1 Homework #3

1. Suppose F(x,u,p) = u*p?, and F(u) = f; F(z,u(z),u (z))dz

(a) Show all extremals are parabolas.
The Euler equation for this functional is

d
2up? — %(2u2p) =0
2up? — (4up® + 2u*p’) =0
u(u')? + v’ =0
u ((u’)2 + uu") =0

—u=0or (u)?+uu" =0
Notice that (uQ)/ = 2uu/ and (uQ)H
either u = 0 or

= 2(u/)? + 2uu”. Therefore,

(uQ)N =0= u(z)*=Ciz+Cy
(b) With ug(a) = 1,ug(b) =0
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For the linear function, u = z—:lg
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Find all extremals of the form u(z,y) = f(z) + g(y).

The Euler equation for this functional is
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Au= () — 5 () =
A, =0,
o f'(x) A, — 9'W)
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0 g"W) [1+ (=) +9'®)? -9 )" )

g = 0t 7@)? 1 g2

Plugging these expressions into the Euler equation, we get

(@) [T+ (2 + g @] =1 @) (@)+g" () 1+ f'(=)* + 9" (»)*] 4 ()

f')  _ 9"W)
1 +f’(3?)2 1 +g/(y)2
Because the left side of this equation only depends on x and the right only

on y, they must both be equal to some constant, C'. Now, we can solve
for f and g.

F'+g%) 49"+ %) = 0=

f”(l‘) _
L+ fr(x)? ¢

HC=0f'(2)=0= f(z) =Cixa+ Co. f C #£0, let u=f’,
u' = C(14 u?)
This is a separable equation solved by

du
/m—/m

arctan(u) = Cz + C4
u=tan(Cz + C1)

Now, since u = f/,

[ =tan(Cx + C1)

1
f= ol In(cos(Cz + C4)) + Cs

Similarly,

g(y) = C3y +Cy

or

1
9=-7 In(cos(—Cy + C3)) + Cy



dx = v'(y)dy. Plugging this into the functional,

b
f(u):/ F(u(z), (z))dz
u(b)

1
= F(y, o' dy
/u(a) v'(y)

= / H(y,v,v")dy

where u(a) = a’,u(b) = b and H(y,v,q) = q¢F(y,1/q).
(b) H, = 0. Therefore the Euler equation for this functional is

_a
dy

Thus, H, = C, for some constant.

H,=0

Hy = F(y,1/q) + aFy(y,1/9)(=1/4°)
= F(u,p) = pFp(y,1/q)
Thus, pF, — F = C.
4. z = f(u,v),y = g(u,v),z = h(u,v)
(a) ds? = da? + dy* + dz°.

dr = fudu + fodv = da* = f2du® + 2f, fodudv + f>dv?
dy = gudu + g,dv = dy2 = gidu2 ~+ 2gugvdudv + g?,va
dz = hydu + hydv = dz* = h2du® + 2h,h,dudv + h2dv?

Thus,



ds® = (f2+g2+h2)du+2(fu fot Gugo+huhy)dudv+(f2+g2+h2)dv?

= Edu® + 2Fdudv + Fdv?

(b)

fo = —Rsinfsin ¢, f4 = Rcosfcos ¢ (20)
go = Rcosfsin¢, g, = Rsinf cos ¢ (21)
he =0, fy = —Rsing (22)
E = R*sin ¢? (23)
F=0 (24)
G = R? (25)

(26)

Therefore, ds? = R?(d¢? + sin ¢2d6?).
(c)
ds* = R?sin? p(w')?d¢? + R*dp* = R*(1 + (w')? sin? ¢)d¢p?
ds = R\/1+ (w')? sin? ¢pd¢g
b
Flu) = / ds = / R\/1+ (w')2sin® pd¢
o a

(d) Presented in class



