Project #1
The Koebe-Bieberbach Theorem

February 23, 2006

The following is known as the Koebe-Bieberbach theorem.

Theorem: Suppose that f is a holomorphic function on the unit disk D, which is
injective and satisfies f (0) = 0and f’(0) = 1. Thenitsimage f (D) containsthe disk
D1/4(0).

The project is to prove this theorem and to present the proof and related commentsin
awell written paper.

The proof

You will find an outline of a proof, together with severa hints, in Problem #1 on
page 108 of our textbook. Even with the hints, thisis a bit hard to follow, so we will
provide some additional help keyed to the parts of Problem #1.

(a) and (b) These are examples to show what happens when the hypotheses of the
theorem are not satisfied. For part (b), think about the solutions to the equation
e’ =0.

(c) Thehint is alittle terse. Let y, be the curve parameterized by 6 — h(pel?) for
0 <6 < 2x. Sinceh isinjective, thisisasimple closed curve. According to the
Jordan Curvetheorem, y,, separatesthe planeinto two components, one bounded
and one unbounded. Since h has a pole at 0, the image h(D ,(0) — 0) must be
the unbounded component. Thus we want to compute the area of the bounded
component, which we will call G,. According to the Gauss-Green theorem, this
isgiven by
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since y, = 0G,. The computation can be made somewhat easier if we use
complex notation, letting w = u+iv. Thendw A dw = 2idu A dv, sO
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Thislast integral can be evaluated using the parameterization of y , and the series
expansion for h. The double sum coming from the product may be daunting, but
alarge proportion of the terms turn out to be equal to 0.



(d) Noticing that g isan odd function will help in what follows.

(e) Noticethat 1/g hasasimple poleat the origin. Thusthe authorsdo not really mean
for you to find apower seriesfor 1/g. First find the (first few termsin) the power
series for g interms of those of f. Thenwrite
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and find the first few coefficients of the power series of G.

(f) and (g) No additiona hints are needed.

The project report

You are to write up the finished project as though it were a section of abook aimed
at yourself and your fellow students. Our textbook is a good model. This means that
you are to provide discussion of the result, including motivation and examples that
illustrate the result and the importance of the hypotheses. Your proof should be pre-
sented in alogical chain, and may proceed through lemmas and propositions that |ead
to the final result. It is not necessary that you follow the order of the partsin Problem
#1.

You should be aware that 20% of your grade will be based on the quality of your
presentation.

You can find a set of guidelines for writing reports in the document Math 211
Project Reports, which is available at

http://www.owlnet.rice.edu/~math211/Math211Proj Gui des.pdf.

Just ignore those aspects that apply specifically to Math 211.



