EXERCISES
Chapter 4

Section 4.1
1. If y,(¢t) = e¥, then

W=y =6y = (") = (") = 6(e™)
— 9€3t _ 3e3t _ 6e3[
=0.
If y>(t) = e, then

yé/ _ yé _ 6y2 — (6—21)// _ (6—21)/ _ 6(6—21)
— 4€72t + 28721‘ _ 68721‘
=0.
Finally, if y(t) = Cie® + Cye™%, then
y' =y =6y
— (C]@BI 4 Cze—Zt)// _ (CIESZ 4 Czefzt)/ _ 6(C1€3t 4 Cze—Zt)

= 9C1€3l + 4C2€_2t — 3C1€31 + 2C2€_2t — 6C1€3l — 6C2e_2’
=0.

If y;(t) = €' cost, then

yi(t) = €' (—sint) + €' cost
=e'(cost — sint),
y{ () = €' (—sint — cost) + €' (cost — sint)
= —2¢'sint,
and
¥ =2y + 2y
= —2¢'sint — 2e’(cost — sint) + 2e’ cost
=0.
If y,(r) = €' sint, then

y5(t) = €' cost + e’ sint
=e'(cost +sint),
y5(t) = e'(—sint + cost) + €' (cost + sint)
= 2¢' cost,
and
¥y = 2y; + 2y

=2e' cost —2e'(cost + sint) + 2¢' sint
=0.



Finally, if y(t) = Cye' cost + Cae' sint, or if y(¢r) = €' (Cycost + C; sint),
then

y'(t) = e'(—Cysint + Cycost) + €' (Cycost + Cysint)
=¢e'((C; + Cy)cost + (—=C; + Cy) sint),
y'(1) = €' ((C1 4 Cy)(—sint) 4+ (—C 4 C2) cos 1)
+ €' ((C; +Cy)cost + (—C; + Cy)sint)
=2e'(Cycost — Cysint),

and )
y' =2y 42y

=2e'(Cycost — C,sint)
—2e'((C; + Cy)cost + (—Cy + Cy) sint)
+2€'(Cicost + Cysint)
=0.

We leave it to our readers to first check that y; (1) = e™" and y,(r) = &% are
solutions of y” — y’ — 2y = 0. Next note that

@ e

n@ e
where ¢ is some constant. Therefore y;(¢) is not a constant multiple of y,(#)
and the solutions are linearly independent. Further,
yi(t)  ya2(1)
¥ yy()
which is never equal to zero. Therefore, the solutions y; (¢) and y,(¢) are linearly
independent and form a fundamental set of solutions.

— e—3r ;é c,

€7t ezt

—et 2%

W) = - =3¢,

We leave it to our readers to first check that y;(f) = e~ cos 3¢ and y,(7) =

e~ sin 3¢ are solutions of y” + 4y’ 4+ 13y = 0. Next note that

@) e~ cos 3¢

ya(t)  e~2'sin3¢

= cot 3t # ¢,

where c is some constant. Therefore y;(¢) is not a constant multiple of y,(¢)
and the solutions are linearly independent. Further,

i) oy
W(”“y;m (1)

e~ % cos 3t e~ % sin 3¢
e ¥ (=3sin3t —2cos3t) e ¥ (3cos3t — 2sin3t)

= e (3 cos? 3t — 2 cos 3 sin 31) — e ¥ (=3 sin® 3t — 2 cos 3¢ sin 3¢)
= —3¢7¥,

which is never equal to zero. Therefore, the solutions y; (¢) and y,(¢) are linearly
independent and form a fundamental set of solutions.




10.
11.

12.

If y;(t) =t and y,(¢) = t|t|, then
n 12 _{—1, t <0,
vty et |1, >0

Thus, y;(¢) is not a constant multiple of y,(¢) on (—oo, +00). However, the
Wronskian

i@ @)
W(”“yim V()

RSl
T2t 2t
=212t — 2%t
=0.

Thus, the Wronskian is identically zero on (—o0, +00), seemingly contradict-
ing Proposition 1.26, that is, until one realizes that the hypothesis that requires
that y; and y, are solutions of the differential equation y” + p(#)y'+¢q(#)y =0
is unsatisfied.

If yi1(t) = cos4t, then

y{ 4+ 16y; = —16cos4r + 16cos4t = 0,
and if y,(t) = sin4¢, then

¥y + 16y, = —16sin4t + 16sin4t = 0.

Furthermore,
yi(t) . cos 4t _

ya(t)  sindr

cot 4t,

which is nonconstant. Thus, y; is not a constant multiple of y, and the solutions
v1(t) = cos4t and y,(t) = sin4t form a fundamental set of solutions. Thus,
the general solution of y” + 16y = 0 is

y(t) = Cycosdt + C, sin4t,
and its derivative is
y'(t) = —4C; sin4t + 4C, cos 4t.
The initial conditions, y(0) = 2 and y’(0) = —1 lead to the equations

2 =C
—1=4C,
and the constants C; = 2 and C, = —1/4. Thus, the solution of the initial

value problem is

1
y(t) = 2cos4dt — 1 sin 4z.



13.

14.

15.

If y;(t) = e, then
V) 4 8y + 16y, = 16~ + 8(—4e™) 4 16~ = 0.
Thus, y; is a solution. If y,(¢) = te™*, then
yy(t) = e (1 —4t), and
Vi (1) = e ¥ (=8 + 161).
Thus,
vy + 8y + 16y,
= e H(=8+ 161) + 8¢ ¥ (1 — 4t) + 161e™
=0.
Thus, y, is a solution. Because

ne et 1

yo(t)  te# 7

is nonconstant, y; and y, are independent and form a fundamental set of solu-
tions. Thus, the general solution is

y(t) = Cie™ + Cote™.

Substituting the initial condition y(0) = 2 provides C; = 2. After a bit of
work, the derivative of the general solution is

Y1) = e ((C2 = 4Cy) — 4Ca).
Substituting the initial condition y’(0) = —1 gives
—1=C, —4Cy,

and the fact that C; = 2 provides us with

—-1=C,—-8

C,=1.
Thus, the solution is

y(t) =2e 4 +Tte .
(a)
(b)
If yi(¢) =t, then
2y =2ty 4+ 2y, = 1*(0) — 2(1) + 2t = 0.

Thus, y;(t) = ¢t is a solution. Let y,(¢) = v(t)y;(¢t) = tv(z), where v is to be
determined. Then,

=1

vy =10 +v

yy =t + 20,



16.

17.

Substituting these into the differential equation,
0= %] — 213y + 22
=12 (tv" 4+ 2v') — 21 (tv' + v) + 2tv
— Z‘SU//.
Because #* is not identically equal to zero, v” = 0 and
U, = kl
v =kt + k.

Choose k; = 1 and k, = 0, which gives v(¢) = ¢ and y,(t) = v(t)y,(¢) =
tt = t*. Checking, we see that

12y — 2ty + 2y, = 12(2) — 2t (21) +2(%) = 0,
making y,(t) = ¢ a solution. Note that
y@ ot 1
t

»)
is nonconstant, so y; and y, are independent and form a fundamental set of
solutions. Thus, the general solution is

y(t) = Ct + Cot>.

If y;(t) = ¢, then
2y = 3ty; + 3y, = 12(0) — 3t(1) + 3t =0,
making y;(f) = t a solution. Let y,(#) = v(¢)y;(r) = tv(¢), with v to be
determined. Thus,
Y2=1v
yy=tv+v
vy =20 41",
Substituting these into the differential equation,
0=12yy =31y, + 3y
=12V + 1v") = 3t(tv' + v) + 3tv
=1’ (v — ).
Because ¢ is not identically zero,

' —v =0

v 1
vt
Inv =Int
V=t



ThuS,
2( yl 2 2 ’

Readers should check that this is a solution of the differential equation. Further,
ne 2

wnn A8 2
is nonconstant, so y; and y, are independent and form a fundamental set of
solutions. Thus, the general solution is

y(t) = Cit + Cat?,

where we have absorbed the 1/2 into the arbitrary constant Cy.

18.
Section 4.2
1. First, solve the differential equation y” +2y’ —3y = 0 for the highest derivative
of y present in the equation.
y'=-2y"+3y
Next, set v = y’. Then
v =y" = -2y +3y =—-2v+3y.
Thus, we now have the following system of first order equations.
y =v
vV = —2v+3y
2.
3. First, solve the differential equation y” + 3y’ 4+ 4y = 2 cos 2t for the highest
derivative of y present in the equation.
y' = =3y — 4y + 2cos 2t
Next, set v = y’. Then
vV =y" = -3y —4y +2cos2t = —3v — 4y + 2 cos 2t.
Thus, we now have the following system of first order equations.
y=v
v/ = —3v —4y + 2cos 2t
4.
5.  First, solve the differential equation y” 4 w(¢> — 1)y’ 4+ y = 0 for the highest

derivative of y present in the equation.

Y =—u@* =1y —y
Next, set v = y’. Then

/ /)

vV =y'=—pu@® - Dy —y=—p@* - Dv—y.



Thus, we now have the following system of first order equations.
y'=v
v =

—u(* = o —y

First, solve the differential equation LQ” + RQ’' + (1/C)Q = E(t) for the
highest derivative of Q present in the equation.

, R 1 lEt
Q'=—70' - -0+ ED

Next, set I = Q’. Then

r=0=- o Loilem=-2r-Los+lEw
ST L LC L L LC L7
Thus, we now have the following system of first order equations.

Q=1

I = RI 1Q+1E(t)
L LC L

Our solver requires that we first change the second order equation my” + uy’ +
ky = 0 into a system of two first order equations. If we let y’ = v, then

r_ 0 ", k _ w k
V=Y ===y ——y=——V— —Y,
m m m m

, % k
V=——0v——Yy
m m

Now, if u = 0kg/s, k = 4kg/sz, y(0) = —2m, and y'(0) = —2 m/s, then

and
y(0) = -2
v(0) = y'(0) = -2.

Entering this system in our solver, we generate plots of position versus time
and velocity versus time.
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Our solver also generates a combined plot of both position and velocity
versus time, and a plot of velocity versus position in the phase plane.
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10.
Our solver requires that we first change the second order equation my” + uwy’ +

11.
ky = 0 into a system of two first order equations. If we let y’ = v, then
% k uw k
V=y'=——y ——y=——v——y,
m m m m
which leads to the following system of first order equations.
y=v
, % k
V=——v——y
m m
Now, if m = 1 kg, u = 2kg/s, k = lkg/sz, y(0) = —3m, and y'(0) = —2m/s,
then
/=U
vV =—-2v-—y,
and
y(0) =-3

v(0) = y'(0) = —2.



-

Entering this system in our solver, we generate plots of position versus time

and velocity versus time.
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Our solver also generates a combined plot of both position and velocity
versus time, and a plot of velocity versus position in the phase plane.
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12.
13.  Our solver requires that we first change the second order equation my” + puy’ +
ky = 0 into a system of two first order equations. If we let y’" = v, then
b mo, k no ok
V=Y ===y ——y=——V——),
m m m m

which leads to the following system of first order equations.
y=v
p_mok
V=——v——y
m m

Now, if m = 1kg, u = 0.5kg/s, k = 4kg/sz, y(0) = 2m, and y’'(0) = O m/s,

then
v

y =
v = —0.5v — 4y,

_



yand v

-

and
y(0) =2

v(0) = y'(0) = 0.
Entering this system in our solver, we generate plots of position versus time

and velocity versus time.

Our solver also generates a combined plot of both position and velocity
versus time, and a plot of velocity versus position in the phase plane.
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14.
15.  Our solver requires that we first change the second order equation my” + uy’ +
ky = 0 into a system of two first order equations. If we let y’ = v, then
/ " l’L/ k I'L k
V=y =——y ——y=——V— —y,
m m m m

which leads to the following system of first order equations.

y=uv



-

Now, if m = 1kg, u = 2kg/s, k = lkg/sz, y(0) = 1m, and y'(0) = —5m/s,

then
y=v
vV =-3v-—1y,
and
y(0) = -1

v(0) = y'(0) = =5.
Entering this system in our solver, we generate plots of position versus time

and velocity versus time.
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Our solver also generates a combined plot of both position and velocity
versus time, and a plot of velocity versus position in the phase plane.
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16.
17. (a) InFigure 3, the peaks of the curve t — y(t) occur where y) = v = 0, and

these are the points where the curve t — v(¢) crosses the ¢-axis.

In Figure 3, the peaks of the curve ¢+ — v(¢) occur slightly before the curve
t — y(t) crosses the r-axis. This is because the velocity has maximum
magnitude where v' = a = y” = 0. Since the damping constant u > 0,
at these points the differential equation my” + pwy’' + ky = 0 gives y =
—uv/k. Thus y # 0 and has a sign opposite to that of v.

(b)

_



18. (a)
(b)
(©)

19. Aplotof t — (y(¢), v(t), t) for the system in Exercise 9.

20

20.
21. Aplotof t — (y(t), v(¢), t) for the system in Exercise 15.

20

~ 10

22,

23. Oursolverrequires that we first change the second order equation LQ”+RQ’+
(1/C)Q = 2 cos 2t into a system of two first order equations. If welet Q' = 1,

then
I'=0"= —EQ/ — LQ +2cos2t = —51 — LQ + 2 cos 2t,
L LC L LC

which leads to the following system of first order equations.

o' =1

I = —51 — LQ + 2cos 2t

L LC
Now,if L=1H,R=0%,C =1F, Q(0) = -3C, and 1(0) = —2A, then
o =1

I' = —Q +2cos2t,



-

and

0(0) = -3

1(0) = -2.
Entering this system in our solver, we generate plots of charge versus time and
current versus time.
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Our solver also generates a combined plot of both charge and current versus
time, and a plot of current versus charge in the phase plane.
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24.

25.  Oursolverrequires that we first change the second order equation LQ”+R Q'+
(1/C)Q = 2 cos 2t into a system of two first order equations. If welet Q' =1,

then
I'=0"= —EQ’ — LQ +2cos2t = —El — LQ + 2 cos2t,
L LC L LC
which leads to the following system of first order equations.
0 =1
I = —51 — LQ + 2cos 2t
L LC



QandI

-

Now,if L=1H,R=5Q,C=1F, Q(0) =1C, and 1(0) = 2A, then
o' =1
I' = —51 — Q +2cos2t,

and

00)=1

1(0) =2.
Entering this system in our solver, we generate plots of charge versus time and
current versus time.
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Our solver also generates a combined plot of both charge and current versus
time, and a plot of current versus charge in the phase plane.
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26.

27. Oursolverrequires that we first change the second order equation LQ”+R Q'+
(1/C)Q = 2 cos 2t into a system of two first order equations. If welet Q' = 1,
then

I'=0"= RQ/ ! Q +2cos2t = RI : Q +2cos2t
ST L LC L LC ’

_



QandI

which leads to the following system of first order equations.

o' =1
I’——RI— 1 0O +2cos2t
L LC
Now,if L=1H,R=05%2,C =1F, Q(0) =1C, and 7(0) = 2A, then
o' =1
I'=—-0.51 — Q +2cos2t,
and
00)=1
1(0) =2.

Entering this system in our solver, we generate plots of charge versus time and
current versus time.
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Our solver also generates a combined plot of both charge and current versus
time, and a plot of current versus charge in the phase plane.
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28.

29. Aplotof t — (Q(t), I(¢),t) for the circuit of Exercise 23.
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30.
31. Aplotoft — (Q(t), I(t), t) for the circuit of Exercise 27.
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32.
Section 4.3

1. Lety=e¢einy” —y —2y =0to obtain
M — et —2eM =0
MO —1—=2)=0.

Because ¢’ # 0, we arrive at the characteristic equation

A—1—-2=0
A=2)(A+1) =0,
and roots A = 2 and A = —1. Because the roots are distinct, the solutions

yi(t) = e* and y,(t) = e’ form a fundamental set of solutions and the

general solution is
y(t) = Cre* + Cre™.

2.
3. Lety=¢"iny” +y — 12y = 0 to obtain
A2 4+ aet — 1267 =0
M2 4+1—12)=0.



Because e*' # 0, we arrive at the characteristic equation
AMHa—12=0
*+HMR-3)=0,

and roots A = —4 and A = 3. Because the roots are distinct, the solutions
yi(t) = e and y»(t) = e¥ form a fundamental set of solutions and the
general solution is

y(t) = Cre ™ + Cre™.

Let y = €™ in 6y” + y' — y = 0 to obtain
6)\.28)Lt +)\.€)~t _ e}»t — 0
MO6AE+A1—1)=0.

Because e’ # 0, we arrive at the characteristic equation

61> +1—1=0
BGr-DE2r+1) =0,
and roots A = 1/3 and A = —1/2. Because the roots are distinct, the solutions

yi(t) = e/ and y,(t) = e~/?" form a fundamental set of solutions and the
general solution is

y(t) = Cie'? + Cre™/2.

If y” 4+ y = 0, then the characteristic equation is
AP +1=0.
The roots of the characteristic equation are +i, leading to the complex solutions
2(t) = €'’ and Z(t) = e,
However, by Euler’s identity,
z(t) = cost +isint,

and the real and imaginary parts of z lead to a fundamental set of real solutions,
y1(t) = cost and y,(t) = sint. Hence, the general solution is

y(t) = Cjcost + Cysint.

If y” + 4y’ + 5y = 0, then the characteristic equation is
A +4r+5=0.
The roots of the characteristic equation are

_ —4+/16-20

=—-2+2i,
2

Z



10.

11.

12.

13.

14.

15.

16.

leading to the complex solutions
Z(t) — e(—2+2i)t and Z(t) — e(—2—2i)t'
However, by Euler’s identity,
2(t) = e X' = ¢ ¥ (cos 2t + i sin 21),

and the real and imaginary parts of z lead to a fundamental set of real solutions,
y1(t) = e * cos 2t and y,(¢) = e~ sin2¢. Hence, the general solution is

y(t) = Cre % cos 2t + Cre ™ sin 2t = ¢ (C; cos 2t + C, sin 21).

If y” 4+ 2y = 0, then the characteristic equation is
A +2=0.

The roots of the characteristic equation are ++/2i, leading to the complex
solutions
) =e"?  and  Z(r) = e VI

However, by Euler’s identity,
z(t) = cos V2t + i sin «/Et,

and the real and imaginary parts of z lead to a fundamental set of real solutions,
y1(t) = cos V2t and y2(t) = sin V/2t. Hence, the general solution is

y(t) = Cj cos V2t + C, sin V2t

If y/ — 4y’ + 4y = 0, then the characteristic equation is
M —dr4+4=0-27=0.

Hence, the characteristic equation has a single, double root, A = 2. Therefore,
y1(t) = €2 and y,(¢) = te* form a fundamental set of real solutions. Hence,
the general solution is

y(1) = Ci1e® + Cote® = (Cy + Cat)e™.

If 4y” 4+ 4y’ + y = 0, then the characteristic equation is
A2 +4r+1=02r+D*=0.

Hence, the characteristic equation has a single, double root, A = —1/2. There-
fore, yi(t) = e~ 1/2" and y,(t) = te~1/?" form a fundamental set of real
solutions. Hence, the general solution is

y(t) = Cre™? 4 Cyte™? = (C; + Cyt)e /2.



17.

18.
19.

20.
21.

If 16y” + 8y’ + y = 0, then the characteristic equation is
1622+ 81+ 1= @41+ 1)2=0.

Hence, the characteristic equation has a single, double root, A = —1/4. There-
fore, yi(t) = e~ /4" and y,(t) = te~ /" form a fundamental set of real
solutions. Hence, the general solution is

y(t) = Cre™* 4 Cote™* = (C1 + Cyt)e /4.

If y” — y" — 2y = 0, then the characteristic equation is

AM—a—2=(Q=-2(A+1)=0,

with roots A = 2 and A = —1. This leads to the general solution
y(t) = Cie* + Cre™".
Using the initial condition y(0) = —1 provides
—1=C+C,.

Differentiating the general solution,
V' (1) =2C % — Cre™”,
then using the initial condition y’(0) = 2 leads to
2=2C, - C,.
These equations yield C; = 1/3 and C, = —4/3, giving the particular solution

—t

1 4
y(t) = 562’ ~ 3¢

If y” 4 25y = 0, then the characteristic equation is A> 4+ 25 = 0, which has
roots A = %5i. This leads to a pair of complex solutions

2(t) = & and Z(t) = e,
By Euler’s identity,
z(t) = cos 5t + i sin 5¢,

leading to a fundamental set of real solutions y; () = cos 5¢ and y,(¢) = sin 5¢
and the general solution

y(t) = C; cos 5t 4+ C, sin 5¢.
Next, y(0) = 1 provides C;| = 1. Differentiating the general solution,
y'(t) = —5C sin 5t + 5C; cos 5¢,
and using the initial condition y’(0) = —1 provides —1 = 5C,, or C, = —1/5.

Thus, the particular solution is

1
y(t) = cos S5t — 3 sin 5¢.



22.
23.

24,
25.

26.

If y” — 2y’ — 3y = 0, then the characteristic equation is
AM—22-3=0Q-3)(+1) =0,
with roots A = 3 and A = —1. This leads to the general solution
y(t) = Cie* + Cre™.
Using the initial condition y(0) = 2 provides
2=Ci+Co.
Differentiating the general solution,
y'(t) =3C1e¥ — Cre™,
then using the initial condition y’(0) = —3 leads to
—3=3C; — C,.

These equations yield C; = —1/4 and C, = 9/4, giving the particular solution

1 9
y(t) = —Ze3’ + Ze_t.

If 8y” 4+ 2y’ — y = 0, then the characteristic equation is
82420 —1=@r—DC2r+1) =0,
with roots A = 1/4 and A = —1/2. This leads to the general solution
y(t) = Cre'’* + Cre /2.
Using the initial condition y(—1) = 1 provides
1=Cie " 4 Ce' . ()

Differentiating the general solution,

1 1
/t — _C t/4 —C —1/2,
y () 1 Ce 5 Coe

then using the initial condition y’(—1) = 0 leads to
1 1
0= che—l/“ — ECzel/z. ()

Subtracting 4 times equation (x%) from equation (x), provides 1 = 3Cye'/?,
so C, = (1/3)e~'/2. Substituting this result in equation (xx) yields C; =
(2/3)e'/*. Thus, the particular solution is

y(1) = %el/4et/4 + %e—l/Ze—t/Z

y(1) = %e(z+1)/4 + 167(t+1)/2.
3

3



27.

28.
29.

If y” 4+ 12y’ + 36y = 0, then the characteristic equation is
MH120+36=+6)>=0,

with double root A = —6. This leads to a fundamental set of solutions, y;(¢) =
e % and y,(t) = te~®, and the general solution

Y(©) = (Ci + Can)e™.
Using the initial condition y(1) = 0 provides
0= (C;+ CyeS.
Thus, C; = —C,. Differentiating the general solution,
Y1) = (Ci + Cat)(—6e™®) + Cre™®
= ¢~((C2 = 6C1) — 6Car),

then using the initial condition y’(1) = —1 leads to

—1=e7%((C, — 6C)) — 6Cy)

—1=e%(—6C, —50C,).

Substituting C; = —C; in this last equation,
—1=¢7%(=6(=C2) = 5C2)
C, = —ef.

Then, C; = —C, = ¢°. Thus, the particular solution is

y(t) = (e — eft)e
=1 —1)e % b,

If the equation y” + py’ + gy = 0 has characteristic equation A> + pA+¢q = 0,
and the characteristic equation has a double root, A = X;, then we know that
A3 4+ pA1 + g = 0. Secondly, because
0=2*+pr+gqg
=@A—-2)A—21)
=A% =20 A+ A,
we can compare coefficients and note that —2A; = p, or 2A; + p = 0. If
y(t) = te, then
Y'(0) = Gur + et
V(1) = Qhy + At)e.
Now,
Y+ py +qy = Qh + A0 + pOut + 1)eM" + gret
="' (201 + p) + 103 + phy + @)
=0,
where we’ve used the facts that 21, + p = 0 and )»% + pi1 +q = 0. Thus,
y(t) = te™ is a solution of y" + py’ + gy = 0.



30.

31.

32.

33.

34.

(@)
(b)
(©)
(d)

By Euler’s identity,
¢!’ =cosf +isinf.
Similarly,
e = cos(—0) + i sin(—0) = cos — i sin6.

Adding (A) and (B) produces

e +e7% =2cos6

Subtracting (B) from (A) gives
e —e 7% =2isind
oif _ =it
sinf = -
2i

Let z; = x; 4+ iy; and zp = x, 4+ iy,. Then,

stz p(rtiy)+ (2 +iys)

— 1T +i(i+y2)
— M1 i i Hy2)

= e"'e™(cos(y; + y2) +isin(y; + y2))

= ¢"e™(cos y; cos y, — sin y; sin y, -+ i sin y; cos y, + I sin y, cos y;)

= e"'e"[cos yi(cos yy + i sin y2) + i sin y;(cos y2 + i sin y2)]
= e"e™(cos y; + i sin y;)(cos y, + i sin y;)

e* (cos y; + i sin y;)e™(cos y, + i sin y;)

X1 i1 X2 ,iV2

—=e e e“e
— exH—iyl exz+iy2
— U™,

A)

(B)

€*1¢*2(Cos y| €OS o + i cOs y sin y, + i sin y; cos y, + i sin y; sin y,)



35. IfZ =X —i—ly7 then

7 = extiy

= eXely

=e*(cosy +isiny)
=e"(cosy —isiny)
= e"(cos(—y) + isin(—y))

— exe—ty

36.

37. If » = a + bi, then

d

E {e)‘t} — { (a+bi)z}

euleibt}

{
{e“ (cos bt + i sinbr)}
{

e"' cos bt + ie sin bt }

Q~'i“|‘°~§“|‘®~i‘:|&’5“.|&

= e (=bsinbt) + ae” cos bt + ie™ b cos bt + iae® sin bt
= ¢ (a cos bt + ia sinbt + ibcos bt + i*b sin bt)

= ¢“(a(cos bt + i sin bt) + ib(cos bt + i sin bt))

= ¢“(a +ib)(cos bt + i sin bt)

= (a+ib)e"e”

= (a 4 ib)eti®)"

= reM.

Section 4.4

1. The first of two images contains the plot of y = cos 2t 4 sin 2¢ on the interval
[0, 37].



1. 1)

Plot the coefficients of

y=1-cos2t+1-sin2t

in the first quadrant, calculate the magnitude of the vector, and mark the angle.
The angle ¢ is easily calculated.

tangp = - =1

¢:

R Rl B

Factor out the magnitude /2 as follows.

—ﬁ(l cos 2t + ! sin2t>
g V2 V2

But cos ¢ = l/ﬁ and sin¢ = l/ﬁ, SO we can write

y = V2 (cos ¢ cos 2t + sin ¢ sin 2¢)
y= \/ECOS(Zt — @)

b4
y= V2 cos (Zt - Z)

T
y= ﬁcosZ(z - g)
Hence, the curve has amplitude +/2, period T = 7, and is shifted to the right

7 /8 units. This is clearly shown in the following image where the dashed curve
is the unshifted y = /2 cos2t.



3.

The first of two images contains the plot of y = cos4t 4+ +/3sin4¢ on the
interval [0, ].

t (1,v3)

A

v

Plot the coefficients of

y=1~cos4t+«/§-sin4t

in the first quadrant, calculate the magnitude of the vector, and mark the angle.
The angle ¢ is easily calculated.

tan¢=¢T§=ﬁ
Ly
¢—§-



Factor out the magnitude 2 as follows.

1 3
y=2 (5 cos 4t + %sin4t>

But cos ¢ = 1/2 and sin ¢ = +/3/2, so we can write

y = 2 (cos ¢ cos 4t + sin ¢ sin 4t)
y = 2cos(4t — ¢)

y =2cos (4t — %)

T
=2 4(;——).
y cos D

Hence, the curve has amplitude 2, period T = /2, and is shifted to the right
/12 units. This is clearly shown in the following image where the dashed
curve is the unshifted y = 2 cos4z.

5. The first of the two images imges contains the plot of y = 0.2cos2.5¢ —
0.1 sin 2.5¢ on the interval [0, 87/5].

_



y
0.3

<

t
an/s 87/5
V0.05
0.2, —0.1)

Plot the coefficients of
y =0.2co0s2.5t — 0.15sin2.5¢

in the fourth quadrant, calculate the magnitude of the vector, and mark the
angle. The angle ¢ is easily calculated.

tan ¢ -1 1
angp = — = ——
2 2

¢ ~ —0.4636.

Factor out the magnitude 2 as follows.

0.2 0.1
= 4/0.05 (— c0s 2.5t — ———sin 2.5t>
Y 4/0.05 /0.05

But cos¢ = 0.2/4/0.05 and sin ¢ = —0.1/+4/0.05, so we can write

y = J0.05 (cos ¢ cos 2.5t + sin ¢ sin 2.5¢)
y = 0.2236 cos(2.5¢t — ¢)

y = 0.2236 cos (2.5t + 0.4636)

y =.2236.¢c0s2.5 (t + 0.1855) .

Hence, the curve has amplitude 0.2236, period T = 27 /2.5 = 4 /5, and is
shifted to the left 0.1855 units. This is clearly shown in the second image above,
where the dashed curve is the unshifted y = 0.2236 cos 2.5¢.

_



Plot the coefficients of 1 - cos 5¢ + 1 - sin 5¢ in the first quadrant, calculate the
magnitude of the vector, and mark the angle.

A
1D
V2
¢
v
The angle ¢ is easily calculated.
tang = 1
b= b4
4

Factor out the magnitude as follows:

1 1
y = 2e71? <— cos 5t + — sin 5t
V2 V2



But cos ¢ = 1/+/2 and sin ¢ = 1/+/2, so we can write
y = v/2¢7/? (cos ¢ cos 5t + sin ¢ sin 5¢)
y =2e¢7"? cos(5t — p)
y = /2e7"? cos(5t — 7 /4).

Thus, the amplitude is +/2e¢~"/2 which, along with —+/2e~"/2, clearly bound the
graph of y = v/2¢7"/2 cos(5t — 1 /4).

Plot the coefficients of 0.2 - cos 2¢ + 0.1 - sin 2¢ in the first quadrant, calculate
the magnitude of the vector, and mark the angle.

4
0.2,0.1)
/0.05
P ¢ >
A
The angle ¢ is easily calculated.
tan ¢ 01 1
ang = — = -
02 2

¢ = 0.4636



10.
11.

Factor out the magnitude as follows:

0.2 0.1
y = 4/0.05¢ %1 ( cos 2t + sin 2t
4/ 0.05 v 0.05

But cos¢ = O.Z/M and sin¢ = O.l/m, SO we can write
y = +/0.05¢ " (cos ¢ cos 2¢ + sin ¢ sin 2¢)
y = 0.2236¢"% cos(2t — ¢)
y = 0.2236¢"! cos(2t — 0.4636).

Thus, the amplitude is 0.2236e~%!" which, along with —0.2236¢~17, clearly
bound the graph of y = 0.2236¢%! cos(2t — 0.4636).

y
0.3

Substitute m = 0.2 kgand k = Skg/s?inmy”+ky = Otoobtain0.2y"+5y = 0
or
y' +25y =0.

The characteristic equation is A2 4+ 25 = 0, with zeros A = £5i, so
2(1) = €' = cos 5¢ + i sin 5¢

is a complex solution. The real and imaginary parts of this solution form a
fundamental set of real solutions, giving the general solution

y(t) = C; cos 5t 4+ C, sin 5¢.
The initial displacement is 0.5 m, so y(0) = 0.5 and C; = 0.5. Differentiating,
y'(t) = —5C sin 5t + 5C, cos 5¢.

The system is released from rest, so y'(0) = 0 and C, = 0. Thus, the solution
is
y(t) = 0.5cos 5t,

which has amplitude 0.5, frequency 5 rad/s, and zero phase.



12.
13.

21/5 ' 47 /5

The system (2/5)x” + kx = 0, or x” + (5k/2)x = 0, is equivalent to
x" + a)(z)x =0,

with @3 = 5k/2. The characteristic equation is A> + w} = 0 with roots
A = £wyi. Thus, we have complex solution

2(1) = €' = cos wot + i sin wyt.
The real and imaginary parts of this solution form a fundamental set of solutions
and provide the general solution
x(t) = Cycoswyt + C, sin wyt.

This solution is periodic with period T = 2w /wy. Thus, if it is know that the
period is 7 /2, then

2
T =—

o
T 2
2 - wo
[Oh) =4,

But wg = 5k/2,

5k
42 = —

2

32
k=—.

5

The initial condition x(0) = 2 gives C| = 2. Differentiating x (¢),
x'(t) = —Cwg sin wot + Crwy cos wot.
The initial condition x’(0) = vy leads to C; = vy/wy and the solution

vy . Vo .
x(t) = 2coswot + — sinwyt = 2cos4dt + y sin 4z.
o



Plot the coefficients, calculate the magnitude of the vector, and mark the angle.

VT

4

3

0/4)?

(2, v0/4)

A

A

4

v

As in Exercises 1-6, factoring out the magnitude will place the solution in

x(t) = /4 + v]/16 cos(4t — ¢),

where tan ¢ = vy/8. If it is known that the amplitude is 2, then

Va+vi/16 =2

the form

44+0v}/16 =4
vg = 0.
14.
15. (a) Inan LC circuit,
. N

I

the sum of the voltage drops around the closed loop is zero. The voltage
drop across the inductor is LI’, where L = 6 uH and I(¢) is the current,
and the voltage drop across the capacitoris (1/C) Q, where C = 2 uF and
Q(t) is the charge on the capacitor. Thus, we can write

L1’+l
C

0 =0,



(b)

or, since I =dQ/dt,

1
LO"+—=0=0.
0"+ c 0
To find the initial charge on the capacitor, use
1
Ve = EQ
Q0=CV¢

0=02x10°F)20V)
Q = 4.0 x 10 coulombs.

If the initial current is zero, then Q'(0) = I(0) = 0. Thus, LQO" +
(1/C)Q =0, or

” 1 _ _ -5 / _
0 +RQ—0, 00)=4.0x10", Q'(0) =0.

This last equation is equivalent to
Q" +w;Q =0,

where a)(z) = 1/(LC). This has characteristic equation A? + a)(z) = 0 and
zeros A = Fiwy, leading to the complex solution

2(t) = €' = cos wot + i sin wot.

The real and imaginary parts of this solution form a fundamental set of
solutions, leading to the general solution

Q(t) = Cycos wgt + C, sin wopt.

The initial condition Q(0) = 4.0 x 107> gives C; = 4.0 x 107>, Differ-
entiating Q(1),

Q/(l) = —Cwy sin wyt + Crwg cos wot.
The initial condition Q'(0) = 0 gives C; = 0 and the solution
Q1) = (4.0 x 107) cos wot.

Thus, the amplitude is 4.0 x 107>, Because w(z) =1/(LC),
_ 1
P =VLc

1
B \/(6 x 1076)(2 x 106)
~ 2.887 x 10° rad/s.

The phase is zero.



16.

17.

x 10

A

t x107°

(a)
(b)
Suppose that the spring-mass system my” + uy’ + ky = 0 is overdamped.
Then,
k
y”+ﬁy/+—y=0
m m
y' 4+ 2¢y + wiy =0,
where 2¢ = p1/m and @3 = k/m. The characteristic equation is A>+2cA+w3 =
0 and the zeros are
2

/ 2
M=—c—,/c?—w] and Ay =—c+,/c? —wj.

In order that the system be overdamped, we need ¢ — a)g > 0. Of course, this
condition results in A; < A, < 0 and the general solution is

y(t) = CreM + Cre™.

To determine how many times this solution can cross the z-axis, set y(f) = 0

and solve for .
0= Cie' 4 Cre™

0=e"'(C) + Cre™ )

Mt is never zero, so this leads to

Ci+ Cre™> ™ =0
et _g_
C
If C;/Cy > 0, then there are no crossings, but if C;/C, < 0, there will be

exactly one crossing of the ¢-axis. The challenge is to find initial conditions yg
and v that lead to zero and one crossings. But y(0) = y, gives

Yo = Ci + Cs.

Of course, e

Differentiating y(¢),
Y (1) = Ciae™" 4 Cydpe™,



the initial condition y’(0) = vy provides
vo = C1A1 + Coly,
and this system is easily solved for C| and C»,

—A
and C, = u’
Ay — M A — A

AaYo — U
C, = 2)0 0
which gives us

Ci _ dayo— o
Cy  wo—Myo

Because there is exactly one zero crossing if C;/C, < 0, we see two possible
ways that this can happen:

Case 1: We must have A,y9 — vp < 0 and vy — A;yy > 0, which leads to the
condition that vy > Ay and vy > Aqyp, Or

Case 2: We must have Ayyg — v9 > 0 and vy — Ay < 0, which leads to the
condition that vy < Ay and vy < A1 Yp.

These conditions are easy to analyze if you think geometrically.

v=A1y v =A2y

Thus, there will be one zero crossing if you select an initial condition from
the shaded region. This is not especially intuitive until you give it a try in
your solver. For example, the spring mass system y” + 6y” + 5y = 0, with
characteristic equation A2 4+61L+5=0and zeros A\; = —5and A, = —1
is overdamped. If we sketch the lines v = —5y and v = —Yy on our phase
portrait, note, that as predicted, those initial conditions starting in the shaded
region cross y = 0 exactly once.
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Of course, what we really want is a plot of y versus 7.

Note that the graph crosses the f-axis exactly once. Finally, by picking
initial conditions from the unshaded region, you can find a solution that does
not cross the time axis.

Further refinement of the above arguments is possible. For example, how
would you limit the initial conditions so that the solution crosses at some time
t>0?

18.

19. Suppose that the spring-mass system my” + wy’ + ky = 0 is critically damped.
Then,

k
y”+ﬁy/+—y=0
m m
y' 4+ 2¢y + wiy =0,

where2¢ = u/m and a)(z) = k/m. The characteristic equation is A2+2ck+w§ =
0 and the zeros are
2

M=—c—,/c?—w] and d=—c+4/c2— o}



In order that the system be critically damped, we need ¢> — w(z) = 0. Of course,
this condition results in A; = A, = —c and the general solution is

y(t) = (C1 + Cat)e ™.

To determine how many times this solution can cross the #-axis, set y(#) = 0
and solve for ¢.

0= (Cy+Cot)e ™
Of course, e~ is never zero, so this leads to

Ci+Cit=0

Thus, the solution will always cross the ¢-axis, but let’s find only those crossings
when ¢ > 0, which necessitates that C;/C, < 0. The challenge is to find initial
conditions y, and vy that lead to a crossing when ¢ > 0. But y(0) = y, gives

yo = C1.
Differentiating y(¢),
Y () = ((Cy = cCy) = cCat)e™,
the initial condition y’(0) = vy provides
vg = Cr, — cCy,
and this system is easily solved for C; and Cj,
Ci=yo and Cy = vg + ¢y,

which gives us

@] Yo

C:  wvo+cy

Because there is a zero crossing at t > 0 if C;/C, < 0, we see two possible
ways that this can happen:

Case 1: We must have yg > 0 and vy + cyyp < 0, which leads to the condition
that yp > 0 and vy < —cyy, or

Case 2: We must have yy < 0 and vy + cyyp > 0, which leads to the condition
that yo < 0 and vy > —cyyp.

These conditions are easy to analyze if you think geometrically.



Thus, there will be one zero crossing if you select an initial condition from
the shaded region. This is not especially intuitive until you give it a try in
your solver. For example, the spring mass system y” + 4y” + 4y = 0, with
characteristic equation A> 4+ 4A 4+ 4 = 0 and repeated zero A = —2 is critically
damped. If we sketch the lines v = —2y on our phase portrait, note, that as
predicted, those initial conditions starting in the shaded region cross y = 0

exactly once at r > 0.
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Of course, what we really want is a plot of y versus 7.



20.

21.

Note that the graph crosses the f-axis exactly once. Finally, by picking
initial conditions from the unshaded region, you will note that this solution also
crosses the y-axis exactly once, but at 1 < 0.

(a)
(b)

(a) Suppose that mx” + ux’ + kx = 0 is overdamped. We can write
k
By Zi—o
m m
x4 2ex’ + a)(2J =0,

where 2¢ = u/m and a)(z) = k/m. The system has characteristic equation
A% +2c) 4+ o} = 0 and zeros

M =—c—/c2 -] and d=—c+4/c2—a}.

If the system is overdamped, note that

cz—w§>0

() =

w? > 4mk

w > 2/ mk.

and the general solution is

x(t) = CreM' + Cae™.
The initial condition x(0) = 0 gives 0 = C; + C, and C; = —C>.
Differentiating x(¢),

x/(t) = Cl)»le’\" + Cz)»ze)hzt,

and the initial condition x"(0) = vy provides v9 = CyA; + CA,. This
system is easily solved for

Vo —Vo

C, = and C, = ,
Al — A2 A=A




SO
Vo

At Aot
x(t) = m(ﬁ 1 — e,
But,
and
N pp— (e(—c— F=R)r _ e(_c+m),f>
2,/c2 —
= Yo —ct emf - efm’
(Al
= Leﬂ-t Sinh\/cia)zt_
2 — w}

But, ¢ = u/(2m) and

2 W k
Ve =g
[u? — 4km
- 4m?
i dim

2m

Hence,

v .
x(t) = e M/@m ginh vt,
14

where y = ,/c? — w} = \/u? — dkm/(2m).

(b) Theinitial positionis zero. The initial velocity is in the downward direction.
Hence, due to the fact that the system is overdamped, we know that the
solution has already crossed the 7-axis once, and the motion is downward,
after which the solution will approach the ¢-axis asymptotically. Therefore,
the mass will reach its lowest point the first time the velocity is zero.
Differentiating x (¢),

v(t) = x'(1)
_ Ee—m/(zfn)(coshyt)(y) + Yo (_i) —ut/2m) Ginh yt
y y 2m
ot/ Cm) ( g )
= yoe coshyt — sinhyt ).
2my



22,

(©)

Setting the velocity equal to zero, it must be the case that

coshyt — K~ sinhytr =0
2my

r sinh yt = cosh yt
2my

2m
tanh yt = —y.
n

Taking the inverse hyperbolic tangent,

2
yt = tanh™! <ﬂ>
n
1 2
t = —tanh™! (ﬂ> .
14 2

If the system is critically damped, then ¢ — w(z) = 0 and the characteristic
equation produces a repeated zero, A = —c. Thus, the general solution is
x(t) = (C1 + Cat)e™ .
The initial condition x(0) = 0 produces C; = 0. The derivative of x(¢) is
v(t) = x'(1)
= (Ci + Cot)(—ce ™) + Cre™
= ((Cy — cCy) — cCat)e™ .

The initial condition x"(0) = vy gives vg = C — ¢Cq, so the fact that
C, = 0 produces C, = vy and the solution

x(t) = vote ™™

But ¢ = u/(2m), so
x(t) = vore HM/Cm

and
v(t) = x'(t)

= vt (_i) eI it/ 2m)
2m

— ppe—tr/@m <_“_t n 1) .
2m

Because the system is critically damped, and the solution has already
crossed the 7-axis, the solution will travel downward, then approach the
t-axis asymptotically. Hence, the solution reaches its lowest point when
the velocity first equals zero. This occurs when

i

2m

t="—

u



23. The voltage across the capacitor is given by Ve = (1/C) Q. Because the initial
voltage across the capacitor is V,.(0) =50V,

0(0) = CVc(0) = (0.008 F)(50 V) = 0.4 coulombs.

The sum of the voltage drops around the LRC circuit equals zero, so LI’ +
RI + (1/C)Q = 0. Because I = (', this equation becomes LQ” + RQ’ +
(1/C)Q = 0. Substituting L = 4H, R = 202, and C = 0.008F, we get
40" +20Q’ + 125Q = 0. With no initial current this equation becomes

125

0"+50 + TQ =0, 00) =04, Q'(0)=1(0) =0.

The characteristic equation is A2 +51+(125/4) = 0 with zeros A = —5/245i.
This leads to the complex solution

2(1) = 7320 = o=51/2(cos 5¢ + i sin 5¢).

The real and imaginary parts of this solution provide a fundamental set of
solutions and the general solution

O(t) = e %(Cy cos 5t + C, sin 5¢).
The initial condition Q(0) = 0.4 gives C; = 2/5. Differentiating Q(¢),
5
Q'(t) = e/?(=5C, sin 5¢ + 5C, cos 5t) — E(fo/Z(c1 cos 5t + C, sin 5¢).

The initial condition Q'(0) = 0 leads to 0 = 5C, — (5/2)C}, and because
C; =2/5, we have C, = 1/5 and the solution

1
o@) = ge_5’/2(2 cos 5t + sin 5t).
We find the current by differentiating Q to get
5
I(t) = —Ee’S’/z sin 5¢.

Since — sin 5t = cos(5t + 7 /2), we see that the phase is ¢ = —m /2. Clearly
the amplitude is 5/2, and the frequency is 5 rad/s.

24,



25.

The voltage across the capacitor is given by Ve = (1/C) Q. Because the initial
voltage across the capacitoris V.(0) =1V,

Q(0) = CVc(0) = (0.02F)(1V) = 0.02 coulombs.
The sum of the voltage drops around the LRC circuit equals zero, so LI’ +
RI + (1/C)Q = 0. Because I = Q’, this equation becomes LQ” + RQ’ +
(1/C)Q = 0. Substituting L = 10H, R = 402, and C = 0.02F, we get
100" +40Q’ + 50Q = 0. With no initial current this equation becomes
Q" +40" +50=0, 0(0) =0.02, Q'(0) =1(0) =0.

The characteristic equation is A + 41 + 5 = 0 with zeros A = —2 £ i. This
leads to the complex solution

2(t) = 7 = ¢ (cost + i sin7).

The real and imaginary parts of this solution provide a fundamental set of
solutions and the general solution

O(t) = e ?(Cycost + Cysint).
The initial condition Q(0) = 0.02 gives C| = 1/50. Differentiating Q(t),
Q'(1) = e 2(—Cysint + Cycost) — 2e 2 (Cycost + Cysint).

The initial condition Q’(0) = Oleadsto0 = C, —2C}, and because C; = 1/50,
we have C, = 1/25 and the solution

1
@) = 56_2’(00& +2sint).

Plotting the coefficients of cost and sin ¢ and marking the angle,

@.n

A
v




we see that tan¢p = 2, so ¢ = arctan2 ~ 1.1071. Factoring out the
magnitude of the radial vector,

V5,01 2
—e “'(—=cost + —sint)
50° 5 NG

5
= 5972’ (cos ¢ cos t + sin ¢ sin 1)

o) =

5
= %e” cos(t — 1.1071).

Thus, the amplitude is ~/5/50, the frequency is 1 rad/s, and the phase is 1.1071.

x 107

20

15

Section 4.5

1. Let y(t) = Ae . Then
V' (1) = —34e™
y'(t) = 94e™,
and y” + 3y’ 4 2y = 4¢3 becomes

9Ae™ +3(=3Ae¢™¥) +2(Ae™) = 4e™¥
2A =4
A=2.

Thus, y = 2¢e 3 isa particular solution.

3. Lety(t) = Ae™’. Then

Y1) = —Ae™!
Y'(t) = Ae”,



and y” + 2y + 5y = 12¢7" becomes
Ae " +2(—Ae™) +5(Ae ") =127
4A =12
A=3.

Thus, y = 3e™" is a particular solution.

Let y, = a cos 3t + bsin3t. Then
¥, = —3asin 3t + 3bcos 3t
y;,’ = —9q cos 3t — 9b sin 3¢,
and the equation y” 4+ 4y = cos 3¢ becomes
—9a cos 3t — 9b sin 3t + 4(a cos 3t + b sin 3t) = cos 3¢
—5a cos 3t — 5b sin 3t = cos 3¢.

Thus, —5a = 1 and —5b = O lead to a = —1/5 and b = 0 and the particular
solution y, = —1/5 cos 3t.

Let y, = acos2t + bsin2t. Then
y, = —2asin 2t + 2b cos 2t
y, = —4acos2t — 4bsin2t,
and substituting these results into y” 4+ 7y’ + 6y = 3 sin 2¢ leads to
(2a + 14b) cos 2t + (—14a + 2b) sin 2t = 3 sin 2t.

Thus,
2a +14b =0

—14a 4 2b =3,

leading to a = —21/100 and b = 3/100. Thus, the particular solution is
yp = —(21/100) cos 2t + (3/100) sin 2¢.

If z(t) = x(t) + iy(¢), then
"+ p7 4 qz = Ae”
x"+iy")y+ p(x' +iy) + qg(x +iy) = A(cos wt + i sin wt)
"+ px"+qx) +i(y" + py' +qy) = Acoswr + i Asinwr.
Comparing real and imaginary parts,
x" + px' + gx = Acos wt
y'+ py +qy = Asinot.
Therefore, if z(t) = x(¢t) + iy(¢) is a solution of z” + pz' + gz = Ae'“', then

the real and imaginary parts of z are solutions of x” + px’ + gx = A cos wt
and y” + py’ + gy = Asinwr, respectively.



10.
11.

12.
13.

14.
15.

16.

Let z = Ae'?. Then .
7 =2iAe™
ZN — (2i)2Aei2[,
and z” + 9z = €% leads to
(2i)2Aei21 + 9Aei2l — eizt
(2)*4+9A=1
1

A=_.
5

Thus, z = (1/5)e’ is a particular solution of z” + 9z = /* and the imaginary
part of this solution, y = (1/5) sin 2¢, is the solution of y” + 9y = sin 2¢.

Let z = AeY. Then '
7 = (3i)Ae™

" = (Gi) A,
and 77 4+ 77 + 10z = —4e'¥ leads to
(i) Ae™ +7(3i)Ae™ 4+ 10Ae"™ = —4e™
((3)* +7(3i) + 10)A = —4

_ 4
1421
Ao 2 L+ 42
B TR
Thus,
2 42 1\ 3
e= (‘ﬁ*ﬁ’)e
2 220\ (cos3r +isin3n)
=(——+ —i]) (cos i sin
¢ 21 221
2 42 [ 42 2 .
z=|——cos3t — —sin3t ) +i| — cos3t — — sin 3¢
221 221 221 221
is a solution of z” + 7z’ + 10z = —4e'*. The imaginary part,
2
y = — cos 3t — —— sin 3¢,
221 221

is a solution of y” + 7y’ + 10y = —4 sin 3¢.

Let y =at +b. Then, y' = a, y’ =0, and y” + 6y’ + 8y = 2t — 3 leads to
8at+(6a+8b) = 2t—3. Thus, 8a = 2 and 6a+8b = —3, which givesa = 1/4
and b = —9/16. Therefore, the particular solution is y = (1/4)t — 9/16.



17.

18.
19.

Let y = at® + bt> + ct + d. Then, substituting

y' = 3at® +2bt + ¢
y" = 6at +2b
into y” + 3y’ + 4y = 3, arranging terms,
4at’ + (9a + 4b)t* + (6a + 6b + 4c)t + (2b + 3¢ + 4d) = 1°,
and comparing coefficients,
4a =1
9a+4b =0
6a+6b+4c=0
2b+3c+4d =0,
provides a = 1/4, b = —9/16, ¢ = 15/32, and d = —9/128. Thus, a
particular solution is
15 9

—1t3 9t2+ t
YT T 160 T3 T 18

The homogeneous equation y” — 4y’ — 5y = 0 has characteristic equation
A2 —4r—5= (A —=5)(A+1) =0 with zeros A; = 5 and A, = —1. This leads
to the homogeneous solution

v = Cre” + Cre™".

The particular solution y, = Ae™ has derivatives y, = —2Ae™> and y, =
4Ae~?, which when substituted into the equation y” — 4y’ — 5y = de™*
provides

dAe™ +8Ae™ —5Ae7H =de™

TA =4
4
A=—.
7

Thus, a particular solution is y, = (4/7)e~% . This leads to the general solution
4
y = C1€5[ + Czeit + 58721.
The initial condition y(0) = 0 gives

4
O=C1+C2+§.

Differentiating,
8
y' = 5C1€5t — Czeit — 56‘7%.

The initial condition y’(0) = —1 provides

8
~1=5C—Cr— .



This system has solution C; = —1/14 and C, = —1/2, leading to the solution

_ 15t 17[ 472[
y = 146 26 ~|—7e .

20.
21. The homogeneous equation y” — 2y’ + 5y = 0 has characteristic equation

A2 — 2%+ 35 = 0 with zeros A; = 1 +2i and A, = 1 — 2i. This leads to the
homogeneous solution

yi = €'(C; cos 2t + C; sin 2t).
The particular solution z = Ae'’ has derivatives
7 =iAe"
Z// — l-Zeit
which, when inserted in the complex equation 7" — 27" + 5z = 3¢'’, gives
i*Ae'" —2iAe" + 5A¢" = 3¢
(i*—2i+5)A=3

3
A=
4 —2j
303
A= 4 =
5710

3 3
7= (5 cost + El> (cost +isint).

The real part of this solution is a particular solution of y” — 2y’ + 5y = 3 cost.

= —cost — —sint
=3 10

Thus, the general solution is

3 3
y = e'(Cj cos2t + C, sin2t) + gcost— Esint.

The initial condition y(0) = 0 gives 0 = C; 4 3/5. Differentiating,
3 3
y = €' (—=2Cy sin2t + 2C, cos 2t) + €' (Cy cos 2t + C, sin 2t) — s sint — 10 ° t.

The initial condition y'(0) = —2 provides —2 = 2C,+C; —3/10. The solution
of this system is C; = —3/5 and C, = —11/20. Therefore, the solution is

y = et(—gcos% — %sinZt) + gcost — 13—Osint.

22,



23.

24.
25.

The homogeneous equation y” — 2y’ + y = 0 has characteristic equation
A2 =21+ 1 = (A — 1)?, with repeated zero A = 1. Thus, the homogeneous
solution is

i = (Cy + Can)e'.

The particular solution y, = at® + bt> + ct + d has derivatives
y, = 3at® + 2bt + ¢
y" = 6at + 2b,
which when substituted in y” — 2y’ + y = ¢3, rearranging, yields
at® + (=6a + b)r* + (6a —4b + o)t + (2b —2c +d) = 1°.
Thus,

a=1
—6a+b=0
6a—4b+c =0
2b—2c+d =0,

which has solution a = 1, b = 6, ¢ = 18, and d = 24. Thus, the general
solution is
y = (C; + Cat)e' + 1> + 61> + 181 + 24.
The initial condition y(0) = 1 gives 1 = C; + 24. Differentiating,
y = Care' + (Ci + Cat)e' + 31> 4+ 12t + 18.
The initial condition y'(0) = 0 gives 0 = C, + C; + 18. The system has

solution C; = —23 and C, = 5. Therefore, the solution is

y = (=234 51)e' + 1> + 61> + 181 + 24.

The homogeneous equation y” — y’ — 2y = 0 has characteristic equation
A —Ar—2=(—-2)(A+1) =0 with zeros A, = 2 and A, = —1. Thus, the
homogeneous solution is

yp = Cre* + Cre™".

The forcing term of y” —y’ — 2y = 2¢~" is also a solution of the homogeneous
equation, so we multiply by a factor of ¢ and try y, = Ate™, which has

derivatives
y =Ae (1 —1)

y' = Ae7'(t - 2).
Substituting these in y” — y’ — 2y = 2¢™" gives
Ae7'(t —2) — Ae”"(1 —t) — 2Ate™" =2¢7"
At —2—141t—-2t)=2
—3A=2
2

A=——.
3



26.

27.

28.

29.

Thus, a particular solution is y, = —(2/3)re™".

The homogeneous equation z” +9z = 0 has characteristic equation 1> +9 = 0,
which has zeros A; = 3i and A, = —3i. Thus, the homogeneous solution is

n = Cle3il + Czef3it.
The forcing term of z” + 9z = ¢*" is also a solution of the homogeneous
equation, so multiply by a factor of 7 and try the particular solution z, = Ate>".

The particular solution has derivatives
2, = A’ (1 + 3ir)
2y =3iAe¥" (2 + 3in).
If these are substituted into z” + 9z = €%, then
3iAe¥ (2 + 3it) + 9Ate™ = &
3iA2 4 3it) +9Ar =1
6iA =1
L.
A=——i.
6
Thus,

1.
Zp = —611‘63”

1
= —git(cos 3t + i sin 3¢)
: tsin3t +1i : t cos 3t
= —tsin i| —=tcos .
6 6
The imaginary part of this solution is a particular solution of y” + 9y = sin 3z.

1
Yp = —gtcos 3t

The homogeneous equation y” 4+ 6y" + 9y = 0 has characteristic equation
1246149 = (L+3)? = 0 and repeated zero A = —3. Thus, the homogeneous
solution is

yi = (C1 + Cat)e ™.

The forcing term of y” + 6y’ 4+ 9y = 5S¢~ is a solution of the homogeneous
equation, as is re~*'. Consequently, try y, = At*e~>', which has derivatives

v, =—3Are™ +2A1e™
V= 9Ar%e™" — 12Ate™" +2Ae7.



30.
31.

32.
33.

Substituting these into y” 4+ 6y’ + 9y = 5S¢~ yields

2473 =57
20 =5
5
A=—.
2

Therefore, y, = (5/2)t*¢~* is a solution of y” + 6y’ + 9y = 5¢7'.

Itis easy to see that y = 1 is a solution of y” +2y’+2y = 2. Next, z, = Ae'*

has derivatives _
2, = 2iAe'™

2y = (2i)°Ae™.
Substituting these into z” + 27" + 2z = e'%,
(2i)*Ae™ +2(2i)Ae™ +24e™ = ¥
(D) +2Ri)+2)A=1

i) (cos 2t + i sin2t)

10

The real part of this, y = —(1/10) cos 2¢ + (1/5) sin 2t, is a solution of y” +
2y" + 2y = cos 2t. Thus,

1 1 1
Zp = <——0052t + 3 sin2t) +1 (—5 cos 2t — msinZt) .

1 1
y=1 —ECOSZt—l—gSinzt

is a solution of y” + 2y’ 4+ 2y = 2 + cos 2t.

First, let y = at + b, with derivatives y/ = a and y” = 0, be a solution of
y" + 25y = 2 + 3¢. Substituting,

25at + 25b = 2 + 3¢,

which, upon equating coefficients, leads to a = 2/25 and b = 3/25 and the
particular solution y = (2/25)¢t + 3/25. Next, the homogeneous equation
7" + 25z = 0 has characteristic A> + 25 = 0 and zeros A = +5i, giving the
complex solution

2= Cye% + Cre i



34.
35.

Because 7z = ¢ is a solution of the homogeneous equation, we try z = Ate>'!
as a solution of z” + 25z = ¢%’. The derivatives
= (5)Ate”" 4 Ae™"
"= (5i) Are™" +2(5i)Ae’",
when substituted in z” + 257 = ¢3!
(5i)*Ate™" +2(5i)Ae™" 4+ 25A1¢™" = &

, provide

10iA =1
1.
A=——I.
10
Thus,
! e ! it(cos 5t + 51).
= ——1le = ——1I(COS lSlIl
T 10

The real part of this solution, y = (1/10)¢ sin 5¢, is a solution of y” + 25y =
2 + 3t 4+ cos 5¢. Thus,

y = (2/25)1 +3/25 + (1/10)¢ sin 51
is a solution of y” + 25y = cos 5¢.

Substitute z = Ae'? and its derivatives
7 = (Qi)Ae™
' = (i)’ A
into z” + 47 + 3z = €.
(2i)2Ae™ + 4(2i)Ae™ 4 3Ae™ =
(D) +4Qi)+3)A=1

Thus,

) i2t

) (cos 2t + i sin2t)

1
65
1
65

8 8 1
<—— cos2t + — & sin 2t> +i <—§ cos 2t — e sin2t> .
Thus, y = —(1/65) cos 2t+(8/65) sin 2t is a solution of y”+4y’+3y = cos 2t
and y = —(8/65) cos 2t — (1/65) sin 2¢ is a solution of y” 44y’ +3y = sin 2¢.
This means that

1 8 8 1
y = <_65 cos 2t + 5sm2t> +3 (—5cos2t — 5sin2t>

_ 3 2t+1 2t
= 13cos ]3sm



36.

37.

38.

39.

is a solution of y” + 4y’ 4+ 3y = cos 2¢ + 3 sin 2¢.

The homogeneous equation y” + 4y’ + 4y = 0 has characteristic equation
A2 4+ 4144 = (L +2)> = 0 with repeated zero A = —2 and solution y =
(Cy + Cat)e™%. Thus, both e~ and te~% are solutions of the homogeneous
equation. Thus, try y = At?e~> as aparticular solution of y”4+4y'+4y = ¢~ .

y = —2Ar*¢™ 4 2Ate™
V' =4Ar%e™ Y —8Ate ™ +2Ae7
Substitute y and its derivatives in y” 4+ 4y’ + 4y = e~ to get

2A€_2t — 6—21

2A=1
1

A=—.
2

Thus, y = (1/2)t2¢~* isasolution of y” 44y’ +4y = e~>'. Next, letz = Ae'”
and A
7 = (2i)Ae™

' = (2i)* A’
Substituting in z” + 47’ 4 4z = /¥,
(2i)2Ae? +4Q2D)Ae'Y + 4AeY = &
(2 +4Qi)+HA =1

1.
A=—-i,
8
so
L oine 1'( 2t + i sin2t)
= ——ie' = —=i(cos i sin21).
‘T8 8
The imaginary part of this solution, y = —(1/8) cos2t, is a solution of y” +
4y’ + 4y = sin 2t. Thus,
1 1
y =t — —cos2t
2 8

is a solution of y” + 4y’ + 4y = ¢~ + sin 2¢.

If y = (at + b)e ™, then
y = e ¥ (a — 4at — 4b)
y" = e ¥ (—8a + 16at + 16b),

and substituting in y” + 3y’ + 2y = te™¥

(—8a + 16at + 16b) + 3(a — 4at — 4b) +2(at +b) =1t
6at + (—5a + 6b) =1t.

gives



40.
41.

42,
43.

44.

Comparing coefficients, 6a = 1 and —5a 4+ 6b = 0. This gives a = 1/6 and
b=5/36and y = ((1/6)t +5/36)e™* as a solution of y” 43y’ +2y = te™.

Let y = (at®> + bt + c)e™ . Then,
y = e 2 (=2at*> + 2a — 2b)t + (b — 2¢))
y' = e ¥ (4at’* + (—8a + 4b)t + (2a — 4b + 4¢)).
Substituting in y” 4+ 2y’ 4+ y = t2e~ %,
(4at* + (—8a + 4b)t + (2a — 4b + 4c¢))
+2(=2at* + (2a — 2b)t + (b — 2¢)) + (at*> + bt + ¢) = 1*
at’> + (—4a + b)t + 2a —2b +¢) = 1.

Comparing coefficients,

a=1
—4a+b=0
2a —2b+c=0

anda = 1,b = 4,and ¢ = 6. Thus, y = (t*> + 4t + 6)e~* is a solution of
y// + 2)// + y = I2€_2[.

The homogeneous equation y” + 3y’ 4+ 2y = 0 has characteristic equation
22431 +2=(r+1)(A +2) = 0 and solution

y=Cie' + Cre .

Thus, instead of y = (at®> + bt + c¢)e™, we will try y = t(at?> + bt + c)e 2.
After some work, the derivatives are found.

y = e 2 (=2at> + 3a — 2b)t* + (2b — 2¢)t + ¢)
v = e (dat® + (—12a + 4b)t* + (6a — 8b + 4c)t + (2b — 4¢))

Substitute these into the differential equation y” + 3y’ + 2y = t?e~>. After
some computation,

—3at® 4+ (6a — 2b)t + 2b — ¢) = 1.

Comparing coefficients,

—3a=1
6a —2b=0
2b—c=0

leadingtoa = —1/3,b = —1, and ¢ = —2. Thus,

12 -2
=t|—zt"—1t-2 !
g ( 3 >e

is a solution of ¥’ + 3y’ + 2y = t2e~ 2.



45. If z(t) = x(¢) + iy(t) is a solution of 7 + pz’ + gz = Ae@+?) then
@ +iy") + @ +iy) +q(x +iy) = Aee™
" + px' +qx) +i(y" + py + qy) = Ae™ cosbt + i Ae™ sin bt.
Equating real and imaginary parts,
x" + px' + gx = Ae” cos bt
y' + py +qy = Ae” sinbr.
46.

47. If z(t) = x(t) = iy(¢) is a solution of 7" 4+ 7’ + z = te'’, then
x"+iy")y+ (' +iy) + (x +iy) =t(cost +isint)
" +x"+x)+iQ"+y +y)=tcost+itsint.
Comparing imaginary parts,
y'+y +y=tsint.
Thus, if z = (at + b)e'" and its derivatives,
7 =¢é'"(a+i(at + b))
7" = é''(—at — b + 2ai)
are substituted into 7’ + 7' + z = te'’, then
(—at —b+2ai)+ (a+i(at + b))+ (at +b) =t
iat + ((1 4+ 2i)a+ib) =1t.

Thus,
ia=1

(1+4+2i)a+ib=0,
and a = —i and b = 14 2i. Thus, a particular solution of 7 4 7' + z = te'’ is
2= (=it + (1 42i))e"

=({14i(2—1t))(cost +isint)

= (cost — (2 —t)sint) +i((2 —t)cost + sint).
Therefore, the imaginary part, y = (2 — ) cost + sin ¢, is a solution of y” +
y +y=rtsint.

Section 4.6
1. The homogeneous equation y” + 9y = 0 has y; () = cos 3¢ and y,(¢) = sin 3¢

as a fundamental set of solutions. The Wronskian is

Weeos3nsinn =| S0 00
= 3 cos’ 3t + 3sin® 3¢
=3.

Form the solution

Yp = V1YL + 2y



where v, and v, are to be determined. Indeed,

V) = 080
Wy, y2)
— sin 3¢ tan 3¢
3
1 sin® 3¢
3 cos3t
11— cos?3t

3 cos3t

1
= —g(sec 3t — cos 3t).

Thus,
1 1
v = ~5 In | sec 3¢ 4 tan 3¢| + 5 sin 3z.
Secondly,
’ ylg(t)
V), = ——————
Wy, y2)
_ cos 3¢ tan 3¢
- 3
L 3t
= —sin 3¢.
3
Thus,
1
vy = —— cos 3¢.
9

Inserting these results in y, = v1y; + v2y2,

1 1 1
Yp = |:—§ In | sec 3¢ 4 tan 3¢| + ) sin 3t] cos 3t + <—§ cos 3t> sin 3¢

1
=75 cos 3¢ In | sec 3¢ + tan 3¢|
is the particular solution we seek.

A fundamental system of solutions to the homogeneous equation is y, () =
cos 2t and y,(t) = sin 2¢. We look for a solution of the form

Y = v1y1 + V22 = v COS 2t + vy sin 2¢.
Differentiating we get
y' = v] cos 2t + v} sin 21 — 2v; cos 2t + 2v; sin 2¢.
To simplify future calculations we set
v} cos 2f + vh sin 2t = 0,
so ¥y = —2v; cos 2t + 2uv;, sin 2¢, and

Yy = —2v] cos 2t + 2v} sin 2t — 4[v; cos 2 + v, sin 27].



Adding, we get
¥+ 4y = —2v] cos 2t 4 20 sin 2t
= sec 2t.
We must solve the system
V| cos 2t + vj sin 2t = 0,
—2v) cos 2t + 2v} sin 2t = sec 21.

The solutions are

1
v{:—ztanZt and vé:z.

Integrating we get
1 t
V() = I In(cos2t) and vy(¢) = ok
Thus the solution is
y(t) = vy cos 2t 4 v, sin 2t
1 t
=1 cos 2t - In(cos 2t) + 5 sin 21.

The homogeneous equation y” — y = 0 has y; () = ¢’ and y,(t) = e’
fundamental set of solutions. The Wronskian is

! —t

as a

W(e', e =

e
el —e!
= -2.
Form the solution
Yp = v1y1 + 22

where v, and v, are to be determined. Indeed,

ol = —28(t)
Wi, y2)
L —e (14 3)
B -2
= le_t(t +3).
2

Integrating by parts,
1 _ 1 _
v =—5e "t +3) — 3¢ ’

Secondly,

_ nig)

- WO

et+3)
-2

_ ! "(r+3)
= 26 .



Integrating by parts,
__! ’(t+3)+—1 !
V) = .
2 26 26

Inserting these results in y, = v1y; + v2y2,
Yp = —left(t +3) — le” e+ —le’(t +3)+ let e”!
r 2 2 2 2

:—l(H—B)—l—l(t—i-B»)—i-l
2 2 2 2
=—(t+3)
is the particular solution we seek.
A fundamental system of solutions to the homogeneous equation is x () = e™*
and x, (1) = ¢. We look for a solution of the form

x(1) = vi(Ox1 (1) + v2(D)x2(1) = V(e + vy (1)e™.
Differentiating we get
x' = vle™ +vhed —vie™ + 3ue’.

To simplify future calculations we set

vie™ +vje¥ = 0.
Then x’ = —vie™" + 3ve, and
x" = —vie™ +3vhe’ +vie™ + 9ue’.
Adding, we get
x" —2x" = 3x = —vje™" + 3vhe*
= 4e™.

Thus we must solve the system
vie™ +vje’ =0
—vie™" 4+ 3vhed = 4e’.

The solutions are

V) =—e¥ and v, =1.

Integrating we get

1
vl(t)z—ze4’ and v, (t) = 1.

Thus the solution is
_ _l 3t 3t
x(t) = 4e +te’.

The homogeneous equation y” — 2y’ + y = 0 has y; () = ¢’ and y,(¢) = te'
as a fundamental set of solutions. The Wronskian is

e te

e te' e

=X,

13

W', te') =




Form the solution
Yp = V1)1 + 022
where v, and v, are to be determined. Indeed,
;o —ng()
V= —————
W(y1, y2)
(—te")e'
= 2t
= —I.
Thus,
1,

vy = ——1".
2

Secondly,
/ y18(7)
V= ————
W(y1, y2)
e'e
e
=1
Thus,
vy =1.

Inserting these results in y, = viy; + vy,
1
yp = —Etze’ +t(te")
1 2t 2t
=——te +te
2

1
= —1%¢.

2
is the particular solution we seek.

A fundamental system of solutions to the homogeneous equation is x| (t) = %
and x, (1) = te* . We look for a solution of the form

X(0) = vi(x1(1) + v2(Dx2(1) = Vi) +va(Dre™.

Differentiating we get
x' = v + vjte* + 2v1e* + vy(1 4 20)e*.
To simplify future calculations we set
vje? + vite® =0.

Then x" = 2vie? + va(1 + 2¢)e?, and

x" = 2v]e* + vy(1 4 20)e* + 4vie® + vy (4 4 4r)e*.
Adding, we get

x" —4x' 4+ 4x = 2vie* + V(1 + 2t)e*

=,



Thus we must solve the system

vje? + vite® =0,

2vje* + V(1 + 2t)e* = e*.
The solutions are
vi=—t and v, =1.
Integrating we get
vi(t) = —t3/2 and v (1) =t.
Thus the solution is

1
x(t) = Etzezt.

The homogeneous equation x” + x = 0 has x; () = cost and x,(t) = sint as
a fundamental set of solutions. The Wronskian is

cost  sint
—sint cost

=1

W(cost,sint) =

Form the solution
Xp = V1X1 + V2X2

where v, and v, are to be determined. Indeed,

—sinttan® ¢
1
—sint(sec’t — 1)

/_
v =

= —sectrtant + sint.

Thus,
V] = —sect — CoSt.

Secondly,
costtan®t
1
= cosz‘(sec2 t—1)

/_
Uy, =

= Secft — Cost.

Thus,
v, =In|sect +tant| — sin?.

Inserting these results in x, = vix; + vax2,

Xp = (—sect —cost)cost + (In|sect + tant| — sin¢) sin ¢
= —1—cos’t+sinzIn|sect + tanz| — sin’ 7
= —2 +ssintIn|sect + tan¢|

is the particular solution we seek.



A fundamental system of solutions to the homogeneous equationis x; (#) = cost
and x,(t) = sint. We look for a solution of the form

x(t) = v1()x1(t) + v2(t)x(t) = v1(t) cost 4+ vo(t) sint.
Differentiating we get
x' = wvjcost+vysint — vy sint + vy cost.
To simplify future calculations we set

vjcost + vysint = 0.

Then x’ = —v; sint + v, cos ¢, and
x" = —v|sint + vjcost — vy cost — vy sint.
Adding, we get
x" 4+ x = —vysint 4+ v cost
= sec’t.

Thus we must solve the system
vjcost + vysint =0,
—v| sint + vjcost = sec’t.
The solutions are
v} = —sintsec’t and v) =sect.
Integrating we get
v1(t) = —sect and w,(t) =In(sect + tant).

Thus the solution is
x(t) = vi(t)cost + vy(t) sint
= —secrcost +sint - In(sect + tant)
= —1+sint - In(sect + tant).

A fundamental system of solutions to the homogeneous equationis x; (#) = cos?
and x,(t) = sin¢. We look for a solution of the form

x(t) = v1()x1(2) + va(t)x2(2) = vi(¢) cost + vo(¢) sint.
Differentiating we get
x' = v|cost+ vysint — vy sinz + v, cost.
To simplify future calculations we set
v| cost + vy sint = 0.
Then x’ = —vysint + vr cost, and
x" = —vsint 4+ vjcost — vy cost — vy sint.

Adding, we get
x// +x

—v} sint + vy cost

=sin’t.

-
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Thus we must solve the system
vicost +vysint =0,
—v}sint + v} cost = sin’ 7.
The solutions are
v) = —sin’t and v} = sin’tcost.

Integrating we get
v (1) = —/sin3tdt
= /(coszt — 1)sint dt

1 3
= —gcos t 4+ cost,

and
1
v (t) = / sin# cosrdt = 3 sin’ 7.

Thus the solution is
x(t) = vi(t) cost + vy(t)sint
1 4 2 L.y
= ——cCcos't+cos“t+ —sin" ¢t
3 3
1
= g(sinzt —cos? 1) + cos’ t
1., 2,
= —S8In“t + —cos“ ¢
3 3
1[1+ 1]
== cos” t].
3

A fundamental set of solutions to the homogeneous equation are y;(¢) = e~
and y,(t) = te™". We will look for a solution of the form

y=uy + vy =vie +uore.
Differentiating we get
Y =vie" +vite —vieT +u(l —t)e.
To simplify future calculations we set
vie T +vyre™ = 0.
Then y/ = —vie™" + v(1 —t)e™’, and
y'i=—vie"+vi(1 —te " +vie + v —1)e .
Adding, we get
V' +2y +y=—vie" +vi(1 —t)e’

=pe .

t
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t

After cancelling the common term e~’, we see that we must solve the system

v +1tvs =0
—v + (1 =)y = ¢,

The solutions are

6 5

vi=—1° and vy =1,

Integrating we get

7

() = 1: d (t)—1t6
V1 = 7 an (%) _6 .

Thus the solution is

y(t) = vie' +vpte™’
Lo, 1e
—=te —tte
7 + 6

1
=—tle".
42

The homogeneous equation y” + y = 0 has y(t) = cos¢ and y,(¢) = sint as
a fundamental set of solutions. The Wronskian is

cost  sint
—sint cost

=1

W(cost,sint) =

Form the solution
Yp = V1y1 + 22
where v, and v, are to be determined. Indeed,

, —sint(tant 4 sinz 4+ 1)
v =
1

sin®r .,
=— —sin®r —sint
cost
cos’t—1 1—cos2t .
= — —sint
cost 2

1 .
=cCcost —sect — — + — cos2t —sinf.
2 2

Thus,
. 1 I .
vy =sint —In|sect +tant| — Et + Zsm2t + cost.
Secondly,
, cost(tant +sint + 1)
v, =
1
=sint + costsint + cost
1
=sint + zsin2t + cost.
Thus,

1 .
Uy = —COSt — — coS 2t + sint.
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Inserting these results in y, = viy; + v2y2,

1 1
Yy = <sint —In|sect + tant| — §t+ Zsin2t+cost) cost
1 . .
+ —COSt—ZCOS2t+Slnt sin ¢
1 1 . .
=1- Etcost —costIn|sect +tant| + Z(sttcost — sinf cos 2t)
1 1
=1- Etcost —costlin|sect +tant| + Zsin(Zt —1)

1 l .
=1— —tcost —costln|sect + tant| + 7 sin ¢
is the particular solution we seek.

A fundamental system of solutions to the homogeneous equationis y; (f) = cos?¢
and y,(t) = sint. We look for a solution of the form

y(@) = vi(@)y1(2) + v2(2) y2(t) = vi(#) cost + va(2) sin .
Differentiating we get
y =wvjcost+ vysint — vy sint + v; cos .
To simplify future calculations we set
v| cost + vy sint = 0.
Then y’ = —v; sint + v, cost, and
y" = —vsint 4+ vy cost — vy cost — vy sint.

Adding, we get
"

y' 4y = —v|sint + vjcost
=sect +cost — 1.
Thus we must solve the system
vjcost + vy sint =0,
—vsint 4+ v5cost =sect +cost — 1.
The solutions are
V] = —tant —sinzcost +sint and

vh =14 cos’t — cost.

Integrating we get
1
v1(t) = In(cost) = 3 cos’t —cost and

3 1
V(1) = zt + 3 sintcost — sint.

Thus the solution is
y(t) = vi(t) cost + v (¢) sin¢

1 3
=cost - In(cost) + Ecost+ Esint — 1.
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The formulae given in the text depend upon the fact that the coefficient of y”
is 1. We start by dividing our equation by #.

3 1
Yy o g¥=ga

First, check y;(¢) = ¢ is a solution.
3 3 3 3
"=y —=y=0)+-(1)— =) =0.
YTy -5y ()+t() ﬂ()
Check that y,(¢) = t3 is a solution.
3 3 3 3
THIyY - Sy =120+ S(=3hH - S
Yoy -3y ( )+t( ) r2( )
=127 =95 =37

=0.
Calculate the Wronskian.
3\ _ t t_3 4.3
Wi, t )—'1 34| = 4t~
Next,
,_ —y28()
vl'= ————=
w
43473
QTS
= lt_3
4
Thus,
1
V] = —gl_z
Next,
’ ylg(t)
v, =
w
o
T 43
1
= ——1.
4
Thus,
1
Uy = —gtz.
Form

Yp = V1y1 + 22

1 1),
=|——t t ——t7 )t
(8 )+( 8)

1

4t



Thus, the general solution is

y@) =Cit + % ~a
14.
Section 4.7
1. (a) If x, = acoswt, then
x, = —awsinwt
X, = —aw’ cos wt.

Substituting these in x” + w3x = A cos wt,

—aw* cos wt + wja coswt = A cos wt

a(wé — a)z) coswt = Acoswt.

Comparing coefficients, a = A/(0j — »*) and

X, = ———— COS wt.
P a)(z) —w?

(b) Substitute z = ae' into 7" + wiz = Ae'" to get

[(la))Z _ 0)8] aeiwt — Aeia}t
(W — w?)z = Ae'
A

I=—F"-F¢€
a)g—a)z

iot

The real part of this is the solution we seek.

X, = ——— COSwft
P
a)(z) —w?

3. The mean frequency is w = 21/2 and the half difference is § = 1/2. Thus,

21 1 21 1
cos 10t —cos1lt =cos| — — = |t —cos| — + = | ¢,
2 2 2 2
12
= 2sin —t sin —t.
2 2

The envelope is y(¢t) = £2sin(1/2)¢. The graph of the envelope is dashed in
the following figure.

_



2% T

The mean frequency is @ = 19/2 and the half difference is § = 1/2. Thus,
19 1 19 1
cos9t —cos 10t =cos| — — =)t —cos| — + = ) t,
2 2 2 2
L
= 2sin —t sin —t.
2 2

The envelope is y(¢r) = £2sin(1/2)¢. The graph of the envelope is dashed in
the following figure.

o | “m - ﬂw\

The mean frequency is @ = 23/2 and the half difference is § = 1/2. Thus,
. . . (23 1 (23 1
sin12¢t —sinllf =sin{ — — = )¢t —sin|{ — + = ) ¢,
2 2 2 2
1 23
= 2sin =t cos —t.
2 2

The envelope is y(¢t) = £2sin(1/2)z. The graph of the envelope is dashed in
the following figure.
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25 [ H\ /“,\\

L

The mean frequency is @ = 21/2 and the half difference is § = 1/2. Thus,

. . (21 1 (21 1
sinllf —sinl0f =sin{ — — = )¢t —sin| — + = ) ¢,
2 2 2 2

! 21
= 2sin —f cos —t.
2 2

The envelope is y(r) = £2sin(1/2)¢. The graph of the envelope is dashed in
the following figure.

2% /HM A H\n

L

If we set w = (wp + w)/2, and § = (wy — w) /2, we get

-2+ ~

sindt . __
x(t) = —— sinwt
w
sin 8¢ ¢ sin wt
st 2w
As w — wp, we have § — 0 and sin éz/5¢ — 1. In addition @ — wyg, S0
t sin wpt
20)0

the resonance solution. The graph of x with @ = 10.99 is shown in the following
figure.



8.
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The “slow” and “fast” frequencies are present in each case, although the slow
frequency becomes less pronounced as y, increases. Below is the plot for
Yo = 0.5.

0.5

(a) The displacement satisfies the differential equation x” + 4x = 4 cos wt,
with initial conditions x(0) = x’(0) = 0. The solution is

4
x(t) = m(eos wt — cos 2t).
(b) Ifwesetw =2+ w)/2, and § = (2 — w)/2, the solution becomes
2 -
x(t) = — sin 6t sin wt.
wd

We will take w = 1.8, whichisneartowg = 2. Thenw = 1.9, and § = 0.1,
)

2
x(t) = ——sin0.1¢ sin 1.9¢.
0.19

The graph of x and its envelope is presented in the following figure.



10. (a) Asin the text we find the particular solution
A . 2
xp(t) = Z—wot sin wot = gt sin 5¢.

The solution of the homogeneous equation is x;, (1) = Cj cos 5t + C; sin 5¢,
so our solution has the form

2
x(t) = Cycos 5t + Cpsin 5t + gt sin 5¢.

Our initial conditions are
1=x0)=C
0 =x'(0) = 5C,,
so the solution is

2
x(t) = cos5t + gt sin 5¢.

The particular solution x,(¢) has a factor of ¢ so its amplitude will grow,
indicating a resonant solution.

(b)
X
1071
01 t
0 15
—10t

11. (a) Theequation for the currentis /” +41 = —12w sin wt. We find a particular
solution of the form /,(t) = A cos wt + B sin wt. Solving for A and B we

_



-

find that

I,(t) ? i t
= S1n wt.
r 4

w? —

Since the general solution of the homogeneous equationis 1, (f) = C; cos 21+
C, sin 2t, we know that the current has the form

12w

I(t) = Cycos2t + Cysin2t + >
w2 —

sin wt.
4

The initial conditions I(0) = 0, and I’(0) = 0 imply that C; = 0, and
C, = —-12w/ (w* — 4). Hence the solution is

1(t) =

09 o sinwr — wsin21)
Sin wl — w S1In .
w*—4

With w = 1.8 we get the following graph of the solution.

(b) The equation for the current is I” + 41 = —24 sin 2¢. We find a particular
solution of the form I,(t) = t[A cos 2t + B sin 2¢t]. Solving for A and B
we find that

I,(t) = 6t cos2t.
The general solution is
1(t) = 6t cos2t + Cy cos2t + C, sin 2¢.

The initial conditions 7(0) = 0, and I'(0) = 0 imply that C; = 0, and
C, = —3. Hence the solution is

1(t) = 6t cos2t — 3 sin 2¢.

It is plotted in the following figure.



12.

13.

— N W

-1
-2
-3

The characteristic polynomial is P(1) = 2> + 2cA + @ = A* + A + 4. Hence
2c =1and a)(z) = 4. Hence

R@) = (@} — 02 + 420t = S — DT+ o

w} — ? 4—o?
¢ (w) = arccot = arccot .
2cw w

For the steady-state solution to x” + x" + 4x = 3 cos 2t we use w = 2 = wy.
Hence R(2) = 2 and ¢ = arccotQ = /2. The solution is

1
x(t) = AE cos(wt — ¢) = 1.5cos(2t — /2) = 1.5sin2t.

The characteristic polynomial is P (1) = A> 4 2cA + @ = A> 4+ 21 + 2. Hence
2c =2 and a)(z) = 2. Therefore

R(@) = (@} — 02 +4c0? = (o7 =27 + 4o

w} — o? 2—o?
¢ (w) = arccot = arccot .
2cw 2w

For the steady-state solution to x” 4+ 2x" + 2x = 3sin4t, we look first for a
complex solution to z” + 2z +2z = 3e*". The solution will be x(¢) = Im z(¢).
The complex solution is

. 1 o
2(t) = H(iw) - 3¢"" = R Rl
The real solution is then
3
x(t) =Imz(t) = 2 sin(4t — ¢).

We use w = 4. Hence R(4) = +/260 ~ 15.8114 and ¢ (4) = arccot(—7/4) ~
2.6224. The solution is

x(t) = \/% sin(4t — ¢) = \/%@cos(h —¢—m/2).



14.

15.

16.

The characteristic polynomial is P(A) = A% + 2cA + @} = A + 21 + 4.
Hence2c = 2 and @} = 4, and

R(@) = (@} — 0?7 +4ct? = /(@? — 97 + 4o

a)(z) — w? 4 — ?
¢ (w) = arccot = arccot .
2cw 2w

For the steady-state solution to x” + 2x” + 4x = 2sin27t, we look first for a
complex solution to 7”42z +4z = 2>, The solution will be x (¢) = Im z(¢).
The complex solution is

2(t) = H(iw) - 2¢*™" = % -9
The real solution is then
x(t) =Imz@) = %sin(ert — ).
We use w = 2m. Hence R(2w) = 37.6382 and ¢ = 2.8012. The solution is
x(t) = 0.0531sin(2wt — 2.8012).

We want to find the complex solution of z” + 47" + 8z = 3¢!?™'. Note that
the frequency of the forcing term is @ = 2m. The equation has characteristic
polynomial P(A) = A2 + 41 +9, so

P(iw) = (iw)* +4(iw) +8 = (8 —w?) +4iw,
which has magnitude and phase defined by

R(®) = V(8 — 0?)? + 16?2
2

8§ —w
4w

With w = 27, R2m) ~ 40.2808 and ¢ (27) ~ 2.4678, leading to the complex
solution

cotop(w) =

z2(t) = H(i27) - 3¢'7™!

— 1 e—i¢(27r) . 3ei2nt
R(27)

_ 1 —i(2.4678) . 3ei271l
40.2808

— 0.074561'(27'”72.4678) .

The steady-state solution of x” + 4x" + 8x = 3 cos 2m¢ is the real part of this
solution, namely

x(t) = 0.0745 cos(27t — 2.4678).

We will use the complex method, and look for a solution of the equation z” +
57’ + 4z = 2e%" of the form z(¢) = ae?’. Then our particular solution will be
x, = Imz. Differentiating we get

7'+ 57 +4z = a(20)* + 5 - 2i) + 4% = 10aie® = 2%,
Hence a = —i/5, z(t) = —ie*'/5, and xp(t) =Imz(t) = —cos2t/5.
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The characteristic polynomial is P(A) = A2 + 51 +4 = (A + 1)(A + 4),
which has roots —1 and —4. Hence the general solution to the homogenous
equationis x, (1) = Cie~' +Cye~* . The general solution to the inhomogeneous
equation is

1 —t —4t
x(t) = ~3 cos2t 4+ Cie™ " 4+ Cre™ ™.
The initial conditions imply that
1
1=X(O)=—§+C1 +C2
0=x"(0) =—-C; —4C,

Hence we find C; and C;, which solve the equations

6
Ci+C = g

—C1—4C,=0
The solutions are C; = 8/5 and C, = —2/5, so the solution to the initial value
problem is

1 8 2

1) =——cos2t+ —e ' — Ze ¥,
x(t) 5 + 5 e 5 e

The steady-state response is the particular solution x, () = — cos 2¢/5, and the

transient response is x;,(t) = [8e™" — 2¢~*]/5. In the following plot the graph
of the solution to the initial value problem is the dashed curve, the transient
response is dotted, and the steady-state solution is solid.

X
(o

t
0

We will use the complex method, and look for a solution of the equation z” 4
77" + 10z = 3" of the form z(¢) = ae’. Then our particular solution will
be x, = Re z. Differentiating we get

2"+ 77 + 10z = a((3i)> + 7 - Bi) + 10)e¥" = a(l +21i)e*" = 3.

Hence
3 1 —21i

a= = ,
1+21i 442




SO
—21i
t) = 3 3ll
‘=35
3
442[1 — 21i][cos 3t + i sin 3¢]

= m[(COS 3t + 21sin3t) + i(sin 3t — 21 cos 3t),

and x,(¢) = Re z(t) = 3(cos 3t + 21 sin 3t)/442.

The characteristic polynomial is P(A) = A2 + 74 + 10 = (A +2)(A +5),
which has roots —2 and —5. Hence the general solution to the homogenous
equation is x;, (1) = Cje? 4 Coe™>. The general solution to the inhomoge-
neous equation is

3
x(1) = ——(cos 3t +21sin3t) + Cre > + Cre™™.
442
The initial conditions imply that

3
1 =x0)= = +C +C

442
189
0=x'(0 — —2C| — 5C,,
x(0) = 442 1 2
or
CltCy = 445
PTT T
2C1+5C, = 189
! T a2
The solutions are C; = —71/39 and C, = 83/102, so the solution to the initial
value problem is
x(t) = —(cos 3t +21sin3t) — 1 e 4 ﬁe_s’
9 109 ’

The steady-state solution is the particular solution
(1) —3 (cos 3t + 21 sin 3¢)
= CcoS Sin s
N 442

and the transient response is

Ny, 8
t) = —
W) ="35¢ " * 1g9°
In the following plot the graph of the solution to the initial value problem is the
dashed curve, the transient response is dotted, and the steady-state solution is
solid.

_
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We will use the complex method, and look for a solution of the equation z” +
27" + 2z = €% of the form z(t) = ae®’. Then our particular solution will be
xp = Rez. Differentiating we get

2"+ 27 427 =a[2i)® 4+ 2 - (2i) + 2]€*" = a[-2 + 4i]e* = .

Hence
1 -2 —4i 142i
a = e = — )
—2 4+ 4 20 10
SO ey
L oot
1)=——+—
z(1) 0 ¢
1
= —E[l + 2i][cos 2t + i sin 2¢]

1
= —E[(cos 2t — 2sin2t) + i (2 cos 2t + sin 2t)],

and x,(1) = Rez(t) = (2sin2f — cos 2¢)/10.

The characteristic polynomial is P (1) = A 4+ 2A + 2, which has the com-
plexroots A = —1=i. Hence the general solution to the homogeneous equation
is x,(t) = e7'[C} cost + C; sin t]. The general solution to the inhomogeneous
equation is

1
x(t) = E(Z sin2t — cos2t) + e '[Cycost + C, sint].

The initial conditions imply that

1
O=x(0)=—E+C1

2
2=2'0)=5 - Ci+Ca.

We solve these equations, finding C; = 1/10 and C, = 17/10, so the solution
to the initial value problem is

10 10

The steady-state solution is the particular solution

Xp(t) = (2sin2t — cos 2t)/10,

1 . |1 17 .
x(t)=E(251n21—cos2t)+e —cost + —sint | .
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and the transient response is
xp, =e '[cost + 17 sint]/10.

In the following plot the graph of the solution to the initial value problem is the
dashed curve, the transient response is dotted, and the steady-state solution is
solid.

111
7\
Loy

N AN
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We will use the complex method, and look for a solution of the equation z” +
47 4+ 5z = 3e'" of the form z(¢) = ae’’. Then our particular solution will be
x, = Imz. Differentiating we get

2"+ 47 + 5z = ali® + 4i + 5]e" = a4 + 4ile'" = 3e.
Hencea =3/(4 +4i) =3(1 —1i)/8, so

2(1) = %[1 —ile"
= %[1 —i][cost +isint]

3
= g[(cost +sint) +i(sint — cost)],

and x,(¢) = Imz(t) = 3(sint — cost)/8.

The characteristic polynomial is P(A) = A? +4X + 5, which has the com-
plex roots A = —2=i. Hence the general solution to the homogeneous equation
is x4 (1) = e ¥[C| cost + Cy sint]. The general solution of the inhomogenous
equation is

3
x(t) = g(sint —cost) + e H[Cicost + Cysint].

The initial conditions imply
3

O=x(0):—§+C1

3
-3=x'(0) = 3 —-2C + C,.
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21.

22,

We solve these equations, finding C; = 3/8 and C, = —21/8, so the solution
to the initial value problem is

3 1
x(t) = g(sint —cost) + ge_z’[3 cost — 21sint].

The steady-state solution is the particular solution x,(¢) = 3(sint — cost)/8,
and the transient response is x, = e >[3cost — 21sin¢]/8. In the following
plot the graph of the solution to the initial value problem is the dashed curve,
the transient response is dotted, and the steady-state solution is solid.

In Exercise 17, we found the transient solution

71 _, 83
xp(t) = — @E + 109
Because there are two exponential terms, we will use the more slowing decaying
term to determine a time constant. Thus, let 7, = 1/2. What follows is the plot

of the transient solution on the interval [0, 47,] = [0, 2].

e,
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24,

25.

In Exercise 19, we found the transient solution
xp = e H[3cost —21sint]/8.

Thus, the time constant is 7, = 1/2. What follows is the plot of the transient
solution on the interval [0, 47,] = [0, 2].
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0.1

0 0.5 1 1.5 2

We want to find the complex solution of z” + 27’ + 5z = 2¢/*. Note that
the frequency of the forcing term is @ = 3. The equation has characteristic
polynomial P(A) = A% + 21 + 5, so

P(io) = (iw)* +2(io) + 5= (5 — »°) + 2iw,
which has magnitude and phase defined by

R(w) = /(5 — w?)? +4?

5 — w?
cotp(w) = o

With @ = 3, R(3) = +/52 ~ 7.2111 and ¢(3) = arccot(—2/3) ~ 2.1588,
leading to the complex solution

1 o= 23 — 1 clG1=0)
/52 /13

The steady-state solution of x” 4+ 2x’ 4+ 5x = 2cos 3¢ is the real part of this
solution, namely

z(t) =

1
x(t) = ——=cos(3t — ¢).
V13
Note, in the following figure, that the solutions with the initial conditions
(-2,0), (—1,0), (0,0), (1,0), and (2, 0), drawn as dashed lines, all converge
to the steady-state solution (solid line).
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27.
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To find the complex solution of z” + 0.4z" + 2z = €', note that the frequency
of the forcing term is @ = 1. The equation has characteristic polynomial
P() =2x*4+0.41+2,50

Pliw) = (in)> +04(iw) +2 =2 — *) + 04diw,

which has magnitude and phase defined by

R() = (2 — 0?)? +0.160?

2 — w?

04w

cotp(w) =

Thus, the transfer function is

1 1 1
P(iw)  R(@e*@ — R(w)
where G(w) = 1/R(w) is the gain. Thus,

H(iw) = e 9@ = G(w)e @,

2(t) = H(iw)e' = G(w)e ' @e' = G(w)e' "),

with w = 1, is the solution of the complex equation, and the real part, x () =
G (1) cos(t—¢ (1)), is the steady-state solution of x”+0.4x"+2x = cos¢. Using
the formulae above, G(1) = 1/4/1.16 &~ 0.9285 and ¢ (1) = arccot(2.5) =
0.3805. Thus, the steady state solution is

x(t) =

cos(t — ¢).

1.16 =9
Note that the amplitude of the steady-state is the gain (not always the case),
due to the fact that the amplitude of the forcing function, cos?, is 1. Thus, the
gain is easily read in the following graph, where one can estimate the gain by
recording the amplitude of the steady-state response (plotted as a dashed line).
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29.
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Further, note that the steady-state in the figure is shifted to the right of the
forcing function. By zooming in on the upper left corner and adding a grid to

the figure, one can estimate the phase shift.
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Note that the steady-state response is shifted about 0.38 units to the right of
the forcing function. It is important to note that this reading of gain and phase
is facilitated by the choice of forcing function. Because the forcing function
cos t has amplitude 1, the gain is easily read as the amplitude of the steady-state
response. Similarly, because w = 1 is cos ¢, the phase is a simple shift. Things
would be more complicated (but still doable) if we used 2 cos 3¢ as the forcing

function.

The equation x” 4+ 0.4x" 4+ 1.69x = cos ¢ has characteristic polynomial P (1) =
22 4+ 0.4x + 1.69, having roots A = —(1/5) & +/165/10. Consequently, the



-

time constant is
1 1

I,=—-=—=35
c 1/5

Thus, to avoid transients, we let at least 47, pass before examining the solution.
Note that in the figure on the left that the solution settles down to its steady-state
after about [0, 47.] = [0, 20].
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In the image on the right, we’ve zoomed in on the interval [10m, 117],
which is well beyond [0, 20]. Note that the amplitude of the solution is about
1.25, which is the gain. Further, note that the cosine peaks at about 31.4, but
the first peak of the solution occurs at approximately 32.0. Thus, the phase is
32.0-31.4, or 0.6. The careful reader will want to compare these results with
the actual gain and phase, 1.2538 and 0.5254.
30.
31. Note that the characteristic polynomial of z”+0.01z' +49z = Ae'' is P(A) =

A2 4+ 0.012x + 49. Thus,
P(iw) = (iw)> + 0.01(w) + 49 = (49 — w?) + 0.0liw.

Thus, the gain is

1
R /(49— 0?)? +0.00010?

Plotting the gain on the frequency interval [6, 8], one easily sees that the max-
imum gain occurs at about w ~ 7.

_



32.
33.

34.

Note that the characteristic polynomial of z” 4+0.05z' +25z = Ae!® is P(L) =
A% +0.051 + 25. Thus,

P(iw) = (iw)*> +0.05(w) + 25 = (25 — *) + 0.05iw.
Thus, the gain is
3 1
R(@) /(25— w)? +0.002502

Plotting the gain on the frequency interval [4, 6], one easily sees that the max-
imum gain occurs at about w & 5.

G(w) =

4

351

3 L

25}

4 4.5 5 55 6
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36.

37.

38.

39.

The characteristic polynomial of z” + 2cz’ + wiz = Ae'® is P(A) = A> +
2ch + a)(%. Thus,

P(iw) = (iw)* + 2c(iw) + of = (0 — 0*) + 2ciw.
Thus, the gain is
1

Gw) = - .
R(w) \/(a)% — 0?)? + 42a?

Taking the derivative,
1
G'(w) = —E((wg — )+ 4czw2)_3/2(—4w(w(2) — @) + 8c%w)

= (0] — ©*)* + 4™ 7 Qo (wf — @*) — 4c*w).

Note that the first factor of G is always positive, so critical values are determined
by setting the remaining factors equal to zero. Thus,

2a)(a)§ —w? =2 =0

leads to the critical values

w=0 and a):,/w(z)—Zcz,

provided, of course, that a)(z) > 202, Practically, we are not interested in a

forcing function with zero frequency, so we concentrate on w = ,/a)(z) —2c2.

It is not difficult to show that the derivative of G is positive to the left of
this critical value and negative to the right. Thus, we have a maximum at

Wres = ,/a)(z) — 2¢2, which is the resonant frequency for the driven oscillator.
Examining the equation y” + 0.01y" 4+ 49y = A coswt, the maximum gain

occurs at
Wres = \/Cﬁ = /7% — 2(0.005)2,

which, to four decimal places, equals 7.0000, agreeing nicely with the estimate
found in Exercise 31.

See the derivation of the formula in Exercise 35. Because y” 4+0.05y' 425y =
A sin wt, the maximum gain occurs at

Wres = /3 — 2¢2 = /57 — 2(0.025)2 ~ 4.9999,

which agrees nicely with the result in Exercise 33.

The equation y” + 0.1y’ 4+ 25y = cos wt has characteristic polynomial P(A) =
A2 4 0.1x 4 25. Thus,

P(iw) = (iw)*> +0.1(w) + 25 = (25 — 0?) + 0.1liw.

-
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The gain is

1

G(w) = = .
“)= R V(25— 0?)? +0.010?

At the left, the gain is plotted versus the frequency, indicating a maximum gain
near w = 5.

Gain vs ®
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This estimate of the resonant frequency is verified with the calculation

Wres = /R — 2¢? = /52 — 2(0.05)? ~ 4.9995.

In the figure on the right, careful attention was paid to eliminating transients. In
this underdamped case, 7, = 1/c = 1/0.05 = 20. Thus, we must go beyond
4T,. = 80 to eliminate most of the transient behavior. Of course, this extended
time interval allows truncation error to propogate, so we set the relative error
tolerance of our Matlab solver to 1 x 1078 to draw the solution in the right
figure above, with @ = 4.99 set near the resonant frequency. Note the gain in
amplitude is about double that of the forcing function, cos 4.99¢. In the figure
that follows, @ = 2 was chosen at quite a distance from the resonant frequency.

_
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Note the severe attenuation of the amplitude.
40.

41. Theequation y” + 0.2y’ +49y = cos wt has characteristic polynomial P (1) =
A2 4 0.2x + 49. Thus,

P(iw) = (iw)* +0.2(iw) + 49 = (49 — »?) + 0.2iw.
The gain is

_ 1
T R@) 49— 0?)? +0.040?

At the left, the gain is plotted versus the frequency, indicating a maximum gain
near v = 7.
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This estimate of the resonant frequency is verified with the calculation

Wres = /@3 — 2¢2 = /7% — 2(0.1)2 ~ 6.9986.

In the figure on the right, careful attention was paid to eliminating transients.
In this underdamped case, 7, = 1/c = 1/0.1 = 10. Thus, we must go beyond
4T, = 40 to eliminate most of the transient behavior. Of course, this extended
time interval allows truncation error to propogate, so we set the relative error
tolerance of our Matlab solver to 1 x 1078 to draw the solution in the right figure
above, with w = 6.99 set near the resonant frequency. Note the gain is a small
attenuation of the amplitude of the forcing function, cos 6.99¢. This makes
perfect sense in light of the graph of the gain at the left. Note that the maximum
gain is about 0.72, so even near the resonant frequency, we can expect some
small degradation of the amplitude of the forcing function. In the figure that
follows, w = 4 was chosen at quite a distance from the resonant frequency.
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Note the severe attenuation of the amplitude.
42,

43. (a) Because the current is the derivative of the charge (I = Q’), the equation
LI’ + RI + (1/C)Q = Acoswt becomes LQ” + RQ' + (1/C)Q =
A cos wt, or upon dividing both sides by the inductance,

Q”—i—EQ/—i-LQ—é t
2 C —Lcosa).

The solution we seek is the real part of the complex solution of

7+ Ez’ + Lz = éei‘"’
L LC L



Let z = ae'® represent the steady-state solution. Substituting,

R 1 . A .
[(lw)2 + Z(la)) + E] ae"‘” = Zelwt

1 2 4 R A iwt
—_— — —Ilw = —¢€ .
LC [ s

The complex coefficient of z can be written in polar form,

1 2 R2 . A .
2 2 ig(w) , __ iwt
\/<LC a)> +L2w e Z——Le s

1 2

= — W
cotp(w) = LCR—.
T

where

Thus,

A/L ei(wt—dJ(w))'

The real part of z,

A/L
= wl — )),
0 — cos(t — §()
V(e -2 + o

is the solution we seek. The charge will be maximized only if we can

maximize
—1/2
1 \Y R, /

Taking the derivative,

2 , R?
- _ —— =0
LC L?
1 _ R
LC 212
1 R?
0= —



The careful reader will show that the oscillator is underdamped only if
1/(LC) > R*/(4L?). The resonant frequency occurs only if 1/(LC) >
R?/(2L?), a bit more than underdamped.

(b) Start by differentiating LI’ + RI 4+ (1/C)Q = A cos wt, remembering
that Q' = I.

1
LI” + RI' + EI = —Awsin wt,

or, upon dividing by the inductance,
R L o A G
L LC L ’

Substitute z = ae'® in
1 Aw

7'+ Ez’ +—z=——c¢
L LC L

iwt
to get

|:(iw)2 + E(iw) + L] ael® — _@eiwl
7 =

LC L
(fe-e)feom 5
LC L L
. —Aw/L ioot
(g — @) + fiw
—A

iwt

_(i—Lw)—i-Rie

If we write the denominator of this last expression in polar form

1 2
— —Lw)| +R2%@,
(wc ”) ¢

—A
\/(i — L)’ + R

The imaginary part of this is the steady-state solution for the current.

then

7= el@W—9 @)

1= sin(wt — ¢ (w))

Again, the current is maximized by maximizing the amplitude,
—A
JE—Lo) + R
oC
We could proceed as before by taking derivatives, but in this case we can
note that the amplitude is maximized when the denominator is minimized.




44.

45.

The denominator’s smallest possible value is R, which occurs when

1

— —Lw=0
wC
LCw? =1
1
@ = —
LC
1
W=, —=.
LC

First, m = 50g = 0.05kg and y = 10cm = 0.1 m. Use Hooke’s law to
compute the spring constant.
- F mg  (0.05)(9.8)
Ty oy 0.1
We are given that the damping force is opposite the velocity, with magnitude
0.1v, and the driving force is F (t) = 5cos4.4t. Thus, my” + uy' +ky = F(t)
becomes

=49N/m.

0.05y" +0.01y" +4.9y = Scos4.4t,

or
y" 4+ 0.2y 4+ 98y = 100 cos 4.4¢.

This has characteristic polynomial P(1) = A% + 0.2A + 98 and zeros A =
—0.1 £9.8990. Thus, the homogeneous solution is

yu(t) = e 1 (C} cos 9.8990r + C» sin 9.89901).

To find the steady-state solution, substitute z = ae'** in z” + 0.2z’ + 98z =
100ei44,

[(4.40)% 4 0.2(4.4) + 98]ae’** = 1004
(78.64 + 0.88i)z = 100&44 |

The coefficient of z has magnitude 78.6449 and phase 0.0112, so
78.6449¢"011% 7 = 100¢'*4

7= 1_271661'(4.4!—0.0112)'

The real part of this, y,(t) = 1.2716 cos(4.4t — 0.0112), is the steady-state
solution. Thus, the solution is

y(@) = yp(t) + yp (1)

= ¢ %1(C} c0s9.8990f + C;sin 9.98990¢) + 1.2716 cos(4.4r — 0.0112).
The initial condition y(0) = 0 leads to

0=C; +1.2716 cos(—0.0112)



and C; = —1.2715. Differentiating,
y' (1) = e (—9.8990C sin 9.89907 + 9.8990C; cos 9.8990r)

—0.1e %1 (C} c0s9.8990¢ + C, sin 9.89901)
—5.5950 sin(4.4¢r — 0.0112).

The initial condition y’(0) = 0 leads to
0 =19.8990C, — 0.1C; — 5.5950sin(—0.0112)
and C, = —0.0192. Thus, the solution is

y(t) = e "1 (=1.2715 c0s 9.89907 — 0.0192 sin 9.8990¢)
+ 1.2716 cos(4.4¢ — 0.0112).

Section 4.8



