MULTISCALE ANALYSIS FOR ERGODIC SCHRODINGER
OPERATORS AND POSITIVITY OF LYAPUNOV EXPONENTS

HELGE KRUGER

ABSTRACT. A variant of multiscale analysis for ergodic Schrédinger operators
is developed. This enables us to prove positivity of Lyapunov exponents given
initial scale estimates and an initial Wegner estimate. This is then applied
to high dimensional skew-shifts at small coupling, where initial conditions are
checked using the Pastur—Figotin formalism. Furthermore, it is shown that for
potentials generated by the doubling map one has positive Lyapunov exponent
except in a superpolynomially small set.

1. INTRODUCTION

The discrete one dimensional Schrédinger operator is one of the simplest models
in quantum mechanics. It describes the motion of a particle in an one dimensional
medium. Of particular interest is the case of ergodic potentials, where the potential
V' is given by

(1.1) Vo(n) = f(T"w)

for (Q, 1) a probability space, f : € — R a real-valued and bounded function,
T : Q — Q an invertible and ergodic transformation, and w € . Then the
Schrédinger operator is given by

H, : (*(Z) — (*(Z)

(1.2) Hou(n) =un+1) +uln —1) + V,(n)u(n).

If one considers H,u = Eu as a formal difference equation, the Lyapunov exponent
L(E) describes the exponential behavior of solutions for almost every w. It follows
from Kotani theory, that the essential closure of the set {E : L(E) = 0} is the
absolutely continuous spectrum of H, for almost every w. Furthermore, in the
presence of uniform lower bounds L(E) > v > 0, there has been a considerable
development of machinery around the turn of the last millennium that implies
localization.
In [31], Schlag has posed the following two open problems (and others)

(i) Positivity of the Lyapunov exponent for small disorders for the skew-shift
(T(z,y) = (z + o,y + ) (mod 1), a ¢ Q).

(ii) Positivity of the Lyapunov exponent and Anderson localization for all pos-
itive disorders with Tx = 2z (mod 1).
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These two problems have also been noted by Bourgain in [§], Chulaevsky and
Spencer [15], Damanik [I8], and Goldstein and Schlag [22].

My original goal was to make a progress on the first problem, and it turned out
that I needed to enlarge the torus on which the skew-shift is acting to obtain results,
see Theorem and However, I was fortunate enough that my methods also
applied to the second problem, for which I can extend the range, where positive
Lyapunov exponent holds from a region of small disorders to also include the region
of large disorders, see Theorem

Most of the methods developed in this paper are independent of the underlying
ergodic transformation, and I will present these in Section However, since the
already mentioned transformations are of special importance, I have decided to
state the results for them in the next section, while reviewing parts of the current
knowledge on them.

2. THE DOUBLING MAP AND THE SKEW-SHIFT

The plan for this section, is as follows, we will first review the current knowledge
for the doubling map, and then state my new result, and then repeat this for the
skew-shift. I wish to remark here, that random and quasi-periodic Schrodinger
operators are reasonably well understood (see e.g. [8], [2I]). In order to keep this
paper at a reasonable length, I have decided not to discuss these two examples.

One of the most prototypical examples of a deterministic map, which behaves
close to random, is the doubling map. Let @ = T 2 [0,1) be the unit circle, and
introduce T : Q2 — Q by

(2.1) Tw=2w (mod1).

It is well-known, that T is ergodic with respect to the Lebesgue measure. Further-
more, if we consider the dyadic expansion of w

o0

W
w:ZZ—;, w; €{0,1}

j=1
then the action of T is conjugated to the left shift
{w;}iz: = {win}i

on the space {0,1}". Let f : Q — R be a continuous function, and introduce for
w € Q) the potential

(2.2) Vo(n) = f(T"w), n>0.

Denote by A the discrete Laplacian. It seems natural to expect the Schrodinger
operator

(2.3) H,=A+V,

to behave like a random Schrédinger operator (see [13]), and in particular have
positive Lyapunov exponent for all energies. In order to state results, it turns out
convenient to introduce a coupling constant A > 0, so that

(2.4) Hox = A+ AV,
Denote by Ly(FE) the Lyapunov exponent of this model. One has that
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Theorem 2.1 (Chulaevsky—Spencer [15]). Let 6 > 0 and X\ > 0 small enough, then

(2.5) Ly(E) > co)\?
for some ¢y > 0 and
(2.6) Eec[-244§,-0lUl52 -]

The approach of Chulaevsky and Spencer was then exploited by Bourgain and
Schlag in [I3] to prove Anderson localization and Holder continuity of the integrated
density of states. The restriction was removed by Avila and Damanik [3] and
by Sadel and Schulz-Baldes in [30].

All these results have been for small coupling constants A\. At my best knowledge,
there are currently no results for large coupling (except [20]), but there is work in
progress by Avila and Damanik [3] on it. In order to state my result, I introduce
the following class of functions

Definition 2.2. Let (Q, ) be a probability space, and f : @ — R a measurable
function. We call f non-degenerate, if there are F,a > 0 such that for every E € R
and € > 0, we have that

(2.7) n{w:  |f(w) - B <e}) < Fe.

It follows from the Lojasiewicz inequality (see [27] or Theorem IV.4.1. in [28]),
that if Q@ = TX and f : Q — R is real analytic, then f is non-degenerate in the
above sense (see also Lemma 7.3. in [8]). It is necessary that (€2, ) contains no
atoms, such that a function f: Q) — R can be non-degenerate. We will prove that

Theorem 2.3. Let f : Q@ — R be non-degenerate. There are constants g =
Ao(f) >0 and k = k(f) > 0 such that for A > Xy there is a set &, of measure

(2.8) &) < e’
and for E ¢ &, we have
(2.9) Ly\(E) > rlog()).

This question partially answers the question of positivity of the Lyapunov expo-
nent. Furthermore, if one assumes a Wegner type estimate for this model, one can
show that the lower bound actually holds for all energies.

One should note here that the claim is non-trivial, since the set of energies
excluded in is small compared to the expected size of the spectrum, which is
lo(Hy)| 2 A as A — oo, see [19].

It should furthermore be remarked, that the proof of the theorem is done by an
iteration of the resolvent identity combined with an energy elimination mechanisms.
Both of these ideas are not restricted to the one dimensional setting.

We now turn our attention to the skew-shift. Let 2 = T? and introduce for an
irrational number « the map 7T, : 2 — Q by
(2.10) To(z,y) = (z+a,z+y).

It turns out that T, : Q —  is uniquely ergodic and minimal. Understanding
the skew-shift is of physical importance, since it relates to the quantum kicked
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rotor problem in the theory of quantum chaos. This problem asks to describe the
behavior of solutions of

(2.11)  ip(x,t) = ap” (x, t) + ibY' (x, ) + Kk cos(2mx) (Z 5t — n)) P(z,t),

neZ

where v is a 1 periodic function in x and a, b, k are parameters, see Chapter 16 in [§].
Localization for operatorsﬂ generated by skew-shift corresponds to quasi—periodic
behavior of solutions of (see [T]).

For a function f: € — R and A > 0, introduce the potential by

(2.12) Viaw(n) = Af(Tqw).

Denote by Hx a,w = A+V) o, the associated Schrédinger operator and by Ly o (E)
its Lyapunov exponent. In difference, to the doubling map the situation for large
coupling has some understanding. In particular, there is the following result

Theorem 2.4 (Bourgain-Goldstein—Schlag [12], Bourgain [7]). Let f : Q@ — R be
a real analytic. Given € > 0, there is Ag = Ao(e, f) > 0 such that for all o except
for a set of measure at most €, we have that

(2.13) L)\@(E) > Co log)\

for all E and A\ > X\g. Furthermore, Anderson localization holds for all w not in the
exceptional set.

We will be able to prove a variant of this, with again eliminating energies, if we
do not assume a Wegner type estimate.

Theorem 2.5. Let f : Q — R be non-degenerate. There are constants Ag =
Mo(f) > 0 and k = Kk(f) > 0 such that for X > Xy there is a set & = Ep(a, \) of
measure

(2.14) & < e
and for E ¢ &,, we have
(2.15) Ly o(E) > klog(N).

In distinction to the previous result, my result eliminates energies E and not
frequencies a.

The current knowledge at small coupling is far from satisfactory. At my best
knowledge the current results are by Bourgain in [5], [6], which prove a statement
of the following form.

Theorem 2.6 (Bourgain [5], [6]). Let f(x,y) = 2cos(2nwy), then for each A > 0
small enough, we may choose a(\) from a set of positive measure such that

(2.16) lim [{B < Ly q0x) (B) = 0}] = 0.
In order to prove this theorem, Bourgain uses approximation of the skew-shift by

rotation, for which he needs a to be small. In fact, a(A) — 0as A — 0. Furthermore,
Bourgain does not compute a quantitative lower bound for the Lyapunov exponent.

1One needs to consider more general Toeplitz operators here.
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Instead of using « as a perturbation parameter, we will use the dimension K of
the torus, on which the skew-shift acts. For K > 2 and an irrational «, introduce
the K skew-shift Ty, x : TK — TX by

w1+ a k=1
wr +wip_1 k> 1.

(2.17) (T g} = {

We will furthermore, assume that f : T — R is a 1 bounded, non-constant function
of mean zero. For A > 0, « irrational, w € TX, we introduce the potential

(2.18) Vaanw(n) = A (T xw) K )-
We will show that

Theorem 2.7. Let 6 > 0. There is a constant k = x(f) > 0. Let K > 1 be large
enough. There are \y = A\1(0, f, K) < A2 = A2(6, f) with limg oo A1 = 0 such that
for

(2.19) A <A<\

we have that

(2.20) Lyoax(E) > k)

for E € [—2+46,—6]U[0,2 — §] except in a set of small measure.

This result has a major drawback to the one of Bourgain by not applying to the
case of K = 2, but needing K large. However, it has other advantages, like applying
to all irrational «, and providing an explicit lower bound. The restriction of the
energy region has similar reasons as the restriction in the result of Chulaevsky and
Spencer, since the method to verify the initial condition is similar.

It should be pointed out that one can again drop eliminating energies, if one
assumes a Wegner type estimate. This estimate can be verified explicitly in the
case, when

(2.21) flz) =2 (g; - ;) .

Then we obtain

Theorem 2.8. Let the quantities be as in the previous theorem, and f as above,
then

(2.22) Lyarx(E) > kA2
for E€[=246,-6]U[0,2 =] and \y < A < Aq.

I believe that it should be possible to extend Theorem to a result holding at
all energies using the methods of Bourgain, Goldstein, and Schlag found in [7] and
[12]. However, without further developments these results would be perturbative
in the frequency « and in particular require Diophantine conditions on it.

A much greater challenge would be to etablish a result that holds at all energies
and for all frequencies a. This has only been achieved recently for rotations on
high dimensional tori by Bourgain [I0] at large coupling. The corresponding result
is still unknown for the skew-shift, but has been announced by Bourgain [9] and
Jitomirskya [24].



6 H. KRUGER

3. STATEMENT OF THE RESULTS

We will now begin stating the main results of this article. First, recall that

H denotes a discrete one-dimensional Schrodinger operator given by its action on
u € (?(Z) by

(3.1) (Hu)(n) =u(n+ 1) +u(n—1) + V(n)u(n),

where V' : Z — R is a bounded sequence known as the potential. We will usually
not make the dependance of the operator H and its associated potential explicit.

For A C Z an interval, we denote by Hp the restriction of H to (?(A). We
furthermore denote by e, the standard basis of £2(Z), that is

ez(n){l n==x

0 otherwise.

For E ¢ o(Hp) and x,y € A, we denote by G (F, x, y) the Green’s function, defined
by

(3.2) GA(B,2,y) = {0, (Ha — ) le).
The resolvent equation implies that if z € [a,b] C A C Z and y € A\[a, b], then
(33) GA(E7 z, y) = _G[a,b] (Ea z, G)GA(E7 a—1, y) - G[a,b] (Ea z, b)GA(E7 b+1, y)

as long as E ¢ o(Hp) U o(Hjgp)). This formula is a key ingredient in multiscale
schemes, since it enables us to go from decay on small intervals [a, b] to decay on
a large interval A. We will quantify the decay of the Green’s function using the
following notion.

Definition 3.1. Fora € Z and K > 1. [a — K,a + K] is called (v, E)-good if

1
(3.4) |Gla—r,a+k](E,a,a £ K)| < ieﬂK

for E € £. Otherwise, [a — K,a+ K] is called (v, E)-bad.
We are now ready to state our first result.

Theorem 3.2. Given 0 < o < %, K>1,v>0,L>1, and £ C R an interval.
Assume that

(35)  #1<I<L:[—1DK+1,0+ 1)K —1] is (1, K,€) - bad} < oL,
and the following inequalities hold

1 25
) K > == -1
(3.6) 0% > max <0’ . n (/€] ))
1 s, 21763
(3.7) ﬁe% K > 7
Then, there is &y C & such that
(3.8) €] = (1— e 577K g]

and for E € &, we have that

LK
1 V(LK —n)—E —1 Cse V2
(39) LKlog”}:[l( : S IECAC
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The proof of this theorem is our most basic implementation of multiscale analysis
without a Wegner estimate. The main idea is that for a scale K; > K, one has
that the set of energies, where Wegner type esimates fail has small measure for each
of the sets of the form I[K; + [-K; + 1, K; — 1]. Thus one may achieve that the
Wegner estimate holds for most [ outside a set of small measure by using Markov’s
inequality. The implementation of this can be found in Section [6} Then Section [7]
finishes the proof of this theorem. I furthermore wish to point out that similar
methods of proof have been used by Bourgain in [5].

We remark that the requirement |E| > e~ 2579K ig essential to our approach,
since it ensures that the bad set of energies is smaller then the one, we start with.
Furthermore, it is a non-trivial condition, since by perturbing the energy in the
Green’s function will give only a set of smaller measure. However, one can still
use this approach to obtain this condition, by then decreasing the estimate on the
Green’s function.

In order to state the next theorem, we will need to phrase it in the ergodic
setting. For this let (Q,u) be a probability space and f : € — R a bounded
real-valued function. For w € §2, we introduce a potential by
(3.10) Vo(n) = f(T"w), n€Z.

We will now write H,, for A + V,,. It follows from the ergodic theorem, that (3.5)
is roughly equivalent to
(3.11) p{w: [1,2K —1]is (v,€) —bad for H,}) < 0.

In particular, this condition is now independent of N. Thus, one can hope to
obtain the conclusion of the previous theorem for all sufficiently large N. In order
to exploit this, we will now introduce the Lyapunov exponent L(FE) by

ﬁ (VW(N —1n) - E —01)

n=1

(3.12) L(E) = lim %/Qlog dp(w),

where the limit exists for all E and defines a subharmonic function.

Theorem 3.3. Given0 <o < i K>1,~v>0,L>1, and &€ C R an interval.

Assume the inequalities (3.6]), , and the initial condition (3.11)). Then, there
is &g C & such that

(3.13) & > (1 — e~ 577K g
and for E € &, we have that
(3.14) L(E) > e 8¢ 5+,

This theorem is a combination of the last theorem and properties of ergodic
Schrédinger operators. The new parts of the proof depend on ideas from er-
godic theory discussed in Section [4] and about the Lyapunov exponent for ergodic
Schrodinger operators discussed in Section [5] The proof is then given in Section [9}

Given this criterion for positive Lyapunov exponent, it seems a natural question
if the assumption , can be checked. It is classical, that holds at large
coupling, that is if we consider the family of potentials

(3.15) Voa(n) =M (T"w)

for A > 0 and f is a nice enough function. More precisely, we have that.
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Proposition 3.4. Assume that f is non-degenerate in the sense of Definition [2.3.
Let Ey € R, 0 > 0, and introduce

o a/2
(3.16) K= { AF J
(3.17) v %log()\)
(3.18) £ =[Fy—1,By+1l.

Assume that X is sufficiently large. Then (3.11]) holds.

For the convenience of the reader, I have included a proof in Section With
this proposition, we are ready for the proof of Theorem and Instead of
proving them, we will instead proof the following more abstract version.

Theorem 3.5. Let (2, 1) be a probability space, and f a non-degenerate function,
with |f(w)| < 1. There are constants k = k(f) > 0, \g = Ao(f) > 0. For any
T:Q — Q ergodic and A > Ao, there exists a set & = E(T, \) of measure

(3.19) &] < e,
such that for E ¢ &
(3.20) Ly a(E) > klog(A).

Proof. Tt follows from the Combes-Thomas estimate (see Lemma that the
estimate on the Lyapunov exponent holds for |E| > 3\ and A > 1. Next, observe
that we can cover the interval [—3A, 3\] with 3 intervals of length 2 as described
in the previous proposition.

For one of these intervals £, we can the apply Theorem with ¢ = %, K =
[(4F)~*\%/?], and A = $log A. In particular, we see that the arithmetic conditions
hold for large enough A, and the estimate on the size of &, follows, since the bad
set E\& has measure behaving like e=¢108(V) A" for some ¢ > 0. This finishes the
proof. ([l

The somewhat surprising thing is, that the largeness of the Lyapunov exponent
does not depend on the ergodic transformation 7" in this theorem.

Using the Pastur-Figotin [29] formalism combined with with large deviation
estimates of Bourgain and Schlag [I3], we are able to obtain an initial condition at
small coupling. In order to state these results, we will need to introduce a bit of
notation about random Schrodinger operators. For an integer N > 1, A > 0, and
V € [-1,1]" introduce the operator Hy ) o,n—1] acting on ¢2([0, N — 1]) by

u(1) + AV (0)u(0) n=20
(3.21) Hyxpn-yu(n)=un+1)+un—1)+AV(n)u(n) 1<n<N-—2
u(N=2)+AV(N -1Du(N—-1) n=N-1
We will show

Proposition 3.6. Let v be a probability measure with support in [—1,1] and mean
zero. Introduce

(3.22) o9 = /xQdu, o4 = /(x2 — 09)2dv.
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Let
(3.23) E =2cos(k) € (—2,0) U (0,2).

Let A = min(1, E% — 2), assume the inequalities

2800 - 4
(3.24) K > max( 800 - 02 , 608024>
|E| - V4—-FE2-A" (02)
4 — E2 El-V4—-E2. A
(3.25) A< min [ 22 1E|
2 7000 4400 - o4
4— E?
(3.26) MK > 150000
(o))
Let
)\20'2
3.27 =
(3.27) T
Then there exists a set V satisfying
(3.28) v (V) > 1 - %6.

For each V. €V, there is M = M (V) € {2K — 3,2K — 2}, such that the following
estimates

1 8l
(3.29) |Gy nm (B, 1L,K)| < %e*’ﬂ(
-
(3.30) |Gy (B, M, K)| < fe—w
FE
(3.31) |(Hv a0 — E) M <4/1— %zKe(%vﬂog(ﬁ))K

hold.
We note the following corollary.

Corollary 3.7. Under the assumptions of the previous proposition, we have for E
in the set

e~ (2 +log(6))) K

E
16y/1 - K

(3.32) EcE=[E—-¢E+¢], e=

fory=~v-— %(% log(1 — @) +log(2)) that

N 1 -
(333) |GK,)\,[1,IW](E717K)| S 56 K

- 1 _~
(3.34) Gy oo (B, M, K)| < 3¢ YK
(3.35)

where V. € V and M = M(V) € {2K — 3,2K — 2}.
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Proof. From the resolvent formula, one obtains that
(Hyapm) — E) ™' = (Hy s — B) 7

+thmm—E>*<§jaé—muu@um—E>ﬁ>.
n=1
Hence, we obtain the estimate

. 1- 2 ell(H _ B2
Gurpn (Bt k) < VT2 i, elHyapan = B) |

e .
2 1- EH(HK,)\,[LM] |

A quick computation now finishes the proof. O

We will need the following variant of Definition [3.1

Definition 3.8. Given K > 1, £ CR an interval, v > 0. w € Q is called (K, E,7)-
good, there is M € {2K — 3,2K — 2} such that forx € {K —1,K}

1 _
(3.36) |G, (B, L o) ], |Gy (B, 1, M)| < 3¢ K
for Ee€&.

We observe that the previous proposition implies, that we are good in this sense.
One can adapt the proof of Theorem [3.3]in order to only require to be good in the
sense of Definition 3.8 instead of Definition B.11

We now return to the investigation of ergodic Schrodinger operators, and start
by introducing K-independence, which will allow us to apply the tools from random
Schrédinger operators.

Definition 3.9. Let (2, u) be a probability space, T : Q — Q an ergodic transforma-
tion, and f : Q — R bounded and measurable. (2, u, T, f) is called K -independent
if there exists a probability measure v on R such that
(337) VO {(f), FTw),. . FTEIW)  we AY) = p(A)
for all A C Q measurable.

In the case of random variables Q = IZ, T the left shift, and f(w) = wp, one

clearly has that the system is K independent for any K > 1. We furthermore note,
the following lemma which shows how independent the K skew-shift is.

Lemma 3.10. Let g: T — R be a bounded function, define f : TK — R by f(w) =
g(wg). Let T, be the K skew-shift, then (TX, Lebesgue, Ty, f) is K independent.

Proof. One can check that

(W)k 1 * ... x w1

(Tw)k 0 1 ... = wa

(TKflg)K 00 ... 1 WK
where * denotes a non zero number. This implies the claim by the transformation
formula for integrals. O

‘We now come
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Theorem 3.11. Let (Q,u, T, f) be K-independent. Given § > 0, there is a k =
k(f,0) > 0. Furthermore, there is Ay = A1(0) > 0 and for K > 1 a Ay = A2(6, K) >
0 with A — 0 as K — oo, such that one has for

(3.38) A2 S A< A,
that
(3.39) L(E) > kA2,

for E € [-2446,—3]U[d,2 — ] except in a set, whose measure goes to 0 as K — oo.

Proof. In order to ensure that |£| from the previous corollary is large enough, just
decrease 7. This finishes the proof by an application of Theorem O

Of course these results have still a major drawback: the need to eliminate en-
ergies. This can be eliminated by assuming Wegner type estimates, as they are
common in the theory of random Schriodinger operators. For this, we will denote
by o(H,, ) the spectrum of H, o given M > 1, an energy E, and ¢ > 0, we will be
interested in the probability

(3.40) p({w:  dist(o(Hy o,m-1)), E) < €}),

which we will need to assume to be small. The most convenient form of this estimate
for us, will be that

MPB
(3.41) p({w:  dist(o(Hy o,m-1)), E) <e}) <C- Tog(@)]7”
where C' > 0, 8 > 0 and p > 1. One has to restrict here to 0 < ¢ < %, so one does
not run into problems, when the logarithm becomes 0.

In the theory of random Schrodinger operators, one has as already mentioned
that V(n) are independent identically distributed random variables. If one assumes,
that the density is a bounded function, one can obtain the following estimate, which
is known as a Wegner estimate

(3.42) p({w:  dist(o(Hyom-1), E) <e}) <C-M g,

where C' > 0 is a constant. We will follow the ideas of the proof and show in
Section [I6] that a similar estimate holds for the skew-shift model.

Assuming , we are able to remove the assumption of removing energies
from our theorems, and obtain.

Theorem 3.12. Assume the initial length scale (3.11), the Wegner type estimate

@41,

(3.43) 384+3—p<0,
and

(3.44) APKPBgP=1 > 4. 98+p . B+ (o+35)
Then

(3.45) L(E) > 6_5*96_4”7.
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This theorem gives a satisfying criterion for positivity of Lyapunov exponents,
where the conditions exactly correspond to the ones necessary for localization in
the theory of random Schrédinger operators.

Of course is not a simple estimate to check, since it involves information at
all scales. We are thus only able to check it in the special case of f(z) = z— 1. This
then allows us to prove the following theorem for the skew—shift at small coupling.

For A > 0, we introduce the potential

(346) V)\,a,g(n) = )‘f(T:yLQ)

We will show in Section [16|the following proposition, which shows that (3.41)) holds
for this family.

Proposition 3.13. Let Hy o = A+ Vi aw. Given p > 1, we have for any E € R

and M > 10 that

(347)  p({w: dist(o(H ) E) <)) < 14~ max(1, 1) 2 M

. : o(Hy 0w —1),E) < <14 -max(1, —)———.
S N 0N X Tlog ()l

Combining this proposition with Proposition [3.6]and Theorem [3.12], we can show
the following theorem.

Theorem 3.14. Given ¢,d > 0, let

(3.48) Ec[-2+4§,-6Ul52—1].
There are constants Ch = C1(g,9),Co = C2(0),v0 = v0(6) > 0 such that for
Ch
(3.49) i <A< Oy,
and a irrational, we have
(3.50) Lyo(E) > yoA2
Proof. We can assume 0 < A < 1, so by Proposition [3.13] we may take
14p°
—4 (=2
=1, !

for any p > 15 in (3.41) (p > 15 such that (3.43) holds). We furthermore, see that
dv = X[—1,1)dx and thus

2 2
oy ==, 0O4=—.
2= 4T g
We can thus choose v = 48%;21(,1)' We may choose o = i, and thus (3.44) becomes
)\2p+1 3
KP™° > C1(384p)°
sin(k)? = C1(384p)
for some constant C7 > 0. This finishes the proof by applying Theorem to the
initial condition obtained by Proposition [3.6 O

Proving positive Lyapunov exponent is not the only problem concerning ergodic
Schrédinger operators. There is probably an even larger literature as how to go
from positive Lyapunov exponent to Anderson localization (see for example [23] and
[11] in the case of rotations). However, one cannot expect Anderson localization
to hold in the generality discussed in this paper, since for example the results of
Avron and Simon in [4] show, that if T': Q — Q is well approximated by periodic
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transformation, then the spectrum of H is purely continuous, and hence Anderson
localization cannot hold.

We now give an overview, of what happens in the following sections. Section
derives some consequences of the ergodic theorem, which will be needed in the
following. Section [5] discusses properties of the Lyapunov exponent, which will be
needed. Section [6] [7] and [§] contain the proof of Theorem [3.2] Then Theorem [3.3]is
proven in Section [J] Proposition [3:4]is proven in Section [I0] and Proposition [3.6] in
Sections [11] and Sections [13] and [14] contain the proof of Theorem Finally
Proposition [3.13] is proven in Section [I6}

4. ErRGoDIC THEORY

In this section, we review the notions of ergodic theory, we will use. As usual, we
denote by (2, 1) a probability space and by T': Q@ — Q an ergodic transformation,
that is if A C Q satisfies T7!4 = A almost everywhere, then u(A) € {0,1}. We
recall that the mean ergodic theorem tells us, that if f is a function in L?(Q, p),
then its averages

1 Nl
(4.1) In(w) = N Z f(T"w)
n=0

converge to [, f(w)du(w) in L*(Q, u). This result will be the mean ingredient of
ergodic theory, we will use. However, some of the results from ergodic Schrodinger
operators, we are using depend on the somewhat different Birkhoff ergodic theorem,
saying that one has pointwise convergence almost everywhere.

We will be interested in the following question: Given the good set €, C € and
an integer K > 1, can we choose a large set of w such that, we have

T w e Q
for a set of I with density close to u(£24). The following lemma does exactly this.
Lemma 4.1. Given Q, CQ, 0 <k <1, K > 1. Then, there exists g C §) such
that for w € Qq, there is a sequence Ly = Li(w) — oo such that

1
(4.2) E#{O <I<Li—1: T®weQ,}>ru(Qy)

and () > 0.

Proof. Letting f = xq, in the mean ergodic theorem, we find that

1 2
lim —#{0<n<N-1: TrweQy}—uQy)| du(w)=0.
N—oo Jo N

Thus, we obtain in particular
1
lim p({w: —#{0<n<N-1: T'weQu} <ru(Qy)}) =0.
N—o0 N

We thus may find a set € of positive measure, such that for each w € 1, there is
a sequence N; = Ny(w) going to oo such that

1
E#{O <n<N—1: T'weQg} > rp(y).
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For each w € ©;, we may find an 0 < s = s(w) < K — 1 such that NV; (mod K) = s
for infinitely many ¢. Introduce

Qo ={T*@Ww: we},

and choose for w € €y the sequence L; = %, for the N; with Ny (mod K) = s.
The claim now follows by construction. O

Furthermore recall that a transformation T : 2 —  is called totally ergodic, if
for every m > 1 the transformation T : 2 — € is ergodic. Total ergodicity allows
us to not need the step of passing to a subsequence in the proof of the last lemma.
Thus, we may conclude that

Lemma 4.2. Suppose that T : Q — Q is totally ergodic. Given y CQ,0< K <1,
0<7<1, and K > 1. There is Q¢ C Q such that for w € Qg and L large enough

(4.3) %#{o <I<L—-1: T™weQ,}>ru(,)
and
(44) /L(Q()) Z T.

5. THE LYAPUNOV EXPONENT

We let again (€, ) be a probability space, f : & — R a bounded measurable
function, T : Q@ — Q an invertible ergodic transformation, and set V,(n) = f(T"w)
for w € Q and n € Z. Introduce the N step transfer matrix A, (E, N) by

N
(5.1) A8, N) =] (E - VW§N -n) _01> .

n=1

Let u be a solution of H,u = Fu interpreted as a difference equation. Then we
have that

(5.2) <“(iv<§)1)) = 4B, N)- <ZE(1J§) |

explaining the name. Define the Lyapunov exponent by

ﬁ (Vw(N —1n) - E —O1>

n=1

(5.3) L(E) = lim %/Qlog dp(w),

where the limit exists because of submultiplicativity of the matrix norm, which

implies that the sequence
N
1 Vo(N—n)—F -1
N /Qlog nl;[l ( 1 0 )
is subadditive. Furthermore, the following lemma was shown by Craig and Simon
in [I7].

dp(w)

Lemma 5.1. The function L(E) is subharmonic in E.

We will mainly use the upper semicontinuity provided by this result. The next
result will allow us to go from Green’s function estimates to estimates for the
Lyapunov exponent.
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Lemma 5.2. If
(5.4) |Gu (B, k,N)| <e N
for A € {[0, N],[1, N1}, k € {ko — 1,ko}, then

1 1og\/§
. — >y - ——.
(55) 08 | 4L (B, )] > 5 - 253

Proof. We first observe, that
_( cwr(n) Sw,e(N)
Aw(E, TL) = (CW’E(n _ 1) SW’E(n _ 1) )
where these solve

chw,E = ECUJ,E7 stw,E = ESw,Ea
with initial conditions

CW’E(O) SW,E(O) o 1 0

Cw)E(—l) Sw)E(—l) B 0 1 ’
We let u,, g be the solution of H,u, g = Eu,. g, that satisfies u, g(N) = 1 and
Uy, g(N + 1) = 0. We then find for z <y, that

Cw,B(7)uw, 2 (Y)
W(Cw,Ea uw,E) ’

where W (u,v) = u(n+1)v(n) —u(n)v(n+1) is the Wronskian. One can check that
W (u,v) is independent of n if u and v solve H,u = Fu, H,v = Ev. Evaluating
the Wronskian at IV yields

W(Cw,E7uw,E) = _cw,E(N + 1)a W(Sw,Eauw,E) = _Sw,E(N + 1)

Sw,E(x)uw7E(y)

Gw,[(),N]<E7xay> = W(S E,U E)’

Gw,[l,N](Ea l’,y) =

Hence, we obtain the formulas

Cow, ()
CW’E(N + 1)

Since det(A, (F, ko) = 1, it follows that

|Gw,[O,N](Eax7N)| = ) |Gw,[1,N](E7x7N)| =

Su,E(T) ’
Swp(N+1)|’

min(|cy, 5(ko)l, w2 (ko — 1), |sw.2(ko)l, [sw.2(ko — 1)]) =

9l

Hence, we see that

1 1 1
min G, E k,N)| > — -min ,
ko T o 1y | Gntem ) V2 <|cw7E(N+1)| |sw,E(N+1)|)
1
> 7 [4u(E N

taking logarithms and dividing by N implies the result. O

This lemma will allow us to go from estimates on the Green’s function to esti-
mates on the Lyapunov exponent. One should furthermore observe, that in order
to conclude in the general setting, that L(E) > 0, one would need information for
all large N. However, in the ergodic setting one can relax this a little bit. By a
Theorem of Craig and Simon, we have that
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Theorem 5.3. Introduce
— 1
(5.6) L(E,w) = limsup - log | A, (E,n)||.

Then there exists Qcg C Q of measure pu(Qes) = 1, such that

(5.7) T(F,w) < L(F)
forw € Qcg.
Proof. This is Theorem 2.3 in [17]. O

We will call Q¢g the Craig—Simon set. We note the following consequence

Lemma 5.4. Suppose, we are given v > 0, w € Qcg and for k > 1 integers
ng — 00 such that

(5.8) |GAw(E,z,y)| < ek
for A € {[0,ng],[1,nk]}, x € {x0, 20 + 1}, some xo and y € OA. Then
(5.9) L(E) > .

Proof. By Lemma we have that (5.8) implies that L(E) > ~. Now, the claim
follows from Theorem [5.3 O

6. THE MULTISCALE STEP

In this section, we will begin with the exposition of our adaptation of multiscale
analysis. For this, we will not work with an ergodic potential, but will assume
that {V(n)}" is any real valued sequence of N numbers. We then define H as
the corresponding Schrodinger operators on £2([0, N — 1]) and denote by Hj the
restrictions to intervals A C [0, N — 1]. This generality is mainly used to simplify
the notation, and to make clear, when ergodicity enters.

Furthermore, since we do not make quantitative assumptions on the recurrence
properties of T : 0 — €, it is necessary to work in this section with intervals of
varying length. However, this does not create major technical difficulties, since
their boundary still consists of only two points.

We now start by defining our basic notion of a good sequence {V (n)}2 =}

n=0 *
Definition 6.1. Let § > 0,0 < o < i, E CR an interval, and L > 1.
A sequence {V (n) 7]1\[;01 is called (8,0, L, E)-critical, if there are integers

(6.1) O§k0<k1<k‘2<k‘3<"'<k‘L<k‘L+1§N,

and a set L C [1, L] such that

And for 1l ¢ L, we have that
1 _
(6.3) |G ks 41 ka -1 (B Ky ke F1)| < ¢ o

for E€€&.
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In order to state the next theorem, we have to explain a division of £ = [Ey, E1]
into @ intervals of length ~ e~?°. Introduce Q = [(E; — Fp)e”®], and

E, — E E, — E
(6.4) &g = Eo-l-Q%’Eoﬁ-(qﬁ‘l)% )
forgq=0,...,Q — 1. If
(65) E1 - EO Z ef"‘;
holds, we have that
(6.6) (By = Eo)e” < Q < 2(Ey — Eg)e”
and for all ¢
1
(6.7) 58_06 <&, <e 0.

The main result of this section will be

Theorem 6.2. Assume that {V(n) 2/:—01 is (0,0, L, &)-critical, M > 3,

oL

. —_— >
(63) L
and o < %. Introduce

1

(6.9) 5= 50
and
(6.10) 6= (1—20)Ms.

Then there exists a set Q C [0,Q — 1] and L > 1 such that

215 (M +1) N\°
and
L ~ L
(6.12) (1=20) 37 <L <57

and for q ¢ Q, we have that {V(n) 7];[:_01 is also (S,&,i,é‘q)—critical.

We observe that in our case L 2 N, so will be satisfied for all large enough
N. The rest of this section is spent proving the above theorem.

We will now describe how we choose the sequence k; given the integer M > 1
from Theorem This will be the sequence, we check Definition with. First
pick
(6.13) ko = ko.

Now assume that we are given ]~€s = ki, for 0 < s < j, then we choose ]:;j+1 =k
so that

(6.14) #{l¢L: kj<hk <kja}=M.
This procedure stops once, we would have to choose l;jﬂ > N. We will call the
maximal [ so that k;4; is defined L. This means that we have now defined

0<ho<hki < <hkp<hkp,, <N-L

j+1

We have the following lemma
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Lemma 6.3. Assume aﬁ > 2, that is , then we have that

(6.15) L>(1-20)
Proof. By (6.2)), we have that

#([L, L\L) =

We observe now, that [, —

Hence, we may choose

L>(-0) "

the claim now follows by 2 < aﬁ.

We furthermore have the following estimate

Lemma 6.4. Assume o < i. Let

(6.16) Lo = {z o ok — ki >

then, we have that

#ﬁo 1.
—0
L

1 < N, we have that

i ~
Z kg1 — ki) =ki,

=1

(6.17)

Proof. Since 0 < ko < l;“

Now, Markov’s inequality implies that

#Lo < (

N} \

By (6.15)) and o < 1 , we have that ( +1)

h'\

and the above equatlon

Before coming to the next lemma, we will
resonance.

16N (M + 1)

= 2 .

2(M +1)

M+1

(1-o0)L.
l; > M +1, and even
Lypm—L=M+1+#{leLl:

];‘j <k < ]%.7"1‘1}'

-2

M+1

|

oL

— ko +k; —k; <2N.

L ) .

Now, the claim follows from ¢ = %

O

first introduce the notion of non-

Deﬁnition 6.5. Given an interval I C [0, N — 1], an energy interval £, and € > 0.

{V(n)}y
(6.18) dist(E
for all E € €. Otherwise, {V(n)} =}

Introduce the set £, for 0 < ¢ < Q by
(6.19) {V(n )

We will now discuss the size of this set.

g, ={1<I<L:

,0 is called (I,E&,¢) non-resonant, if for every A C I, we have that
o(Hp)) > e

is called (I,E,€) resonant.

s ([kio1, ki), £, 2¢79%) resonant}.
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Lemma 6.6. There is a set Q such that

215 <N(M + 1))3

o oL

(6.20) #Q <

and for q ¢ Q, we have that

#2,
L
The estimate on #Q is not sharp. By a more careful analysis, the power in

(%)3 could be lowered to (W) However, we have decided not to

pursue this, since the overall improvement is minor. In order to achieve this, one
has to make explicit in Lemma for which intervals the non-resonance condition
is being used, and only assume it for them.

Proof of Lemmal[6.6 For I introduce
g() =#{q: (V)N is ([ki_1, k1], €, 2¢77°) resonant}.

We will now derive an upper bound on g(I). First note that o(H,) consists of #A
elements, so

(6.21)

<o.

U o)

AClky—1,ki41]

consists of at most (l~<1+1 — l;l,l)?’ elements. For each F in the above set, we have
that its 2e~7° neighborhood can intersect at most 8 of the &, intervals. Thus, we
have that

g(l) < 8(kip1 —ki1)®,
In particular for [ ¢ Zo, we have by that
N(M+1)\°
= (M2
Let h(q) = #X£4, so that
hg) <#{ ¢ Lo: {V(n)N=tis ([kior, ki, £, 26 7%) resonant}.
We obtain

! s (N(M+1)\°
> b < 3 g < 200 (R

q=0 1¢Lo
Let Q be the set 3
Q=1{q: hlqg)25L},
now the claim follows from Markov’s inequality. O

We observe that (6.18) implies that
1
(6.22) |(HA — E)7Y| < ie"‘s.

Lemma 6.7. Assume for (I,q) that {V(n)}N-0' is ([ki_1,ki11], E» 277%) non-
resonant, then

_ o 1
(6.23) Gl 1,1 (B R ki F L) < Se ’
for E € &,.
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Proof. Let & = kj11 (one of the two). Since (6.18), we have that
7. 1 od
|G[/~ﬂf1+17/~fl+1—1](E’kl’l‘)' < §e ’

By construction of k;, we have sets Jy such that for j € J. we have (kj—1,kj41] C
[k1, k141] U [K141, ki]. Furthermore, for j € J, U J_, we have that

1 _
‘G[k_j—1+17k5j+1_1](E7kj7kj:|:1 + 1)| < 56 °

for Fe & CE.
By the resolvent equation, we find that

7, 1 od
G ronio (Bl )] < 561Gy ik o)

L)

where j; = max(J;) and j_ = min(J-). Now, by the decay of the Green’s
function, we know that

~ 1 .
|G[k171+1jﬂl+1*1] (E’ k[,$)| < Ze (1=0)3 (|G[l~cl1+1,kl+11] (E’ kj7_1 + 1; 33)|

+ |G[EL,1+1,]:J+1—1] (E7 k]*"r]- - 17x)|
+ |G[,~ﬂ_1+1’,‘€l+171] (E7 kj+,1 + 1,x)|

G iy (Bo kg — 1,m>|).

We may iterate this procedure M = #J, = #J_ many times, proving the propo-
sition by our choice of 5.

We remark that if we have to estimate |G[El_1+1,12,+1—1] (E,kj+1 F 1,z)| with
j ¢ L, we use on the interval [kj, — 1,k;, + 1], where jo < j, j1 > j are
chosen minimal such that jo,j1 ¢ £. This is similar to the treatment of the original
[kj_ +1,k;, — 1] interval. O

Proof of Theorem[6.3 We are essentially done. We observe, that for ¢ ¢ Q, we can
choose £ = £,, which satisfies

#L£

= <5,
I

b~y 1l Furthermore, we then have the estimate on the Green’s function on
[k1_1, ki3 1] by the last lemma for [ ¢ £. This finishes the proof that {V (n)}YZ} is
(0,6, L,&,)-critical. O

7. INDUCTIVE USE OF THE MULTISCALE STEP

In this section, we develop an inductive way to apply Theorem This will
lead in the following section to the proof of Theorem [3.:2] A major part of this
section is taken up by checking inequalities between various numerical quantities,
necessary to show that everything converges.
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Given numbers § > 0 and 0 < o < %, we will first introduce &;, o;, and M.
Introduce §p = 6 and

(7.1) M; = 100711
1
(7.2) 0j = 550
(7.3) Gj1 = (1 = 205) M;5;.

This choice is motivated by and (6.10). We first observe that
Lemma 7.1. We have that

J
(7.4) [ M = 100+96+2) = 10 - 10007 - 100
k=0
(7.5) 6, > e 710U+ D5
(7.6) 0;6; > e *7107°50071000°.

Proof. For (7.4)), observe that

j .
H M, = 1002 k=0 (k+1)
k=0
and Ei:o(k +1) = G2

For (75), we have that 0,41 = [[i_, (1 — &) My - 8, and since [[L_, (1 — 25) >
[Tz, (- Qk) we have that

k=1 k=1
Now using that log(1—x) > —2z for 0 < x < 1/2, we have that 3_% log(1—25;) >
—do >, 2% = —40 and thus the inequalities follow. (]

We let L; be a sequence of numbers, that satisfies

(7.7) (1- 2@)}{% <Lj < fjj
This is motivated by .

Lemma 7.2. The L; satisfy

(7.8) e 10T L1070 < Ly < [107UHDGH),

Proof. Recall from the last lemma that Hizl(l — 201) > e 9. An iteration of
(7.7) shows

J J
1-2 1
Il UkLoSL' <
- M, +1 k:lM

Since

=

1
1> _ log (14— | > exp(——
kl_[le—i—l eXp( ZOg( +100k>>—eXp( 99"

we have that (7.4) implies the claim. [
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We define j,,q; by being the maximal j such that
(79) UjmazL ; > 2M;

Imazx Imax

holds. This is needed in order that we can satisfy (6.8)) in Theorem We have
that

Lemma 7.3. If o stays fized, then §;,,,. — 00 as L — oo. Furthermore,

(7.10) S Ly > e e L3

Proof. We observe that (7.9)) only depends on ¢ and L. Furthermore, if L becomes
large, the restriction becomes less and less restrictive.
The second claim follows by (7.5 and (7.8)) O

We will now start by exploiting the multiscale step stated in Theorem [6.2] We
will show

Theorem 7.4. Assume that

L
(7.11) Uﬁ )
(7.12) ] > e 759
17 4120 3
(7.13) 2o ° (i) <eme Tod
ag

hold and that {V (n) ,]jz_ol is (0,0, L, E)-critical, then there is & C & satisfying

1€ 25 e 3500
.14 — > -
(7.14) €] =P\ "1 5om(50)

such that {V (n)}N=4" is (6, L;

Imaz)

&o)-critical.

maz? a’.%naz ’

We will now start the proof of this theorem. The proof is based on induction.
First observe, that by the assumption that {V(n)}N_ is (6,0, L, E)-critical, we
have that {V(n )}n _0 is (o, 00, Lo, £)-critical. Thlb means that the base case is
taken care of. The main problem with applying induction is that the interval £
will shrink with the induction procedure, that is why we will need to do something
slightly more sophisticated. This motivates the following definition:

Definition 7.5. Given {V(n)})_;'. A collection of intervals {Eq}quo is called
(0,0, L)-acceptable if
(i) For each q, we have that {V(n)}N_\} is (0,6, L, &,)-critical
(ii) For q,q, we have that |E,| = |&5].
(iii) We have that
(7.15) &y > e 257°
for each q.

We first observe that {€} is (09, do, Lo)-acceptable, since we assume criticality
and m This implies the following consequence of Theorem

Lemma 7.6. Given {V(n)}N-)' and a collection of (o, (5»7 L;)-acceptable intervals
{SJ g—0> then there exists a collection of intervals {5;+1}q:j$1 that is (011,041, Ljy1)-
acceptable



POSITIVITY OF LYAPUNOV EXPONENTS 23

Proof. All but condition (iii) of Definition are direct consequences of Theo-
rem [6.2] For (iii) observe that (6.7) implies that

|gé+1| Z e—O'J(Sj
for any gq. Now, observe that since 0 < 0; < % and M; > 100, we have that
1
Uj+15j+1 = 50]'(1 - QUj)Mj(;j S 250’j5j.
So the claim follows. O

It remains to compare the size of
Qj+1

Qj
& and | &t
q=0 q=0

For this, we will first need the following lemma.

Lemma 7.7. Assume (7.13)), then we have that

(7.16) 1030U+DU+2) < 035939
17 120 3
(7.17) 2% - (]Z) < 35939,
g

Proof. Since (j +1)(j + 2) < 507, these inequalities follow from

17,120 3
8 —do 2+7e N 8 —do
103 < e257% and . <) < e2® 90

o L
ByNzLandO<a§i,wehavethat
9174120 N 3
103<9d <2 = (L
ocon< T (2
so both of the above equations follow from (7.13). O

The next lemma, will allow us to compare the size of an interval 5,; to the size
of the intervals Eg“ contained in Eg .

Lemma 7.8. We have that

1 ; _ 845
(718) @ . U g]ngl >1—¢ 2 154.
q 6£+1g€g

Proof. By (6.11)), we have that

< , 2171003 N3 ,
en U &t< — 7 €
EZHQSZ J J

By construction, we have that holds, that is |11 < e~?% . Hence, we obtain
that

17,120 3
53\ U Engl < 2% . <]I\/]) . 103UHDE+2) | g—059;

o~ o '
grice]
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Since, we have that [£7] > ¢~ 25%93% | we obtain that

U &7|z1-

2176120 <N
| lJ| £g+1g5(91'

3
3(54+1)(j+2 25,6,
a L> .1030+DG+2) | o355

o
>1-— e_%o'j 6]"
where we used (7.16)) and (7.17). This finishes the proof. O

‘We now come to

Lemma 7.9. We have that

Qj+1 . Qj _ .
(7.19) U &t = [Ué&l|- 1 —e %)
=0 q=0
Proof. This is a consequence of the last lemma. O

Proof of Theorem[74. By the previous discussion, we can choose & such that

\5o|>H — e mTN)g].

Using ([7.6) and log(1l — ) > —2z, we find that

> )
8 —40=nj e 200
Eo| >exp | -2 e 2570e 7507 ] > oy 25—,
[Eof = exp ; =P\ T E 55 1n(50)

3 o —tal e
since » .7, e < @ O

8. PROOF OF THEOREM

We begin by observing that implies that, for L large enough {V'(n) ﬁfo_l
is (0,0, L, E)-critical, 6 = vK in the sense of Definition To see this, choose
k;j = jK, and £ as the complement of the set in . The rest follows. We now
use the mechanism of the last two sections to improve the estimate.

Lemma 8.1. {V(n)}.E will be (8,6, L, E)-critical, where £ C & satisfies

|€| 25
(8.1) €l > exp ( 1 5m(50) >

and by Lemma[7.3, we have that
(8.2) oL > e 8 wyK - L.

Proof. Since {V,,(n)}Nt;! is (6,0, Ly, £)-critical, we now wish to apply Theorem
to improve this estimate. In order to do this, we still have to ensure that ((7.11),(7.12))

(7.13) hold. (3.6|) implies (7.12). (7.13) is implied by (3.7). For (7.11)) observe that

it is satisfied if L is large enough. O

‘We now come to
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Lemma 8.2. We may choose the set & even so, that we have for every A C
[0, LK — 1], that for every E € £, we have

(8.3) dist(H, o (Hy)) > e~ %°.
Proof. This follows by an inspection of the argument of the last section. O

Now repeating the argument to obtain Green’s function estimates as done in
Lemma we obtain the estimates required by Lemma Hence, we obtain
that
1 \/i

1
—log ||[A(E,LK)| > e 8%¢ 99~y — ~=
= log [ A(B, LK) 2 o3y — 222

for E € £. This finishes the proof of Theorem using that e™® > 1—x for x > 1.

(8.4)

9. PROOF OF THEOREM 3.3
We first need the following observation.

Lemma 9.1. There exists w € 0, such that the following properties hold
(i) We have that

(9.1) L(E) > limsup — log | A (E, n)|
n

n—oo

for all E.
ii) There are sequences Ny, Ly — oo such that {V,(n N;_l is (VK,o0, L, E)-
n=0
critical and

(9.2) lim Y — k.

t—o0 t

Proof. We let Qcgs be the set from Theorem [5.3] This implies that property (i)
holds as long as w € Q¢g. Furthermore, we have that p(Qcg) = 1.
We let €, be the complement of the set in (3.11). By Lemma[d.1] we can find a

set Q) with w(Q) > 0, and for each w € Q sequences Ny, Ly — oo such that property
(ii) holds.

So we have that Qcg N Q is non-empty and by choosing w € Qcg N2, we are
done. |

We now fix w as in the last lemma, and abbreviate
(9.3) Vn) =V,(n).

The claim now follows by repeating the arguments of the last section of the proof
of Theorem Giving more details, we obtain a sequence of sets &, satisfying

€] > (1— e 5T ) g]

and for F € &, we have
L

Ny

as t — oo. Hence, we have that

log [|A(E, N,)|| > e3¢ 95y + o(1)

L(E) > e 87e a5y
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for

Eece=Jé&

s>1t>s

We have that

Lemma 9.2. The set € =5, U;>, & has measure
(9.4) € > (1 e 5],

Proof. Let €5 = {J,5, €. We have that €11 C € and |&] > (1 - e~ 307 €]
This implies the claim, since &, C £ with |£] < oo. O

This finishes the proof of Theorem |3.3

10. THE INITIAL CONDITION AT LARGE COUPLING: PROOF OF PROPOSITION [3.4]

In this section, we will discuss how our initial conditions can be verified for large
A. We let (2, 1) be a probability space and T : Q@ — Q an ergodic transformation
(measure preserving is enough for the purpose of this section). Given a function
f: 92— Rand A > 0, we introduce our potential by

(10.1) Vo(n) = A(T"w),

where w € Q. We will assume that f : 2 — R is non-degenerate in the sense of
Definition [2.2] That is, there are F,a > 0 such that for all E € R

(10.2) u{we: |f(z)—E|<e}) < Fe®.

Before coming to the proof of Proposition We first recall the Combes—Thomas
estimate (see [16])

Lemma 10.1. Let A C Z, V : A — R be a bounded sequence, and H : (*(A) —
(2(A) be defined by its action on u € (*(A) by

(10.3) Hu(n) =un+1)+u(n—1) 4+ V(n)u(n)

forn € A (where we set u(n) =0 forn ¢ A). Assume that dist(c(H),E) > §. Let
1 ) 1 4

(10.4) v = ilog(l + 1), K= alog(%).

Then for k,l € A, |k —1| > K, the estimate

(10.5) |G(E, k,1)] < %e*ﬂk*”

holds.

We start by observing the following lemma.

Lemma 10.2. Let f be a non-degenerate function, K > 1, B > 0. Then for
E e R, the set

(10.6) Ak p(E)={weQ: |f(T"w)—-E|>B,k=0,....,K —1}
has measure

(10.7) (A B(E)) >1— B*FK.
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Proof. By ((10.2)), the set
Ap(E)={weQ: |f(w)-E|< B}
has measure pu(Ap(F)) < B*F. Since

K-1
A=0Q\ ( U TkAB(E)>

k=0
the claim follows and T': {2 — ) being measure preserving. (|

This implies
Lemma 10.3. Let (Q,u, T, f) be as above. Let Ey € R and o > 0. Introduce

O.)\a/Q
10. K = .
(103) ™ =]
Then there is a set A of measure p(A) > 1— %o such that for w € A, we have that
(10.9) INf(TFw) — Eo| > VA,

fork=0,...,K(}\).
Proof. Letting B = —= in the last lemma, we obtain that the set Ax 5(}FE)

vV
has measure p(Ag g(E)) > 1 — ;:ffz We have pi(Ag p(E)) > 1— 10 as long as
/\Iff/{z < %0’. Hence the claim follows. O

We are now ready for

Proof of Proposition[3.4 By Lemma we obtain A C Q of measure pu(A) >
1-— %0’ and such that

1
dist(c‘:,a(Hw’m’M,l])) > \/X -3 > 5\/X

for w € A (Here we used A > 36). We choose M = 2K — 2. We may thus apply the
Combes—Thomas estimate (Lemma [10.1]) to obtain that

1 _
|Gr1n,26—2) (B, K, )| < 5€ M

for I € {1,2K — 1}. Hence, we see that [1,2K — 2] is (v, &)-good for Hp-1,, in the
sense of Definition [3.1} This finishes the proof. O

11. THE PASTUR-FIGOTIN FORMALISM AND PROOF OF PROPOSITION [3.6]

In this section, we will prove Proposition [3.6 For this we develop the Pastur—
Figotin formalism from [29] as it was improved by Chulaevsky and Spencer in [15]
and later in Bourgain and Schlag [13], and then use to it to prove large deviation
estimates for matrix elements of the Green’s function. We will denote by H the

operator defined in (3.21)

We will begin by introducing Priifer variables. Define p(n), ¢(n) for a solution
u of Hu = 2 cos(k)u by

p(n) sin(ip(n)) = sin(s)u(n — 1)
p(n)cos(p(n)) = u(n) — cos(k)u(n — 1).

This implies the following lemma, after a bit of computation.

(11.1)



28 H. KRUGER

Lemma 11.1. We let u be the solution of Hu = 2 cos(k)u, with initial conditions

(11.2) u(0) = zﬁég p(1), u(1) = cos(8) — Zi’jé:; sin(6)p(1).
We have that

1
11.3 min(|ju(n — 1), |lu(n)|) < —/————— n2,
(11.3) (fu( s lu(n)]) < 1_|COS(H)|,09( )
(11.4) max(fu(n — DI, [u(n)]) > £ po(n).

In the following, we will fix x € (0,7)\{7/2} and let py, wp denote the Priifer
variables with initial condition (11.2]). We will prove the following proposition in
the next section.

Proposition 11.2. Assume the following inequalities
344 - g9

11. N >
(11.5) ~ |sin(k) cos(k)| - min(1, 2| cos(k)? — sin(k)?2|)
) . oy |sin(k) cos(k)| - min(1, 2| cos(k)? — sin(k)?|)

11. <

(116) A< [sin(x)| min (7000’ 1032 - o
Introduce

0'2)\2
11. = ——.
(11.7) n 8sin(k)?

We have that

1 1
(11.9) oo (I oslon() =l = g}
2400 7
< ~ 7(;24)2 3¢~ 50000

We now begin deriving consequences of the last proposition.

Lemma 11.3. Assume (3.24)), (3.25), and (3.26]) then

(11.9)
esnk 1
p&2K {V: sup |det(Hy 1,m] — B)| £ ———=1}| < =
Me{2K-3,2K 2} 1 —|cos(k)] 8
1 1
(11.10) 2K ({V |det(HZ,[1,K71] — E)| > 262711(}) < =
(11.11)
1 1
VOB (Y sup |det(Hy (k41,0 — E)| > fe%”“K} < .
Me{2K—32K—2} - 2 48
hold.

Proof. Observe that (3.24) implies (11.5) with N = K/2. We need to make a few
observations. First, if we choose 6 depending on vy, we can still apply the above
estimates to V' such that V. = (vg,V’). Next, we may choose § = 6(vg) in such a
way that

u(n) = det(Hy 1) — F)
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for n > 1. We do this and obtain by (11.3)) that

1
sup(| det(Hy, (1 2k —3) — E)|, | det(Hy (1,2—2) — E)[) < = |COS(K)|)P9(2K*2)-

Hence, we apply (11.8) with N = 2K — 3 for (11.9). The claim now follows by a
sequence of computations. ((11.10) and (11.11]) are similar, but we need N = K —3.
So since, we assume K > 6, we have N > K /2, which is exactly our assumption. O

We need the following lemma

Lemma 11.4. Assume that the potential V (n) is bounded by C' > 0 and Hyy pr—1)
acts on (2([0, M — 1]), then for |E| < 2+ C we have that

) M(4+20)M/?
11.12 Hio.n = ) lus < '
(11.12) I(Hioan = B) " llns < a2 =)

Proof. By Cramer’s rule, we have that

2

Hion — B)lfis =
II( [0,M] )Its |det(H[o7M]_E)|2

Z | det(Hygj—1) — E)|* - | det(Hppg1,01) — BE)[?

0<j<k<M

By Hadamard’s inequality, we have |det(Hy, ,j — E)]* < [[/_, (2+ |V (i) — E]*) <
(4 + 2C)v~++1, Thus

M2(4+20)M

Higan — E) Y3 = :
”( [0,M] ) HHS |det(H[07M} — E)|2

This implies the claim. O
Now we are ready for

Proof of Proposition[5.6. By (11.9)), we can choose M € {2K — 3,2K — 2} and V.

in a set of measure 1 — ﬁ such that

1
\det(HZ’[LM] — E)| > 6%71.1{.

/1 —|cos(k)]

By Cramer’s rule, we have that

|det(Hy (k41,1 — E)
G E,1,K)| = TN
Gy, ( ) |det(Hy 1,0 — E)|

and

|det(Hy 1,x—1) — E)|
G E,M,K)| = T '
|Gy ( ) |det(Hy 1,0 — E)|

These imply the first two inequalities. The third follows from (11.12)). (I
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12. PROOF OF PROPOSITION [11.2)
Let ¢(n) and p(n) be as defined in ((11.1)). Introduce

(12.1) ¢(n) = e2ie(n) p = e%ir,
We have that (see [25], [26])

Lemma 12.1. The next equations hold

LA V(n) (u(n) — 1)°
12.2 n+1 . :
pln+1)* A V(n)
(12.3) S = T 2 snn) (C(n)p = ¢(n)p)
A2 (V(n) 2 —
WX (smm)) (e — 2+ Cm).

Here Z denotes the complex conjugate.
We start by verifying an inequality
Lemma 12.2. Assume the inequalities (11.5)) and -, then

oo 2 6A 1
. = < -
(12.4) . | <N+ . >_1

min(|1 — 4, |1 — p?[) | sin(r)]| 72

holds.
Proof. Observe that
1= 4l > [Em(p)| = |sin(2x)] = 2| sin(x)]| cos(x)|
11— 422 2 [m(2)] = | sin(4w)| = 4] sin(s)]|| cos(x)|| cos()? — sin(x)?]-
Now the claim is a quick computation. O

We are now ready for

Lemma 12.3. Assume (11.6) and (11.5)), then

N
(12.5) 13 ¢ < = |Z< 2N

172 o 172 09

hold.

Proof. First, implies that |((n + 1) — u¢(n)| < 3157, and since
((n+1)% = p?¢(n) = ((n+1)(((n +1) = p¢(n)) + p¢(n)(C(n + 1) — p¢(n),

also [C(n+1)2—p2¢(n)?| < 6. Hence from Y2V, ¢(n) = C()4+N7! Cnt),
we obtain

Zc 1)+ pC(N)| < 3N

| sin k|

This implies (12.5)) by the last lemma. [
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We will now suppose that for some 6 € [0, 7), we consider the solution to (12.2))
and (12.3)) satisfying the initial conditions

(12.6) C(0)=¢*? p(0)=1.

In order to highlight the dependence on 6, we will sometimes write (y(n) and pg(n).
Introduce the following terms

2

Mz

(12.7) Fi1(0,V,N) = 8Nsm
]nv:
(12.8) Fa(0. V. N) = 4Nsm Z n)p = Go(n)n)
(129) ]:3(9)KaN> 8NSIH QZV M+C€( ) )
(12.10) Fu(0,V,N) = 16Nsm TN sin(m)? Z Vin )% 4 (Co(n)p)?).

We furthermore introduce
(12.11) FO,V,N)=F(0,V,N)+ -+ F4(0,V,N).
We obtain the following lemma

Lemma 12.4. Assume (11.6). For any 6 € [0,7), we have that

(12.12) 108(ps(N)) — F(6,V, V)| < 72
Proof. Let
- 2 -
o) = g € = SE) + o (= 2+ o)
so |z(n)] < m 1 and by (12.3) ppn(I)lz) =1+ x(n). Since p(1) = 1, we have
that log(pn(0)) = anl log(1+ x(n)). Using that |log(14+ ) —x+ % \ %,

and |z(n)| < 1, we find

log(L+2) — 2+ 2| < Slaf?
and the claim follows, by expanding the terms and comparing them. ([
We next have that
Lemma 12.5. We have that
(12.13) NV R -l > ) <

2400 o4
N (02)*

Proof. One can compute that [ F;dv®" = Ss)i\i% and

A0y on _ 1 Moy
/(fl_ 8 ) dv ~ N 64sin(k)*

The claim then follows by Chebychev’s inequality. (]
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We will need the following result, which is Azuma’s Inequality (Theorem 7.2.1.
in Alon and Spencer [I).

Theorem 12.6. Let X1, Xo,...,Xxn : [-1,1]Y — R be functions satisfying the
following three conditions:

(i) X, only depends on Vy,...,V,.
(i) | X, < 1.
(iii) f[_l,l] Xn(Viyeo oy Vo1, Va)dv(Vy) =0 for any Vi, ..., Va1 € [—1,1].

Then

)| = AN} <e 2

m

(12.14) VNV e [-1, 1)V

e

We note that properties (i) - (iii) imply that X7,..., Xy form a martingale.

Lemma 12.7. We have that

1
(12.15) VNV e -1,V | Rl > @%}) e~ 057N |
Proof. In view of the definition of F», we introduce
A V(n)

(Co(n)p — Co(n)p),

" sin(k)

so that Fp = + 22;1 X,,. By (12.2), we have that (s(n)u—Co(n)u only depends on
V(1),...,V(n—1). Hence, we see that [ X,,dv(V,) =0, since [ zdv = 0. The other
conditions of Theorem [I2.6] are straightforward to check, and the result follows. [

Lemma 12.8. We have that

1
(12.16) vV e -LY s |F > o)) <e ~ st N
forj =34
Proof. Introduce
2 XL V)2
j A
’ 8N —~ (sm(n)) S(nn

so that F3 = F3 + 3. Now, decompose
Ao al
Py = —2 :
s 8N 8N sin(k)? Z Jo(n)u - 8N sin(k)? nz: ¢m)
We first observe that by (12.5), we have that
>‘2‘72H
8N sin(rk)? ZC

Introduce X,, = ’;—Z(Vf — 03)¢(n), such that

|f——z Xl < g

)\20'2 _ ’71
851n(f~€)2- 1727
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Next, we observe that X,, obeys the condition of Theorem[I2.6] and we can conclude

that
N

1
N;X” Z 172

This finishes the proof of the first statement. A similar estimate works for F,. O

e _1 L)2N

Y{ve LY ) <emli

By the last sequence of lemma, we have shown Proposition [11.2

13. A VARIANT OF THE MULTISCALE STEP

In this section, we will discuss a variant of the argument of Section [f] The main
idea is instead of eliminating energies E as done in Lemma we will assume a
Wegner type estimate. In particular, this means that the results of this section will
be very close in spirit to the ones used for random Schrodinger operators.

Theorem 13.1. Assume that {V(n)}) 2} is (6,0, L, &)-critical, M > 3 and (6.8)
(that is G% > 2). Furthermore assume that

16N(M +1
(13.1) #{0 <1< L: {V(n)} = is (ki ki + Lﬁ],g,?efﬂ) resonant}
o
o L
< —(1- .
Sl v

Then {V( )}n 01 18 also (5,&,i,5)-critica1, with the quantities defined as in The-
orem

The proof of this theorem parallels the proof of Theorem We define l;:j as in
, , whose properties stay the same. In particular L satisfies
<f<-t
M+1~ — M+1
by the same argument as was used to show (6.15)).

Instead of using Lemma to find the set £ of good indices for k;, we will
proceed differently. Denote by [ ¢ EO the set defined in , and the estimate
on its size still holds. We now let

(13.2) (1—20)

~ 1I6N(M +1
L1={0<1<L: {Vn)tis (ki ki + %]75,26_06) resonant },
o
with (13.1) now saying #Zl < %[N/ after a short computation. Hence, we introduce

£=LoUL,
which satisfies #£ < L. Now, we are ready for.

Proof of Theorem[13.1, One then sees that Lemma [6.7] still applies and the proof
is finished in a s1mllar fashlon as the one of Theorem m [

14. ADAPTATION OF THE MULTISCALE ARGUMENT

In this section oj,6;, L, M; denote the same constants as in Section We
introduce
(14.1) j = 3e 7%,

We have the following lemma. We note that the choice of intervals, comes from
(113.1).
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Lemma 14.1. Introduce the interval

(14.2) E=[E—2e77% F 4 2e¢7%]
Then we have that
(14.3) £ +2[—e77% 2¢79%] C [E — ¢;, E + ¢,

for 0 < j < jo=jo(J) and lim _ o jo(J) = co.
Proof. This follows from the fact that the sequence ¢;d; 2 109, (]

We need the following lemma, one a numerical constant arising in Theorem [13.1

Lemma 14.2. Let K; be the length required by Theorem for (0,05, L;,E),
then

. o 3 . N
(14.4) K <K (10<J+1><J+2>) , K=ot

0
Proof. First, observe that the K;’s is given by K; = 161\;(# By (7.8), we obtain
that
N < 2o 10U+ 2L N
L= Lo
By (74), we have that M; = 100+D0U+2) and since j < j2, the result follows. [
We furthermore collect the following lemma, which is similar to Lemma

Lemma 14.3. Assume (3.41). There exists w € Q, such that the following prop-
erties hold

(i) We have that

(14.5) L(E) > limsup — 10g||A (E,n)|

n—oo

for all E.

(i) There is No > 1 such that for N > Ny, we have that {V,(n)} =} is
(6,0, [& — 17,€)-critical

(ili) For j > 1, there is Nj > 1 such that for N > Nj, we have that

(14.6) #{0<1< % s AV ds (1K, 1Ky + K, {E},¢;) resonant}

_eN K
T Ko |log(ey)le

Proof. By total ergodicity, in particular Lemma [4.2] we may find a set Qy C © such

that 1
p() >1—-

S

and for any w € Qp, we have that {V(n)}1) = is (6,0, [X —1], €)-critical for N > N,
(some Np). Similarly, we may find by Lemma“for each j > 1 aset Q; such that

11
p&y) 21— 755
and (14.6) holds for N > Nj;. If we let
Qe = | 9.

Jj=0
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then we have that 1(Qs) > 3. We will now fix w € Qo N Qcs, where Qcg is as in
Theorem This finishes the proof. O

In particular, we see that, we may choose N/L = K(1+0(1)) in - We will
now study the right hand side of | -

Lemma 14.4. Assume (3.41), (3.43), and (3.44). Then (14.6) implies (13.1]) with
19).

0 =105, 0=0; and € as in (14.

Proof. The right hand side of (|13.1]) satisfies

L 1 ) ,
95 I > ge 496799 11030 +D(E+2)
1 M+ 2 oe” e 0

since 1 —20; > %, j+4 < —2(j +1)(j+4 ), (7-4), and (7.8).
By (7.6)), we have that o;6; > 06107°, and thus

(1—20y)

oo\’ . .
1 Ale > (2] 10rU+DG+2)
og(e = (5 ) 10
Combining this with (14.4]), we obtain the following estimate for the right hand
side of (|14.6)
oV, K etoe (260)°2
Ko~ [log(e;)” — (06)”
Now (3.44]) and (3.43]) imply the claim. O

Proposition 14.5. Assume (| and . Then, for every j > 1 and E, there
exists an Nog > 1, such that {V } s (§j,oj,Lj, [E —¢j, E + ¢j])-critical.

P 10~ =3P+ (+2)

Proof. By the last lemma, we can satisfy the conditions of Theorem [I3.]] for all
i < 7, hence the claim follows. O

Now, we are ready for.

Proof of Theorem[3.13 Applying the last proposition for sufficiently large j, we
see that we can satisfy , and by sufficiently large N, that we satisfy .
Furthermore is automatically satisfied by our choice of ;. Hence, we can
apply Theorem [7.4] to be in the same situation as discussed in Section[0] Applying
the method of that section, we can conclude that there exists a set & C & of full
measure, such that for every E € &, we have that

L(E) > e 8% 95y,

We then even obtain the lower bound for every E € £ by subharmonicity of L(E).
This finishes the proof. O

15. THE INTEGRATED DENSITY OF STATES

In this section, we quickly review some things about the integrated density of
states. Let (£2,) be a probability space, T : Q@ — Q an ergodic transformation,
and f : Q2 — R a bounded real valued function. We use the usual definition

(15.1) Vo(n) = f(T"w)
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for n € Z and H(w) for the associated Schrodinger operator. For A C Z, we let
Hj(w) be the restriction of H(w) to ¢2(A). For some length scale M > 1, we
introduce

(15.2) b () = 57 [ (P (Hio sy () (o).

We have the following lemma

Lemma 15.1. Assume
5 5 cMP

ky(E+ =) —ky(BF—=2) < ———

B3 =B 5) = Togeyp
then

1 CM>+P
15.3 : JAC[O,M —1]: dist(F,o(H, < - < -
(153)  plfw: INCOM=1: dist(Bo(Hon) < 52) < o
Proof. For fixed interval A C [0, M — 1], and w, we have dist(E,o(Hy ) < 3¢
implies that
(P o o) (Horn () = 1Py (Hra(@))) = 1.

For A = [a,b], we have H, A = Hp-ay [0p—a—1)- S0 we see by (15.2)) that with
n=#A

nf
p({w:  dist(E,o(Ha ) < %a}) < k(B + %a) — kn(E - %5) < |10(;(s)lf"

The claim follows by that there are less then M subintervals of [0, M — 1] with n
elements. ]

We furthermore remark the following lemma, whose prove is an exercise in ele-
mentary calculus.

Lemma 15.2. Let a, p > 0 and

—, (P\P
_ P
(15.4) Clap) = (£)",
then for 0 < e < %
C(a, p)
15.5 v — 1|
(15:5) Tog(e)]?

16. THE INTEGRATED DENSITY OF STATES FOR THE SKEW-SHIFT MODEL

In this section, we will prove Proposition It turns out more convenient to
prove the following theorem.

Theorem 16.1. Let e > 0 and N > 1 an integer. Then

1
7})‘N25.

Before proving this theorem, let us first derive Proposition

(161) k)\’N(E—I—E)—k)\’N(E) §7-max(1

Proof of Proposition|3.13 This follows by Lemma and O
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In order to prove Theorem [I6.1] we will need some preparations. For § > 0 and
N > 1, introduce the set Q(J, N) by

(16.2) QO,N)={weQ: (T"w)k €[f,1-4], 1<n<N}
We have the following bound on the size of Q(d, N).
Lemma 16.2. We have
(16.3) |Q2(6, N)| > 1 — 2No.
Proof. Let
Qb:{QEQ: wK¢[(5,1—6]}.
We have that || = 25. Observe that

N
Q6,N) =0\ | 77" .
n=1
The claim now follows by 7" being measure preserving. (]
We will need a bit of notation for w € 2, we will denote by w’ € TX~1 the first
K — 1 components of w, so
W = (Q/a wK)

We will show the following bound.

Lemma 16.3. Given p: R — [0,1] an increasing and differentiable function. The
following bound holds

o
(16.4) / o FPHN w18 —1))dw < N +1.
Q(2¢,N) VWK

Proof. We fix some w’ € TK~1. We will let w = (w’, 1), then % becomes %. We
have that the set
A={9: (W,09)eQ?2N)}

is some subset of [0, 1] consisting of at most N + 1 many intervals. So we may write
A = [0, ] U s, 93] U. .. [Fan, Fant1]s

For 0 < p < N, we have that for Hy . g 1,5 and H/\7(£,71§)7[1’N] differ by a rank

one perturbation for 9,9 € [¥ap, ¥op11]. It is thus a standard fact, that

0
/ 59 L PEHx @ 0),0,8) — 1))d0
[V2p,92p+1]

< tr(p(Hx (@ 02p40),01,8) — 1) = 2(p(H (@7 ,02,),00,8) — 1)) < 1
By summing up, and integrating over w’ € TX~! the claimed bound follows. O
Now, we come to

Proof of Theorem[16.1} Let p : R — R be a smooth function such that p(z) = 1
for x < 0 and p(x) = 0 for © > . We then observe that

tr(P(—oo,B4e) Haw,[1,8]) = t1(P(—00,5) H ) w,1,N])
< tr(p(Haw,1,8) — E =€) = tr(p(Hy w18 — E +¢))

1 [Fte o

- X /E—a Etr(p(H)\,g,[LN] — t))dt.
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Since these functions are analytic, we can replace inside the set 2(2e, N) the ¢
derivate by a wg derivate. Hence, we obtain that

k)\7M(E + 8) — k)\,M(E)

E+e
< max( / / r(p(Hy W —1))dtdw
Q(2e,N) —e aWK ( ( Aw,[1,N] ))

+]Q\Q(26, N)| - N

where we used the worst case estimate for w ¢ 2(2¢, N). The claim now follows by

(16.4).

O
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