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426 CHAPTER9 Linear Systems with Constant Coefficients

This matrix has a nullspace of dimension 1,
geometric multiplicity 1. Qur computer tells u
an eigenvector. The corresponding complex-v.

s0 the eigenvalye A = -1
alued solution is

14794

— oy, = ol (~1eiy 0
() =e"'w; = W =e 249
-1

To find another complex-valued solution, we compute

2-14i 312 -2+ 6i —4i

a2 8 -2+ 6/ —d; 0
A-Clnnt=] o % 6-14i —6+6i —g
=2-2 -1 142 _349

We look for a vector W3 in this nuii

space that is not an eigenvector an
a multiple of w;. One choice ig w;

=(+2-2-2i0,2)7. Since
(A= (=1+D%w, =0,

the corresponding solution is

() = ¢ wy = 1 (g, HA~ (=1 +DDwy)

(1+r)+i(2_+r)

O =22

—1 — i, we have the conju-

+ 7 Hag
s that w; = (1 +i,0,24 2, ~1)7 4

d therefore not

Z1 and Z>. These are the required four solutions
real and imaginar

then xq, x,, ¥i,

¥ parts of the complex solutions. Ifz 1=
and y; are the four needed real solutions.

onding conjugate solutions
. To find real selutions, we use the

X:+iy; and Zy = Xo4-iy,,
L

(b) Use part (a) to compute ™ for

1
A=

1

1 1
! 1],
1 1
1 -3 - N .
1 -1 here are many mportant series in mathematics, such as
. f :

he exponential series, For example,

2% 12 Al
*(%{—_-1—57—‘4—!"" and
1 3 I

@D T Tyt

Use these infinite series together with Definition 6.5 to

EXERCISES ( 3 9%
Use Definition 6.5 to calculate e# for the matrices in Exer-
cises 1-4,
-2 4 1 1
I.Az( I 2) Z.AH(__I _1)
I -1 0 -2
JA=]1 -1 0 4. A=1] -1
0 0 0 I —1 1
o0
3. Suppose that the matrix A satisfies A2 — aA, where cost = Z(_I)k
o 5 0. k=0
(a) Use Definition 6.5 to show that o0
sins = Z(—l)"
k=t
show that
o 0 -1
e"“‘:[—f~eJr 1A. el(' o)
o

_ {tost —sing
“\ sing cost /-

= Use the re

then

Hint: A =

find e’*. F

A

(2) Show
(b) Evalu;
you
(c) Use T
results

sult fc
this ex

10. If A = P)

Use the results
to calculate e'#

=2
11. Az( G

13, Tet A be s
gebraic m
that

In Exercises 14
multiplicity 2 1
of Exercise 13

—2

0
16. A=(A1

Each of the m:
value A. In ea
(A—AI¥ =0

to compute &'

—1
18. A= -1

-2




@Use the result of Exercise b to show that if
a —b
a=(5 7o)

then
A o [ cOSB sin bt
gl =¢€ . R
sin bt cos bt

o 0 -1
Hn“lr.A—aI-{—b(1 0).

g If )
a
a=(5 %)
find &', Hint: See the hint for Exercise 7.
| QR
ot A:(% '%) and B:(g g).
(a} Show that AB # BA.
{t Evaluate e“B. Hing: Thisi1s a simple computation if

youL use Exercise 7.

(c) Use Definition 6.5 to evaluate ¢* and ¢B. Use these
results to compute AP and compare this with the re-
sult found in part (b). What have you learned from

this exercise?

A= ppP-!, prove that et = peP Pl

o the results of Exercise 53 of Section 9.1 and Exercise 10

salculate g for each matrix in Exercises 11-12.

o ] 26 2 0

fons A (—0 1) 12. A:(”3 3)

e the - -7
etAbeal2 x2 [matrix with a single eigenvalue A of al-

+iya,
. gebraic multiplicity 2 and geometric multiplicity 1. Prove

oA = M T+ (A D

ises 14-17, each matrix has an eigenvalue of algebraic
licity 2 but geometric multiplicity 1. Use the technique

ercise 13 10 compute &'*.
-1 0
oan ()

N s 1

-1 0

‘ 0 1 -3 -1

(-1 ez) 17'A—( 4 1)

§f the matrices in Exercises 18-25 has only one eigen-
In each exercise, determine the smallest k such that

)¢ = 0. The vse the fact that

=]

2
-A=e’“[1+t(Aw—M)+E(A-‘M)Z+---]
jon 6.3 _A th
-1 0 0 -1 -1 0
-1 1 -1 19. a=1| -1 o -1

4 =3 -1 2 2

2 -1 0 2 0 0
A=| o o 1} 2A= g -2 0
0 -4 -4 _y 1 -2

{ -1 2 O :
g 1 0 0
2 A‘(o o 1 0
g -1 2 ) i
s o0 -1 4 :
N 5 i
23.A—( Vo4 s -4
0 -1 -1 -2
o 4 5 =2
;. -5 -1 3 -
M A=1g 2 3 - \
7 10 -13 6 ) i

1 o 0 0 :
-9 4 1 4 ]
-1 =5 i

2 -1 0 O ]

Do the following for each of the matrices in Exercises 26-33-
Exercises 26-29 can be done by hand, but you should use 2
computer for the rest.
(i) Find the eigenvatues.
(1) For each eigenvalue, find the algebraic and the geometric o
multiplicities. »
(iit) For each eigenvalue 3, find the smallest integer k such
that the dimension of the nulispace of (A— Al W is equal
to the algebraic multiplicity.

(iv) Foreach eigenvalue A, find g linet;rly independent gener
alized eigenvectors, where g is the algebraic multiplicity ‘

of A.

(v) Verify that the collection of the generalized eigenvectors
you find in part (iv) for all of the eigenvalues is linearly

independent.
{vi) Find 2 fundamental set of solutions for the system y =

Ay.
21 -l Lo |
o ael| 13 oA=L g )
3 -5 0 o 0 2
-
o 1 0 10 0
ool o4 o) WA=\ 27 -1
2 0 1 o 4 -1
-4 4 2B
_1p 39 —4 -8
30"“‘( o 0 -1 O
4 81 -8 =57

-1 24 24

18
5 -8 20 16
31.A=( > o 1o
12 4 -5 -1
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Now suppose that A = o + i is a complex root of multiplicity g.
& — if is also a complex root of multiplicity ¢. By the same reasoning wi
the real case, we get complex conjugate pairs of solutions

z(t) = ¥V and (1) = r"ex', where &k =0,1,...,9 -1,
To find the real solutions, we take the real and imaginary parts,

x(t) = r*e* cos Bt and y(t) = *e¥sin Br, where k= 0.1,...,4

Let’s summarize the facts about the solutions associated with the comple:
THEOREM 8.36 Ifx =« + i is a complex root of the characteristic polynomial with multipli
g,then scis A = o — iB. In addition,
x1(t) = e* cos Bt, xa(t) = te® cos e, ..
and x,(2) = t7'e* cos Bt
yi(t) = ¥ sin B, y(t) = e sin 1, ...,
and y,(z) = t771e™ sin Bt

-3

are 2g linearly independent solutions.

Example 8.37 Find afundamental set of solutions to

and y»
- y!h’i _'_ 4yh'f + 14_}’” + 20yl 'i_ 25y — 0.

10. The e
- L a . yi{)
The characteristic polynomial is 11 The e
A4 1437 4208 +25 = (A2 + 20 + 5)2. » @
12, Thee
Consequently, we have roots —1+2i, each of multiplicity 2. Thus, we have solutions cos 31
i) =e"cos2t, y(1)=e'sin2s, y3(r) = te ' cos?t, 13. Const
and  y;(t) = re”' sin2¢. o i
I @ 1
‘ 5
EXERCISES  (59.3) R
1. The function y{r) is a solution of the homogeneous equa- (b) Use direct substitution to show that the first compo- : f
ton y” —2y" — 3y = O if and only if nent of the general solution X(1) = C1X,(#) + Cy¥aff) ! "
is a solution of y” — 2y’ — 3y = Q. ’
_{(x®y_{ y® . . , ]
X(1) = w0 )y 2. fThe function y(t) is a solution of the homogeneous equa-
tion y” + 4y = 0if and only if Each equ
is a solution of 1 0) i~ possessit
01 x(r) = (xl(z)') = ( y’(r) ) equation
Xr = X. 2 Y 1
32 4. y” -

is a solution of 16, @
(a} Use direct substitution to show that -y

X =-- ( 2 A 1 )X. 18. ym :
e el - - 0
X (t) = (383' ) and X2(1) = ( )

-t LN 20‘ y(S)
—e (a) Use direct substitution to show that
are solutions of system {1). Show that x, () and x3(t} ' ’ sin 2t cos 2t
are linearly independent. X0 = gcos0r | ad x() = —25in 2t

A




fhen X =

- are solutions of system (2). Show that x| (¢) and x;{¢)
e used in

are linearly independent.

(b) Use direct substitution to show that the first compo-
nent of the general solution x(¢) = Cyx{t) + C2X2{1)
is a solution of ¥" + 4y = 0.

Use Definition 8.15 and the technigue of Example 8.16 to show
that each set of functions in Exercises 3-6 is linearly indepen-
g — 1L dent.

lex roots. 3. yi(r) =& and y,(1) = *
4. yi(t) = &' cost and y;(t) = ¢' sin¢

ultiplicity 5. 31(8) = cos?, ya(t) = sint, and y3(t) = ¢’

6. (1) = &', y2(r) = te, and y;(t) = 1%

In Exercises 7-12, use Proposition 8.19 and the technique of
Example 8.20 to show that the given solutions are linearly in-

" dependent and form a fundamental set of solutions of the given
equation.

and y,(t} = sin3r.

8. The equation y” + 9y’ — 10y = 0 has solutions y, (¢} =

e % and v,(2) = €.

9. The equation y” — 4y’ + 4y = 0 has solutions y, (f) = %
and y,{t) = te®.

- 10. The equation y” — 3y"” + 9y’ — 27y = 0 has solutions
y(t) = cos 3z, v2(¢) = sin 3¢, and y;{) = &*.

1. The equation y™ — 3y” + 3y" — y = 0 has solutions
W) = ¢, ya(t) =tef, and y3(2) = r2et.

. The equation ¥ — 13" +36y = 0 has solutions y, (1) =

> solutions cos 31, y2(¢) = sin 3z, y3(t) = cos 2, and y4{#) = sin2:.
' . Constder the equation

i

"+ ay’ + by + ey = 0. (8.38)
(a) If &M is a solution of equation (8.38), provide details
showing that A* + aA® + bA +c = 0.

(b} Write the third-order equation (8.38) as a system of
first-order equations, placing your answer in the form
x' = Ax. Calculate the characteristic polynomial of
system X' = Ax and compare it with the characteristic
polynomial of the equation in (8.38).

th equation in Exercises 14-21 has a characteristic equation
ssessing distinct real roots. Find the general sotution of each
Jation.

M2y —y 42y =0 15 y" —3y" =4y — 12y
W5y +4y=0 17. y® +36y = 13y"
"4+ 2y =5y —6y =0 19. y" 430y =4y" + 11y
O 43y 5y — 15y + 4y +12y =0

7. The equation y” + 9y = 0 has solutions y,{(t) = cos 3¢
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2Ly —4y® — 13y + 52y" +36y' — 144y =0

Each equation in Exercises 2227 has a characteristic equation
possessing real roots of various multiplicities. Find the general
solution of each equation.

22, " =3y +2y =0

24, y" 46y + 12y +8y =0
25. ¥y 4+3y"+3y +y=0
26, yO £3y@ _6y" — 10y + 21y -9y =0
27, yB) — y® Gy 4 14y — 11y +3y =0

23. ym + yn = Syr + 12y

Each equation in Exercises 28-33 has a characteristic equation
possessing some complex zeros, some of which are repeated.
Find the general solution of each equation.

28y —y' 44y —4y=0 29, y"+2y=y"

30, y® +17y" 4+ 16y =0 31 y@o y = -2y"

32, y© —9y™ 4 345" — 66y + 65y — 25y =0

33, y9 4 3y® 433" +y=0

Find the solution of each initial-value problem presented in
Exercises 34-43.

M. y' -2y —3y =0, with y{0) = 4 and y'(0) =0

35, y' 42y + 5y =0, with y(0) = 2 and y'(0) = 0

36, ¥ +4y +4y = 0, with y(0) = 2 and y'(0) = —1

37. " — 2y’ 4y =0, with y(0) = 1 and y'(0) = 0

38, " —4y" =Ty + 10y = 0, with y(0) = 1, y'(0) =0, and
¥y = ~1

39, ¥y —Ty"+ 11y — 5y = 0, with y(0) = —1, y'(0) = 1,
and y"(0) =0 .

49. ¥y =2y + 4y = 0, y(0) = 1, with ¥'(0) = —1, and
Yy =0

41, y" — 6y" + 12y — By = 0, with y(0) = 2, ¥'(0) =0,
and y'{(0) =2

42, ¥y — 3y + 52y = 0, y{) = 0, with ¥ (0} = —1, and
y'(0y=12

43. y“ 4+ 8y" + 16y = 0, with y(0) = 0, y{0) = —I,
¥y (0} =2, and y"({0) =0

In Exercises 44—46, we will verify some of the steps leading to

the proof of Theorem §.33.

44. Verfiy (8.30).

45, Verfiy (8.31). See the definition of a subspace in Defini-
tion 5.5 in Section 7.5.

46, Verfly (8.32). Hinr: Suppose that there are constants
€y, ...,Cr such that ¢ja; + -+ +cea, = 0. Show that
i)+ - - -+ e () = 0. Conclude that all of the con-
stants must be equal to zero.



