MATH 212 Solutions to Homework #4 due Feb. 1 SPRING 2008

§2.5 Properties of the Derivative.
#5Verify the first special case of the chain rule for the composition f oc in each of the cases:

a. f(x,y) = zy, c(t) = (e, cost). In order to verify this, we just need to compute the
derivative of f o c in two ways. On the one hand, f o c(t) = e’ cost and we can easily
compute its derivative to be %(f oc) = el cost — el sint. On the other hand by the
chain rule we have

D(f o ¢) = Df(e(t)) De(t).
Where Df = [fz, fy] = ly,z], Df(c(t)) = [cost,e'] and Dc = [ —:itnt ] Therefore by
the chain rule,

et

—sint

D(f oc) = [cost, €] [ } = ¢! cost — €' sint.

This verifies the chain rule in this case. You could also recognize the chain rule in this

case as p p
x Y
D t)=fo— S
(Foot)=fo % 15, %Y

Then computing f, =y, f, = z, % = ¢! and % = —sint, you would end up with the

exact same answer.

c. flz,y) = (2% +y?)log /22 + 92, c(t) = (e!,e"). In this problem log = In, the natural
logarithm. Computing f o c we get (f oc)(t) = (e* + e %) 1logve2 + e~2t. Computing
the derivative we see

(262t — 26_2t)

/ _ 2t —2t — 2t —2t
(f (¢] C) (t) = (26 — 26 ) ].Og €2t +e 2t + (6 +e )m

= (2e* —2e ) log\/e2t + e2t 4 (e* — 72

= (¥ —e ) (2log Vet +e2t 4+ 1)
On the other hand, by the chain rule,
D(foc)(t) = Df(c(t))De(t)
= [Qxlog\/m—l-xﬂylog \/ery} [ —it*t ]
2e! log v/ 2 + =2 + el)el — (2etlog Vet + e2t 4 e t)e!

(
= (2 —e7?)(21og \/m +1)

#8. Let f: IR® — IR be differentiable. Using spherical coordinates, compute fo, fo and fg in
terms of f;, f, and f..

flx,y,z) = f(pcosBsin ¢, psinfsin ¢, pcos ¢).
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This is the same as taking the composition of the two function f o ¢, where ¢(p,0,¢) =

(pcosB@sin ¢, psinfsin ¢, pcos ¢). The chain rule tell us:
D(foc)=Df(c) Dc
Here Df = [fzyfyvfz] and

cosfsing —psinfsing pcosfcoso
Dc=| sinfsin¢g pcosfsing psinfcoso
cos ¢ 0 —psing

Therefore, D(f o c) = [f,, fs, fs] is gotten by

fo = fucos@sing+ f,sinfsing + f,cos¢
fo = —fupsinfsing + f,pcosfsing
fo = fepcosBcosd+ fypsinfcosp — f.psing

#13. The position of the duck at time ¢ is p(t) = (cost,sint). The temperature of the water

2 3

is T'(z,y) = z°e¥ — xy°.

a. Find CfT:tF using the chain rule. By the chain rule,

dr dx dy
— = T,—=+T,—=
dt dt Ty dt

= (2ze¥ —y®)(—sint) + (z%e¥ — 3xy?)(cost)

= (2coste®™! —sindt)(—sint) + (cos® te"! — 3costsin®t)(cost).

b. Find % by expressing 1" in terms of ¢ and differentiating.

T(t) = cos? tes™ — costsin®t.

T'(t) = —2costsinte®™! + cos® te*™! 4 sint t — 3 cos® t sin® ¢

You should check that these two answers are the same.



