Math 212: Answers to Assignment 2
Section 2.2

#1) To show that A = {(z,y)] —1 < x,y < 1} is open, we
need to show that for any point 2y = (xo, yo), we can find an € > 0
such that D.(25) C A. Let ¢ = min{l — |zo|,1 — |yo|}. For any
T = (z,y) € D.(25) we have

|70 — 7| <e= (z —20)* + (y—w)* <& = |z — ol [y —wo| <e
So,

|zo] < |zo — 2|+ |2] <1 —|xo] + 1= 2|20] <2 = |20 < 1

vol < lyo =yl + [yl <1—[yol +1=2yo| <2 = [yo| <1
So, D.(2p) C A= A is open. O

#5a) Since 23y is continuous, the limit is equal the the function
evaluated at (0, 1), so

lim 2%y =0%1=0
(z.y)—(0,1)

#6a) As in #5a above, we just need to calculate 1 = 1

#6b) This time,

doesn’t have a value at x = 0, but the limit on the top and the
bottom of the fraction both equal to 0. So we will use L’Hopital’s

rule: )
. sin“x . 2sinxzcosx
lim =lim— =20
z—0 x x—0 1

#6¢) Again, we need L’Hopital’s rule (twice):

. sin’z . 2sinxcosx . 2cos?z —2sin’x
lim =lim ——— = lim =
x—0 1’2 x—0 2:13 x—0 2




Section 2.3

#1a)
9.
Oz —Y
)
oy’ =°

#1b) Using #1a and the chain rule:

0
[
ox ye

#1c) We use the product rule for the first one:

a—f = coszcosy + x(—sinzcosy) = (cosx — xsinx) cosy
T

— [ =xcosz(—siny) = —xcoszsiny

dy

#3a) The product rule and chain rules are used here:

9]
—w =" 4 p(20)e” Y = (14 222) e Y

ox

—w = z(2y)e” Y = 2y Y

dy

#3d) We have to assume that y # 0. Using w = zy~!, we use
the power rule for the second:

g 1
8xw_y
0 x
—n = ——

dy y?



#7a)
filw,y) = and folz,y) =y

o (o)

#7b)

fl(:["7y) = re' + CoS Yy, f?(xvy) =T, fS(xvy) =T+ e’
0

—f1 =¢Y and 2f1 =zeY —siny
Ay

ox

0 0
a_IfQ =1 and a—yfg =0

0 0
—_— = — = y
or f3 1 and ay f3 e

eV xe¥ —siny
Df=1|1 0
1 e¥



Section 2.4

#3) This is a line in R® that passes through (—1,2,0) and
(1,3,1). To see this, note that this equation looks a lot like the
parametrized line equation that we discussed in Chapter 1.

#8)
4et 4et
()= [ 6(4t%) | = [ 24¢
—sint —sint
#9)



Section 2.5

#2a)
0

D

Both partials are continuous = f is differentiable.

szandgfzo
y

#2e)
0 0
— oY — Ty
. f=ye™ and y f=uwe

Both partials are continuous = f is differentiable.

#2g) 5 5
Y43 9o 4.3
o f=4x° and dy f 4y

Both partials are continuous = f is differentiable.

#4) Let’s first use the chain rule to figure out what we want to
verify. In order to see what we get for h,, we’ll define a function

_ (ulz,y)
g(m, y) = (U(x,y))
So now
hz,y) = flu(z,y),v(z,y)) = (f o g)(z,y)
By the chain rule,
(he hy) =Vh=V(fog)=VfeDg=(f. f) (Z uy)

= (fuum + fvvz fuuy + fvvy)

So we are trying to verify h, = f,u, + fov,.

<€—x—y)2 + (ea:y)Q e—23:—2y + eQ:vy
(efmfy)2 + (exy)2 - e—2x—2y _ o2xy

h(z,y) = f(u(z,y),v(v,y)) =

(672:2723; o ewa)Q(€72172y + eme) o (672m72y + €2my)£(672:p72y - eme)

h. — oz oz
z (6—21;—23/ _ 62a:y)2




(6—21:—231 _ esz)(_Qe—Qaz—Qy + 2y€2xy) _ (6—211—23/ + eQxy)(_ze—Qx—Zy _ 2y62my>

(672272?4 _ eme)Q

€—2z—2y+233y

T 4(1 o y) (672:p72y _ eZ:vy)2

Remembering the definition of u(z,y) and v(z,y), we can write this

as: 9 9
u-v

he = 4(1 — y)m

Now we will find the RHS (right hand side) of our chain rule identity:

fu= (u? — v2)?2
(u? —v*)(2u) — (u* + v?)(2u) 4 uv?
(u2 _ 1}2)2 o (u2 _ v2)2
()RR 4 ?) = (1 o)A (= )
f” o (UQ _ 02)2
(W= 0?)(20) — (U + ) (—2v) 4 u?v
- (u2 _ Uz)z - (u2 _ Uz)z
0
_ Y ey -y _
Uy 8x6 e U
0
= — % — G —
Uy ame ye yv
So,
uv? u?v
fuux + fvvx - _4(U2 02)2 (—U) + 4(U2 2)2 (yv)
u?v?
= 4(1 - y) (uz 02)2 = ha;

#17a) To get G(x,y(x)) as a composition, we will define h :
R — R? as

h(z) = (y@) = G(z,y(z)) =Goh



(Goh)(z)=0=V(Goh)=V(0)=0
So by the chain rule, we get

0=VGeDh(z)= (G, G, <y1)

G

:Gx+ny’:>y’:—G—,Gy7é0
y

#17b) We will use a similar strategy as in #17a, but we now
have to make some adjustments. G : R? — R? so we will use
h:R— R3:

o= (@) o= (vt

So,
0=G(z,y1(x),y2(x)) = (Goh)(z) = V(Goh)=0

By the chain rule, we get:

9 9 9 1 B ;9 )
—Gl —Gl —Gl _Gl +vy —G1 + vy —G1 0
DGeDh — Oz B} 0z ) / _ (81 /18 ?82 _
* (—5; G, D6, 26, f‘;; LG4y Gy la,) = o

- (1888~ (39)- G210 - (32
yla—ng + y2$G2 —$G2 8_yG2 + a_ZGQ Yo _%GQ

Using some linear algebra,

()-(1erie) (Cid)
Yy 8—yG2 + %G2 —5.G2
= 9
B%G1%G2 — g—zG1a%G2 _B_yG2 B_yGl —5:G2




o) G2
QGl&
: Oz QGQ
9 G]_%GQ aiGlay
9z z oo ]
QGlg ; Gla%G2
oy o
o) G? dy z G2
ﬁGla—y QGla_y
ox x G2 7
o] Gl& ;
" 0
0
0

0
Gy #
2 G =

g G2~ 0z 0y

Oy 1oz

for 3y

#17c)




Section 2.6
#3b) The directional derivative is

Vfocz

where d is a unit vector.

|d]] = V12 + (=12 +12=V3 #1

So let X
- d T?i
A= 2 | =L
T (_f)
V3
Vf—(e” z y)
1
L= (e B )
Viekole Zy)(f RCEREARG
V3
- e 1 1 e
#4b)

fly,2)=y* —a*> = Vf=(-2z 2y 0)

1
8

Vi(zg)e(@f—1z5)=0=—-2(x—1)+4(y—2)+0(z—8) =0
or —(z—1)4+2@y—2)=0
or —z+2y—3=0



#4c)
flz,y,2) =zyz=V[f= (yz Tz a:y)

1
f= (1] = V@) =(1.11)
1

Vf(zg)e(f—2p)=0=(x—-1)+@wy—-1)+(2—-1)=0
orx+y+z2—3=0

#19)Let us look at some even function that we know:
f(z) =cosz = Vf(0)=f'(0) =—sin0=0
flz) =a* = Vf(0) = f'(0) = 2(0) = 0

Let’s try a multivariable example:
f(x,y) =sinzsiny = Vf(0) = (cos0sin0 + sin 0 cos 0) = 0

So our guess would be that Vf(0) = 0.
This is one of the proofs listed on the website.



