £]=(32:27:13 ~ 19), and so we ndj ([C]) = 81=64 = 34=25,

4.7. Level structure: congruence subgroups. Having de ned the group
B (1) which replaces PSL»(Z), we now introduce the curves analogous to the
modular curves. LetN be an ideal ofZg that is coprime to the discriminant of B,
and let Zg.n be the completion of Zg at N; then there exists an embedding

N:OJO  z Zgn = M2(Zen):
We de ne
S(N)=f1(): 20;; n()is upper triangular modulo Ng=f 1g

and we again obtain a Riemann surfaceX & (N)c = B (N)nH.

In a similar way, for F = Q, the curvesX & (N )¢ parametrize cyclicN -isogenies
between abelian surfaces with QM byO. For any F, one can also show that the
curve X & (N)c admits a model over a number eld.

5. Triangle groups
5.1. The (2;4;6)-triangle group. Recall from x4:5 that the group
B@W=f1(): 2B =F; O=0; nrd( ) is totally positive g
realizes the spaceX B (1) = B (1)nH. The quotient
B (1) ~ Y

5 =
(1) pjdisc(B)

7=27;

arises from elements whose reduced norm divides dif] = 6.
We can see the group B (1) again explicitly: it has a presentation

B (1) = hB2;54;86 j S5 = S = S5 = S545p = 1
where
S, = 1+2 +2;S4= 14 ;8= 2+ +
have nrd(s;) = 6, nrd(ss) = 2, nrd(ss) = 3, respectively. This group B (1)
is known as a (24; 6)-triangle group; a fundamental domain D for B (1) is the
union of a fundamental triangle, a hyperbolic triangle with angles =2; =4; =6
with vertices at the xed points of s;;Ss4;Sg, respectively, together with its image

in the re ection in the geodesic connecting any two of the vetices.
We can visualize the (2 4; 6)-triangle group B (1) inside B (1) as follows.
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5.2. Cocompact arithmetic triangle groups. More generally, forp;q;r 2
Z , with 1=p+1=qg+1=r < 1, we may de ne the (p;q;r)-triangle group similarly
as the group with presentation

Psp; SqiSr j Sp = s§= st = srsqSp = Li:

By work of Takeuchi [Tak77 ], there are exactly 18 quaternion algebraB (up to
isomorphism), de ned over one of 13 totally real elds F, that give rise to such
a cocompact arithmetic triangle group B (1). Already these contain a number of
curves worthwhile of study. (In this light, we could consider the classical SL,(Z)
to be a (2, 3;1 )-triangle group, though we still exclude this case in our dscussion.)

Each of these \simplest" Shimura curves has genus zero, so weave a map
j :XB (1)! PL. (In fact, one can show that the canonical model provided by
Shimura and Deligne forX 8 (1)c over F is already P:.) We normalize this map
by taking the images of the elliptic xed points z;zq; zr of sp; Sq;Sr, respectively,
tobe 0;1;1 .

5.3. Explicit computation of CM points. To summarize, from cocompact
arithmetic triangle groups associated with certain quatemion algebrasB over to-
tally real elds F we obtain Riemann surfacesX B (1) of genus 0 together with a
mapj : XB (1) ! PL. There are CM points of arithmetic interest which we would
like to compute.

Theorem ([Voi06 ]). There exists an algorithm that, given a totally imaginary
quadratic field K F, computes the CM point j(z) 2 P}(C) associated to K to
arbitrary precision, as well as all of its conjugates by the group Gal(H=K).

One can then recognize the valug as an algebraic number by considering the
polynomial de ned by its conjugates.

5.4. Second example. We now give an example wherd- 6 Q. Let F be the
totally real sub eld of Q( o), where ¢ is a primitive ninth root of unity. We have

Zr = Z[b], whereb= (g+1=g). We take B = %b , i.e. B is generated by

. with
2 3, 2 — . -

Here, we have discB) = Zg, i.e. B is ramied at no nite place and at exactly

two of the three real places. We x the isomorphism ; :B g R!  M2(R), given
explicitly as D

0 3 b
| . | _
o g 7! 0 Bb
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We next compute a maximal orderO = Zg  Zg¢ ZF Ze! , where
= Ib+ 12 b 4)
= %b + %(sz b 4)

b+ 2(¥ 1) b + (P 1):

By work of Takeuchi [Tak77 ], we know that B(1)= B (1) is a triangle group
with signature (p; q;r) = (2;3;9). Explicitly, we nd the generators

S;=b+! 2:s3= 1+(K¥ 3) +( 20P+6)! +(bP+b 3);sg=

which satisfy the relations s3 = s§ = s = ;5389 = 1. The xed points of these
elements are

Z> =0:395526.::i; zz3 = 0:153515::+0:364518::i; zg = i;
and they form the vertices of a fundamental triangle.

ey, v, T

Each triangle in the above gure is a fundamental domain formed by the union
of two such fundamental triangles.

5.5. CM points. As an example, we rst take K = F(p ~2) with class num-
ber 3. We nd 2 O satisfying 2+2 =0, so Zg[ ] = Zx has discriminant 8;
explicitly,

=( B b+1)+( 20°+2) +(2K b 5! +( BP+b+1):

We obtain the CM point j(z) =17137:9737::: as well as its Galois conjugates

0:5834::: 0:4516:::i, which yields the minimal polynomial for j = j(2)
i3 1096905 ; 2 + 41938476081 ; 9781803409 — 0
J 64 ) 2097152 J 1048576

to the precision computed (300 digits). Note that

9781803409 _ 7°71%21992.

1048576 220
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We verify that K (j) = H = K (c), wherec® 3c+10=0.

Larger examples Ban be computed, including over ring classxeensions. Con-
sider the eld K = F(" 5) with discriminant disc(K=F )= 20. We consider the
order Z K of conductorf = b 1; note that Ng_g(b 1) =3.

The CM point z hasj = j(z) which satis es a polynomial of degree 14 =
#CI( Zk+ ), with N(j) equal to

7181278163 17P487 97121619259 2269F 74521007$1385F1709F
284598026P71P '

The extensionK (j) = K (c) is generated by an elemenic which satis es

14 8 2¢?+19c! 3710 122° +251¢% +211¢

58P +470¢° 41c* 732 +22%+11c+1=0:

C
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