1 Homework #10

1. Consider the functional with Lagrangian

(a)

F(z,u,p) = Va2 +u?y/1+p%
Find the Hamiltonian and the associated Hamiltonian system.
Solution Find that 7 = 2£ = pi“xz“f, so that (after simplifying),

» V1+p

the Hamiltonian is
H(z,u,7m) =7p— F(x,u,7) = —\/m.

The Hamiltonian system is

du_OH =

dr O Vit u—n2
gr __OH = 4
dmi 8’11,7 q;2—|—'u,2—7r2'

Show that u? — 72 is a conserved quantity.
Solution Using the chain rule,

d
. (u2 — 71'2) = QU—x — 2 —.

From part (a), this derivative is zero, so u? — 72 is indeed conserved.

Find a solution to the Hamilton-Jacobi equation with the form
1
S(x,u) = 3 (Az? + 2Bzu + Cu?).

Solution Using S, = Ax + Bu and S, = Bx + Cu, the Hamilton-
Jacobi equation becomes

():Sz—kH(m,u,Su):Ax—i—Bu—\/x2+u2—(Bac—|—Cu)2.

Solve this to find that A = —C and B = /1 — A2. A general solution
of the given form is then

1
S(x,u) = 3 (Ax2 + V11— A%zu — Au2> .
Show that the solutions are given implicitly in the form

(2 —u?) cosa + 2uzsina = C,

where o and C' are constants.

Solution The extremals will satisfy S4 = % (wz —u? - \/%ux)
constant. With A = sine, find that 2?2 — u? — 22 is constant, so

multiplying this by the constant cos « finishes the problem.



2. Consider a particle with mass m in R3 moving under the influence of the
potential V. Of course, the Lagrangian is
m

2 (p2 + q2 +T2) - V(x,y,z)

L(z,y,z,p,q,7) =

(a) Write the Lagrangian in polar coordinates r, 6, and ¢, defined by
x =rsingcosf, y =rsin¢sinf, and z = r cos ¢.
Solution By calculations similar to Homework 3 Exercise 3, find
that
PP+ =i+ 2 + 2% =72 4 242 + r2sin? ¢ 62.
The new Lagrangian is then
m

5 (#2412 +r% sin? ¢ 2)—V (rsin ¢ cos 0, 7 sin ¢ sin 0, 7 cos ¢).

L<T7 97 (baf)é, ¢) =

(b) What is the corresponding Hamiltonian?

Solution Find that
L L . L .
_9 =mr, aza—.zmr2¢, andpz%:mﬁsinz(bﬂ.

=25 = 9%

™

By definition, the Hamiltonian is
H(r.0,¢,mp,0) =i+ 06+ pf — L(r,0, 6,7, p,0),

which with the above, simplifies to

2 2

1
H(T79,¢77T,p,0'):2’rn(71'2+0—+ L

2 TQSinQ(é)+V(TSiH¢COS€,TSiH¢Sin9,TCOS¢).

(¢) Assuming that V = —f, reduce the solution of the Hamilton-Jacobi
equation to the evaluation of integrals.

Solution The new Hamilton-Jacobi equation is

St + H(r507¢757"78975¢) = O

1 2 S3
St+<SQ+S"+¢>—f:o.

2m \ " r2sin?¢ 0 12
Assume a separable solution

S(t,r,0,9) = f(t) +g(r,0,9).
There must exist a constant « such that

f'(t) = —a, and



1 dg 2 1 dg S| dg 2 k
m((m) + s (90) W(&b))‘r‘“' .

It is clear that f(t) = —at.
Assume a separable solution

9(r,0,¢) = h(r) + w(b, $).
Multiply Equation (1) by r? to find that

1 1
—ar? + o (7‘2h'(7’)2 + ﬁwg + wi) —kr=0.

With some more simplifying, there must exist a constant 3 such that

%(h’(r)2 —a)r? —kr = —f, and (2)
1 1

Assume a separable solution
w(t, ¢) = u(0) +v(¢).
Then from Equation (3),
1

%(u’(e)Q + sin? v’ (¢)?) — Bsin® ¢ = 0.

There exists a constant v such that

%u’(@)z = —v and (4)
sin o (5= (0~ ) = )

Now to gather up the integrals.
From Equation (2),

h(r) :/\/%(kr—ﬁ) + adr.

From Equation (4),
u(f) = \/—2m~b.

From Equation (5),

0(6) = /\/2m <sir72¢ +ﬁ> 9.

With these three integrals, the solution to the Hamilton-Jacobi equa-
tion is S(t,r,0,¢) = —at + h(r) + u(f) + v(9).




3. Calculate the second variation of the functional

b
Ry ————

under the following assumptions.

(a) F(z,u,p) does not depend on wu.
Solution By definition,

b
82 F (u, ¢) = / (Fuud® + 2Fup¢d’ + Fpp'?) da.

With no u dependence,

b

62 F(u, @) = / F,p¢’ da.

a

(b) F(z,u,p) does not depend on p.
Solution With no p dependence,

b
FF(w.0) = [ Fudda.

4. Suppose F(z,u,p) = A(z)u + B(x)p, where A and B are functions de-
pending only on z. Compute the first and second variations.

Solution The first variation is

b
5F(u, 9) = / (Fud + Fo) de.

It is clear that
b

5 F(u, 6) = / (A(z)é + B(x)') dz,

a

and

62 F (u, ¢) = 0.

5. Suppose that F(x,u,p) = A(z) + B(z)u? + 2C(x)up + D(x)p*. Compute
the first and second variations.

Solution Find that

F, =2B(z)u+ 2C(x)p
F, =2C(x)u+2D(x)p
F,. =2B(x)
F,, =2C(2)
Fpp = 2D(x)



Then
b
OF (u, ) = / (2B(z)u+ 2C(z)p)¢) + 2C(z)u + 2D(z)p)¢’) dz,

and

b
5 F (u, ) = 2 / (B(@)¢ +20(x)¢ + D(x)$"”) do.



