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EXERCISES

In Exercises 1-8, calculate the differential JF for the given
function F.

LoFlx,p) =2xy 4 y2

- Flx,y) = /x2 + y2

3 4 Fley =1/,
5. Fx,y) = xy + tan~'(y/x)
6. F(x,y) = In(xy) + x2y?
7. F(x,y) = In(x? +9%) -+ x/y
8. Flx, y) = tan~(x/y) 4. 4
In Exercises 9-2], determine which of the equations are exact
and solve the ones that are.
9. (2x +y)dx + {x —6y}dy =0
10, (1 — ysinx)dx + {cos x} dy =0

11. (1+f) dx—-xldyzo

X Y
12, Fe———==dx dy =10
.‘x2+y2 ,v‘x2+y2
4 3 2 .
B 22ty
dx 3y,
d
u2_ =

dx X -y
15, (u+v)du+(u—v)dv=0

2u 2y
6. —— 4 —dv =10
1 u? 4 u+u2+v2 v
17. gtz_EL 18. sz
ds  rjs _ 25 du Inu

19. sin2¢ iy + (Zxcos2r — 2ydr =0
d

20. 2xy? 4 443 4 2ty X _ 0
dx

2L 2r & Iny)dr + rvdy =Q

" ¥ou multiply by the given integrating factor, then Yyou can solve
. the resulfing exact equation,

=0 u(e,y)=

Ay

: 1
3 yax T +x)x gy =, ulx, yy = o
: +1
. 3(y+l)dx—2xdy=0, #(x,y):yx4

1
x2 +y2
Suppose that yar+(x?y — x) dy = 0 has an integrating
+ factor that is 4 function of x alope [ie, u= #(x)]. Find
- the integrating factor and use it 1o solve the differentia]

(x2+y2~x)dx—ydy=0, mix, y) =

. Suppose that (xy = Ddx + (x2 —Xy)dy =0 has an inte-
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grating factor that js a function of x alone [j.e., o= u(x)],
Find the integrating facior and use it o solve the differen-
tial equation,

equation.

29. Suppose that (P +2xy) dx — 52 dy = 0 has an Integrating
factor that is 2 function of y alone lie, pu = (1. Find

the integrating factor and use it to sove the differentia|
equation.

30. Consider the differential equation 2y dx4-3x gy — 0. De-
termine conditions on 4 and b so that g (x, ¥) = xyb jg
an integrating factor, Find a particular integrating factor
and use it to solve the differential equation,

The equations ip Exercises 31-34 each have the form
Plx, y)dx + Clx, »ydy =, In each case, show that P and
Q are homogeneous of the same degree. State that degree.

3. (x +y)dx+(x-y)dy:0
32, (x2 — xy -y dx +dxydy =9

@.(x—\/x2+y2)dx~ydy=0

34, (Inx —Iny)gx +dy =10

Find the genera solution of each homogeneous €gquation in
Exercises 35.-39.

35, (x2 4y dx —2xydy = ¢
36. (x+y)a’x+(y—x)dy=0

37. (3x+y)dx+xdy=0

xy? — 2x3
39. X%y =2y2 42 40. (y T2xe™ ) dx —xdy =g

41. In Figure 8, a goose starts in flight & miles due east of
IS nest. Assume that the googe maintains constant fight

d

-c_i?x = —Ugcoséd,
d

d—f =W —yysing,

(@) Show that

(6.43)

where k = w/vy, the ratio of the wind speed to the
speed of the goose,
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near the indicated point in the graph on the left. Notice that with this magnification,

the solution curves are distinet, as unigueness requires.

EXERCISES

Which of the initial value problems in Exercises 16 are guar-
anteed a unique solution by the hypotheses of Theorem 7.162

Justify your answer,

Ly =443 y0)=1
 y=rtan'y, y0)=2

4, o = wsinw -+, w(0) = —]
5.

2. y’=V/_, yd)y =0

'
’= 0:0
X YT x(0)

1
6. y’=;y+2, ¥y =1

For each differential equation in Exercises 7-8, perform each
of the following tasks.

{i) Find the general solution of the differential equation.
Sketch several members of the family of solutions por-
trayed by the general solution.

(i) Show that there is no solution satisfying the given injtial
condition. Explain why this lack of solution does not con-
tradict the existence theorem.

7.ty —y = P eost, ¥(0) =3
8. 1y =2y, y0)y =2

9. Show that y(s) = 0 and ¥(#) = £* are both solutions of the
Initial value problem y’ = 3y*3, where y(0) = 0. Explain
why this fact does not contradict Theorem 7.16.

10. Show that y(r) = 0 and y(t) = (1/16)1* are both so-

lutions of the initial value problem y' = 1412 where
¥(0) = 0. Explain why this fact does not contradict The-
orem 7.16.

In Exercises 11-16, use a numerical solver to sketch the solu-
tion of the given initial value problem.

(1) Where does your solver experience difficulty? Why? Use

the image of your solution to estimate the interval of exis-
tence.

(ii) For 11-14 only, find an explicit solution; then use your
formula to determine the interval of existence, How does
it compare with the approximation found in part (i)?

: dy H
1, —=—=__ 2Y=0
dr =y ¥(2) =
dy -2
= = . oy=D =1
ar ~ yr1r YD
dy 1
= = , =1
i (-norn YO
dy 1

dy 242
15, —— = —_——, =0
@ ey YO
—12
16, ix*—-“—h y(0) =3

dr y(y-—5)

An electric circuit, consisting of a capacitor, resistor, and

an electromotive force cap be modeled by the differential
equation
dyg 1
R+ cI=EWm,

where B and C are constants (resistance and capacitance) and
g = q{t) is the amount of charge on the capacitor at time
1. For simplicity in the following analysis, let R = C =1,
forming the differential equation dg/dt + g = £ (t). In Exer-
cises 17-20, an electromotive force is given in piecewise form,
a favorite among engineers, Assume that the initia charge on
the eapacitor is zero [q(0) = 01.
(1) Use a numerical solver to draw a graph of the charge on

the capacitor during the time interval [0,4].
(i} Find an explicit solution and use the formula to determine

the charge on the capacitor at the end of the four-second

time period.
S e
18. E(t) = {2’ 11:1;?;2! < 2,
19. E() = !3“ ;:?;Zr <2,
m o[l Gi <

21. Consider the initial value probilem
Y =3 o =0

It is not difficult to construct an infinite number of soly-
tions. Consider

0, ift <,
(t—n), ifr =>4,

) = {

where 1, is any positive number. It is easy to calculate the
derivative of v(¢), when ¢ # o,

I(I) _ O, ift < o,
= 3t —~1)?, ifr>p,

but the derivative at #p remains uncertain,
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@ Show that
0,
¥{t) = I

(a) Evaluate both

’ . )/(f) “")’(10)
Yy = lim ————-%
Yl) =
and ) =y
Ppo— B y't -y to
) = lim 2220
Y i) w1 —1o
showing that
, 0, ift <1,
Y = ,
3(I - I(]) ) ift > .

(b) Finally, show that y(z) is a solution of 21. Why
doesn’t this example contradict Theorem 7.167

22. Consider again the “solution” of equation (7.11) in Exam-
ple 7.10,

") = 3™,
Y =N5/2 4+ 6 - 5e2 /e ™

fort <1,
for: = 1.

‘ (a) Follow the lead in Exercise 21 to calculate the deriva-
tive of y(z).
(b) In the sense of the definition of solution in Section
2.1, is y(1) a solution of (7.11)? Why or why not?

(c) Show that y(r) satisfies equation (7.11) for all ¢ except
t=1.

forz < 0,
t* fort=0

is a solution of the initial value problem ty’ = 4y, where
y(0) = 0, in the sense of Definition 1.15 from Section
2.1. Find a second solution and explain why this lack of
uniqueness does not contradict Theorem 7.16.

24. Uniqueness is not just an abstraction designed to please
i theoretical mathematicians. For example, consider a
cylindrical drum filled with water. A circular drain is
opened at the bottom of the drum and the water is allowed
to pour out. Imagine that you come upon the scene and
witness an empty drum. You have no idea how long the
drum has been empty. s it possible for you to determine
when the drum was full? ‘

(a) Using physical intuition only, sketch several possible
graphs of the height of the water in the drum versus
time. Be sure to mark the time that you appeared on
the scene on your graph.

(b) 1t is reasonable to expect that the speed at which
the water leaves through the drain depends upon the
1 height of the water in the drum. Indeed, Torricelli’s
: law predicts that this speed is related to the height by
the formula v = 2gh, where g is the acceleration
due to gravity near the surface of the earth. Let A
and g represent the area of a cross section of the drum
and drain, respectively. Argue that A Ak = av Az,
and in the limit, A dk/dr = av. Show that dh/dr =
—(a/A)/2gh.
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(c) By introducing the dimensionless variables @ = ah
and s = gt and then choosing parameters

fx-—"hio and ,B=(%)\/%,

where hy represents the height of a full ;ank, show
that the equation dh/dt = —(a/A)+/2gh becomes
dw/ds = —./w. Note that when w = 0, the tank is
empty, and when w = 1, the tank is full.

(d) You come along at time s = s and note that the
tank is empty. Show that the initial value problem,
dw/ds = —/w, where w{sp) = 0, has an infinite
number of solutions, Why doesn’t this fact contra-
dict the uniqueness theorem? Hint: The equation is
separable and the graphs you drew in part (a) should
provide the necessary hint on how to proceed.

25. Is it possible to find a function f(z, x) that is continucus
and has continuous partial derivatives such that the func-
tions x;{(f) = ¢ and x;{tr) = sin¢ are both sclutions to

s x' = f{t,x)nearz = 0?
s it possible to find a function f(z, x) that is continuous

~==="and has continuous partial derivatives such that the func-
tions x, () = cost and x;(¢) = 1 - sin are both solutions
tox’ = f(¢t, x) neart = x/2?

27. Suppose that x is a solution to the initial value problem

x' =xcos’t and x(0)=1.

Show that x(¢) > O for all ¢ for which x is defined.
28. Suppose that y is a solution to the initial value problem
y = (=3 and y(1) =1
Show that y(#) < 3 for all ¢ for which y is defined.
29. Suppose that y is a solution to the initial value problem
y =" -1e? and y(1)=0.
Show that —1 < y(¢) < 1 for all r for which y is defined.

30. Suppose that x is a solution to the initial value problem

x3

—x
1+ 2x2

!

and x(0) = 1/2.

Show that 0 < x{t} < 1 for all ¢ for which x is defined.

31. Suppose that x is a solution to the initial value problem

X =x— 42
% Show that x(#) > ¢* for all 7 for which x is defined.
Suppose that v is a solution to the initial value problem

y=y'—cos’t—sint and y(0)=2.

and x(0) = 1.

Show that y(r) > cos ¢ for all 7 for which y is defined.




