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1 IntroductionLet X be a special cubic fourfold, h its hyperplane class, and T the class ofan algebraic surface not homologous to any multiple of h2. The discriminantd is de�ned as the discriminant of the saturated lattice spanned by h2 andT . Let Cd denote the special cubic fourfolds of discriminant d (x 3.2).Theorem 1.0.1 (Classi�cation of Special Cubic Fourfolds) ( Theorems3.1.2, 3.2.3, and 4.3.1) Cd � C is an irreducible divisor and is nonempty i�d > 6 and d � 0; 2(mod 6).In section four, we give concrete descriptions of special cubic fourfolds withsmall discriminants and explain how certain Hodge structures at the bound-ary of the period domain arise from singular cubic fourfolds.The nonspecial cohomology of a special cubic fourfold consists of the mid-dle cohomology orthogonal to the distinguished classes h2 and T . In manycases, it is essentially the primitive cohomology of a K3 surface of degreed, which is said to be associated to the special cubic fourfold. Furthermore,the varieties Cd are often closely related to moduli spaces of polarized K3surfaces. Let Cmard denote the marked special cubic fourfolds of discriminantd (x 5.2). This is the normalization of Cd if d � 2 (mod 6) and is a doublecover of the normalization otherwise.Theorem 1.0.2 (Associated K3 Surfaces and Maps of Moduli Spaces)(Theorems 5.1.3 and 5.2.4) Special cubic fourfolds of discriminant d haveassociated K3 surfaces i� d is not divisible by four, nine, or any odd primep � �1(mod 3). In these cases, there is an open immersion of Cmard into themoduli space of polarized K3 surfaces of degree d.In particular, an in�nite number of moduli spaces of polarized K3 surfacesmay be realized as moduli spaces of special cubic fourfolds.We can explain geometrically the existence of certain associated K3 sur-faces. The Fano variety of X parametrizes the lines contained in it. Forcertain special cubic fourfolds these Fano varieties are closely related to K3surfaces:Theorem 1.0.3 (Geometry of Fano Varieties) (Theorem 6.1.4) Assumethat d = 2(n2+n+1) where n is an integer � 2, and let X be a generic specialcubic fourfold of discriminant d. Then the Fano variety of X is isomorphicto the Hilbert scheme of length-two subschemes of a K3 surface associated toX. 2



We should point out that the hypothesis on d is stronger than necessary, butsimpli�es the proof considerably. Combining this with the results on maps ofmoduli spaces, we obtain examples of distinct K3 surfaces with isomorphicHilbert schemes of length-two subschemes (Proposition 6.2.2.)One motivation for this work is the rationality problem for cubic fourfolds.The Hodge structures on cubic fourfolds and their relevance to rationalityquestions have previously been studied by Zarhin [30]. Izadi [15] also studiedHodge structures on cubic hypersurfaces with a view toward rationality ques-tions. All the examples of cubic fourfolds known to be rational ([10] [27] [5][28]) are special and have associated K3 surfaces. Indeed, a birational modelof the K3 surface is blown up in the birational map from P4 to the cubicfourfold. Is this the case for all rational cubic fourfolds? In a subsequentpaper [14], we shall apply the methods of this paper to give new examplesof rational cubic fourfolds. We show there is a countably in�nite union ofdivisors in C8 parametrizing rational cubic fourfolds (C8 corresponds to thecubic fourfolds containing a plane).Throughout this paper we work over C . We use the term `generic' to mean`in the complement of some Zariski closed proper subset.' The term `lattice'will denote a free abelian group equipped with a nondegenerate symmetricbilinear form. I would like to acknowledge the help I received in the course ofthis project. I bene�tted from conversations with David Eisenbud and ElhamIzadi, and from suggestions by Walter Baily and Robert Friedman. BarryMazur provided important insights and comments, and Johan de Jong mademany helpful observations and pointed out some errors in an early version ofthis paper. Finally, Joe Harris introduced me to this beautiful subject; hisinspiration and advice have been invaluable.2 Hodge Theory of Cubic Fourfolds2.1 Cohomology and the Abel-Jacobi MapLet X be a smooth cubic fourfold. The Hodge diamond of X has the form:10 00 1 00 0 0 00 1 21 1 03



Let L denote the cohomology group H4(X;Z), L0 the primitive cohomologyH4(X;Z)0, and h; i the symmetric nondegenerate intersection form on L. Ifh is the hyperplane class then h2 2 L and L0 = (h2)?.Our best tool for understanding the middle cohomology of X is the Abel-Jacobi mapping. Let F be the Fano variety of lines ofX, the subvariety of theGrassmannian G (1; 5) parametrizing lines contained in X. This is a smoothfourfold ([1] x1). Let Z � F � X be the `universal line', with projections pand q. The Abel-Jacobi map is de�ned as the map� = p�q� : H4(X;Z)! H2(F;Z):Let M = H2(F;Z), M0 the primitive cohomology, and g the class of thehyperplane on F (induced from the Grassmannian). Recall that �(h2) corre-sponds to the lines meeting a codimension-two subspace of P5, so �(h2) = g.Following [3] and [5], we de�ne the Beauville canonical form (; ) on M sothat g and M0 are orthogonal, (g; g) = 6, and (x; y) = 16g2xy for x; y 2 M0.Extending by linearity we obtain an integral form on all of M .Proposition 2.1.1 (Beauville-Donagi [5] Prop. 6) The Abel-Jacobi mapinduces an isomorphism between L0 and M0; moreover, for x; y 2 L0 wehave (�(x); �(y)) = �hx; yi.Indeed, we may interpret � is an isomorphism of Hodge structuresH4(X; C )0 !H2(F; C )0(�1): The �1 means that the weight is shifted by two; this reversesthe sign of the intersection form.Proposition 2.1.2 The middle integral cohomology lattice of a cubic four-fold is L �= (+1)�21 � (�1)�2i.e. the intersection form is diagonalizable over Z with entries �1 along thediagonal. The primitive cohomology isL0 �= B �H �H � E8 � E8where B = �2 11 2�, H = �0 11 0� is the hyperbolic plane, and E8 is the posi-tive de�nite quadratic form associated to the corresponding Dynkin diagram.4



We �rst prove the statement on the full cohomology. L is unimodular byPoincar�e duality and has signature (21; 2) by the Riemann bilinear relations.L is odd because hh2; h2i = h4 = 3. Using the theory of inde�nite quadraticforms (e.g. [25] ch.5 x2.2) we conclude the result.Now we turn to the primitive cohomology L0. By Proposition 2.1.1 itsu�ces to compute M0; we �rst compute M . In [5] Prop. 6, it is shownthat F is a deformation of a variety S [2], where S is a degree-fourteen K3surface and S [2] denotes the Hilbert scheme of length-two zero-dimensionalsubschemes of S (also called the blown-up symmetric square of S). By [3] x6we have the canonical orthogonal decompositionH2(S [2];Z) = H2(S;Z)�? Z�where (�; �) = �2 and the restriction of (; ) to H2(S;Z) is the intersectionform. Geometrically, the divisor 2� corresponds to the nonreduced length-two subschemes of S. The cohomology lattice of a K3 surface is well-known(cf. [16] Prop. 1.2) H2(S;Z) �= � := H�3 � (�E8)�2;so M �= H�3 � (�E8)�2 � (�2): Furthermore, the polarization g = 2f �5�; where f 2 H2(S;Z) satis�es (f; f) = 14 [5]. The automorphisms ofH2(S;Z) act transitively on the primitive vectors of a given nonzero length([16] Theorem 2.4). If v1 and w1 are elements of the �rst summand H with(v1; v1) = (w1; w1) = 0 and (v1; w1) = 1, then we may take f = v1 + 7w1and g = 2v1 + 14w1 � 5�. Using v1 + 3w1 � 2� and � � 5w1 as the �rst twoelements of a basis of M0, we obtain the result. �Remark: Note that our computation shows that L0 is even.2.2 Hodge Theory and the Torelli MapWe review Hodge theory in the context of cubic fourfolds; a general in-troduction to Hodge theory is [12]. Recall that a complete marking of apolarized cubic fourfold is an isomorphism � : H4(X;Z) ! L mappingthe square of the hyperplane class to h2 2 L. If we are given a completemarking, the complex structure on X determines a distinguished subspaceF 3(X) = H3;1(X; C ) � L0C satisfying the following properties:1. F 3(X) is isotropic with respect to the intersection form <;>;5



2. the Hermitian form H(u; v) = �hu; �vi on F 3(X) is positive.Let Q � P(L0C ) be the quadric hypersurface de�ned by (1), and let U � Q bethe topologically open subset where (2) also holds. U is a homogeneous spacefor the real Lie group SO(L0R) = SO(20; 2). This group has two components;one of them reverses the orientation on the negative de�nite part of L0R,which coincides with (F 3 � F 3) \ L0R. Changing the orientation correspondsto exchanging F 3 and F 3 (see x6 of the appendix to [24] for details). Hencethe two connected components of U parametrize the subspaces F 3 and F 3 =H1;3(X) respectively; we denote them D0 and D0. The component D0 is atwenty-dimensional open complex manifold, called the local period domainfor cubic fourfolds.Let � denote the group of automorphisms of L preserving the intersectionform and the distinguished class h2, and �+ � � the subgroup stabilizing D0.This is the index-two subgroup of � which preserves the orientation on thenegative de�nite part of L0R. �+ acts holomorphically on D0 from the left; fora point in D0 corresponding to the marked cubic fourfold (X; �) the action is
(X; �) = (X; 
 ��). The orbit space D = �+nD0 exists as an analytic spaceand is called the global period domain.Two cubic fourfolds are isomorphic i� they are projectively equivalent.Let C denote the coarse moduli space for smooth cubic fourfolds, constructedas a Geometric Invariant Theory quotient [18] ch.4 x2. Each cubic fourfolddetermines a point in D, and the corresponding map � : C �! D is calledthe period map. By general results of Hodge theory, this is a holomorphicmap of twenty-dimensional analytic spaces. For cubic fourfolds we can saymuch more. First, we have the following result due to Voisin:Theorem 2.2.1 (Torelli Theorem for Cubic Fourfolds[29]) � : C ! D is anopen immersion of analytic spaces.In particular, if X1 and X2 are cubic fourfolds and there exists an isomor-phism of Hodge structures  : H4(X1; C ) ! H4(X2; C ), then X1 and X2 areisomorphic. Second, � is not just an analytic map:Proposition 2.2.2 D is a quasi-projective variety of dimension twenty and� : C ! D is an algebraic map.In x6 of the appendix to [24], it is shown that the manifold D0 is a boundedsymmetric domain of type IV. The group �+ is arithmetically de�ned and acts6



holomorphically on D0. In this situation we may introduce the Borel-Bailycompacti�cation ([2] x10): there exists a compacti�cation of D0, compatiblewith the action of �+, so that the quotient is projective. Moreover, �+nD0is a Zariski open subvariety of this quotient. To complete the proof, we usethe following consequence of A. Borel's extension theorem [6]:Let D0 be a bounded symmetric domain, and G an arithmetically de�nedtorsion-free group of automorphisms. Let D = GnD0 be the quasi-projectivequotient space, and Z an algebraic variety. Then any holomorphic map Z !D is algebraically de�ned.While �+ has torsion, some normal subgroup H of �nite index is torsion-free ([24] IV Lemma 7.2). Let �+(N) denote the subgroup of �+ actingtrivially on L=NL. For some large N , �+=H acts faithfully on L=NL so�+(N) � H and is torsion-free. Let C(N) denote the moduli space of cubicfourfolds with marked Z=NZ cohomology. This is a �nite (and perhapsdisconnected) cover of C; we use C0(N) to denote a connected component.Let D(N) = �+(N)nD0, which is also �nite over D. The period map lifts to amap �N : C0(N)! D(N): By Borel's theorem �N is algebraic, and a descentargument implies � is also algebraic. �Remark: It follows that C is a Zariski open subset of D and its complementis de�ned by algebraic equations.3 Special Cubic Fourfolds3.1 Basic De�nitionsDe�nition 3.1.1 A cubic fourfold X is special if it contains an algebraicsurface T not homologous to a complete intersection.Let A(X) = H2;2(X) \H4(X;Z), which is positive de�nite by the Riemannbilinear relations. The Hodge conjecture is true for cubic fourfolds [31], soA(X) is generated (over Q) by the classes of algebraic cycles; X is specialif and only if the rank of A(X) is at least two. This is equivalent to sayingthat the rank of L \ F 3(X)? is at least two, or that L0 \ F 3(X)? 6= 0. AHodge structure x 2 D0 is special if L0 \ F 3(x)? is nonzero.Theorem 3.1.2 (Structure of Special Cubic Fourfolds) Let K � L bea positive de�nite rank-two saturated sublattice containing h2, [K] the �+7



orbit of K, and C[K] the cubic fourfolds X such that A(X) � K 0 for someK 0 2 [K]. Every special cubic fourfold is contained in some C[K], which is anirreducible algebraic divisor of C, and is nonempty for all but a �nite numberof [K].Given such a lattice K, we set K0 = K \ L0. Let D0K be the x 2 D0such that K0 � x?; this is a hyperplane section of D0 � P(L0C ). Eachspecial Hodge structure is contained in some D0K . Let K? denote the or-thogonal complement to K in L. We see that D0K is a topologically opensubset of a quadric hypersurface in P(K?C ), has dimension nineteen, andclassi�es Hodge structures structures on the lattice K?. As in the pre-vious section, we can prove that D0K is a bounded symmetric domain oftype IV. Let �+K = f
 2 �+ : 
(K) � Kg. As before, the quotient�+KnD0K is quasi-projective. Furthermore, the induced holomorphic map�+KnD0K ! �+nD0 = D is algebraically de�ned, so its image is an irreduciblealgebraic divisor.We enumerate the divisors parametrizing special Hodge structures in D.Each one corresponds to �+KnD0K for some K � L as above, but K is notuniquely determined. K1 and K2 give rise to the same divisor if and only ifK1 = 
(K2) for some 
 2 �+, i.e. �+K1 and �+K2 are conjugate in �+. Let D[K]denote the corresponding irreducible divisor in D. Since C is Zariski open inD (Proposition 2.2.2), C[K] = C \ D[K] is an irreducible algebraic divisor inC, and D[K] � (D � C) for �nitely many [K]. �De�nition 3.1.3 Let (K; h; i) be a positive de�nite rank-two lattice contain-ing a distinguished element h2 with hh2; h2i = 3. A marked (resp. labelled)special cubic fourfold is a cubic fourfold X with the data of a primitive imbed-ding of lattices K ,! A(X) preserving h2 (resp. the image of such an imbed-ding.) A special cubic fourfold is typical if it has a unique labelling.We write Dlab[K] for �+KnD0K. The morphism Dlab[K] ! D[K] is birational (indeedDlab[K] is the normalization of D[K]), so a general point in D[K] has a uniquelabelling. The �ber product Dlab[K] �D C will be denoted C lab[K].3.2 Discriminants and Special Cubic FourfoldsDe�nition 3.2.1 The discriminant of a labelled special cubic fourfold (X;K)is the determinant of the intersection matrix of K.8



Proposition 3.2.2 Let (X;K) be a labelled special cubic fourfold of discrim-inant d and let v be a generator of K0.1. d > 0 and d � 0;�1 (mod 3) ;2. d0 := hv; vi = (3d if d � �1 (mod 3)d3 if d � 0 (mod 3) ;3. hv; L0i = (3Z if d � �1 (mod 3)Z if d � 0 (mod 3) ;4. d is even.The �rst three statements are straightforward computations, so we omit theirproofs. The fourth follows from the remark after Proposition 2.1.2. �We re�ne the results of the previous section by classifying the orbits ofthe rank-two sublattices under the action of �+. The following theorem is aconsequence of Theorem 3.1.2 and Proposition 3.2.4:Theorem 3.2.3 (Irreducibility Theorem) The special cubic fourfolds pos-sessing a labelling of discriminant d form an irreducible (possibly empty)algebraic divisor Cd � C.Elements of Cd are called special cubic fourfolds of discriminant d; the cor-responding rank-two lattice is denoted Kd. We write Dd for D[Kd], Dlabd forDlab[Kd], Cd for C[Kd], and C labd for C lab[Kd].Proposition 3.2.4 Let K and K 0 be saturated rank-two nondegenerate sub-lattices of L containing h2. Then K = 
(K 0) for some 
 2 �+ if and only ifK and K 0 have the same discriminant.We claim it su�ces to prove the result for �. We �nd some g 2 ���+ stabi-lizing sublattices with every possible discriminant. Take g to be the identityexcept on the second hyperbolic plane in the orthogonal decomposition forL0; on this component set g equal to multiplication by �1. (We refer to thecomputation of L0 in Proposition 2.1.2.)Now we analyze the action of � on our rank-two sublattices, or equiva-lently, on saturated nondegenerate rank-one sublattices K0 � L0. We applythe results of Nikulin on discriminant groups and quadratic forms; see [22]9



or [9] for basic de�nitions and proofs. The elements of � �x h2, so they acttrivially on the discriminant groups d(Zh2) and d(L0) [22] x1.5. Conversely,any automorphism of L0 that acts trivially on d(L0) extends to an elementof � [22] 1.5.1.Let K0 denote a lattice generated by an element v with hv; vi = d0, qK0the quadratic form on d(K0), and q the quadratic form on d(L0). The latticeL0 is the unique even lattice of signature (20; 2) with discriminant quadraticform q [22] 1.14.3. Any saturated codimension-one sublattice K? � L0 is theorthogonal complement in L of a rank-two sublatticeK, so there is an inducedisomorphism d(K?) �= d(K) [22] 1.6.1, and d(K?) is generated by at mosttwo elements. This implies the isomorphism class of K? is determined by itssignature and discriminant form, and any isomorphism of d(K?) preservingthe discriminant quadratic form is induced by an automorphism of K? [22]1.14.3.Two primitive imbeddings of i : K0 ! L0 di�ering only by an element of� are said to be congruent. Applying the results of [22] x1.15 in our situation,we �nd the primitive imbeddings i : K0 ! L0 correspond to the followingdata:1. a subgroup Hq � d(L0);2. a subgroup HK0 � d(K0);3. an isomorphism � : HK0 ! Hq preserving the restrictions of thequadratic forms to these subgroups, with graph �� = f(h; �(h)) : h 2HK0g � d(K0)� d(L0);4. an even lattice K? with complementary signature and discriminantform qK?, and an isomorphism �K? : qK? ! ��, where � = ((qK0 ��q)j�?� )=�� (and �?� is the orthogonal complement to �� with respectto qK0 � q).Another imbedding i0 with data (H 0q; H 0K0; �0; (K 0)?; �(K0)?) is congruent to iif and only if HK0 = H 0K0 and � = �0.Our proof now divides into two cases. In the �rst case Hq = f0g, orequivalently, hi(K0); L0)i = Z (i.e. 3jd). By the characterization above, allprimitive imbeddings of K0 are congruent. In the second case Hq = d(L0) �=Z=3Z, or equivalently, hi(K0); L0)i = 3Z. In this case, d(K0) has a subgroupHK0 of order three and 3jd0. There are two possible isomorphisms betweend(L0) and HK0, thus two congruence classes of imbeddings of K0 into L0. �10



Using [22] x1.15 and Proposition 3.2.2, we can compute the discriminantquadratic forms of the lattices K?d :Proposition 3.2.5 If d � 0 (mod 6) then d(K?d ) �= Z=d3Z � Z=3Z, whichis cyclic unless 9jd. We may choose this isomorphism so that qK?d (0; 1) =23 (mod 2Z) and qK?d (1; 0) = �3d (mod 2Z). If d � 2 (mod 6) then d(K?d ) �=Z=dZ. We may choose a generator u so that qK?d (u) = 2d�13d (mod 2Z).4 Examples4.1 Special Cubic Fourfolds with Small DiscriminantsThe examples here are discussed in more detail in [13]. If T is a smoothsurface contained in a cubic fourfold X then hT; T i = c2(NT=X) = 6h2T +3hTKT +K2T ��T where �T is the topological Euler characteristic and hT isthe hyperplane class restricted to T .4.1.1 d=8: Cubic Fourfolds Containing a Plane (see [29])X contains a plane P , so that hP; P i = 3 and our marking isK8 = h2 Ph2 3 1P 1 3 :The cubic fourfolds in C8 generally contain other surfaces, like quadric sur-faces and quartic del Pezzo surfaces.4.1.2 d=12: Cubic Fourfolds Containing a Cubic ScrollX contains a rational normal cubic scroll T , so that hT; T i = 7 and ourmarking is K12 = h2 Th2 3 3T 3 7 :
11



4.1.3 d=14: Cubic Fourfolds Containing a Quartic Scroll/Pfa�anCubic FourfoldsX is a cubic fourfold containing a rational normal quartic scroll T , so thathT; T i = 10 and our marking isK14 = h2 Th2 3 4T 4 10 :Special cubic fourfolds of discriminant 14 generally also contain quintic delPezzo surfaces and quintic rational scrolls. One can show that the quarticscrolls, quintic scrolls, and quintic del Pezzos on X form families of dimen-sions two, two, and �ve respectively. Note that Morin [17] uses a spuriousparameter count to deduce that the quartic scrolls form a one dimensionalfamily. From this, he concludes incorrectly that every cubic fourfold containsa quartic scroll.Another description of an open subset of C14 is the Pfa�an constructionof Beauville and Donagi [5]. The dimension counts above follow easily fromtheir results. They also show that the Pfa�an cubic fourfolds are rational.Finally, we should point out that the cubic fourfolds containing two disjointplanes possess a marking with discriminant 14, and thus are also containedin C14. (See [10] and [27] for more discussion of these examples.)4.1.4 d=20: Cubic Fourfolds Containing a VeroneseX contains a Veronese surface V , so that hV; V i = 12 and our marking isK20 = h2 Vh2 3 4V 4 12 :4.2 d=6: Cubic Fourfolds with Double PointsA double point is ordinary if its projectivized tangent cone is smooth. Cubichypersurfaces in P5 with an ordinary double point are stable in the senseof Geometric Invariant Theory. This is proved using Mumford's numericalcriterion for stability ([18] x2.1) and the methods of ([18] x4.2). Let ~C denotethe quasi-projective variety parametrizing cubic fourfolds with (at worst) asingle ordinary double point. 12



Let X0 be a cubic fourfold with a single ordinary double point p. Projec-tion from p gives a birational map �p : X0 9 9 KP4 which can be factoredX0 = BlS(P4) q1���! X0q2??yP4where q1 is the blow-up of the double point p and q2 is the blow-down ofthe lines contained in X0 passing through p. These lines are parametrizedby a surface S � P4, which is the complete intersection of a quadric anda cubic. The quadric is nonsingular because p is ordinary; the completeintersection is smooth because p is the only singularity of X0. In particular,S is a sextic K3 surface. The inverse map ��1p is given by the linear systemof cubic polynomials through this K3 surface. Conversely, given any sexticK3 surface contained in a smooth quadric, the image of P4 under this linearsystem is a cubic fourfold with an ordinary double point. Note that the sexticK3 surfaces contained in a singular quadric hypersurface are precisely thosecontaining a cubic plane curve.This construction suggests that we associate a sextic K3 surface to anyelement of ~C � C:Proposition 4.2.1 The Torelli map extends to an open immersion ~� : ~C !D: The closed set ~C6 := ~C � C is mapped into D6.In x 5.2 we shall see that D6 coincides with the period domain for sextic K3surfaces. A detailed proof of the proposition is given in x4 of [29], so wemerely explain some details needed for our calculations. (It also follows fromthe delicate analysis of singular cubic fourfolds in x 6.3.) Let X0 be a cubicfourfold with an ordinary double point and let S be the associated K3 surface.Smoothings of ordinary double points of even codimension have monodromysatisfying T 2 = I, so any smoothing ofX0 yields a pure limiting mixed Hodgestructure H4lim. The corresponding point of the period domain is denoted~�(X0). The limiting Hodge structure may be computed with the Clemens-Schmid exact sequence [7], which implies there is a natural imbedding of theprimitive cohomology H2(S; C )0(�1) into H4lim. The orthogonal complementto the image consists of a rank-two lattice of integral (2; 2) classesK6 = h2 Th2 3 0T 0 213



so ~�(X0) 2 D6.4.3 Existence of Special Cubic FourfoldsDd � D is nonempty if and only if d is positive and congruent to 0; 2 (mod 6)(Proposition 3.2.2), so we restrict to these values of d.Theorem 4.3.1 (Existence of Special Cubic Fourfolds) Let d > 6 bean integer with d � 0; 2 (mod 6) . Then the divisor Cd is nonempty.We saw in the last section why there are no smooth cubic fourfolds of dis-criminant six: D6 corresponds to the limiting Hodge structures arising fromcubic fourfolds with double points. In the next section we shall explain whythere are no cubic fourfolds of discriminant two: D2 corresponds to the lim-iting Hodge structures arising from another class of singular cubic fourfolds.Is the complement D � C equal to D2 [ D6?To prove the theorem, we need the following lemmas:Lemma 4.3.2 Let P be an inde�nite even rank-two lattice representing six.Assume that P is not isomorphic to any of the following:�6 11 0� �6 22 0� �6 00 �2� �6 33 0� :Then there exists a smooth sextic K3 surface S lying on a smooth quadricwith Pic(S) �= P .Lemma 4.3.3 Let P be a rank-two inde�nite even lattice, f 2 P a primitiveelement with d := f 2 > 0, and assume there is no E 2 P with E2 = �2and fE = 0. Then there exists a K3 surface S with Pic(S) = P and f apolarization on S. Moreover, f is very ample unless there exists an ellipticcurve C on S with C2 = 0 and fC = 1 or 2.Recall that � denotes the lattice isomorphic to the middle cohomology ofa K3 surface. Using the results of x2 of [16], there exists an imbeddingP ,! �. So for some elements of the period domain P equals the lattice of(1; 1)-classes. The surjectivity of the period map for K3 surfaces implies theexistence of a K3 surface S with Picard group P so that f contained in theK�ahler cone of S (see pp. 127 of [4]). This implies f is a polarization of S.14



To complete the proof, we apply Saint Donat's results for linear systems onK3 surfaces [23]. Speci�cally, we use Theorems 3.1, 5.2, and 6.1, along withthe analysis of �xed components in x2.7. �To prove Lemma 4.3.2, we note that the image under jf j is not containedin a singular quadric because P � �6 33 0� (i.e. S does not contain a planecubic). �Now we prove the theorem. Let S be one of the K3 surfaces constructed inLemma 4.3.2 and X0 the corresponding singular cubic fourfold. Let v 2 P beprimitive with respect to the sextic polarization. Recall that H2(S; C )0(�1)is naturally imbedded into the limiting Hodge structure H4lim arising fromX0. The image of v is an integral class of type (2; 2) in H4lim, denoted v0.Relabel H4lim by letting Kd denote the saturation of the lattice Zh2+Zv0. ByProposition 3.2.2, d = �12 disc(P ). For each d � 0; 2 (mod 6) ; d > 6, thereexist lattices P satisfying the hypotheses of Lemma 4.3.2 with discriminant�2d. If d = 6n (resp. d = 6n + 2) we may takeP = �6 00 �2n� (resp.�6 22 �2n� ):Set x0 = ~�(X0) so that x0 2 D6 \Dd: We construct a smoothing � : X !�0 where Xt is smooth for t 6= 0, and �(Xt) 2 Dd. Let 
 : � ! D be aholomorphic map such that 
(0) = x0 and 
(u) 2 Dd � D6 for u 6= 0. Theexistence of such a curve follows from the construction of D as the quotient�+nD0. Because ~� is an open immersion, we may shrink � so that 
 liftsthrough ~� , giving a map � : � ! ~C. Consequently, there exists a rami�edbase change b : �0 ! � and a family X ! �0 so that Xt = �(b(t)). Byconstruction we have Xt 2 C \ ��1(Dd) = Cd for t 6= 0, so Cd 6= ;: �4.4 d=2: The Determinantal Cubic FourfoldThe determinantal cubic fourfoldX0 is de�ned by the homogeneous equation:R := ������a b cb d ec e f ������ = 0:It is singular where the 2� 2 minors of the determinant are simultaneouslyzero, i.e. along a Veronese surface V . We shall consider deformations X ! �15



of X0 with equations R + tG, where G is the equation of a smooth cubicfourfold, and the curve C � V de�ned by the equation GjV = 0 is alsosmooth. Let S be the double cover of V branched over C, a degree-two K3surface.Theorem 4.4.1 The limiting mixed Hodge structure arising from X ! �is pure and special of discriminant two. The orthogonal complement to K2is isomorphic to the primitive Hodge structure H2(S; C )0(�1).This result will not be used elsewhere in this paper. Its proof is essentiallya calculation on the semistable reduction for X using the Clemens-Schmidexact sequence [7] (see [13] for details). Geometrically, X0 is contained inthe indeterminacy locus of the Torelli map, but after blowing up the map iswell-de�ned at the generic point of the exceptional divisor. Moreover, thisexceptional divisor maps birationally to D2 � D.5 Associated K3 Surfaces5.1 Nonspecial CohomologyDe�nition 5.1.1 The nonspecial cohomology lattice of a labelled special cu-bic fourfold (X;Kd) is de�ned as the orthogonal complement K?d . The non-special cohomology, denoted WX;Kd, is the polarized Hodge structure inducedon K?d by the Hodge structure on H4(X; C )0 .Proposition 5.1.2 Let (X;K14) be a generic Pfa�an cubic fourfold. Thenthere exists a degree-fourteen K3 surface S and an isomorphism of Hodgestructures WX;K14 = H2(S; C )0(�1):This is a consequence of [5] Prop. 6 (cf. x 2.1) and Proposition 6.1.1. How-ever, it is best explained by observing that the birational map P4 9 9 KX blowsup a surface birational to S, which therefore parametrizes a correspondenceof rational curves on X.Motivated by this example, we determine the special cubic fourfolds whosenonspecial cohomology is isomorphic to the primitive cohomology of a polar-ized K3 surface: 16



Theorem 5.1.3 (Existence of Associated K3 Surfaces) Let (X;Kd) bea labelled special cubic fourfold of discriminant d, with nonspecial cohomol-ogy WX;Kd. There exists a polarized K3 surface (S; f) such that WX;Kd �=H2(S; C )0(�1) if and only if the following conditions are satis�ed:1. 46 j d and 96 j d;2. p6 j d if p is an odd prime, p � �1(mod 3).We say that the pair (S; f) is associated to (X;Kd).We �rst show the theorem boils down to a computation of lattices (Propo-sition 5.1.4). Recall that a pseudo-polarization is a divisor f contained inthe closure of the K�ahler cone with (f; f) > 0; the primitive cohomologyof a pseudo-polarized K3 surface (S; f) is the orthogonal complement to fin H2(S;Z). Let �0d be a lattice isomorphic to the primitive middle coho-mology of a degree d K3 surface. The isomorphism asserted in the theo-rem implies an isomorphism of lattices K?d �= ��0d. On the other hand,given a labelled special cubic fourfold (X;Kd) and an isomorphism of lat-tices K?d �= ��0d, WX;Kd(+1) has the form of the primitive cohomology of apseudo-polarized K3 surface. Indeed, since the Torelli map for K3 surfaces issurjective [4] [26], there exists a pseudo-polarized K3 surface (S; f) such thatH2(S; C )0(�1) �= WX;Kd. Moreover, X is smooth so H4(X;Z)0 \ H2;2(X)does not contain any classes with self-intersection +2 ([29] x4 Prop. 1).Therefore there are no (�2)-curves on S orthogonal to f , and f is actuallya polarization.Proposition 5.1.4 Retain the notation above. K?d �= ��0d if and only if theconditions of Theorem 5.1.3 are satis�ed.The automorphisms of � = H2(S;Z) act transitively on the primitive vectorswith (v; v) = d 6= 0 ([16] Theorem 2.4), so�0d �= (�d)�H�2 � (�E8)�2;let y denote the distinguished element with (y; y) = �d. The discriminantgroup d(�0d) and quadratic form q�0d are equal to Z(yd)=Zy, with q�0d(yd) =�1d ( mod 2Z).We determine when d(K?d ) and d(��0d) are isomorphic as groups with aQ=2Z-valued quadratic form. We �rst consider the case d � 2 (mod 6). Here17



both discriminant groups are isomorphic to Z=dZ, so we just need to checkwhen the quadratic forms are conjugate by an automorphism of Z=dZ. Let uand w be generators of d(K?d ) and d(��0d) such that qK?d (u) = 2d�13d (mod 2Z)and q��0d(w) = 1d (mod 2Z) (see Proposition 3.2.5). The quadratic forms areconjugate if and only if the integer 2d�13 is a square modulo 2d, or equivalently,�3 is a square modulo 2d. By quadratic reciprocity this is the case if and onlyif d is not divisible by four and any odd prime pjd satis�es p 6� �1 (mod 3).A similar argument holds in the case d � 0 (mod 6).We have seen that the conditions on d are necessary for K?d to be isomor-phic to ��0d. On the other hand, K?d is the unique even lattice of signature(19; 2) with discriminant form (d(K?d ); qK?d ) [22] 1.14.3. Hence if the discrim-inant forms of K?d and ��0d agree then K?d �= ��0d. �5.2 Isomorphisms of Period DomainsWe retain the notation of x 2.1 and x 5.1. Let � denote the automorphismsof �, and �d the automorphisms �xing some primitive v 2 � with (v; v) = d,which yield automorphisms of �0d = v?. As in x 2.2, let N 0d be the localperiod domain for degree d K3 surfaces, an open nineteen-dimensional com-plex manifold. Let �+d � �d denote the subgroup stabilizing N 0d. As before,N 0d is a bounded symmetric domain of type IV, �+d is an arithmetic groupacting holomorphically on N 0d, and the quotient Nd := �+d =N 0d is therefore aquasi-projective variety, the global period domain for degree d K3 surfaces.We introduce a bit more notation for special cubic fourfolds as well. LetG+d � �+d be the subgroup acting trivially on Kd and let Dmard denote themarked special Hodge structures of discriminant d, modulo the action ofG+d . The �ber product Dmard �D C is written Cmard , the marked special cubicfourfolds of discriminant d. We have natural forgetting maps Dmard ! Dlabdand Cmard ! C labd :Proposition 5.2.1 G+d = �+d if d � 2 (mod 6) and G+d � �+d is an index-twosubgroup if d � 0 (mod 6). The natural map Dmard ! Dlabd is an isomorphismif d � 2 (mod 6) and a double cover if d � 0 (mod 6). Furthermore, Dmard =G+d nD0d and thus is connected for all d 6= 6.We begin with the �rst statement. The lattice Kd has no automorphismspreserving h2 if d � 2 (mod 6), so G+d = �+d . If d � 0 (mod 6) then Kdhas an involution, which acts on K0d as multiplication by �1. We claim18



it extends to an element 
 2 �+d . By Proposition 3.2.4 we may assumeK0d = Z(v1 + d6w1). We use the notation of x 2.1, so v1 and w1 form a basisfor a hyperbolic summand H � L0. Choose 
 equal to multiplication by �1on both hyperbolic summands of L0 and equal to the identity elsewhere. Wehave that 
 2 �+d but 
 62 G+d , so G+d is a proper subgroup of �+d .The second statement follows immediately from the �rst. As for thethird statement, recall that Dlabd = �+d nD0d. Hence for d � 2 (mod 6) theresult is immediate. For d � 0 (mod 6), we must check that any 
 2 �+dacting nontrivially on Kd also acts nontrivially on D0d. For d 6= 6, if 
 actsnontrivially on Kd then the induced action on d(Kd) is not equal to �1.However, the groups d(Kd) and d(K?d ) are isomorphic, so the induced actionon d(K?d ) is not �1. Now D0d is a topologically open subset of a quadrichypersurface in P(K?d 
C ), so only scalar multiplications act trivially on D0d.In particular, 
 necessarily acts nontrivially. �Remark: There exists an element 
 2 �+6 � G+6 acting trivially on K?6 . Itfollows that Dmar6 6= G+6 nD06 but rather that Dlab6 = G+6 nD06.Theorem 5.2.2 Let d be a positive integer such that there exists an isomor-phism jd : K?d ! ��0d (see Proposition 5.1.4.) Choose orientations on thenegative de�nite parts of K?d and ��0d compatible with jd, so there is an in-duced isomorphism of local period domains D0d and N 0d. If d 6= 6 then thereis an induced isomorphism id : Dmard ! Nd; we also have Dlab6 �= N6:The isomorphism of period domains depends on the choice of jd. Each jdinduces an isomorphism of discriminant groups j 0d : d(K?d ) ! d(��0d) pre-serving the Q=2Z-valued quadratic forms on these groups [22] x1.3. Wedenote the set of such isomorphisms Isom(d(K?d ); d(��0d)); the group fn 2Z=dZ : n2 = 1g acts faithfully and transitively on this set.Theorem 5.2.3 For d 6= 6, the various isomorphisms id : Dmard ! Ndcorrespond to elements of Isom(d(K?d ); d(��0d))=(�1). The isomorphismi6 : Dlab6 ! N6 is unique.These two theorems have the following corollary:Corollary 5.2.4 (Immersions into Moduli Spaces of K3 Surfaces) Letd 6= 6 be a positive integer such that there exists an isomorphism jd : K?d !��0d. Then there is an imbedding id : Cmard ,! Nd; unique up to the choiceof an element of Isom(d(K?d ); d(��0d))=(�1): Moreover, there is a uniqueimbedding i6 : ~Clab6 ,! N6. 19



As we shall see in x6, geometrical considerations will sometimes mandatespeci�c choices of id (e.g. in the case d = 14).We prove the �rst theorem. First, we compare the action of �+d on �0d tothe action of G+d on K?d . We claim that �+d is the group of automorphismsof �0d preserving the orientation on the positive de�nite part of �0d 
 R andacting trivially on the discriminant group d(�0d). This follows from the resultsof [22] x1.4, which imply that any such automorphism extends uniquely to anelement of �+d . Similarly,G+d is the group of automorphisms ofK?d preservingthe orientation on the negative de�nite part of K?d 
 R and acting triviallyon the discriminant group d(K?d ).Now suppose we are given an isomorphism jd : K?d ! ��0d. This inducesisomorphisms D0d ! N 0d, G+d ! �+d , and id : G+d nD0d ! �+d nN 0d. ApplyingProposition 5.2.1, we obtain an isomorphism id : Dmard ! Nd for d 6= 6. Theremark after the proposition also yields an isomorphism i6 : Dlab6 ! N6. �We turn to the proof of the second theorem. We must determine whentwo di�erent isomorphisms j1d : K?d ! ��0d and j2d : K?d ! ��0d induce thesame isomorphism id : G+d nD0d ! �+d nN 0d. If j2d = ��j1d for some � 2 �+d thenj1d and j2d induce the same isomorphisms of period domains. Also, if j1d = �j2dthen j1d and j2d induce the same isomorphism between D0d and N 0d, becausethese manifolds lie in the projective spaces P(K?d 
 C ) and P(�0d 
 C ).On the other hand, assume that j1d and j2d induce the same isomorphismbetween G+d nD0d and �+d nN 0d. Then there exist 
 2 G+d and � 2 �+d suchthat j1d � 
 and � � j2d induce the same isomorphism between D0d and N 0d, soj1d � 
 = �� � j2d . We conclude that the isomorphisms between G+d nD0d and�+d nN 0d correspond to certain elements of Isom(d(K?d ); d(��0d))=(�1).It remains to check that each element of Isom(d(K?d ); d(��0d))=(�1) ac-tually arises from an isomorphism between K?d and ��0d respecting the ori-entations on the negative de�nite parts. Now K?d has an automorphism greversing the orientation on the negative part and acting trivially on d(Kd).Take g to be the identity except on a hyperbolic summand of the orthogonaldecomposition for K?d ; on the hyperbolic summand set g equal to multiplica-tion by �1. Hence it su�ces to show that the automorphisms of K?d induceall the automorphisms of d(K?d ), which is proved in [22], Theorem 1.14.2 andRemark 1.14.3. �
20



6 Fano Varieties of Special Cubic Fourfolds6.1 Introduction and Necessary ConditionsHere we provide a geometric explanation for the K3 surfaces associated tosome special cubic fourfolds. The general philosophy underlying our approachis due to Mukai [19],[20],[21]. Let S be a polarized K3 surface and let MSbe a moduli space of simple sheaves on S. Quite generally, MS is smoothand possesses a natural nondegenerate holomorphic two-form ([19] Theorem0.1). Furthermore, the Chern classes of the `quasi-universal sheaf' on S�MSinduce correspondences between S and MS. IfMS is compact of dimensiontwo then it is a K3 surface isogenous to S; the Hodge structure of MScan be read o� from the Hodge structure of S and the numerical invariantsof the sheaves ([20] Theorem 1.5). Conversely, given a variety F with anondegenerate holomorphic two-form and an isogeny H2(S;Q ) ! H2(F;Q),one can try to interpret F as a moduli space of sheaves on S. In the casewhere F is a K3 surface, we often have such interpretations ([20] Theorem1.9). Note that F �= S[n] can be interpretted as the moduli space of idealsheaves on S of colength n; such sheaves are simple.Proposition 6.1.1 Let X be a cubic fourfold with Fano variety F . Assumethere is an isomorphism between F and S [2] for some K3 surface S. Then Xhas a labelling Kd such that S is associated to (X;Kd); id : Cmard ,! Nd maybe chosen so that id(X;Kd) = S. If (X1; Kd) is a generic element of Cmardand S1 = id(X1; Kd), then the Fano variety F1 is isomorphic to S [2]1 .For nongeneric X1 the isomorphism between F1 and S [2]1 can break down. LetX1 contain two disjoint planes �1 and �2, so that X1 2 C14. The propositionholds for d = 14, but the (birational) map between F1 and S [2]1 acquiresindeterminacy at the lines supported in the �i (see [13] for details).We prove the proposition. As in x2.1, there is an isomorphismH2(F;Z) �=H2(S;Z) �? Z� and the hyperplane class g = af � b� where f is somepolarization of S with d := (f; f). Let K?d equal ��1(H2(S;Z)0(�1)) where� is the Abel-Jacobi map, and set Kd = (K?d )?: Applying Theorem 5.2.2with jd = �jK?d , we obtain a map id with the desired properties. To explainid geometrically, we need the following result:Theorem 6.1.2 (Deformation Spaces of S [2] [3]) Let S be a K3 surfaceand 2� � S [2] be the elements supported at a single point. The deformation21



space of S [2] is smooth and has dimension twenty-one. Deformations of theform S [2]1 correspond to a divisor in this space which may be characterized asthe deformations for which � remains a divisor.We de�ne Cd as the deformations of F for which � remains algebraic. Ap-plying Theorem 6.1.2, there is some small analytic neighborhood in Cd wherethe deformations are isomorphic to S [2]1 for some deformation S1 of S. Thisisomorphism holds in an open �etale neighborhood of X in Cd, so a genericcubic fourfold in Cd has Fano variety of the form S [2]1 . �For which values of d are the conclusions of Proposition 6.1.1 valid? The-orem 5.1.3 gives su�cient conditions for the existence of a K3 surface asso-ciated to (X;Kd), but these do not guarantee that F �= S[2]:Proposition 6.1.3 Assume that the Fano variety of a generic special cubicfourfold of discriminant d is isomorphic to S [2] for some K3 surface S. Thenthere exist positive integers n and a such that d = 2n2+n+1a2 :This is equivalent to the existence of a line bundle on S [2] of degree 108,the degree of the Fano variety. For instance, Fano varieties of special cubicfourfolds of discriminant 74 are not generally of the form S [2], because 74a2 =2(n2 + n + 1) has no integral solutions (see [11]).We can produce in�nitely many examples of special cubic fourfolds withFano variety isomorphic to the symmetric square of a K3 surface:Theorem 6.1.4 Assume that d = 2(n2 + n + 1) where n is an integer � 2.Then the Fano variety of a generic special cubic fourfold X of discriminantd is isomorphic to S [2], where S is a K3 surface associated to (X;Kd).This is proved in the next two sections. The condition on d corresponds tosetting a = 1 in Proposition 6.1.3. The proof of the theorem suggests thatthe condition of the proposition is the correct su�cient condition.6.2 Ambiguous Symplectic VarietiesDe�nition 6.2.1 Let F be an irreducible symplectic K�ahler manifold, andassume that there exist K3 surfaces S1 and S2 and isomorphisms r1 : F ! S [2]1and r2 : F ! S [2]2 such that r�1�1 6= r�2�2. Then we say that F is ambiguous.
22



Our �rst example is a special case of a construction of Beauville and Debarre[8]. Let S be a smooth quartic surface in P3, p1 + p2 a generic point inS[2], and `(p1 + p2) the line containing p1 and p2. By Bezout's theorem`(p1+p2)\S = p1+p2+ q1+ q2: Setting j(p1+p2) = q1+ q2 for each p1+p2,we obtain a birational involution j : S [2] 9 9 KS [2]: If S contains no lines thenj extends to a biregular morphism. Let f4 be the degree-four polarizationon S and the corresponding class on S [2]. Following [8], one may computej�(x) = �x + (x; f4 � �) (f4 � �) on H2(S [2];Z). Setting r2 = j � r1, we �ndthat F = S [2] is ambiguous.We digress to give another beautiful example of ambiguous varieties:Proposition 6.2.2 Assume that 3jd and that the Fano variety F of a genericcubic fourfold in Cd is isomorphic to S [2]1 for some K3 surface S1. Then F isambiguous.This follows immediately from Proposition 6.1.1 and the results of x5.2, whichimply that C labd imbeds into a Z=2Z-quotient of Nd if 3jd.6.3 Construction of the ExamplesLet X0 2 ~C6, F0 its Fano variety of lines, and S the sextic K3 surface as-sociated to X0 (see x 4.2). Let � : X ! � be a family in ~C with central�ber X0 and Xt smooth for t 6= 0. Let F ! � be the corresponding fam-ily of Fano varieties and X 0 ! �0 a semistable reduction of X ! �. Forsimplicity, we assume that the central �ber of the semistable family is of theform X 00 = X0 [ Q where X0 = BlS(P4) is the desingularization of X0, Q isa smooth quadric fourfold, and Q0 = X0 \ Q is the smooth quadric in P4containing S. This is the case if � is a su�ciently generic smoothing of X0.Lemma 6.3.1 F0 is singular along the lines through the double point, whichare parametrized by S. These singularities are ordinary codimension-twodouble points and the blow-up � : BlS F0 ! F0 desingularizes F0. If S0 doesnot contain a line then BlS F0 �= S[2].The �rst part follows from x 4.2 and [1] 1.10. For the second part, we realize� by blowing up the Grassmannian G (1; 5) along the locus L(p) of linescontaining p. The �ber squareS ! F0# #L(p) ! G (1; 5)23



gives a natural closed imbedding of normal cones CSF0 ,! CL(p)G (1; 5)jS:The projectivization P(CL(p)G (1; 5)) corresponds to P(C 6=S), where S is therestriction of the universal subbundle. Note L(p) �= P4 and CL(p)G (1; 5)`corresponds to the lines � such that ` 2 � � P4. For ` 2 Sing(F0) the�ber of P(CSF0)` corresponds to those lines � such that ` 2 � � Q0. Theseare parametrized by a smooth conic curve, hence F0 has codimension-twoordinary double points along S and BlS F0 is smooth.This description implies that we can regard BlS F0 as a parameter spacefor certain curves on X0. These curves are of the following types:1. lines on X0 disjoint from p;2. unions of proper transforms of lines through p and lines contained inQ0 � X0.These in turn may be identi�ed with:1. two-secants � to S � P4;2. three-secants � with a distinguished point s 2 � \ S.We emphasize that each line meeting S in more than two points is containedin Q0 but not in S, and thus is a three-secant to S. We claim elements of S [2]naturally correspond to curves of this type. For each ideal sheaf I of colengthtwo there is a unique line � containing the corresponding subscheme. Either� is a two-secant, or � is a three-secant and s is the support of I=I�\S. �Lemma 6.3.2 Retain the notation and assumptions introduced above. Thefamily of Fano varieties F���0 has ordinary codimension-three double pointsalong the surface S. The variety F 0 = BlS(F �� �0) is smooth, and theexceptional divisor E � F 00 is a smooth quadric surface bundle over S. Thecomponent of F 00 dominating F0 is isomorphic to S [2].The proof is essentially the same as the �rst lemma. Our nest result is:Proposition 6.3.3 Retain the notation and assumptions introduced above.Then there is a smooth family F ! �0, birational to F � �0, such thatF u = Fu and F 0 = S [2].
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We start with the family F 0 described in the previous lemma. The �bersof E ! S are all smooth quadric surfaces, so the variety parametrizingrulings of E is an �etale double cover of S. Since S has no nontrivial �etalecoverings we may choose a ruling of E. Blowing down E in the direction ofthis ruling, we obtain a smooth family F . This map induces an isomorphismfrom the proper transform of F0 in F 00 to the central �ber of F . The propertransform to F0 in F 00 is isomorphic to S [2], so F satis�es the conditions ofthe proposition. �We now prove Theorem 6.1.4. Let S be an algebraic K3 surface withPicard group P = f6 f4f6 6 n + 5f4 n + 5 4and n � 2. By Lemma 4.3.2, such a surface exists and we may assume thatjf6j imbeds it as a smooth sextic surface. The divisor f4 is e�ective because ithas positive degree with respect to f6. We claim that f4 is very ample. If f4were not ample, then there would exist a (�2)-curve E with f4E � 0. Thisfollows from the structure of the K�ahler cone of S ([16] x1,x10). Note thatf4E 6= 0 because P does not contain a rank-two sublattice of discriminant�8. Recall that the Picard-Lefschetz re
ection associated to E is given bythe equation rE(x) = x + (E; x)E. Applying this to the class f4, we �ndthat rE(f4)2 = 4 and (f6; rE(f4)) < (f6; f4). Hence that f6 and r(f4) spana sublattice with discriminant smaller than that of P , which is impossible.Finally, applying Lemma 4.3.3 we see that the linear system jf4j imbeds Sas a smooth quartic surface.Our hypothesis on P implies that the image of S under jf6j lies on asmooth quadric hypersurface and does not contain a line, and that the imageof S under jf4j also does not contain a line. In particular, S corresponds toa singular cubic fourfold X0 2 ~C6. Furthermore S [2] is ambiguous, with aninvolution j : S [2] ! S [2] so that �2 := j�� = 2f4�3�: Using Proposition 6.3.3and the arguments of x 4.3, X0 has a smoothing � : X ! � such that (afterbase change) the corresponding family of smooth symplectic varieties F ! �0is a deformation of S [2] for which �2 remains algebraic. By Theorem 6.1.2the Fano variety Fu of X 0u is isomorphic to S [2]u :If we choose � generally, we may assume that the X 0u are typical andthat Pic(Su) is generated by the polarization f 0. Let � = Pic(Fu), a lattice(with respect to the canonical form) of discriminant �2deg (Su): On the25



other hand, � is the saturation of Zg + Z�2. Specializing to S [2] we obtain� = Z(2f6�3�)+Z(f6�f4) with discriminant �4(n2+n+1): In particular,the Su have degree d(n) = 2(n2+n+1) and the Xu are special of discriminantd(n). �We have shown that the pure limiting Hodge structures parametrized byD6 actually arise from smooth symplectic varieties. This may be interpret-ted as a weak surjectivity result for the corresponding Torelli map. It alsoexplains the computation of the limiting mixed Hodge structure H4lim in x 4.2.There are a number of ways Theorem 6.1.4 might be generalized. We neednot assume that the polarizations f6 and f4 actually generate the Picardlattice of S. Another approach is to replace ~C6 by some other divisor Cdparametrizing special cubic fourfolds whose Fano varieties are of the formS[2]. To make precise statements one requires explicit descriptions of twocomplicated closed sets: the complement Dd � Cd and the locus in Cd wherethe isomorphism between the Fano varieties and the blown-up symmetricsquares breaks down. Finally, Mukai's philosophy suggests that whenever wehave an associated K3 surface S, the Fano variety F might be interprettedas a suitable moduli space of simple sheaves on S. It would be interesting to�nd such interpretations when F cannot be a blown-up symmetric square.References[1] Altman, A. and Kleiman, S., 1977, Foundations of the theory of Fanoschemes, Compositio Math. 34, 3-47.[2] Baily, W. L. and Borel, A., 1966, Compacti�cations of arithmeticquotients of bounded symmetric domains, Ann. of Math. 84, 442-528.[3] Beauville, A., 1983, Vari�et�es k�ahleriennes dont la premi�ere classe deChern est nulle, J. Di�erential Geom. 18, 755-782.[4] Beauville, A., 1985, Surjectivit�e de l'application des p�eriodes,in G�eom�etrie des Surfaces K3: Modules et P�eriodes-S�eminairePalaiseau, Ast�erisque 126, Soci�et�e math�ematique de France, Paris,122-128.[5] Beauville, A. and Donagi, R., 1985, La vari�et�e des droites d'une hy-persurface cubique de dimension 4, C.R. Acad. Sc. Paris, S�erie I 301,703-706. 26
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