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1 Introdu
tionIt has long been understood that a moduli spa
e may admit a plethora ofdi�erent 
ompa
ti�
ations, ea
h 
orresponding to a 
hoi
e of 
ombinatorialdata. Two outstanding examples are the toroidal 
ompa
ti�
ations of quo-tients of bounded symmetri
 domains [AMRT℄ and the theory of variation ofgeometri
 invariant theory (GIT) quotients [BP℄ [DH℄ [Th℄. However, in bothof these situations a modular interpretation of the points added at the bound-ary 
an be elusive. By a modular interpretation, we mean the des
riptionof a moduli fun
tor whose points are represented by the 
ompa
ti�
ation.Su
h moduli fun
tors should naturally in
orporate the 
ombinatorial dataasso
iated with the 
ompa
ti�
ation.The purpose of this paper is to explore in depth one 
ase where fun
torialinterpretations are readily available: 
on�gurations of nonsingular points ona 
urve. Our standpoint is to 
onsider pointed 
urves as `log varieties', pairs(X;D) where X is a variety and D =Pi aiDi is an e�e
tive Q -divisor on X.The minimal model program suggests a 
onstru
tion for the moduli spa
e ofsu
h pairs provided they are stable, i.e., (X;D) should have relatively mild�The author was supported by the Institute of Mathemati
al S
ien
es of the ChineseUniversity of Hong Kong, an NSF Postdo
toral Fellowship, and NSF Continuing Grant0070537.2000 Mathemati
s Subje
t Classi�
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singularities and the divisor KX + D should be ample. Of 
ourse, whendim(X) = 1 and D is redu
ed the resulting moduli spa
e is the Mumford-Knudsen moduli spa
e of pointed stable 
urves [KnMu℄[Kn℄[Kn2℄. In x3we give a 
onstru
tion for arbitrary D. When dim(X) = 2, a proof forthe existen
e of su
h moduli spa
es was given by Koll�ar, Shepherd-Barron,and Alexeev [Ko1℄,[Al1℄ when D = 0, and was sket
hed by Alexeev[Al2℄ forD 6= 0. The 
ase of higher dimensions is still open, but would follow fromstandard 
onje
tures of the minimal model program [Karu℄.We embark on a systemati
 study of the dependen
e of these modulispa
es on the 
oeÆ
ients of the divisor D. We �nd natural transformationsamong the various moduli fun
tors whi
h indu
e birational redu
tion mor-phisms among the asso
iated 
ompa
ti�
ations (see x4). These morphisms
an often be made very expli
it. We re
over the alternate 
ompa
ti�
ationsstudied by Kapranov [Kap1℄ [Kap2℄, Keel[Ke℄, and Losev-Manin [LM℄ as spe-
ial 
ases of our theory (see x6). The blow-up 
onstru
tions they des
ribe are
losely intertwined with our fun
torial redu
tion maps. The resulting 
on-tra
tions may sometimes be understood as log minimal models of the modulispa
e itself, where the log divisor is supported in the boundary (see x7).The moduli spa
es we 
onsider do not obviously admit a uniform 
on-stru
tion as the quotients arising from varying the linearization of an invari-ant theory problem. However, ideas of Kapranov (see [Kap1℄ 0.4.10) suggestindire
t GIT approa
hes to our spa
es. Furthermore, we indi
ate how 
ertainGIT quotients may be interpretted as `small parameter limits' of our modulispa
es, and the 
ips between these GIT quotients fa
tor naturally throughour spa
es (see x8).One motivation for this work is the desire for a better understanding of
ompa
ti�
ations of moduli spa
es of log surfa
es. These have been studiedin spe
ial 
ases [Has℄ and it was found that the moduli spa
e depends on the
oeÆ
ients of the boundary in a 
ompli
ated way. For example, in the 
aseof quinti
 plane 
urves (i.e., X = P2 and D = aC with C a plane quinti
)even the irredu
ible 
omponent stru
ture and dimension of the moduli spa
edepends on a. For spe
ial values of a the moduli spa
e sprouts super
uousirredu
ible 
omponents atta
hed at in�nity. This pathology is avoided whenthe 
oeÆ
ient is 
hosen generi
ally. Furthermore, re
ent ex
iting work ofHa
king [Ha
℄ shows that for small values of the 
oeÆ
ient a the modulispa
e is often nonsingular and its boundary admits an expli
it des
ription.Roughly, Ha
king 
onsiders the moduli spa
e parametrizing pairs (P2; aC)where C is a plane 
urve of degree d as a! 3=d. In a future paper, we shall2




onsider birational transformations of moduli spa
es of log surfa
es indu
edby varying a.A
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erning the log minimal modelprogram on moduli spa
es informs this work; he also pointed out errors inan early version of x7.2 The moduli problemFix nonnegative integers g and n and let B be a noetherian s
heme. A familyof nodal 
urves of genus g with n marked points over B 
onsists of1. a 
at proper morphism � : C ! B whose geometri
 �bers are nodal
onne
ted 
urves of arithmeti
 genus g; and2. se
tions s1; s2; : : : ; sn of �.A morphism of two su
h families� : (C; s1; : : : ; sn) �! (C 0; s01; : : : ; s0n)
onsists of a B-morphism � : C ! C 0 su
h that �(sj) � s0j for j = 1; : : : ; n.The set of isomorphisms of two su
h families is denotedIsom((C; s1; : : : ; sn); (C 0; s01; : : : ; s0n));or simply Isom(C;C 0) when there is no risk of 
onfusion.A 
olle
tion of input data (g;A) := (g; a1; : : : ; an) 
onsists of an integerg � 0 and the weight data, an element (a1; : : : ; an) 2 Qn su
h that 0 < aj � 1for j = 1; : : : ; n and 2g � 2 + a1 + a2 + : : :+ an > 0:A family of nodal 
urves with marked points (C; s1; : : : ; sn) �! B is stable oftype (g;A) if 3



1. the se
tions s1; : : : ; sn lie in the smooth lo
us of �, and for any subsetfsi1; : : : ; sirg with nonempty interse
tion we have ai1 + : : :+ air � 1;2. K� + a1s1 + a2s2 + : : :+ ansn is �-relatively ample.This 
oin
ides with the traditional notion of pointed stable 
urves whena1 = a2 = : : : = an = 1.Theorem 2.1 Let (g;A) be a 
olle
tion of input data. There exists a 
on-ne
ted Deligne-Mumford sta
kMg;A, smooth and proper over Z, representingthe moduli problem of pointed stable 
urves of type (g;A). The 
orresponding
oarse moduli s
heme M g;A is proje
tive over Z.The universal 
urve is denoted Cg;A !Mg;A. Theorem 2.1 is proved in x3.2.1 Variations on the moduli problem2.1.1 Zero weightsOne natural variant on our moduli problem is to allow some of the se
tions tohave weight zero. We 
onsider (g; ~A) := (g; a1; : : : ; an) where (a1; : : : ; an) 2Qn with 0 � aj � 1 and2g � 2 + a1 + a2 + : : :+ an > 0:A family of nodal 
urves with marked points (C; s1; : : : ; sn) �! B is stable oftype (g; ~A) if1. the se
tions si with positive weights lie in the smooth lo
us of �, andfor any subset fsi1; : : : ; sirg with nonempty interse
tion we have ai1 +: : :+ air � 1;2. K� + a1s1 + a2s2 + : : :+ ansn is �-relatively ample.There is no diÆ
ulty making sense of the divisor K�+a1s1+a2s2+ : : :+ansnas any se
tion meeting the singularities has 
oeÆ
ient zero. We emphasizethat the stability 
ondition is the natural one arising from the log minimalmodel program (
f. the proof of Proposition 3.7).The resulting moduli spa
es Mg; ~A are easily des
ribed. Let A be thesubsequen
e of ~A 
ontaining all the positive weights and assume that jAj+N = j ~Aj. Ea
h ~A-stable pointed 
urve 
onsists of a A-stable 
urve with N4



additional arbitrary marked points, i.e., the points with weight zero. Hen
ewe may identify Mg; ~A = Cg;A �Mg;A : : :�Mg;A Cg;A| {z }N times ;so Mg; ~A is the N -fold �ber produ
t of the universal 
urve over Mg;A.The moduli spa
es with zero weights di�er from the original spa
es in one
ru
ial respe
t: they are generally singular. For example, the lo
al analyti
equation of a generi
 one-parameter deformation of a nodal 
urve may bewritten xy = t, where t is the 
oordinate on the base. The se
ond �berprodu
t of this family takes the formx1y1 = x2y2 = t;whi
h is a threefold with ordinary double point.2.1.2 Weights summing to twoWe restri
t to the 
ase g = 0 and 
onsider weight data Â = (a1; : : : ; an) wherethe weights are positive rational numbers with a1 + : : :+ an = 2. Weightedpointed 
urves of this type have previously been 
onsidered by Kawamata,Keel, and M
Kernan in the 
ontext of the 
odimension-two subadjun
tionformulas (see [Kaw2℄ and [KeM
2℄). One 
an 
onstru
t an expli
it family ofsu
h weighted 
urves over the moduli spa
eC(Â)!M0;n;this family is realized as an expli
it blow-down of the universal 
urve overM0;n.In this paper we do not give a dire
t modular interpretation of spa
esM0;Â. However, when ea
h aj < 1 we may interpret the geometri
 invarianttheory quotient (P1)n==SL2with linearization O(a1; a2; : : : ; an) as M0;Â (see Theorems 8.2 and 8.3).These spa
es are often singular (see Remark 8.5).2.1.3 Weighted divisorsWe 
an also 
onsider 
urves with weighted divisors rather than weightedpoints. A stable 
urve with weighted divisors 
onsists of a nodal 
onne
ted5




urve C of genus g, a 
olle
tion of e�e
tive divisors supported in its smoothlo
us D1; : : : ; Dm;and positive weights a1; : : : ; am, so that the sum D := a1D1+ : : :+amDm has
oeÆ
ient � 1 at ea
h point and KC + D is ample. Writing dj = deg(Dj),we 
an 
onstru
t a moduli spa
eMg;((a1;d1);:::;(am;dm))as follows. We asso
iate to this problem the weight dataB := (a1; : : : ; a1| {z }d1 times ; : : : ; am; : : : ; am| {z }dm times )and the 
orresponding 
oarse moduli s
heme of weighted pointed 
urvesM g;B. We take M g;((a1;d1);:::;(am;dm) =Mg;B=(Sd1 � : : :� Sdm);where the produ
t of symmetri
 groups a
ts 
omponentwise on the m setsof se
tions. We will not dis
uss the propriety of writing the moduli spa
e assu
h a quotient, ex
ept to refer the reader to 
hapter 1 of [GIT℄.3 Constru
tion of the moduli spa
e3.1 Preliminaries on linear seriesIn this se
tion we work over an algebrai
ally 
losed �eld F . Given a 
urveC and a smooth point s, note that the ideal sheaf Is is invertible. We writeL(s) for L
 I�1s .Proposition 3.1 Let C be a 
onne
ted nodal proper 
urve. Let M be aninvertible sheaf su
h that M�1 is nef. Then h0(M) 6= 0 if and only if M istrivial.The nef assumption means deg(M jCj) � 0 for ea
h irredu
ible 
omponentCj � C. 6



proof: This is elementary if C is smooth. For the general 
ase, 
onsider thenormalization � : C� ! C, with irredu
ible 
omponents C�1 ; : : : ; C�N . Wehave the formula pa(C) = NXj=1 pa(C�j ) + ��N + 1relating the arithmeti
 genera and �, the number of singularities of C. Re
allthe exa
t sequen
e 0! T ! Pi
(C) ��! Pi
(C�)where T is a torus of rank � � N + 1. To re
onstru
t M from ��M , forea
h singular point p 2 C and points p1; p2 2 C� lying over p we spe
ifyan isomorphism (��M)p1 ' (��M)p2 , unique up to s
alar multipli
ation on��M . In parti
ular, we obtain an exa
t sequen
e0! G m ! G Nm ! G �m ! T ! 0:If M has a nontrivial se
tion then ��M ' OC� and the se
tion pulls ba
kto a se
tion of OC� 
onstant and nonzero on ea
h 
omponent. Thus the
orresponding element of T is trivial and M ' OC . �Proposition 3.2 Let C be an irredu
ible nodal 
urve with arithmeti
 genusg, B and D e�e
tive divisor of degrees b and d supported in the smooth lo
usof C. Let M be an ample invertible sheaf that may be writtenM = !kC(kB +D) k > 0;and � � C a subs
heme of length � 
ontained in the smooth lo
us of C.Assume that � � 2 and N � 4 (resp. � � 1 and N � 3). ThenH0(!C(B + �) 
M�N ) = 0. This holds for N = 3 (resp. N = 2) ex
ept inthe 
ases1. d = 0; k = 1; g = 0; and b = 3; or2. d = 0; k = 1; g = 1; b = 1; and OC(�) ' OC(�B).In these 
ases, all the se
tions are 
onstant. Finally, H0(!C(B)
M�N ) = 0when N � 2.
7



proof: Setting F = !C(B + �)
M�N , we 
omputedeg(F ) = (2g � 2 + b) + � �N deg(M) = (1�Nk)(2g � 2 + b) + � �Nd:We determine when these are nonnegative. First assume N � 3 and � � 2.Using the �rst expression for deg(F ) and deg(M) � 1, we obtain 2g�2+b �1. The se
ond expression implies that 2g � 2 + b � 1. Thus 2g � 2 + b = 1,and the �rst expression gives N = 3; � = 2; and deg(M) = 1; the se
ondexpression yields k = 1 and d = 0. These are the ex
eptional 
ases above.Now assume N � 2 and � � 1. Repeating the argument above, we �nd2g � 2 + b = 1 and therefore N = 2; � = 1; deg(M) = 1; k = 1; and d = 0.Again, we are in one of the two ex
eptional 
ases. Finally, ifN � 2 and � = 0,we obtain (2g � 2 + b) > 0 from the �rst expression and (2g � 2 + b) < 0from the se
ond. This proves the �nal assertion. �Proposition 3.3 Let C be a 
onne
ted nodal 
urve of genus g, D an e�e
tivedivisor supported in the smooth lo
us of C, L an invertible sheaf with L '!kC(D) for k > 0.1. If L is nef and L 6= !C then L has vanishing higher 
ohomology.2. If L is nef and has positive degree then LN is basepoint free for N � 2.3. If L is ample then LN is very ample when N � 3.4. Assume L is nef and has positive degree and let C 0 denote the image ofC under LN with N � 3. Then C 0 is a nodal 
urve with the same arith-meti
 genus as C, obtained by 
ollapsing the irredu
ible 
omponents ofC on whi
h L has degree zero. Components on whi
h L has positivedegree are mapped birationally onto their images.Our argument owes a debt to Deligne and Mumford ([DM℄ x1).proof: For the �rst statement, we use Serre duality h1(L) = h0(!C 
 L�1)and Proposition 3.1 applied to M = !C 
 L�1. One veri�es easily thatM�1 = L
 !�1C = !k�1C (D)is the sum of a nef and an e�e
tive divisor.We prove the basepoint freeness statement. De
omposeC = Z [T C+8



where Z 
ontains the 
omponents on whi
h L has degree zero, C+ the 
om-ponents on whi
h L is ample, and T is their interse
tion. Ea
h 
onne
ted
omponent Zj � Z is a 
hain of P1's and has arithmeti
 genus zero. A 
om-ponent Zj is type I (resp. type II) if it 
ontains one point tj 2 T (resp. twopoints t0j; t00j 2 T ).It suÆ
es to show that for ea
h p 2 Ch0(LN 
 Ip) = h0(LN)� 1where N � 2. The vanishing assertion guarantees that LN has no higher
ohomology. It suÆ
es then to show that LN 
 Ip has no higher 
ohomology,or dually, Hom(Ip; !C 
 L�N) = 0. If p is a smooth point then Ip is lo
allyfree and Hom(Ip; !C 
 L�N) = H0(!C(p)
 L�N):We analyze the restri
tion of F := !C(p)
L�N to the 
omponents of C. We�rst restri
t to Z:h0(Zj; F jZj) = 8>>><>>>:0 if p 62 Zj and Zj is of type I;1 if p 2 Zj and Zj is of type I;1 if p 62 Zj and Zj is of type II;2 if p 2 Zj and Zj is of type II.In ea
h 
ase the se
tions are zero if they are zero at T\Zj. For 
omponents inC+ we apply Proposition 3.2, where M is restri
tion of L to some irredu
ible
omponent, � = p, and B is the 
ondu
tor. (In what follows, on applyingProposition 3.2 we always assume B 
ontains the 
ondu
tor.) The Proposi-tion gives that the restri
tion to ea
h 
omponent has no nontrivial se
tions,ex
ept perhaps when p lies on a 
omponent E listed in the ex
eptional 
ases.Then the se
tions of F jE are 
onstant and E ' P1 be
ause p 62 B. Thusprovided p is not 
ontained in a 
omponent E ' P1 � C+ with jBj = 3, weobtain that h0(C; F ) = 0. Indeed, 
learly h0(F jC+) = 0 and the analysis of
ases above yields h0(C; F ) = 0. If p does sit on su
h a 
omponent E, thenC 
ontains a 
omponent of type I or a se
ond irredu
ible 
omponent of C+;the 
ondu
tor B � E has three elements, so there must be at least one othernon-type II 
omponent. The restri
tion of F to su
h a 
omponent has onlytrivial se
tions, and sin
e the restri
tions to all the other 
omponents haveat most 
onstant se
tions, we 
on
lude h0(C; F ) = 0.9



If p is singular, let � : Ĉ ! C be the blow-up of C at p and p1; p2 2 Ĉthe points lying over p, so thatHom(Ip; !C 
 L�N) = H0(��(!C 
 L�N )) = H0(!Ĉ(p1 + p2)��L�N ):We write F̂ = !Ĉ(p1 + p2)��L�N . As before, we de
omposeĈ = Ĉ+ [T̂ Ẑ (1)where L is positive on Ĉ+, and use Ẑj to denote a 
onne
ted 
omponentof Z. Note that �(Ẑ) = Z and the pi are not both 
ontained on some Ẑj;otherwise, �(Ẑj) would have positive arithmeti
 genus. Similarly, neither ofthe pi lie on a type II 
omponent (with respe
t to de
omposition (1)). Itfollows that h0(F̂ jẐj) has dimension at most one, and any se
tion vanishesif it vanishes along T̂ \ Ẑj. For 
omponents of Ĉ+, we apply Proposition 3.2,with p1; p2 2 B and � = 0, to show that h0(F̂ jĈ+) = 0. Again, we 
on
ludethat h0(Ĉ; F̂ ) = 0.For ampleness, take p and q to be points of C, not ne
essarily smooth ordistin
t, with ideal sheaves Ip and Iq. Again, it suÆ
es to prove h0(IpIqLN) =0 for N � 3, or dually, Hom(IpIq; !C 
L�N ) = 0. When p and q are smoothpoints the assertion follows as above from Proposition 3.2, again with B asthe 
ondu
tor. The only 
ase requiring additional argument is when p andq both lie on a 
omponent 
orresponding to one of the ex
eptional 
ases.Again, the nontrivial se
tions on this 
omponent are 
onstants, whereas wehave only zero se
tions on the other 
omponents.We may assume that p is singular and write � : Ĉ ! C for the blow-upat p. Then for ea
h invertible sheaf R on C we haveHom(I2p ; R) = H0(��R(p1 + p2))where p1 and p2 are the points of Ĉ lying over p. When q is smooth we obtainHom(IpIq; !C 
 L�N ) = H0(Ĉ; !Ĉ(p1 + p2 + q)
 ��L�N):Note that the restri
tion of ��L to ea
h 
omponent still satis�es the hypoth-esis of Proposition 3.2; we take p1; p2 2 B and q = �. When q is singularand disjoint from p we obtainHom(IpIq; !C 
 L�N) = H0(Ĉ; !Ĉ(p1 + p2 + q1 + q2)
 ��L�N );10



where Ĉ ! C is the blow-up at p and q. We apply Proposition 3.2 withp1; p2; q1; q2 2 B and � = ;. When p = q we obtainHom(I2p ; !C 
 L�N ) = H0(Ĉ; !Ĉ(2p1 + 2p2)
 ��L�N );and we apply Proposition 3.2 with p1; p2 2 B and � = fp1; p2g, a

ountingfor the ex
eptional 
ases as before.We prove the last assertion. We have an exa
t sequen
e0! H0(C;LN)! H0(C+; LN jC+)�H0(Z; LN jZ)! H0(T; LN jT ):ChooseN large so that (LN jC+)(�T ) is very ample. Sin
e LN jZ is trivial, theimage of C under LN is obtained from C+ by identifying pairs of points in T
orresponding to t0j; t00j in some Zj,i.e., by `
ollapsing' ea
h Zj to a point. LetC 0 denote the resulting 
urve, whi
h has the same arithmeti
 genus as C, andr : C ! C 0 the resulting map. Writing D0 = r(D), we have r�!kC0(D0) = L.Thus the se
tions of LN (N � 3) indu
e r, as (!kC0(D0))N is very ample onC 0. �Remark 3.4 The adjun
tion formula gives pre
ise information about thepoints of D lying in Z. Ea
h 
onne
ted 
omponent Zj of type II is disjointfrom D. Re
all that 
omponents Zj of type I are 
hains Zj1 [ : : : [ Zjm ofP1's, interse
ting C+ in a point of one of the ends of the 
hain (say Zj1).Then DjZj is supported in the irredu
ible 
omponent Zjm at the oppositeend and deg(DjZjm) = k.Applying Proposition 3.3 and Remark 3.4 with D = k(b1s1 + : : :+ bnsn),we obtain the following:Corollary 3.5 Let (C; s1; : : : ; sn) be a nodal pointed 
urve of genus g, b1; : : : ; bnnonnegative rational numbers, and k a positive integer su
h that ea
h kbi isintegral. Assume that L := !kC(b1s1 + : : : + bnsn) is nef and has positivedegree.For N � 3 the se
tions of LN indu
e a dominant morphism r : C ! C 0 toa nodal 
urve of genus g. This morphism 
ollapses irredu
ible 
omponentsof C on whi
h L has degree zero, and maps the remaining 
omponents bira-tionally onto their images. If B = (bi1 ; : : : ; bir); i1 < i2 < : : : < ir, denotesthe set of all nonzero weights and s0i = r(si), then (C 0; s0i1; : : : ; s0ir) is a stablepointed 
urve of type (B; g). 11



proof: The only 
laim left to verify is the singularity 
ondition. Ea
h silying in a 
omponent of type II ne
essarily has weight bi = 0. Thus no pointswith positive weight are mapped to singularities of the image C 0. The pointsfsj1; : : : ; sjag lying on a single 
omponent of type I have weights summing toone, i.e., bj1 + : : :+ bja = 1. �We also obtain the following relative statement:Theorem 3.6 Let � : (C; s1; : : : ; sn)! B be a family of nodal pointed 
urvesof genus g, b1; : : : ; bn nonnegative rational numbers, and k a positive integersu
h that ea
h kbi is integral. Set L = !k�(kb1s1 + : : : + kbnsn) and assumethat L is �-nef and has positive degree. For N � 3, Proj(�m�0��LmN )de�nes a 
at family of nodal 
urves C 0 with se
tions s01; : : : ; s0n. If B =(bi1 ; : : : ; bir); i1 < i2 < : : : < ir; denotes the set of all nonzero weights, then(C 0; s0i1; : : : ; s0ir) is a family of stable pointed 
urves of type (B; g).The new family may be 
onsidered as the log 
anoni
al model of C relativeto K� + a1s1 + : : :+ ansn.proof: The vanishing assertion of Proposition 3.3 implies the formation of��LN 
ommutes with base extensions B0 ! B. Hen
e we may apply the�berwise assertions of Corollary 3.5 to (C 0; s01; : : : ; s0n) ! B. We thereforeobtain a family of pointed stable 
urves of type (B; g). �3.2 The log minimal model program and the valuative
riterionTo prove that our moduli problem is proper, we shall apply the valuative
riterion for properness (
f. [LaMo℄ 7.5). The most important step is thefollowing:Proposition 3.7 Let R be a DVR with quotient �eld K, � = Spe
 R,�� = Spe
 K; (g;A) a 
olle
tion of input data, �� : (C�; s�1; : : : ; s�n) ! ��a family of stable pointed 
urves of type (g;A). Then there exists the spe
-trum of a DVR ~�, a �nite rami�ed morphism ~� ! �, and a family �
 :(C
; s
1; : : : ; s
n)! ~� of stable pointed 
urves of type (g;A), isomorphi
 to(C� �� ~�; s�1 �� ~�; : : : ; s�n �� ~�)over ~��. The family (C
; s
1; : : : ; s
n) is unique with these properties.12



proof: We �rst redu
e to the 
ase where C� is geometri
ally normal withdisjoint se
tions. If se
tions si1 ; : : : ; sir 
oin
ide over the generi
 point, werepla
e these by a single se
tion with weight ai1 + : : : + air . Choose a �niteextension ofK over whi
h ea
h irredu
ible 
omponent of C� is de�ned, as wellas ea
h singular point. Let C�(�) be the normalization, s�(�)1; : : : ; s�(�)n theproper transforms of the se
tions, and s�(�)n+1; : : : ; s�(�)n+b the points of the
ondu
tor. Then (C�(�); s�(�)1; : : : ; s�(�)n+b) is stable with respe
t to theweights (A; 1; : : : ; 1). On
e we have the stable redu
tion of C�(�), the stableredu
tion of C� is obtained by identifying 
orresponding pairs of points ofthe 
ondu
tor.Applying the valuative 
riterion for properness for Mg;n (whi
h mightentail a base-
hange ~� ! �), we redu
e to the 
ase where (C�; s�1; : : : ; s�n)extends to a family � : (C; s1; : : : ; sn) ! � of stable 
urves in Mg;n. If thisfamily is stable with respe
t to the weight data A (i.e., K� + a1s1 + : : : ansnis ample relative to �) then there is nothing to prove. We therefore assumethis is not the 
ase.Our argument uses the log minimal model program to obtain a modelon whi
h our log 
anoni
al divisor is ample. This is well-known for surfa
esover �elds of arbitrary 
hara
teristi
 (see Theorem 1.4 of [Fu℄ or [KK℄), butperhaps less well-known in the mixed 
hara
teristi
 
ase. For 
ompleteness,we sket
h a proof.Let � be the largest number for whi
hD := �(K� + s1 + : : :+ sn) + (1� �)(K� + a1s1 + : : :+ ansn)fails to be ample. Our assumptions imply 0 � � < 1; � is rational be
ausethere are only �nitely many (integral proje
tive) 
urves lying in �bers of �.Our argument is by indu
tion on the number of su
h 
urves. The Q -divisorD is nef and has positive degree, and we 
hoose L to be the lo
ally free sheafasso
iated to a suitable multiple of D. Applying Theorem 3.6, we obtain anew family of pointed 
urves �0 : (C 0; s01 + : : : + s0n)! ~�, agreeing with theoriginal family away from the 
entral �ber, and stable with respe
t to theweight data B(1) := �(1; 1; : : : ; 1) + (1� �)A. Note that in passing from Cto C 0, we have ne
essarily 
ontra
ted some 
urve in the 
entral �ber �. Nowif B(1) = A (i.e., if � = 0) the proof is 
omplete. Otherwise, we repeat thepro
edure above using a suitable log divisorD0 := �(K�0 + b1(1)s01 + : : :+ bn(1)s0n) + (1� �)(K�0 + a1s01 + : : :+ ans0n):13



We 
ontinue in this way until B(j) = A; this pro
ess terminates be
ausethere are only �nitely many 
urves in the 
entral �ber to 
ontra
t. �3.3 Deformation theoryLet (C; s1; : : : ; sn) be a weighted pointed stable 
urve of genus g with weightdata A, de�ned over a �eld F . We 
ompute its in�nitesimal automorphismsand deformations. We regard the pointed 
urve as a maps : �! C;where � 
onsists of n points, ea
h mapped to the 
orresponding sj 2 C.The in�nitesimal deformation theory of maps was analyzed by Ziv Ran[Ra℄; he worked with holomorphi
 maps of redu
ed analyti
 spa
es, but hisapproa
h also applies in an algebrai
 
ontext. We re
all the general for-malism. In�nitesimal automorphisms, deformations, and obstru
tions ofs : � ! C are denoted by T 0s ; T 1s ; and T 2s respe
tively. Similarly, we useT iC = ExtiC(
1C ;OC) and T i� = Exti�(
1�;O�) for the analogous groups asso-
iated to C and �. Finally, we 
onsider the mixed groupHoms(
1C ;O�) = HomC(
1C ; s�O�) = Hom�(s�
1C ;O�)and the asso
iated Ext-groups, denoted Extis(
1C ;O�) and 
omputed by ei-ther of the spe
tral sequen
esEp;q2 = ExtpC(
1C ;Rqs�O�) Ep;q2 = Extp�(Lqs�
1C ;O�):We obtain long exa
t sequen
es0! T 0s ! T 0C � T 0� ! Homs(
1C ;O�)! T 1s ! T 1C � T 1�! Ext1s(
1C ;O�)! T 2s ! T 2C � T 2� ! Ext2s(
1C ;O�):In our situation T i� = 0 (� is redu
ed zero-dimensional), T 2C = 0 (C is anodal 
urve), Extis(
C ;O�) = Exti�(s�
C ;O�) (
1C is free along s(�)), andthus Extis(
C ;O�) = 0 for i > 0. Hen
e the exa
t sequen
e boils down to0! T 0s ! HomC(
1C ;OC)! Hom�(s�
1C ;O�)! T 1s ! Ext1C(
1C ;OC)! 0and T 2s = 0. 14



Let D � C denote the support of a1s1 + : : :+ ansn. Note thatD � (a1s1 + : : :+ ansn)is an e�e
tive Q -divisor and so the positivity 
ondition guarantees that !C(D)is ample. The map s fa
tors s : �! D ,! Cwhi
h gives a fa
torizationHomC(
1C ;OC)! HomC(
1C ;OD)! Hom�(s�
1C ;O�):The se
ond step is 
learly inje
tive. The kernel of the �rst step isHomC(
1C ;OC(�D)) ' H0((!C(D))�1) = 0:Thus T 0s = 0 and T 1s has dimension 3g � 3 + n. We summarize this in thefollowing proposition:Proposition 3.8 Let (C; s1; : : : ; sn) be a weighted pointed stable 
urve ofgenus g with weight data A. Then this 
urve admits no in�nitesimal auto-morphisms and its in�nitesimal deformation spa
e is unobstru
ted of dimen-sion 3g � 3 + n.3.3.1 The 
anoni
al 
lassWe digress to point out 
onsequen
es of this analysis for the moduli sta
k.The tangent spa
e to Mg;A at (C; s1; : : : ; sn) sits in the exa
t sequen
e0! HomC(
1C ;OC)! �nj=1HomC(
1C ;Osj)! T(C;s1;:::;sn)Mg;A ! Ext1C(
1C ;OC)! 0:The 
otangent spa
e sits in the dual exa
t sequen
e0! H0(
1C 
 !C)! T �(C;s1;:::;sn)Mg;A ! �nj=1
1C jsj ! H1(
1C 
 !C)! 0:Now let � : Cg;A !Mg;Abe the universal 
urve and sj the 
orresponding se
tions. The exa
t sequen
esabove 
annot be interpretted as exa
t sequen
es of ve
tor bundles on the15



moduli sta
k be
ause h0(
1C 
 !C) and h1(
1C 
 !C) are non
onstant. How-ever, there is a relation in the derived 
ategory whi
h, on 
ombination withthe Grothendie
k-Riemann-Ro
h Theorem, yields a formula for the 
anoni
al
lass of the moduli sta
k (
f. [HM℄ pp. 159). This takes the formKMg;A = 1312�0(A)� 1112�(A) + nXj=1  j(A);where �0(A) = ��[
1(!�)2℄, �(A) the divisor parametrizing nodal 
urves, and j(A) = 
1(s�j!�).3.3.2 An alternate formulationWe sket
h an alternate formalism for the deformation theory of pointed stable
urves. This was developed by Kawamata [Kaw1℄ in an analyti
 
ontext forlogarithmi
 pairs (X;D) 
onsisting of a proper nonsingular variety X and anormal 
rossings divisor D � X. This approa
h is more appropriate whenwe regard the boundary as a divisor rather than the union of a sequen
e ofse
tions. In parti
ular, this approa
h should be useful for higher-dimensionalgeneralizations of weighted pointed stable 
urves, like stable log surfa
es.We work over an algebrai
ally 
losed �eld F . Let X be a s
heme andD1; : : : ; Dn a sequen
e of distin
t e�e
tive Cartier divisors (playing the roleof the irredu
ible 
omponents of the normal 
rossings divisor). We de�ne thesheaf 
1X hD1; : : : ; Dni of di�erentials on X with logarithmi
 poles along the
olle
tion D1; : : : ; Dn. Choose an open aÆne subset U � X so that ea
h Djis de�ned by an equation fj 2 OU . Consider the module
1U hD1; : : : ; Dni := (
1U � 
1Uef1 � : : :� 
1Uefn)= 
dfj � fjefj� :Up to isomorphism, this is independent of the 
hoi
e of the fj; indeed, iffj = ugj with u 2 O�U then we have the substitution egj = efj � du=u. Thein
lusion by the �rst fa
tor indu
es a natural inje
tion
1U ,! 
1U hD1; : : : ; Dniwith 
okernel �nj=1ODj , where ea
h summand is generated by the 
orre-sponding efj . We therefore obtain the following natural exa
t sequen
e ofOX-modules 0! 
1X ! 
1X hD1; : : : ; Dni ! �nj=1ODj ! 0:16



In the 
ase where X is smooth and the Dj are smooth, redu
ed, andmeet in normal 
rossings, we re
over the standard de�nition of di�erentialswith logarithmi
 poles and the exa
t sequen
e is the ordinary residuationexa
t sequen
e. When Dj has multipli
ity > 1, the sheaf 
1X hD1; : : : ; Dnihas torsion along Dj. Note that the residuation exa
t sequen
e is split whenthe multipli
ities are divisible by the 
hara
teristi
.Assume for simpli
ity that X is proje
tive and smooth along the sup-port of the Dj. We 
laim that �rst-order deformations of (X;D1; : : : ; Dn)
orrespond to elements ofExt1X(
1X hD1; : : : ; Dni ;OX):The resolution 0! OX(�Dj)! OX ! ODj ! 0implies Ext1X(ODj ;OX) = H0(ODj (Dj)); so the residuation exa
t sequen
eyields�nj=1H0(ODj(Dj))! Ext1X(
1X hD1; : : : ; Dni ;OX)! Ext1X(
1X ;OX):Of 
ourse, H0(ODj (Dj)) parametrizes �rst-order deformations ofDj inX andExt1X(
1X ;OX) parametrizes �rst-order deformations of the ambient varietyX.3.4 Constru
tion of the moduli sta
kIn this se
tion, we prove all the assertions of Theorem 2.1 ex
ept the proje
-tivity of the 
oarse moduli spa
e, whi
h will be proved in x3.5. For a goodgeneral dis
ussion of how moduli spa
es are 
onstru
ted, we refer the readerto [DM℄ or [Vi℄.We refer to [LaMo℄, x3.1 and 4.1, for the de�nition of a sta
k. Theexisten
e of the moduli spa
e as a sta
k follows from standard propertiesof des
ent: families of stable pointed 
urves of type (g;A) satisfy e�e
tivedes
ent and Isom is a sheaf in the �etale topology.We introdu
e an `exhausting family' for our moduli problem, i.e., a s
hemewhi
h is an atlas for our sta
k in the smooth topology. SetL = !k�(ka1s1 + : : :+ kansn)where k is the smallest positive integer su
h that ea
h kaj is integral. Letd = deg(L3) = 3k(2g � 2 + a1 + : : : + an) and 
onsider the s
heme H017



parametrizing n-tuples (s1; : : : ; sn) in Pd, and the s
heme H1 parametrizinggenus g, degree d 
urves C � Pd. LetU � H0 �H1be the lo
ally 
losed subs
heme satisfying the following 
onditions:1. C is redu
ed and nodal;2. s1; : : : ; sn � C and is 
ontained in the smooth lo
us;3. OC(+1) = L3.We are using the fa
t that two line bundles (i.e., OC(+1) and L
3) 
oin
ideon a lo
ally 
losed subset.We shall now prove that our moduli sta
k is algebrai
 using Artin's 
ri-terion (see [LaMo℄ x10.) Proposition 3.3 implies that ea
h 
urve in Mg;Ais represented in U . Furthermore, isomorphisms between pointed 
urves inU are indu
ed by proje
tive equivalen
es in Pd. It follows that U ! Mg;Ais smooth and surje
tive, and that the diagonal Mg;A ! Mg;A �Mg;A isrepresentable, quasi-
ompa
t, and separated. We 
on
lude that Mg;A is analgebrai
 sta
k of �nite type.To show that the sta
k is Deligne-Mumford, it suÆ
es to show that ourpointed 
urves have `no in�nitesimal automorphisms,' i.e., that the diagonalis unrami�ed [LaMo℄, 8.1. This follows from Proposition 3.8. The modulista
k is proper over Z by the valuative 
riterion for properness (
f. [LaMo℄7.5) and Proposition 3.7. The moduli sta
k is smooth over Z if, for ea
h 
urvede�ned over a �eld, the in�nitesimal deformation spa
e is unobstru
ted. Thisalso follows from Proposition 3.8. �3.5 Existen
e of polarizationsWe now 
onstru
t polarizations for the moduli spa
es of weighted pointedstable 
urves, following methods of Koll�ar [Ko1℄ (see also [KoM
℄). We workover an algebrai
ally 
losed �eld F . The �rst key 
on
ept is the notion ofa semipositive sheaf. Given a s
heme (or algebrai
 spa
e) X and a ve
torbundle E onX, we say E is semipositive if for ea
h 
omplete 
urve C and mapf : C ! X, any quotient bundle of f �E has nonnegative degree. Se
ond, weformulate pre
isely what it means to say that the `
lassifying map is �nite.'18



Given an algebrai
 group G, a G-ve
tor bundle W on X of rank w and aquotient ve
tor bundle Q of rank q, the 
lassifying map should take the formu : X ! Gr(w; q)=Gwhere the Grassmannian denotes the q-dimensional quotients of �xed w-dimensional spa
e. Sin
e the orbit spa
e need not exist as a s
heme, weregard u as a set-theoreti
 map on 
losed points X(F )! Gr(w; q)(F )=G(F ).We say that the 
lassifying map u is �nite when it has �nite �bers and ea
hpoint of the image has �nite stabilizer.The following result, a slight modi�
ation of the Ampleness Lemma of[Ko1℄, allows us to use semipositive sheaves to 
onstru
t polarizations:Proposition 3.9 Let X be a proper algebrai
 spa
e, W a semipositive ve
torbundle with stru
ture group G and rank w. Let Q1; : : : ; Qm be quotient ve
torbundles of W with ranks q1; : : : ; qm. Assume that1. W = Symd(V ) for some ve
tor bundle V of rank v and G = GLv;2. the 
lassifying map u : X ! ( mYj=1Gr(w; qj))=Gis �nite.Then for any positive integers 
1; : : : ; 
m the line bundledet(Q1)
1 
 det(Q2)
2 : : :
 det(Qm)
mis ample.In the original result m = 1, so the 
lassifying map takes values in thequotient of a single Grassmannian rather than a produ
t of Grassmannians.However, the argument of [Ko1℄ generalizes easily to our situation, so werefer to this paper for the details.To apply this result we need to produ
e semipositive ve
tor bundles onthe moduli spa
e Mg;A. Choose an integer k � 2 so that ea
h kai is aninteger. Given a family � : (C; s1; : : : ; sn)! B we takeV := ��[!k�(ka1s1 + : : :+ kansn)℄;19



whi
h is lo
ally free. Indeed, a degree 
omputation (using the assumptionk � 2) yields !kCb(ka1s1(b) + : : :+ kansn(b)) 6= !Cb ;so Proposition 3.3 guarantees the vanishing of higher 
ohomology. The sheafV is semipositive on B by Proposition 4.7 of [Ko1℄. It follows that ea
hsymmetri
 produ
t Symd(V ) is also semipositive ([Ko1℄ 3.2).We may 
hoose k uniformly large so that !k�(ka1s1 + : : :+ kansn) is veryample relative to � for any family � (see Proposition 3.3). We shall 
onsiderthe multipli
ation maps�d : Symd(V )! ��[!dk� (dka1s1 + : : :+ dkansn)℄and the indu
ed restri
tionsSymd(V )! Qj; Qj := s�j [!dk� (dka1s1 + : : :+ dkansn)℄:These are ne
essarily surje
tive and ea
h has kernel 
onsisting of the poly-nomials vanishing at the 
orresponding se
tion. We also 
hoose d uniformlylarge so thatW := Symd(V )! Qn+1; Qn+1 := ��[!kd� (kda1s1 + : : :+ kdansn)℄;is surje
tive and the �bers of � are 
ut out by elements of the kernel (i.e.,they are de�ned by equations of degree d). In parti
ular, the pointed 
urve(Cb; s1(b); : : : ; sn(b)) 
an be re
overed from the image of b under the 
lassi-fying map asso
iated to W and its quotients Q1; : : : ; Qn+1. The stabilizer ofthe image 
orresponds to the automorphisms ofP(H0(!kCb(ka1s1(b) + : : :+ kansn(b))))preserving the equations of Cb and the se
tions. This is �nite sin
e our 
urvehas no in�nitesimal automorphisms (Proposition 3.8).If M g;A admits a universal family the existen
e of a polarization followsfrom Proposition 3.9. In general, we obtain only a line bundle L on themoduli sta
k Mg;A, but some positive power LN des
ends to the s
hemeM g;A. This power is ample. Indeed, there exists a family � : (C; s1; : : : ; sn)!B of 
urves in Mg;A so that the indu
ed moduli map B ! M g;A is �nitesurje
tive (
f. [Ko1℄ x2.6-2.8). The bundle LN is fun
torial in the sense thatit pulls ba
k to the 
orresponding produ
tdet(Q1)N
1 
 det(Q2)N
2 : : :
 det(Qn+1)N
n+1asso
iated with our family. This is ample by Proposition 3.9. Our proof ofTheorem 2.1 is 
omplete.� 20



4 Natural transformations4.1 Redu
tion and forgetting morphismsTheorem 4.1 (Redu
tion) Fix g and n and let A = (a1; : : : ; an) and B =(b1; : : : ; bn) be 
olle
tions of weight data so that bj � aj for ea
h j = 1; : : : ; n.Then there exists a natural birational redu
tion morphism�B;A :Mg;A !Mg;B:Given an element (C; s1; : : : ; sn) 2 Mg;A, �B;A(C; s1; : : : ; sn) is obtained bysu

essively 
ollapsing 
omponents of C along whi
h KC + b1s1 + : : : + bnsnfails to be ample.Remark 4.2 The proof of Theorem 4.1 also applies when some of the weightsof B are zero (see x2.1.1).Theorem 4.3 (Forgetting) Fix g and let A be a 
olle
tion of weight dataand A0 := fai1; : : : ; airg � A a subset so that 2g � 2 + ai1 + : : : + air > 0.Then there exists a natural forgetting morphism�A;A0 :Mg;A !Mg;A0:Given an element (C; s1; : : : ; sn) 2 Mg;A, �A;A0(C; s1; : : : ; sn) is obtained bysu

essively 
ollapsing 
omponents of C along whi
h KC +ai1si1 + : : :+airsirfails to be ample.We refer the reader to Knudsen and Mumford [KnMu℄[Kn℄[Kn2℄ for the orig-inal results on the moduli spa
e of unweighted pointed stable 
urves.proof: We shall prove these theorems simultaneously, using  A;B to denoteeither a redu
tion or a forgetting map, depending on the 
ontext. Let (g;A)be a 
olle
tion of input data, B̂ = (b1; : : : ; bn) 2 Qn so that 0 � bj � aj forea
h j and 2g�2+ b1+ : : :+ bn > 0. Let B = (bi1 ; : : : ; bir); i1 < i2 < : : : < ir;be obtained by removing the entries of B̂ whi
h are zero. We shall de�ne anatural transformation of fun
tors B;A :Mg;A !Mg;B:Our 
onstru
tion will yield a morphism in the 
ategory of sta
ks, whi
htherefore indu
es a morphism of the underlying 
oarse moduli s
hemes.21



Consider B̂(�) = �A+ (1� �)B̂ for � 2 Q , 0 < � < 1, and write B̂(�) =(b1(�); : : : ; bn(�)). We may assume there exists no subset fi1; : : : ; irg �f1; : : : ; ng su
h that bi1(�) + : : : + bir(�) = 1. If A and B do not satisfythis assumption, then there is a �nite sequen
e 1 > �0 > �1 > : : : > �N = 0so that ea
h (B̂(�j); B̂(�j+1)) does satisfy our assumption. Then we mayindu
tively de�ne  B;A =  B(�N );B(�N�1) Æ : : : Æ  B(�1);B(�0):Let (C; s1; : : : ; sn) �! B be a family of stable 
urves of type (g;A). Underour simplifying assumption, we de�ne  B;A(C; s1; : : : ; sn) as follows. Considerthe Q -divisors K�(A) := K�+a1s1+: : :+ansn, K�(B) := K�+b1s1+: : :+bnsn,and K�(B(�)) := �K�(A) + (1 � �)K�(B) for � 2 Q ; 0 � � � 1. We 
laimthis is ample for ea
h � 6= 0. This follows from Remark 3.4. If L is nefbut not ample, then there either exist se
tions with weight zero (on typeII 
omponents) or sets of se
tions with weights summing to one (on type I
omponents), both of whi
h are ex
luded by our assumptions.We now apply Corollary 3.5 and Theorem 3.6 to obtain a new familyof pointed nodal 
urves �0 : C 0 ! B with smooth se
tions s0i1 ; : : : ; s0ir 
orre-sponding to the nonzero weights of B̂. We de�ne  B;A(C; s1; : : : ; sn) to be thefamily �0 : C 0 ! B, with image se
tions s0i1 ; : : : ; s0ir and weights bi1 ; : : : ; bir , afamily of weighted pointed 
urves with �bers in Mg;B. The vanishing state-ment in Proposition 3.3 guarantees our 
onstru
tion 
ommutes with baseextension. Thus we obtain a natural transformation of moduli fun
tors B;A :Mg;A !Mg;B:Assume that B = B̂, so that  B;A is interpretted as a redu
tion map �B;A.Then �B;A is an isomorphism over the lo
us of 
on�gurations of points, it isa birational morphism. �Redu
tion satis�es the following 
ompatibility 
ondition:Proposition 4.4 Fix g and let A;B; and C be 
olle
tions of weight data sothat the redu
tions �B;A; �C;B; and �C;A are well de�ned. Then�C;A = �C;B Æ �B;A:proof: Sin
e the maps are birational morphisms of nonsingular varieties, itsuÆ
es to 
he
k that the maps 
oin
ide set-theoreti
ally. �22



4.2 Ex
eptional lo
iThe ex
eptional lo
us of the redu
tion morphism is easily 
omputed usingCorollary 3.5:Proposition 4.5 The redu
tion morphism �B;A 
ontra
ts the boundary di-visorsDI;J :=M0;A0I �M g;A0J A0I = (ai1 ; : : : ; air ; 1) A0J = (aj1 ; : : : ; ajn�r ; 1)
orresponding to partitionsf1; : : : ; ng = I [ J I = fi1; : : : ; irg J = fj1; : : : ; jn�rgwith bI := bi1 + : : : + bir � 1 and 2 < r � n: We have a fa
torization of�B;AjDI;J :M 0;A0I �M g;A0J ��!M g;A0J ��!M g;B0J B0J = (bj1; : : : ; bjn�r ; bI)where � = �B0J ;A0J and � is the proje
tion.Remark 4.6 Consider a set of weights (ai1 ; : : : ; air) so thatai1 + : : :+ air > 1but any proper subset has sum at most one. Then M0;A0I is isomorphi
 toPr�2 (
f. x6.2) and �B;A is the blow-up of M g;B along the image of DI;J .Corollary 4.7 Retain the notation and assumptions of Proposition 4.5. As-sume in addition that for ea
h I � f1; : : : ; ng su
h thatai1 + : : :+ air > 1 and bi1 + : : :+ bir � 1we have r = 2. Then �A;B is an isomorphism.5 Chambers and wallsLet Dg;n denote the domain of admissible weight dataDg;n := f(a1; : : : ; an) 2 Rn : 0 < aj � 1 and a1 + a2 + : : :+ an > 2� 2gg:23



A 
hamber de
omposition of Dg;n 
onsists of a �nite set W of hyperplaneswS � Dg;n, the walls of the 
hamber de
omposition; the 
onne
ted 
ompo-nents of the 
omplement to the union of the walls [S2WwS are 
alled theopen 
hambers.There are two natural 
hamber de
ompositions for Dg;n. The 
oarse
hamber de
omposition isW
 = fXj2S aj = 1 : S � f1; : : : ; ng; 2 < jSj < n� 2gand the �ne 
hamber de
omposition isWf = fXj2S aj = 1 : S � f1; : : : ; ng; 2 � jSj � n� 2g:Given a nonempty wall wS, the set Dg;n n w has two 
onne
ted 
omponentsde�ned by the inequalitiesPj2S aj > 1 and Pj2S aj < 1.Proposition 5.1 The 
oarse 
hamber de
omposition is the 
oarsest de
om-position of Dg;n su
h thatMg;A is 
onstant on ea
h 
hamber. The �ne 
ham-ber de
omposition is the 
oarsest de
omposition of Dg;n su
h that Cg;A is 
on-stant on ea
h 
hamber.proof: It is 
lear that Mg;A (resp. Cg;A) 
hanges as we pass from one 
oarse(resp. �ne) 
hamber to another. It suÆ
es then to show that Mg;A (resp.Cg;A) is 
onstant on ea
h 
hamber.Let A and B be 
ontained in the interior of a �ne 
hamber and let � :(C; s1; : : : ; sn) ! B be a family in Mg;A(B). Repeating the argument forTheorem 4.1, we �nd that K� + b1s1 + : : : + bnsn is ample. An appli
ationof Theorem 3.6 implies that (C; s1; : : : ; sn) is also B-stable. Thus we get anidenti�
ation of Mg;A(B) and Mg;B(B) so Cg;A ' Cg;B.Consider the �ne 
hambers 
ontained in a given 
oarse 
hamber Ch. Weshall say that two su
h �ne 
hambers are adja
ent if there exists a wallw whi
h is a 
odimension-one fa
e of ea
h. Any two �ne 
hambers in Chare related by a �nite sequen
e of adja
en
ies, so it suÆ
es to show thatadja
ent �ne 
hambers yield the same moduli spa
e. Fix two �ne 
hambersin Ch adja
ent along w, whi
h we may assume is de�ned by a1+a2 = 1. Let(w1; : : : ; wn) 2 w be an element 
ontained in the 
losure of the 
hambers butnot in any walls besides w. For small � > 0, the weight dataA = (w1 + �; w2 + �; w3; : : : ; wn) B = (w1 � �; w2 � �; w3; : : : ; wn)24



lie in our two �ne 
hambers. Corollary 4.7 implies that �A;B is an automor-phism. �Problem 5.2 Find formulas for the number of nonempty walls and 
ham-bers for Dg;n.Proposition 5.3 Let A be a 
olle
tion of weight data. There exists a 
olle
-tion of weight data B, 
ontained in a �ne open 
hamber, su
h that Cg;A = Cg;B.The �ne open 
hamber produ
ed in Proposition 5.3 is 
alled the �ne 
hamberasso
iated to A.proof: Consider the 
olle
tion T1 (resp. T<1, resp. T>1) of all subsets S �f1; : : : ; ng with 2 � jSj � n � 2 su
h that Pj2S aj = 1 (resp. Pj2S aj < 1,resp. Pj2S aj > 1.) There exists a positive 
onstant � su
h that for ea
hS 2 T<1 we havePj2S aj < 1� �, for ea
h S 2 T>1 we havePj2S aj > 1+ �,a1 + : : :+ an > 2 + �, and an > �. SettingB = (a1 � �=n; a2 � �=n; : : : ; an � �=n)and using results of x4.2, we obtain the desired result. �Proposition 5.4 Let A be weight data 
ontained in a �ne open 
hamber.Then Cg;A is isomorphi
 to Mg;A[f�g for some suÆ
iently small � > 0.proof: We retain the notation of the proof of Proposition 5.3. Under ourassumptions the set T1 is empty, so for ea
h T � f1; : : : ; ng with 2 � jSj �n� 2 we have jXj2S aj � 1j > �: �6 Examples6.1 Kapranov's approa
h to M0;nThe key 
lassi
al observation is that through ea
h set of n points of Pn�3 inlinear general position, there passes a unique rational normal 
urve of degreen � 3. It is therefore natural to realize elements of M0;n as rational normal
urves in proje
tive spa
e. This motivates Kapranov's blow-up 
onstru
tionof M 0;n ([Kap1℄ x4.3, [Kap2℄). 25



Start with W1;1[n℄ := Pn�3 and 
hoose n� 1 points q1; : : : ; qn�1 in lineargeneral position. These are unique up to a proje
tivity. We blow up asfollows:1: blow up the points q1; : : : ; qn�2, then the lines passing through pairs ofthese points, followed by the planes passing through triples of triplesof these points, et
.;2: blow up the point qn�1, then the lines spanned by the pairs of points in-
luding qn�1 but not qn�2, then the planes spanned by triples in
ludingqn�1 but not qn�2, et
.; . . .r: blow up the linear spa
es spanned by subsetsfqn�1; qn�2 : : : ; qn�r+1g � S � fq1; : : : ; qn�r�1; qn�r+1; : : : ; qn�1gso that the order of the blow-ups is 
ompatible with the partial orderon the subsets by in
lusion;. . .Let Wr;1[n℄; : : : ;Wr;n�r�2[n℄(:= Wr[n℄) denote the varieties produ
ed at therth step. Pre
isely, Wr;s[n℄ is obtained on
e we �nish blowing up subspa
esspanned by subsets S with jSj � s+r�2. Kapranov provesM 0;n ' Wn�3[n℄.This may be interpretted with the redu
tion formalism of x4. The ex
ep-tional divisors of the blow-downs Wr;s[n℄! Wr;s�1[n℄ are proper transformsof the boundary divisors DI;J 
orresponding to partitionsf1; : : : ; ng = I \ J where J = fng [ S:Using the weight dataAr;s[n℄ := (1=(n� r � 1); : : : ; 1=(n� r � 1)| {z }n�r�1 times ; s=(n� r � 1); 1; : : : ; 1| {z }r times );r = 1; : : : ; n� 3; s = 1; : : : ; n� r � 2;we realizeWr;s[n℄ as M0;Ar;s[n℄. The blow-downs de�ned above are the redu
-tion morphisms�Ar;s�1 [n℄;Ar;s[n℄ : M0;Ar;s[n℄ �!M 0;Ar;s�1[n℄ s = 2; : : : ; n� r � 2�Ar;n�r�2[n℄;Ar+1;1[n℄ : M0;Ar+1;1[n℄ �!M 0;Ar;n�r�2[n℄:In parti
ular, Kapranov's fa
torization of M 0;n ! Pn�3 as a sequen
e ofblow-downs is naturally a 
omposition of redu
tion morphisms.26



6.2 An alternate approa
h to Kapranov's moduli spa
eThere are many fa
torizations of the map M 0;n ! Pn�3 as a 
ompositionof redu
tions. We give another example here. First, we 
ompute the �ne
hamber 
ontaining the weight data A1;1[n℄ introdu
ed in x6.1:a1+ : : :+bai+ : : :+an�1 � 1 (and thus ai+an > 1) for i = 1; : : : ; n�1;a1 + : : :+ an�1 > 1.The 
orresponding moduli spa
e M 0;A is denoted X0[n℄ and is isomorphi
 toPn�3. Similarly, we de�ne Xk[n℄ :=M0;A provided A satis�esai + an > 1 for i = 1; : : : ; n� 1;al1 + : : :+alr � 1 (resp. > 1) for ea
h fl1; : : : ; lrg � f1; : : : ; n�1g withr � n� k � 2 (resp. r > n� k � 2).When an = 1 and a1 = : : : = an�1 = a(n; k) we have1=(n� 1� k) < a(n; k) � 1=(n� 2� k)and A(n; k) = (a(n; k); : : : ; a(n; k)| {z }n�1 times ; 1):Thus there exist redu
tion maps�A(n;k�1);A(n;k) : M 0;A(n;k) �! M 0;A(n;k�1)jj jj k = 1; : : : ; n� 4Xk[n℄ �! Xk�1[n℄We interpret the ex
eptional divisors of the indu
ed maps. For ea
hpartitionf1; : : : ; ng = I [ J I = fi1 = n; i2; : : : ; irg; J = fj1; : : : ; jn�rg 2 � r � n� 2
onsider the 
orresponding boundary divisor in M0;nDI;J 'M0;r+1 �M 0;n�r+1:The divisors with jIj = r < n� 2 are the ex
eptional divisors of Xr�1[n℄!Xr�2[n℄. The blow-down X1[n℄ ! X0[n℄ maps DI;J with I = fn; ig to the27



distinguished point qi 2 Pn�3 mentioned in x6.1. Applying Proposition 4.5and(a(n; 1); : : : ; a(n; 1)| {z }n�2 times ; 1) ' (a(n� 1; 0); : : : ; a(n� 1; 0)| {z }n�2 times ; 1) = A(n� 1; 0);we obtain that the �ber over qi isM 0;A(n�1;0) ' Pn�4. More generally,M 0;n =Xn�4[n℄! X0[n℄ mapsDI;J to the linear subspa
e spanned by qi2 ; : : : ; qir ; the�bers are isomorphi
 to Pn�r�2. The divisors DI;J with jIj = n�2 are propertransforms of the hyperplanes of X0[n℄ ' Pn�3 spanned by qi2 ; : : : ; qin�2 .Thus our redu
tion maps give the following realization ofM 0;n as a blow-up of Pn�3:1: blow up the points q1; : : : ; qn�1 to obtain X1[n℄;2: blow up proper transforms of lines spanned by pairs of the pointsq1; : : : ; qn�1 to obtain X2[n℄;3: blow up proper transforms of 2-planes spanned by triples of the pointsto obtain X3[n℄; . . .n-4: blow up proper transforms of (n� 5)-planes spanned by (n� 4)-tuplesof the points to obtain Xn�4[n℄.6.3 Keel's approa
h to M 0;nLet U � (P1)n denote the set of all 
on�gurations of n distin
t points in P1,and Q the resulting quotient under the diagonal a
tion of PGL2. For ea
h
on�guration (p1; : : : ; pn), there exists a unique proje
tivity � with� : (p1; p2; p3)! (0; 1;1):The image of the 
on�guration in Q is determined 
ompletely by the points(�(p4); : : : ; �(pn)) and we obtain an imbeddingQ ,! (P1)n�3:We may interpret (P1)n�3 as M 0;A where A = (a1; : : : ; an) satis�es thefollowing inequalities:ai1 + ai2 > 1 where fi1; i2g � f1; 2; 3g;28



ai + aj1 + : : : + ajr � 1 for i = 1; 2; 3 and fj1; : : : ; jrg � f4; 5; : : : ; ngwith r > 0.These 
onditions guarantee that none of the �rst three se
tions 
oin
ide, butany of the subsequent se
tions may 
oin
ide with any of the �rst three orwith one another. When a1 = a2 = a3 = a and a4 = a5 = : : : = an = � wehave 1=2 < a � 1 and 0 < (n� 3)� � 1� a. TakingA(n) = (a; a; a; �; : : : ; �| {z }n�3 times );we obtain that the 
ompa
ti�
ation of Q by (P1)n�3 is isomorphi
 toM0;A(n).We fa
tor � : M 0;n ! (P1)n�3 as a produ
t of redu
tion morphisms. Let�d denote the union of the dimension d diagonals, i.e., the lo
us where atleast n� 2� d of the points 
oin
ide. We will use this notation for both thelo
us in (P1)n�3 and its proper transforms. LetF0 = ��11 (0) [ ��12 (0) [ : : : [ ��1n�3(0)be the lo
us of points mapping to 0 under one of the proje
tions �j; wede�ne F1 and F1 analogously. Again, we use the same notation for propertransforms.Write Y0[n℄ = (P1)n�3 and de�ne the �rst sequen
e of blow-ups as follows:1: Y1[n℄ is the blow-up along the interse
tion �1 \ (F0 [ F1 [ F1);2: Y2[n℄ is the blow-up along the interse
tion �2 \ (F0 [ F1 [ F1); . . .n-4: Yn�4[n℄ is the blow-up along the interse
tion �n�4 \ (F0 [ F1 [ F1).The variety Yk[n℄ is realized by M 0;A whereai1 + ai2 > 1 where fi1; i2g � f1; 2; 3g;ai + aj1 + : : : + ajr � 1 (resp. > 1) for i = 1; 2; 3 and fj1; : : : ; jrg �f4; 5; : : : ; ng with 0 < r � n� 3� k (resp. r > n� 3� k).The se
ond sequen
e of blow-ups isn-3: Yn�3[n℄ is the blow-up along �1;n-2: Yn�2[n℄ is the blow-up along �2; . . .29



2n-9: Y2n�9[n℄ is the blow-up along �n�5.The variety Yk+n�4[n℄ is realized by M 0;A whereai1 + ai2 > 1 where fi1; i2g � f1; 2; 3g;aj1 + : : : + ajr � 1 (resp. > 1) for fj1; : : : ; jrg � f4; 5; : : : ; ng with0 < r � n� 3� k (resp. r > n� 3� k).Remark 6.1 Keel [Ke℄ has fa
tored � as a sequen
e of blow-ups along smooth
odimension-two 
enters in the 
ourse of 
omputing the Chow groups ofM 0;n.However, the intermediate steps of his fa
torization do not admit interpreta-tions as M0;A. For example, 
onsiderM 0;6 !M 0;4 �M 0;5 !M 0;4 �M 0;4 �M 0;4 ' (P1)3;where the maps M 0;N !M0;4 �M 0;N�1 are produ
ts of the forgetting mor-phisms arising from the subsetsf1; 2; 3; Ng; f1; 2; 3; : : : ; N � 1g � f1; 2; : : : ; Ng:The intermediate spa
e M 0;4 �M 0;5 is not of the form M 0;A for any A.6.4 Losev-Manin moduli spa
esWe refer to the paper [LM℄, where the following generalization of stablepointed 
urves is de�ned. This spa
e was also studied by Kapranov ([Kap1℄,x4.3) as the 
losure of a generi
 orbit of (C �)n�3 in the spa
e of 
omplete
ags in C n�2 .Let S and T be two �nite disjoint sets with jSj = r and jT j = n� r, B as
heme, and g � 0. An (S; T )-pointed stable 
urve of genus g over B 
onsistsof the data:1. a 
at family � : C ! B of nodal geometri
ally 
onne
ted 
urves ofarithmeti
 genus g;2. se
tions s1; : : : ; sr; t1; : : : ; tn�r of � 
ontained in the smooth lo
us of �;satisfying the following stability 
onditions:1. K� + supp(s1 + : : :+ sr + t1 + : : :+ tn�r) is �-relatively ample;30



2. ea
h of the se
tions s1; : : : ; sr are disjoint from all the other se
tions,but t1; : : : ; tn�r may 
oin
ide.Now assume that r = 2 and g = 0, and 
onsider only pointed 
urves satisfyingthe following properties:1. the dual graph is linear;2. the se
tions s1 and s2 are 
ontained in 
omponents 
orresponding tothe endpoints of the graph.Then there is a smooth, separated, irredu
ible, proper moduli spa
e Ln�2representing su
h (S; T )-pointed stable 
urves (Theorem 2.2 of [LM℄).This spa
e is isomorphi
 to M 0;A where A satis�es the following 
ondi-tions a1 + ai > 1 and a2 + ai > 1 for ea
h i = 1; : : : ; n;aj1 + : : :+ ajr � 1 for ea
h fj1; : : : ; jrg � f3; : : : ; ng with r > 0.We emphasize that these 
onditions for
e the dual graphs of the asso
iated
urves to have the properties postulated by Losev and Manin. Spe
ializingthe weights, we obtain that Ln�2 'M0;A whereA = (1; 1; 1=(n� 2); : : : ; 1=(n� 2)| {z }n�2 times ):Using the redu
tion maps we obtain expli
it blow-up realizations of theLosev-Manin moduli spa
es. Setting B = (1; 1=(n � 2); : : : ; 1=(n � 2)) weobtain a morphism �B;A :M0;A !M 0;Bwhere M 0;B ' Pn�3 is Kapranov's 
ompa
ti�
ation. The Losev-Manin mod-uli spa
e is the �rst step of the fa
torization des
ribed in x6.1.7 Interpretations as log minimal models ofmoduli spa
esRe
ently, Keel and his 
ollaborators [KeM
1℄,[GKM℄,[G℄,[Ru℄ have under-taken a study of the birational geometry of the moduli spa
e of 
urves, with31



an emphasis on the geometry of the 
ones of e�e
tive 
urves and divisors. Inmany 
ases, they �nd natural modular interpretations for 
ontra
tions andmodi�
ations arising from the minimal model program. Therefore, one mightexpe
t that natural birational modi�
ations of a moduli spa
e M should ad-mit interpretations as log minimal models with respe
t to a boundary sup-ported on natural divisors of M . The most a

essible divisors are thoseparametrizing degenerate 
urves, so we fo
us on these here.Fix M = M 0;n, the moduli spa
e of genus zero 
urves with n markedpoints. For ea
h unordered partitionf1; 2; : : : ; ng = I [ J where jIj; jJ j > 1let DI;J � M denote the divisor 
orresponding to the 
losure of the lo
us ofpointed 
urves with two irredu
ible 
omponents, with the se
tions indexedby I on one 
omponent and by J on the other. Let Æ be the sum of thesedivisors, with ea
hDI;J appearing with multipli
ity one. We 
an also des
ribedegenerate 
urves onM 0;A (see x4.2). There are two types to 
onsider. First,
onsider a partition as above satisfyingai1 + : : :+ air > 1; aj1 + : : :+ ajn�r > 1 I = fi1; : : : ; irg; J = fj1; : : : ; jn�rg:Let DI;J(A) denote the image of DI;J in M0;A under the redu
tion map;this is a divisor and parametrizes nodal 
urves as above. The union of su
hdivisors is denoted �. Se
ond, any partition with I = fi1; i2g and ai1+ai2 � 1also 
orresponds to a divisor DI;J(A) in M 0;A, parametrizing 
urves wherethe se
tions si1 and si2 
oin
ide. These 
urves need not be nodal. The unionof su
h divisors is denoted 
 and the union of 
 and � is denoted Æ. Theremaining partitions yield subvarieties of M0;A with 
odimension > 1.Problem 7.1 Consider the moduli spa
e M 0;A of weighted pointed stable
urves of genus zero. Do there exist rational numbers dI;J so thatKM0;A +XI;J dI;JDI;J(A)is ample and log 
anoni
al? The sum is taken over partitionsf1; 2; : : : ; ng = I [ J where jIj; jJ j � 2;where either ai1 + : : :+ air > 1 and aj1 + : : :+ ajn�r > 132



or r = 2 and ai1 + ai2 � 1:The assertion that the singularities are log 
anoni
al implies that the 
oeÆ-
ients are nonnegative and � 1.We shall verify the assertion of Problem 7.1 in examples by 
omputingthe dis
repan
ies of the asso
iated redu
tion morphisms. We also refer thereader to Remark 8.5 for another instan
e where it is veri�ed.7.1 Mumford-Knudsen moduli spa
esIt is well known that KM0;n + Æ is ample and log 
anoni
al. We brie
y sket
hthe proof. For ampleness, we use the identity�log := ��[
1(!�(s1 + : : :+ sn))2℄ = KM0;n + Æwhere � : (C0;n; s1; : : : ; sn)!M 0;nis the universal 
urve. Fix pointed ellipti
 
urves (Ei; pi); i = 1; : : : ; n, whi
hwe atta
h to an n-pointed rational 
urve to obtain a stable 
urve of genus n.This yields an imbedding j :M0;n !Mn:The divisor � = u�[
1(!u)2℄;where u : Cn ! Mn is the universal 
urve, is ample ([HM℄ 3.110 and 6.40)and pulls ba
k to �log. As for the singularity 
ondition, it suÆ
es to observethat through ea
h point of M 0;n there pass at most n� 3 boundary divisorswhi
h interse
t in normal 
rossings.7.2 Kapranov's examplesWe retain the notation of x6.2. The boundary divisors onX0[n℄ =M 0;A ' Pn�3are indexed by partitionsf1; 2; : : : ; ng = fi1; i2g [ fj1; : : : ; jn�3; ng33



and 
orrespond to the hyperplanes spanned by the points qj1 ; : : : ; qjn�3. Con-sider the log 
anoni
al divisorKX0[n℄ + �D[n℄; where D[n℄ := XI=fi1;i2gDI;J(A);whi
h is ample if and only if��n� 12 � > n� 2; i.e., � > 2=(n� 1): (2)Let Ek[n℄ denote the ex
eptional divisor of the blow-up Xk[n℄! Xk�1[n℄and �k : Xk[n℄! X0[n℄the indu
ed birational morphism. Ea
h 
omponent of Ek[n℄ is obtained byblowing up a nonsingular subvariety of 
odimension n� 2� k, so we obtainKXk[n℄ = ��kKX0[n℄ + kXr=1(n� 3� r)Er[n℄:Through ea
h 
omponent of the 
enter of Ek[n℄, there are �n�1�kn�3�k� nonsingularirredu
ible 
omponents of D[n℄. It follows that��kD[n℄ = D[n℄k + kXr=1 �n� 1� rn� 3� r�Er[n℄where D[n℄k is the proper transform of D[n℄. The dis
repan
y equation takesthe formKXk[n℄+�D[n℄k = ��k(KX0[n℄+�D[n℄)+ kXr=1(n�3�r���n� 1� rn� 3� r�)Er[n℄;whi
h is log 
anoni
al provided�1 � (n� 3� r)� ��n� 1� rn� 3� r� r = 1; : : : ; k:This yields the 
ondition � � 2=(n� 2);whi
h is 
ompatible with inequality (2).This 
omputation yields a positive answer to Problem 7.1 for X0[n � 4℄but not ne
essarily for Xk[n� 4℄ with k > 0. The ex
eptional divisors Er[n℄may have large positive dis
repan
ies.34



7.3 Keel's exampleWe retain the notation of x6.3 and use Ek[n℄ for the ex
eptional divisor ofYk[n℄ ! Yk�1[n℄ and �k for the birational morphism Yk[n℄ ! Y0[n℄. LetF [n℄ = F0 + F1 + F1 and D[n℄ the union of the diagonals in (P1)n�3. Theirproper transforms are denoted F [n℄k and D[n℄k. The divisor K(P1)n�3 +�F [n℄ + �D[n℄ is ample if and only if3�+ (n� 4)� > 2: (3)We have the following dis
repan
y equationsKY2n�9[n℄ = ��2n�9KY0[n℄ + n�4Xr=1(n� 3� r)Er[n℄ + n�5Xr=1(n� 4� r)En�4+r[n℄��2n�9F [n℄ = F [n℄2n�9 + n�4Xr=1(n� 2� r)Er[n℄��2n�9D[n℄ = D[n℄2n�9 + n�4Xr=1 �n� 2� r2 �Er[n℄ + n�5Xr=1 �n� 2� r2 �En�4+r[n℄;whi
h yield inequalities�1 � (n� 3� r)� �(n� 2� r)� ��n� 2� r2 �; r = 1; : : : ; n� 4�1 � (n� 4� r)� ��n� 2� r2 �; r = 1; : : : ; n� 5:These in turn yield� � 2=(n� 3) � + �((n� 4)=2) � 1:To satisfy these 
onditions and inequality (3), we may 
hoose� = 1=(n� 3) � = 2=(n� 3):8 Variations of GIT quotients of (P1)nIn this se
tion, we show how geometri
 invariant theory quotients of (P1)nmay be interpretted as `small-parameter limits' of the moduli s
hemes M 0;Aas Pnj=1 aj ! 2. 35



We review the des
ription of the stable lo
us for the diagonal a
tion ofPGL2 on (P1)n (see [Th℄, x6 and [GIT℄, Ch. 3). The group PGL2 admitsno 
hara
ters, so ample fra
tional linearizations 
orrespond to line bundlesO(t1; : : : ; tn) on (P1)n, where the ti are positive rational numbers. A point(x1; : : : ; xn) 2 (P1)n is stable (resp. semistable) if, for ea
h x 2 P1,nXj=1 tjÆ(x; xj) < (�)12( nXj=1 tj);where Æ(x; xj) = 1 when x = xj and 0 otherwise.Remark 8.1 The linearizations T = (t1; : : : ; tn) for whi
h a given point of(P1)n is stable (resp. semistable) form an open (resp. 
losed) subset.To strengthen the analogy with our moduli spa
es, we renormalize so thatt1 + t2 + : : :+ tn = 2. Then the stability 
ondition takes the following form:for any fi1; : : : ; irg � f1; : : : ; ng, xi1 ; : : : ; xir may 
oin
ide only whenti1 + : : :+ tir < 1:In parti
ular, the stable lo
us is nonempty only when ea
h tj < 1. In this
ase, the 
orresponding GIT quotient is denoted Q(t1; : : : ; tn) or Q(T ). Wede�ne the boundary of D0;n as�D0;n := f(t1; : : : ; tn) : t1 + : : :+ tn = 2; 0 < ti < 1 for ea
h i = 1; : : : ; ng:We shall say that T is typi
al if all semistable points are stable and atypi
alotherwise. Of 
ourse, T is typi
al exa
tly when ti1 + : : : + tir 6= 1 for anyfi1; : : : ; irg � f1; : : : ; ng.Theorem 8.2 Let T be a typi
al linearization in �D0;n. Then there existsan open neighborhood U of T so that U \ D0;n is 
ontained in an open �ne
hamber of D0;n. For ea
h set of weight data A 2 U \D0;n, there is a naturalisomorphism M0;A '�! Q(T ):proof: We 
hooseU = f(u1; : : : ; un) 2 Qn : 0 < ui < 1 andui1 + : : :+ uir 6= 1 for any fi1; : : : ; irg � f1; : : : ; ngg:36



It follows that U \D0;n is 
ontained in a �ne 
hamber. In parti
ular, Propo-sition 5.1 implies that for any weight data A1;A2 2 U \ D0;n, we haveM 0;A1 'M 0;A2 .We 
onstru
t the morphism Q(T )! M0;A, where A 2 U \ D0;n. Pointsof Q(T ) 
lassify (x1; : : : ; xn) 2 (P1)n up to proje
tivities, where xi1 ; : : : ; xirdo not 
oin
ide unless ti1 + : : :+ tir < 1. In our situation, ti1 + : : :+ tir < 1if and only if ai1 + : : : + air < 1. Sin
e KP1 +P ajxj has positive degree,we may 
on
lude that (P1; x1; : : : ; xn) represents a point of M 0;A. As Q(T )parametrizes a family of pointed 
urves in M 0;A, we obtain a natural mor-phism Q(T ) ! M 0;A. This is a bije
tive birational proje
tive morphismfrom a normal variety to a regular variety, and thus an isomorphism. �For an atypi
al point T of the boundary the des
ription is more 
om-pli
ated. From a modular standpoint, ea
h neighborhood of T interse
ts anumber of �ne 
hambers arising from di�erent moduli problems. See Figure1 for a 
rude s
hemati
 diagram. From an invariant-theoreti
 standpoint,
a4+a5+a6<1

a4+a5+a6>1
a1+a2+a3>1

a4+a5+a6>1
a1+a2+a3>1

a1+a2+a3+a4+a5+a6<2

a1+a2+a3<1

Figure 1: Chamber stru
ture at the boundaryfor ea
h linearization T 0 in a suÆ
iently small neighborhood of T we have abirational morphism Q(T 0)!Q(T );indu
ed by the in
lusion of the T 0-semistable points into the T -semistablepoints (
f. Remark 8.1). A more general dis
ussion of this morphism maybe found in x2 of [Th℄.Theorem 8.3 Let T 2 �D0;n be an atypi
al linearization. Suppose that T isin the 
losure of the 
oarse 
hamber asso
iated with the weight data A. Thenthere exists a natural birational morphism� :M 0;A �! Q(T ):37



proof: Consider the map � : D00;n ! �D0;n given by the rule�(b1; : : : ; bn) = (b1B�1; : : : ; bnB�1);where B = (b1 + : : :+ bn)=2 andD00;n = f(b1; : : : ; bn) : b1 + : : :+ bn � 2; 0 < bi < 1g:For ea
h B 2 D00;n su
h that �(B) is typi
al, we obtain a birational morphism��(B);B :M 0;B !Q(�(B)):This is de�ned as the 
omposition of the redu
tion morphism �B1;B :M0;B !M 0;B1, where B1 = �B + (1 � �)�(B) for small � > 0, and the isomorphismM 0;B1 !Q(�(B)) given by Theorem 8.2.The 
losure of ea
h 
oarse 
hamber is the union of the 
losures of the�nite 
olle
tion of �ne 
hambers 
ontained in it. By Proposition 5.1, we mayassume A is in a �ne open 
hamber Ch with 
losure Ch0 � D00;n 
ontainingT . Clearly, �(Ch0) 
ontains T and �(Ch) 
ontains typi
al points arbitrarily
lose to T . Choose A 2 Ch so that �(A) is typi
al and 
lose to T , so thereexists a generalized redu
tion morphism��(A);A :M0;A !Q(�(A))and an indu
ed birational morphism of GIT quotientsQ(�(A))!Q(T ):Composing, we obtain the birational morphism 
laimed in the theorem. �In light of Theorems 8.2 and 8.3, when T 2 �D0;n we may reasonablyinterpret the GIT quotient Q(T ) as M0;T . This gives one possible de�nitionfor moduli spa
es with weights summing to two (
f. x2.1.2.)Remark 8.4 (Suggested by I. Dolga
hev) Theorem 8.2 implies that M 0;Ais realized as a GIT quotient Q(T ) when the 
losure of the 
oarse 
hamberasso
iated with A 
ontains a typi
al linearization. For example, ifA = (2=3; 2=3; 2=3; �; : : : ; �| {z }n�3 times ); � > 0 small,then the moduli spa
e M 0;A ' (P1)n�3, studied in x6.3, arises as a GITquotient (see [KLW℄). 38



Remark 8.5 We expli
itly 
onstru
tM 0;T := Q(T ) T = (1=3; 1=3; 1=3; 1=3; 1=3; 1=3)using a 
on
rete des
ription of the map� :M 0;(1;1=3;1=3;1=3;1=3;1=3) !M 0;Tprodu
ed in Theorem 8.3. Re
all that the �rst spa
e is the spa
e X1[6℄ (seex6.2), isomorphi
 to P3 blown-up at �ve points p1; : : : ; p5 in linear generalposition. The map � is obtained by 
ontra
ting the proper transforms `ij ofthe ten lines joining pairs of the points. It follows that M 0;T is singular atthese ten points. Con
retely, � is given by the linear series of quadri
s on P3passing through p1; : : : ; p5. Thus we obtain a realization of M 0;T as a 
ubi
hypersurfa
e in P4 with ten ordinary double points. Finally, we observe thatKM0;T +�Æ is ample and log 
anoni
al provided 2=5 < � � 1=2, thus yieldinga positive answer to Problem 7.1 in this 
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