APPR OXIMA TION AT PLA CES OF BAD REDUCTION
FOR RATIONALL Y CONNECTED VARIETIES

BRENDAN HASSETT AND YURI TSCHINKEL

Abstra ct. This paper addressesveak approximation for rationally
connectedvarieties de ned over the function eld of a curve, espe-
cially at places of bad reduction. Our approach ertails analyzing
the rational connectivity of the smooth locus of singular reductions
of the variety. As an application, we prove weak approximation for
cubic surfacesand Fano hypersurfacesof dimension at least three,
with square-freediscriminant.
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1. Intr oduction

In number theory, many results and techniquesrely on approximating
adelic points by rational points. In this paper, we study geometricver-
sionsof thesenotions for rationally connectedvarietiesover the function
eld of a curve. In this context, rational points correspnd to sections
of rationally-connected brations over the curve. We are looking for sec-
tions with prescribed jet data in nitely many b ers.

Let k be an algebraicallyclosed eld of characteristic zero,B a smooth
curve over k with function eld F = k(B). Let B be the smooth projec-
tive model of F and put S := B nB.
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Theorem 1. Let X be a smath proper rationally connected variety over
F,and :X ! B aproper modelof X. (A model of X is an algebaic
space at over B with generic ber X.) Let X°" be the locuswhere is
smath and X XS™ he an open subsetsuchthat

(1) there existsa sections: B! X ;
(2) for eachb2 B andx 2 X, , there existsa rational curvef : P! !
X, containing x and the generic point of X, .

Then sections of X | B satisfy approximation away from S (see Sec-
tion 2).

We shall actually prove a stronger result, Theorem 15, that is ap-
plicable in positive characteristic. Rationally-connected brations over
curves have sectionsby [8]. The existenceof a sectionthrough a nite
setof prescribed points is addressedn [16]2.13and [15]1V.6.10.1. Weak
approximation is known in b ers of good reduction [10], so we take si-
multaneous resolutions of singular b ers of X whenewer possible. (For
example,for rational double points on surfaces,simultaneousresolution
is possibleprovided the local monaodromy is trivial [3, 4].) Consequetly,
when X | B admits a simultanteous resolution over someetale neigh-
borhood of b, we replace X by this resolution. Howewer, the resohed
family may be an algebraicspace rather than a scheme,over B. This is
why Theorem 1 is stated in this generality.

There are very few instanceswhereweak approximation over function
elds is known at all places: stably rational varieties; connectedlinear
algebraic groups and their homogeneouspaces;homogeneouspace -
brations over varieties that satisfy weak approximation, including conic
bundlesover rational varieties; and Del Pezzosurfacesof degreeat least
four [5]. Recenly, the caseof smooth hypersurfacef degreed in P" with
d®> n hasbeenresohed [6], as an application of the notion of “rational
simply connectedness'Even the caseof cubic surfacesremainsopen, in
general. Madore establishedweak appraximation for cubic surfacesat
placesof good reduction [18]. His proof usesthe abundanceof distinct
unirational parametrizations, and builds on ideas of Swinnerton-Dyer
[21.

When is Theorem 1 applicable? Let X be a smaoth projective ratio-
nally connectedvariety over F = k(B), with B projective. There exists
a regular proper model : X ! B, and any sections : B! X is
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contained in XM, For ead singular b er X, x an irreducible compo-
nert X, X", thesedetermine an open subsetX XM, To prove
weak approximation for X, it suces to prove approximation for ead
X obtained in this way. We do not know how to verify (1) in general:
Is there any sectionmeeting a prescribed irreducible componert of X5™m?
Further, there is no generalresult giving a regular proper model X | B
sudh that ead irreducible componert of X;™ hasthe property (2).
Section5 is dewted to applicationsto cubic surfaces:

Theorem 2. Let X be a smmth cubicsurface overF and :X ! B a
proper madel whosesingular b ers are cubic surfaceswith rational double
points. Supmsethere existsa section s : B! X3, Then sections of
Xsm1 B satisfy approximation awayfrom S.

When the model is regular all sectionsare cortained in the smooth
locus, sowe conclude:

Corollary 3. Let X beasmamth cubicsurface overF. SupmpseX admits
aregular proper model : X ! B whosesingular bersare cubicsurfages
with rational doublepoints. Then weak approximation holdsfor X away
fromS = B nB.

There exist cubic surfaceswhich do not admit models with at most
rational double points in a given b er, e.g.,the isotrivial family

X3+ y2+ 28 = tw?

over the t-line. NonethelessCorollary 3 provesweak approximation for
‘generic'cubic surfaces.

Corollary 4. Let Hilb= P(( Op:(3))) ' P! denotethe Hilbert scheme
of cubic surfaees, U ! Hilb the universal family, and D Hilb the
discriminant divisor. Let B Hilb be a smath curve transverseto each
branch of D and

X=U HwpB! B
the correspnding family. Then X = U ), Spec(F) satis es weak ap-
proximation awayfromS = B nB.

Note that meetingthe discriminant transversally is an open condition
on the classifying map to the Hilbert sheme. This can be expressed
in number-theoretic terms: The discriminant of X | B is square-free.
Generalizationsto degree-wo del Pezzo surfaceshave been proven by
Knedt [12).
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Finally, in Section6 we o er extensionsof theseCorollaries. We gen-
eralize Corollary 3 to the casewherethe b ers have isolated complete-
intersectionterminal singularities. Corollary 4 extendsto generichyper-
surfacesX  P" of degreed n providedn 4.

In our approad to approximation, we require precise cortrol over
proper rational curvesin the smooth locus of a singular variety. One
focus of this paper is to extend standard results on smooth proper ra-
tionally connectedvarietiesto the non-proper case(seeSection4). The
application to cubic surfacesand higher-dimensionalhypersurfacesin-
volves re ning rational connectivity results of [11] (see Sections5 and
6).

Acknowledgmen ts: We are grateful to J. L. Colliot-Th elene for nu-
merousdiscussionsabout the problems consideredhere; the ideas here
were deweloped during visits to Orsay by both authors. J. M®Kernan
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bene tted from cornversationswith S. Keel, A. Knedht, and J. Kollar.
The rst author was partially supported by the Sloan Foundation and
NSF Grants 013425%nd 0196187.The secondauthor was partially sup-
ported by National ScienceFoundation Grants 0554280and 0602333.

2. Notions of appr oximation

Let F be a global eld, i.e., a number eld or the function eld of a
curve B de ned over an algebraically closed eld k. Let S a nite set
of placesof F cortaining the archimedeanplaces,or.s the correspnding
ring of integers, and Ar.s the restricted direct product over all places
outside S.

Let X be an algeb@ic variety over F, X (F) the set of F-rational
points and X (Ag:s) v2s X (Fy) the setof Ag.s-points of X. The set
X (Ag.s) carriesa natural direct product topology. One sas that weak
approximation holdsfor X away from S if X (F) is densein this topology.

The setX (Ar.s) alsocarriesa natural adelictopology: The basicopen
subsetsare % %

Uy X (ov);
v2S0 vZ(S[ SO
where SPis a nite set of nonarchimedeanplacesdisjoint from S, X !

Spec(©r.s) is a model of X (i.e., at with generic b er X), o, is the
completion of o5 at v, and u, X (F,) an open subsetin the v-adic
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analytic topologyon X (F,). This dependsonly on X not on the choiceof
model. Strongapproximation holdsfor X away from S if X (F) is densen
X (Ag:s). Note that strong approximation implies weak appraximation.
Conversely for X !  Spedog.s) at and proper, weak approximation
implies strong appraximation, sinceX (o,) = X (F,); in these caseswe
will usethe term weak approximation for the sake of consistency

Finally, thereis aformu@tion which is sensitive to the choiceof model.
Considerthe topologyon . X (0,) with basicopen subsets

Y Y
Uy X (ov);

v2S0 vZ(S[ S9

with u, X (0,) anopensubset. We say that approximation holdsfor S-
integral points of X if X (0r.s) is densein this product. This is a version
of strong appraximation for integral points.

We now focuson the function eld case:Let B be a smaoth projective
model of B with S = B nB; placesv corresmnd to points b2 B. Let X
be a smaoth variety proper over F = k(B), :X ! B a model proper
and at over B (which exists by [2(]), and X XM an open subset
surjecting onto B. Since is proper, F -rational points of X correspnd
to sectionss: B ! X. If X isregulars factors through XM,

De nition 5. An admissiblesection of : X | B isasections: B!
XM An admissibleN -jet of at bis a sectionof

X" g SpecOg =My ) ! SpecOs =My ):
An approximableN -jet of at bis a sectionof
X g SpecOgp=mgy) ! SpecOpp=mp

that may be lifted to a section of )@b ! I@b; with I!?b = Spec(CSB;b) and
)bb =X B @b:

Hensel'demmaguararteesthat every admissibleN -jet is approximable.
Let fhgi,, bea nite setof points and j; an admissibleN-jet of at
h. We write J = fj;gi», for the correspnding collection of admissible
N -jets.

The notions of weak and strong approximation intro ducedabove have
geometricinterpretations
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Weak and strong appraximation hold for X away from S if any
nite collection of appraximable jets of can be realized by a
sections: B! X.

This is equivalert to weak approximation holding for X (the
generic b er of X ) away from S: Every jet in X at b can be
realizedby a sectionX g I@b! I@b meeting )bb.

If X is regular these are equivalent to the condition that any
collection of admissible jets of can be realized by a section

s:B! XM

There is an analogousformulation of appraximation for integral points:
Approximation holds for sectionsof X ! B away from S if
eat collection of jet data in X can be realized by a section
s:B! X.
If X isregularand X = X*M this is equivalent to weak approxi-
mation for X .

3. Cur ves, combs, and def orma tions

The dual graph assaiated with a nodal curve C has vertices are in-
dexedby the irreducible componerts of C and its edgesindexed by the
intersectionsof thesecomponens. A projective nodal curve C is tree-like
if

ead irreducible component of C is smaoth;
the dual graph of C is a tree.

De nition 6. A combwith m reducibleteeth is a projective nodal curve

D is smaooth and irreducible;

T\ To=;,foralll 6%

eat T) meetsD transversally in a single point; and
ead T, is a chain of P''s.

Here D is called the hande and the T, the reducibleteeth.

Let C beanodal curveandh : C! W animmersioninto a smaoth
algebraicspacewith nodal image. (In particular, h is an embedding at
nodesof C.) Let N,, denotethe normal bundle (or shea, i.e., the dual
to the kernel of the restriction h  §, ! L.

We will usethe following lemma, which hasthe sameproof as Propo-
sition 24 of [10Q]:
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Lemma 7. Let C be a tree-like curve, W a smamth algebric spce,
h: C ! W animmersion with nodal image. Supmse that for each
irr educible component C; of C, HY(C;;N,, Oc,) = 0and Ny Og, is
glolally generated. Then h deformsto an immersion of a smath curve
into W.

Supmse furthermore that w = fwy;:::;wyg C is a collection of
smath points suchthat for each compnentCj, HY(N;, Oc¢,( w)) =0
andthe shaf N;, Oc, ( w) admits a section nonvanishingat each point
of the supprt of

(Nh  Oc)=Npjc,:
Thenh: C! W deformsto an immersion of a smmth curve into W
containing h(w).

4. Str ong rational connectivity

De nition 8. A variety X isrationally connected (resp. se@rably ratio-
nally connected) if there is a family of proper irreducible rational curves
g:U! Z(resp. ,:U=P! Z! Z)andacyclemorphismu:U! X
sud that

u>:U zU! X X
is dominart (resp. smaoth over the genericpoint)).

Intuitiv ely, two genericpoints of X can be joined by an irreducible
projective rational curve. Over elds of characteristic zero, rational con-
nectedvarieties are also separablyrationally connected[15]1V.3.3.1.

The notion of rational connectednesss a bit subtle over courtable
elds [2]. For corvenience,we work over an uncourtable algebraically
closed eld. Over sudh a eld, rational connectivity is equivalert to the
condition that two very general points of X can be joined by sud a
rational curve.

De nition 9. Let X be a smooth algebraic spaceof dimensiond and
f : P11 X anonconstan morphism, sowe have an isomorphism

f Tx ' Om(a1) ::: Op(ag)

a Of(resp.a 1).

We refer the readerto [15]1V.3 for further facts about rationally con-
nectedvarieties.
One technical result will play a prominert rdlein our analysis.
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Prop osition 10 ([15] IV.3.9.4). Let V be a smath sem@rably rationally
connected (not necessarily proper) variety. Then there existsa nonempty
subsetV? V characterized as the largest open subsetsuch that if

in V° containing theseas smath points. Moreover, any rational curve
C V that meets VO is contained in V°.

No examplewhereV° 6 V is known.

Remark 11. Let V, beasmaooth variety, V; V, arationally connected
denseopen subvariety, and V) V. the largest open set satisfying the
conditions of Proposition 10. Then V? V. Thusa point v2 V, isin
V, provided there is a rational curvef : P! V, through v and meeting
Vo,

Prop osition 12. LetV be a smath se@rably rationally connected vari-
ety,and :W ! V an iterated blow-upof V alongsmath subvarieties.
Then (V9 = WO,

Proof. The inclusion W° 1(v9) is straightforward: Given points

Wi ol Wm 2 WO, there is a very freecurve g : P1 ! WO containing

them; we may choosethis to be transversalto the exceptionaldivisor of
. The inclusion of sheaes

Twi! Tv

remainsan inclusion after pull-back via g, asthe support of the cokernel
doesnot cortain g(P'). The positivity of g Ty, implies the positivity of
( g Tv, which meansthat g: P!l Visalsovery free.

For the reversedirection, we may restrict to the casewhereW is the
blow-up of V along a smaoth subvariety Z of codimensionr > 1, with
exceptionaldivisor E. It is clearthat (V°nZ) W, so consider
somew 2  %(z) with z2 Z\ VO It suces to construct a rational
curve cortaining w and the genericpoint of W.

There existsa very freecurve f °: P11 V9 with the following proper-
ties:

(1) f {P) meetsZ only at z (we can always deform a very free curve
to a curve passingthrough z and disjoint from a codimension 2
subset[15, 11.3.7]);

(2) fqPY) is smooth at z and transverseto Z.

Let g°: P*! W denotethe lift to W, which is freein W, and w®= gY0).
If w®= w then we are done. Otherwise, let ° Yz)' P !denotethe
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line joining w and w®. Sinceglis free, it admits a small deformation to
afreecurve g% P11 W with w%= g%{0) 2 *; w6 w° (SeeFigure 1.)

g'(P)

b-lz)=p-1
@ ¢"(h)

Figure 1. Constructing the comb

We constructaconb h: C! W with handle® P" ! W andtwo
teeth g% g% P* ! W. SinceE is exceptional,we compute
N ' Op"™ Om(1) 2
and
Ne-w O' Op( 1):

The exact sequenceof normal bundles

0! N=! Now! Ngzw O! O
splits because

Ext'(Op:( 1);Op:(n)) = O;n 2:
Thus we deduce

Neow ' OS"™ " Op(1)" 2 Op( 1)

wherethe negative summandis in the normal directionto E. SincegqP*)
and g°¢P') aretransverseto E, we can apply Proposition 23 of [10. The
key point is that the only negativity in the normal bundle of * is due to
the negativity of the normal bundleof E W ; howeer, the componerts
g4 P') and g°{P') overcomethis. Precisely we have

Npn O 05" " Owm() 2 Op(L);

the quotient (N, O')=N--y liesin the image of the last summand.
Lemma7 impliesthat h: C! W admits a deformation to a rational
curve cortaining w.
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A similar argumert givesthe following strengtheningof Proposition 10
(cf. Theorem2.2 of [7])

Prop osition 13. LetV be a smath se@rably rationally connected vari-
etyand V® V be the distinguishel open subsetcharacterized in Propo-
sition 10. Then for any nite collection of jets

ji:Spec k[]1= Nt 1 VO o i=1::m
supported at distinct points vq;:::;Vn, there existsa very free rational
curve smaoth at vq;:::; vy, with the prescriled jets.

Proof. There is an iterated blow-up

W=Wy ! abwpb ol Wl v
and points wq;:::; Wy 2 W sothat if g: C! W is a morphism whose
imagecortains wy; : : :; Wy, then the imageof f := g:C! V comnains

the given collection of jets. Hereis the description: Over ead point v;,
we blow up V successiely at N points. Givenany smaoth curve germC
with the prescribed N -jet at v;, W; is the blowup of W; ; at the points of
the proper transform of C lying over the v;. Proposition 12 then implies
there existsa very freecurve g : P* I W through wy;:::wy,. Howewer,
the image of this curve in V will be singular at v; if g(P!) meets 1(v;)
in more than one point.

We claim there existsa very freecurve g : P* ! W meeting (v)
only at w;, transversally We choosethis curve so that it is disjoint
from  1(vj) whenj 6 i. (Again, we are using the fact that a very
free curve can be deformedaway from any codimension 2 subvariety
while passingthrough a prescribed point in the complemen) Fix generic
points x; 2 gi(P!) andlet gy : P! W be a very free curve intersecting
g (P!) transversely at x; but not meetingany  1(v;). (For example,
take gy = ( ! fg), wherefy : P1 !V is a very free curve through

(X1);::1; (Xm).) Considerthe comb h : C ! W with handle go(P?)
and m-teeth g (P!). This deformsto a very free curve h®: P* I W
meetingeah  (v;) only at w;, transversally,

The proof of the claim is a re nement of the argumen for Propo-
sition 12. We proceedby induction on N. The basecaseN = 1 is
contained in the proof of Proposition 12, which givesa very free curve
smaooth at v; with prescribed tangency Let Eiy ' P9™YV) 1 pe the
last exceptionaldivisor of : W ! V over v, i.e., the exceptional di-
visor of the N-th blow-up. For1 j < N, let E;; Wy denotethe
proper transform of the exceptional divisor of W; ! W, ; over v;; we
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have Ei; ' Bly, P'™V) 1 wherew;; is the intersection of the proper
transform of C with the exceptionaldivisor of W; I W, .

Supposethat g°: P* ! W isavery freecurvesudithat  glis smooth
with the desired(N  1)-jet at v;. Let wo= g{P)\  (v;) denotethe
unique point of intersection, which we assumes distinct from w;. Let "
denotethe linein Ejyy ' PYMY) Yjoining w; andw?, andzy 1 its point of
intersectionwith Ein 1. Let 'y 1 Ein 1" Bly, ,P™") ! denote
the proper transform of a line cortaining zy 1, and zy » its point of
intersectionwith E;y ». Cortinuein this way, until we obtain *;  E;.q,
the proper transform of a line cortaining z;. Finally, let g°% P*! W be
a very free curve meetingthe exceptionallocustransversally at a generic
point of *;. (SeeFigure 2.)

Figure 2. Constructing the comb with reducibleteeth

Leth:C! W bethe conb with handle ' and two reducible teeth:
Q) : P W,

By a normal bundle computation similar to that of Proposition 12, we
nd that Nyj n isampleand Ny, is nonnegative on eat of the remaining
componerts: Again, Lemma7 (or Proposition 24 of [10]) implies that h
admits a deformation to an immersedrational curve cortaing w;.

Here are the details of the computations (cf. [10] Section5): The
normal bundle of a line in projective spaceis

N — N‘szdim(v) L Opl(l)dim(v) 2

N =EinN
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and the normal bundle for an exceptionaldivisor is
Neg=w ' Opamv) 1( 1)
For eath j we have
(4.1) 0! Ny=g, ! Nyow! Ng,=wj,! O
which for j = N vyields
Ny =w Op (1)) 2 Op( 1);

with the negative componert in the direction normal to E; . We also
have an extension

(4.2) 0! Nyzw! Nujy ! Q(j)! O

whereQ(";) is atorsion sheafsupported at the points where"; meetsthe
adjacert componerts. For j = N theseare gXP!) and 'y 1, and since
the tangert vectorsto thesecurvesare normal to E; , we nd

Npjs, ' Op(1)™V) 2 Opi(1):

The normal bundle of the proper transform of a line in the blow-up of
projective spaceat a point of the line is

Nyy=g; = Nojapi, pomo) o Ogilm(V) ’
forj = 1;:::;N 1. Similarly, we can compute
Ne, =wj; = Op( 2)
sothe exact sequencenalogousto (4.1) yields
Nyow ' Op™ * Op( 2);

with the negative componert in the direction normal to E;; . Using (4.2)
and the fact that °; is adjacert to “j,; and*; 1 (or g”fP') whenj = 1),
we nd

j =

Nhj,

Jog™M 2 o
De nition  14. A smooth separablyrationally connectedvariety Y is
strongly rationally connected if any of the following conditions hold:
(1) for ead point y 2 Y, there exists a rational curve f : P11 Y
joining y and a genericpoint in Y;
(2) for eadh point y 2 Y, there existsa freerational curve cortaining
Y
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very freerational curve cortaining the y; assmaoth points;
(4) for any nite collection of jets

Spedk[]= M) Yii=1::m

supported at distinct points yi;:::;Ym, there exists a very free
rational curve smaoth at y4;:::;ym and cortaining the prescribed
jets.

The implications
@) 3) @) @
are obvious. By Proposition 10, assertions(1)-(3) are eat equivalert to
the condition Y = Y. Property (4) is analogousto Theorem 2.2 of [7],
which is stated for proper varieties. It followsfrom (1) by Proposition 13.

With basic properties of strongly rationally connectedvarieties estab-
lished, Theorem 1 follows from the generalresult (cf. [15]1V.6.10.1):

Theorem 15. Let :Y ! B be a smamth morphismwhose bers are
stronglyrationally connected. Assumethat hasa section. Then sections
of Y ! B satisfy approximation away from S.

Proof. Let —:Y ! B beapropermodelofY ! B, which existsby [20.
The sectionextendsto a sections of —. By a result of Artin and Neron
[1] Corollary 4.6, there existsa blow-up with certer supported in = (S)

¢! Y
sud that the proper transform of 3(B) in ¥ is cortained in ¥°".
Recallthe proof of weak appraximation at placesof good reduction in
Section5 of [1(0. This is a bootstrap argumert, using the existenceof
a sectionin the smooth locusto construct sectionswith prescriked jets
of successigly higher order. For the basecase,supposewe are given an

arbitrary sectiont : B! Y. WhenY ! B is proper, Kollar-Miyaoka-
Mori [16] rst demonstratedhow to get a sectionwith prescribed values

t(B) and teeth very free curvesin the b ersY,, joining t(h) to y;, which
deformsto a section passingthrough the y;. For the inductive step,
supposewe have a section with prescribed jetsto order N 1l at a
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in the original model translate into point conditions in the new model.
There we produce an explicit conmb with reducible teeth, basedon the
proper transform of the section obtained by the inductive hypothesis,
that deformsto the desiredsection. This only requiresthe existenceof
very free curvesin Yy passingthrough y; with prescribed tangency

Propernessis usedtwice. At the the zeroth-order step, it is usedto
exhibit the very free bral curvesjoining t(h) to y;. In the inductive
step, it is usedto nd a very free bral curve with prescribed tangency
at y;. In our situation, theseare guararteed by the hypothesisthat the
b ersare strongly rationally connected.

5. Cubic surf aces

We work over an algebraically closed eld of characteristic zero.

De nition  16. A log Del Pezzosurface is a pair (X; ) copsistingof a
normal projective surfaceX and an e ective Q-divisor = g ;;0<
a; 1 on X, with log terminal singularities, sud that (Kx + ) is
ample. When isempty, this is equivalert to saying that X hasquotient
singularities and ample anticanonical class.

Theorem 17 ([11] 1.6). The smath locus of a log Del Pezzosurface
(X; ) is rationally connected, i.e., two generic points in XM can be
joined by an irr educible projective rational curve contained in X 5™,

Example 18 ([23]). Thereexist projectiverational surfaceswith rational
double points whosesmaoth locusis not rationally connected.Consider

X=E P
where (E; 0) is an elliptic curve and the involution
kR

(eixosxa]) 7' ( e;X1;Xo)):
The involution has eight isolated xed points g X. The quotient
X = X=hi haseigh A; singularitiesand is rational: X ! E=hi "' P!
is a conic bundle. SinceX q! XS™ is a covering space, 1(X°M)
1(®  q) with index two. Thus

* o' & (B Z Z

and X 3™ hasin nite fundamertal group. Howewer, rationally connected
varieties (even non-proper ones) have nite fundamenal groups (see
Lemma7.8 of [11] and Proposition 2.10of [14], for example).
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The following conjecturewould allow us to apply Theorem1 to prove
weak approximation for many log Del Pezzosurfaces:

Conjecture 19. The smooth locusof a log Del Pezzosurfaceis strongly
rationally connected.

We prove this for cubic surfaces:

Theorem 20. Let X  P? be a cubic surface with rational doublepoints.
Then X 5™ is strongly rationally connected.

Proof. Let x; 2 X*™ be a point. We producea rational curve R X 3™
joining x; and a genericpoint x, 2 XM,
We start with an elemetiary lemma:

Lemma 21. LetY P" be an irr educible hypersurfae such that the
Gaussmap

Y 99K P"

y 7' [Tyiyl
is generially nite. Then a generic tangent hyperplane section to Y
has an isolated singularity of multiplicity two with smaoth projectivized
tangent cone.

Proof. Sincethe Gaussmap is generically nite, its di erential is gener-
ically of maximal rank. Howe\er, the di erential at y 2 Y can be iden-
tied with the dual to the secondfundamenal form (see[9, 17.11])

y - Symz(Tij) I Nyzpnjy:

This is nondegeneratepreciselywhen the quadratic term of the Taylor
expansionof the de ning equation of the tangert hyperplanesectionH,
has maximal rank.

This is applicableto cubic surfacesX with rational double points. It
is a classicalfact that X cortains a nite number of lines. Howeer, if
the image of the Gaussmap of X is a curve C then X is dual to C and
thusruled by lines.

Now we will make explicit how x, must be chosen. Applying the
lemma, we may assume

(1) The tangert hyperplanesectionH, at X, is irreducible and nodal.
In particular, H, X°™ andtherearenolines” X cortaining X..
Projection from x, then givesa double cover

Bl,,X | P?
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the covering transformation interchangesthe exceptionaldivisor and the
proper transform. We obtain a birational involution

X 99K X

x 7' x%

wheref x; x% x,g are collinear. This factors asthe blow-up of x, followed
by the blow-down of the proper transform of H,. Note that ,, xes the
singularities of X and thus takes X ™ to itself.

We alsoassume:

(2) H, doesnot contain X;.

It follows that H, doesnot cortain x? = ,(x1). Moreover, x; and x?
are in the open subseton which , is an isomorphism.
We assumefurthermore:

(3) x, is not cortained in H4, the tangert hyperplaneto X at X;.

It follows that x, 62HY, the tangert hyperplane sectionat x9. Indeed,
supposethat x, 2 HY. We know that x, & x? (becausex{ 62H,), so
considerthe line joining x, and x?. This meetsX only at x, and x?, so
x? = x; and x, 2 H, a cortradiction.

Finally, we assume:

(4) HY is irreducible and nodal.

In particular, H? XM,

Sincex, 62HY?, , is regular along H?. We verify that the rational

curve R = ,(HY) hasthe desiredproperties. Sincex, 62H?, H, and H?
intersectat a point z 6 X,; thusthe curve

R= ,,(H) 3 (2= xz

We know H? XM and ,,(X5™) XM henceR XS™. We have
x? 2 HY sox; = 4,(x9) 2 R. SinceH? meetsH, in a point z 6 X,,
X2 = x,(¥) 2 R.

We now prove Theorem 2: For ead singular b er Xp, X5™ is strongly
rationally connectedby Theorem20. Approximation follows from Theo-
rem 1.

Example 22. Hereis anothercasewhereConjecture19is easilyveri ed.
Let X be a partial resolution of a cubic surface with at most A;-
singularities, i.e., we have a factorization of the minimal resolution

er X!
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Then X 5™ is strongly rationally connected.

Theorem 2 implies that ™ is strongly rationally connected,hence

1eosmy  (XSMPO ThelocusX®™n I( s™)isaunionof ( 2)-curves
fE;g, correspnding to the resohed singularities fpig of . If (X5™)°
meetsE;, it must alsocortain E;. Henceit su ces to showv that for eat
E; there exists a rational curve in X ™ meeting E; and *( M) (see
Remark 11).

To nd this rational curve, considerthe projection from p;

i 1 99KP?
which inducesa morphism °: X ! P2, The imageof E; is a plane conic

and the image of the singularities of X has codimensiontwo in P?, so
there exists a rational curve

f :P*1 P>n XSing(X))

meeting the image of E;.
The sameargumert appliesif X is obtained from a cubic surface
with A; and A, singularities by resolvingsomesubsetof Sing().

Corollary 4 is an immediate consequencef Corollary 3 and the fol-
lowing:

Lemma 23. Let Hilb = P(( Opn(d))) denote the Hilbert schemeof
degree-d hypersurfaes, U ! Hilb the universal family, and D Hilb
the discriminant divisor. SupmseB  Hilbis a smath curve with cor-
respnding family

Y =U B! B:
Then B is transversalto each branch of the discriminant i Y is regular
and the bers haveordinary doublepoints.

Our transversality condition meansthat ead branch of D at b is
smooth and transverseto B.

Proof. Let b2 B\ D andy 2 Y, asingularity correspndingto a branch
D? D at b. First supposethat y is an isolated singularity of Y,. Then
we have the formula [22, 2.8.3]

mult,(B\ DY = (Ypy)+ (Y;y);

the sum of the correspnding Milnor numbers. Thus the multiplicit y is
oneif (Y, y)=land (Y;y)=0,i.e.,y 2 Y isnonsingularandy 2 Y,
is an ordinary double point.
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Now supposey fails to be isolated. If d = 2 then the quadratic form
de ning Y, hasrank n 1; the discriminart is de ned by the de-
terminant of an (n + 1) (n + 1) symmetric matrix and thus is sin-
gular when the matrix hasrank < n. Otherwise, let Y, denote
the irreducible componert of the singular locus cortaining y. Choose
genericy%y® 2 :y% 8 y% and consider the hypersurfacessingular
at both y°and y% which form a codimension-2f + 1) linear subspace
L  Hilb= P(( Op(d))). The generichypersurfacesingular at y° (or
y% is cortained in D°thus L is cortained in the singular locusof D°

6. Higher-dimensional  Fano hypersurf aces

Here we work over an uncourtable algebraicallyclosed eld k of char-
acteristic zero.

We are grateful to James M°Kernan for pointing out the following
ampli cation of [11,5.9]

Prop osition 24. Let X be a projective rationally connected variety with
isolated terminal local completeintersection singularities. Then X 3™ is
strongly rationally connected.

Proof. Let : X! X denote a resolution of singularities of X, sut
that 1(XSM)! XSM jsanisomorphismand X' n 1(XsM) is a normal

We rst shaw that X ™ isrationally connected.Supposethat (X1; X5) 2
Xsm o XM is general,in the sensethat it liesin the complemen of a
courtable union of proper subvarieties. (Here we are using the fact that
the base eld is uncourtable.) Then any morphism

h:PYl X;h(0) = x1;h(1) = x>
is necessarilyery free (cf. [15, 3.11]).
Choosea very freeimbedding f~: P11 X with f{0) = x4;f(1 ) = xy;
and image meeting (X SM). The induced curve in X is denotedf =
f: P11 X. Wemay assumethat f (P!) meetsthe singularities of X ;
otherwisethere is nothing to prove. Consequetly, f{P!) meetsat least

oneof the E;.
We comparedimensionsof deformation spaces

Def(f) := Hom(P; X:;0! xy;1 ! Xy)

and
Def(f) := Hom(P%; X;0! xy;1 ! Xy):



APPR OXIMA TION AT PLACES OF BAD REDUCTION 19

The rst spacehasdimension
degf~ Ky 2dim(X)

at f~. By Theorem 2.10of [13], the secondspacehas dimensionat least
degf Kx 2dim(X);

the discrepancyformula X

Ke=Kx+ hE; h>0
i
then guarartees
dim Def(f) < dim Def(f ):
Composition by  givesa morphism of deformation spaces
:Def(f) ! Def(f)
g 7! &

which is not dominart by dimensionconsiderations.Let g, : P! X be
a one-parameterdeformation of f sud that

ima =1

and g (0) = x1;0/(1 ) = x, for eah t. Assumethat g is genericon the
maximal-dimensionirreducible componert of Def(f ) passingthrough f .
For generict, write

g P! X
is the lift of g; to X, which is alsovery free.

We claim g(P')  XSs™. If not then we could repeat the argumert
above, nding acomponert of Def(g;) with dimensionstrictly largerthan
the dimensionof Def(g;), cortradicting our assumption.

We now prove that X °™ is strongly rationally connected,by exhibiting
afreecurvein X S™ through ead point x; 2 X ™. As above, let f~: P* |
X denotea freecurve with f{0) = x; and passingthrough a generalpoint
of X'. Write f = f~and repeat our dimensionanalysis,applied to the
deformation spaces

Def(f) := Hom(P%; X;0! xy)
and

Def(f) := Hom(P*; X ;0! x):
If f (P!) is not cortained in X ™ then

dim Def(f) < dim Def(f )
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and we can chooseg; : P1! X genericon the componert of maximal
dimension. The lift & : P*! X remainsfree becauset passeghrough
a generalpoint of X'. Thus if g,(P') were not in X" then we could
exhibit a componen of Def(g) with dimensionstrictly larger than the
dimensionof Def(g;), a cortradiction.

Remark 25. The classi cation of terminal singularities in dimension
three [19] shaws they are quotients of isolated completeintersection sin-
gularities by the action of Z=rZ, wherer is the index of the singularity.
Thus the hypothesesof Proposition 24 are quite natural.

With further technical hypothesesthe proof of Proposition 24 can be
extendedto r > 1.

Example 26. Examples of three-dimensionalterminal singularities of
index oneinclude ordinary threefold double points
w? = x2+ y2+ 7%
For a completelist see[17, 6.4].
Theorem 1 then gives

Corollary 27. Let X be a smath rationally connected variety overF =

k(B). Supmse X admits a regular proper model : X ! B whose
singular bers haveisolated terminal complete-intersetion singularities.
Then weak approximation holdsfor X awayfrom S = B nB.

Applying Lemma 23 we obtain

Corollary 28. Let Hilb= P(( Opn(d))) P("s) 1 denotethe Hilbert
schemeof hypersurfacesof dggreed n;n 4, U! Hilbthe universal
family, andD  Hilbthediscriminant divisor. LetB  Hilbbe a smath
curve transverseto each branch of D and

X=U B! B

the correspnding family. Then X = U i, Spec(F) satis es weak ap-
proximation away fromS = B nB.
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