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:

00 gal 3 Equation (5.5) is separable, so we can separate the variables, integrate, and
lution solve for x, finding that
i gal/s. x(@t) = Cre ™
In at a The initial condition x (0} = 20 yields C; = 20, so
at the
What x(t) = 20e7/%, (5.7)
We now substitute equation (5.7) into equation (5.6) and simplify to obtain the
s. Be- 40 linear equation :
tank A dy o 1
- —_— = e_ - — Y. 5.8
in tank ]
chsalt - = 20 Solving in the usual way, we get the general solution
& 10 y(t) = —40e™ 4 Cret/*®,
0 The initial condition y(0) = 40 yields C; = 80 and
Time in seconds
y(t) = —40e /% 4 807714, (5.9)
Figure &. The amount of salt in the
tanks in Example 5.4. The solutions in (5.7) and (5.9) are plotted in Figure 6.
Finally, we can use equation (5.9) to find the salt content in tank B af 1 =
0 1 min = 60 seconds, finding that
ak B is (60) = —40e™ D720 1 g0e 000 159 1b. '
EXERCISES
@A tank contains 100 gal of pure water. At time zero, a same rate, allowing for a constant solution volume in the
olution sugar-water solution containing 0.2 1b of sugar per gal en- tank.
Wration ters the tank at a rate of 3 gal per minute. Simultaneously, (a) Use an analytic method to determine the eventual salt
itly, the a drain is opened at the bottom of the tank allowing the content in the tank.
sugar solution to leave the tank at 3 gal per minute. As- ) )
sume that the solution in the tank is kept perfectly mixed (b) Usea nqmencal solver to determine the event_ual s_alt
at all times. content in the tank and compare your approximation
. . with the analytical solution found in part (a).
(a) What will be the sugar content in the tank after 20 . ) .
minutes? . A tank contains 500 gal of a salt-water solution contain-
erential . . ing 0.05 1b of salt per gallon of water. Pure water is poured
(b) How long will it take the sugar content in the tank to into the tank and a drain at the bottom of the tank is ad-
reach 15 b? justed so as to keep the volume of solution in the tank con-
{c) What will be the eventual sugar content in the tank? stant. At what rate (gal/min) should the water be poured
2. A tank initially contains 50 gal of sugar water having a into the t.ank to lower the s‘z;lt concentration to 0.01 Ib/gal

— 40 concentration of 2 lb of sugar for each gal of water. At of water in under one hour?

o time zero, pure water begins pouring into the tank at a rate . A 50-gal tank initially contains 20 gal of pure water. Salt-
mns of 2 gal per minute. Simultaneously, a drain is opened at water solution containing 0.5 1b of salt for each gallon of

the bottom of the tank so that the volume of sugar-water water begins entering the tank at a rate of 4 gal/min. Si-

(5.5) solutjion in the tank remains constant. multaneously, a drain is opened at the bottom of the tank,

(a) How much sugar is in the tank after 10 minutes? allowing the salt-water solution to leave the tank at a rate

b e X of 2 gal/min. What is the salt content (Ib) in the tank at the

(5.6) (b) [_;OW long will it take the sugar content in the tank to precise moment that the tank is full of salt-water solution?
dip below 20 Ib? . .

) . . ” . A tank initially contains 100 gal of a salt-water solution
vill be a () What will be the eventual sugar content in the tank? containing 0.05 1b of salt for each gallon of water. At time
I nature 3. A tank initially contains 100 gal of water in which is dis- zero, pure water is poured into the tank at a rate of 3 gal
olution. * solved 2 b of sait. The salt-water solution containing 11b per minute, Simultaneously, a drain is opened at the bot-
6). This of salt for every 4 gal of solution enters the tank at a rate tom of the tank that allows the salt-water solution to leave

of 5 gal per minute. The solution leaves the tank at the

the tank at a rate of 2 gal per minute. What will be the salt
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2.8 Dependence of Solutions on Initial Conditions 91

Sensitivity to initial conditions is the idea behind the theory of chaos, which
has developed over the past 23 years. In chaotic situations, solutions are sensitive
to initial conditions for a large set of possible initial conditions. In the situations we
have examined, the sensitivity occurs only at a few isolated points. Such equations
do not give rise to truly chaotic behavior.

EXERCISES

Sensitivity to initial conditions is well illustrated by a little tar-
get practice with your numerical solver. In Exercises 1-12, you
are given a differential equation x” = f(r, x) and a “target” In
each case, enter the equation into your numerical solver, and
then experiment with initial conditions at the given value of
f, until the solution of x’ = f(r, x), with x(fp, xg), “hits” the
given target. '

We will use the simple linear equation, x* = x — ¢ in Ex~

ercises 1—4. The initial conditions are at £, = 0. The target

is
1L 3,0
3650

2, (4,0)
4. (6.0)
In Exercises 5-8, we use the slightly more complicated non-

linear equation, 1" = x? — ¢. Again the initial conditions are at
to = 0. The target is

5 (3,0)
7. (5.0)

6. (4,00
8 (6,0

For Exercises 9-12, we use the equation in Example 8.8,
x' = x sinx - ¢. Again the initial conditions are at &, = 0.
The target is

- 9.(3,0 10. (4,0)
‘1. (5,0) 12, (6,0)

. This exercise addresses a very commen instance of a mo-
tion that is sensitive to initial conditions. Flip a coin with
your thurmb and forefinger, and let the coin land on a pil-
low. The motion of the coin is governed by a system of or-
dinary differential equations. It is not immediately impor-
tant what that system is. It is only important to realize that
the motion is governed entirely by the initial conditions
(i.e., the upward velocity of the coin and the rotational en-
ergy imparted to it when it is flipped). If the motion were
not sensitive to initial conditions, it would be possible to
learn how to flip 10 heads in a row. Try to leam how to do
this, and report the longest chain of heads you are able to
achieve. The flipping of a coin is often considered to have
arandom outcome. In fact, the result is determined by the
initial conditions. It is the sensitivity of the result to the
initial conditions that gives the appearance of randomness.

Let’s plot the error bounds shown in Figure 1. First, solve
x'= (x — 1)cost, x(0) = 0, and plot the solution over

15.

16.

the interval [—4, 4]. Next, as we saw in Example &.1, if
¥(t} is a second solution with £x{0) — ¥(0) =< 0.1, then
the inequality (8.3) becomes |x(£) — y(r}] = 0.1e"!. Solve
this inequality for x(¢), placing your final answer in the
form e;{t} =< x(t} = ey(t). Then add the graphs of
er () and ey (t) to your plot. How can you use Theo-
rem 7,16 to show that no solution starting with initial con-
dition |x{0) — y(0)| < 0.1 has any chance of rising as far
as indicated by ey (£)?

Draw the error bounds shown in Figure 2. See Exercise 14
for assistance.

Consider the equation x" = (x — 1)cost.

(a) Let x(z) and y(r) be two solutions. What is the up-
per bound on the separation |x(£) — y{¢)| predicted by
Theorem 7.157

(b) Find the solution x(r) with initial value x(0Q) = 0, and
the solution y(¢) with initial value y(0) = 1/10. Does
the separation x(r) — y(f) satisfy the inequality found
in part (a)?

(¢} Are there any values of r where the separation
achieves the maximum predicted?

17. Consider x’ + 2x = sin¢.

18.

et x(¢) and y(r) be two solutions. What is the up-

per bound on the separation |x(¢) — y(¢)| predicted by
Theorem 7.157

ind the solution x (¢} with initial value x(0) = —1/5,

and the solution y(¢) with initial value ¥(0) = —3/10.
Does the separation x{¢) — y{r) satisfy the inequality
found in part (a)?

(c) Are there any values of ¢ where the separation
achieves the maximum predicted?

Let x,(t) and x;(¢) be solutions of x' = x? — ¢ having
initial conditions x, (0} = 0 and x;(0) = 3/4. Use Theo-
rem 7.15 to determine an upper bound for |x, (1) — x2(£)|,
as long as the solutions x;(¢) and x2(¢) remain inside the
rectangle definedby R = {(#,x}: -1 2t =1, -2<x <
2}. Use your numerical solver to draw the solutions x;(¢)
and x; (1), restricted to the rectangular region R. Estimate
maxyg |x,(z) — x2(¢)| and compare with the estimated up-
per bound.




EXERCISES (' %)

1. A biologist starts with 100 cells in g culture. After 24
hours, he counts 300, Assuming g Malthusian model,
what is the reproduction rate? What will be the number
of cells at the end of 5 days?

A biologist prepares a cult
biologist counts 1000 cell

ure. After 1 day of growth, the
8.

H

tained 25,000 bacteria?

reproduction rate and how many cells were present inj- 7. A certain bacterium is known to Erow according 1o the
ttally? Malthusian model], doubling itself every 4 hours. If g bi- by
3. A population of bacteria is growing according to the ologist starts with a culture of 10,000 bacteria, at what
Malthusian model If the population triples in 10 hours minimal rate does he need to harvest the culryre S0 that it
what is the reproduction rate? How often does the popu- ot averwhelm the container with bacteria?
lation doubie itself? 8. Abiologist 5TOWs a culture of fruit fljeg In a very large en-
\ population of bacteri 3, growing according to the closure wx{h substantial nutrieneg available, The following ’Npte th
¥althusian mode] doubles itself in 10 days. If there are table contains the data on the numbers for each of the first line o
1000 bacteria present initially, how long will it take the ten days. N N of the ¢
R UMBER UMBER §
population to reach 10,0007 Day OF FLtia Day o s n?iz;t;r;s
5. A certain bacterium, given plenty of nutrient and roorm, is 0 10 6 33 critical -‘
known to grow according to the Malthusian model with 2] 14 72 Tk
reproductive rate Suppose that the biologist working 3 212 8 1% (@) .
with the cultire harvests the bacteria at 4 constant rate of a4 28 10 136 L ' t:on‘
h bacteria per hour Use qualitative analysis to discuss the 5 38 oo
fate of the culture,
—_
*Some caleulators will do g “logistic regression.” However, in ar least one case this routine fits a function of the form
a If yo
f) = +d
£ 1+ beet fine;
to the data. Such a rottine will not solve the problem we are dealing with. What Is needed is a routine that fits a function of the form congl
a respe
= + bacr to ob
to the data. The method used probably changes fram calculator to calcolator, so you should check it out
5To learn more about fitting the logistic equation, see “Fitting a Logistic Curve 1o Data,” Fabio Cavallinj
Num. 3, Pp. 247-253.
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(d) Finally, use the change of variables @ = «P and
§ = Bt, your parameters ¢ and 8 found in part (b},
and the initial condition P(#%) = F, to show that
equation (1.32) is equivalent to the solution given in
equation (1.15).

population, obeying the logistic equation, begins with
000 bacteria, then doubles itself in 10 hours. The pop-
ulation is observed eventually to stabilize at 20,000 bac-
teria. Find the number of bacteria present after 25 hours
and the time it takes the population to reach one-half of its
carrying capacity.
A population is observed to obey the logistic equation
with eventual population 20,000. The initial population is
1000, and 8 hours later, the observed population is 1200.
Find the reproductive rate and the time required for the
population to reach 75% of its carrying capacity.

In The Biology of Population Growth, published in 1925,
the biologist Raymond Pearl reported the data shown in
the following table for the growth of a population of fruit

13.

14.

flies.
NuMmBER NUMBER
Day OF FLIES Day OF FLIES
0 6 18 163
3 10 21 226,
7 21 24 265
o 52 28 282
12 67 32 319
15 104

(a} Notice that data were not collected systematically.
However, data were collected on days 9 and 18. Use
the method of Examnple 1.20 to estimate the natural re-
productive rate and the cairying capacity for a logistic
model.

{(b) If you have a computer program with a least squares
program, use it with all of the data in the table to es-
timate the natural reproductive rate and the carrying

capacity for a logistic model.
(c) Is the logistic model a good one for this data?

15. G. F Gause, m his Struggle for Existence, simply esti-
mated the carrying capacity of a population from the graph
of his data. Plot the data shown in the following table, and

use your plot io obtain an estimate of the carrying capac-
ity.

Day QuanTITY Day QUANTITY
0 100 80 8587
20 476 100 9679
40 1986 120 9933
60 5510 140 9986

You now know the carrying capacity and the initial
population. You can use any other point in the table to
determine the reproduction rate r. Do so, and then super-
impose the resulting logistic curve on your data plot for
comparison. Can you see any problems that could occur
with this method?

16. Consider a lake that is stocked with walleye pike and

17.

18.

19

+

the population of pike is governed by the logistic equa
P =0.1P0 - P/10Y,

where time is measured in days and P in thousands of i
Suppose that fishing is started in this lake and that 100
are removed each day.

{2) Modify the logistic model to account for the ﬁshing

{b) Find and classify the equilibrium points for youj
model.

(¢} Use qualitative analysis to completely discuss the fatg
of the fish population with this model. In part1cu1ar
if the initial fish population is 1000, what happens ig
the fish as tirne passes? What will happen to an initis
population having 2000 fish?

A biologist develops a culture that obeys the modified jo
gistic equation

P
"=03 LI D
P 8p (1 1000) (o),

where the “harvesting” is defined by the piecewise func-

tion
) 2 i
hr) = 00, 1fr<3t,
0, otherwise.

(a) Use a numerical solver to plot solution trajectories for
initial bacterial populations ranging between 0 and
1000. You’ll note that in some cases, the popula-
tion “recovers,” but in others, the bacterial count goes ‘
to zero. Determine experimentally the critical initial
population that separates these two behaviors.

{b) Use an analytic method to determine the exact ;.fa}ue
of the “critical” initial population found in part (a).
Justify your answer,

A population, left alone, obeys the logistic law with an
initial population of 1000 doubling itself in about 2.3
hours. It is known that the environment can sustain ap-
proximately 10,000 individuals. Harvesting is introduced
inito this environment, with 1500 individuals removed per
hour, but only during the last 4 hours of a 24-hour day.
Suppose that the population numbers 6000 at the begin-
ning of the day. Use a numerical solver to sketch a graph
of the population over the course of the next three days.
Find approximately the size of the population at the end
of each day.

Consider the same lake as in the Exercise 16, but suppose
that the fishing is done for a fixed time every day, with the
result that 19 of the fish are caught each day.

(a) Modify the logistic model to account for the fishing.

(b} Find and classify the equilibrium points for your
model.

{c) If the initial fish population is 1000, what happens to
the fish as time passes?
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satisfy the given identity.

4 A+B=B+A

16. (ABYC = A(BC)

18, (A+ BYyC=AC+ BC
20, a(AB) = (¢A)B = A(aB)
21, (o + BYA =aA + BA

22, alA+B)=aA+taB

17. A(B+C)y=AB + AC
19. (@B)A = u(fA)

In Exercises 23-26, show that the scalar and matrices

-2 4 0 -5
A=( 4 0), and B:(—Z 3)
satisfy the given identity.

23. (AT =A
5. (A+B)7 =A" + BT

o =3

24. (@A) = AT
26. (AB)T = BTAT

We will use the following vectors and matrices in Exer-
cises 27-46.

) (B)en= ()2 ().

10 0 0 -1
-5 y Vo= 8 , V3 = -9 , V4 = 3 R
3 6 7 6
- -1
3 -1 2 3

, T = , W= 0],u= )
2 2 ~3 -2
4

9 -6 -6 -1 7
A—(s -1)’B=(—1 8 —9)’

10 0 -1 o 0
-5 8 3{,b=|-5 8 -9 3
3 6 6 3 6 7 6

e selutien set for a linear

Tine. set have the form

15. (A+B)+C=A+(B+0O)

Consider the equation

The set of all vectors (x, y)7
solution set of (2.1). In this case, the solution set is  line in the plane (see Figure 1).
If we solve (2.1) for x, getting x = (9 — 4y)/3, then the vectors in the solution

5)-()- () ()

283

Systems of Linear Equations with Two or Three Variables

For Exercises 27-32,
(i) Simplify the indicated linear combination.

(1) Write the indicated lingar combination as a matrix prod-
uct.

(iii) Compute the matrix product found in (if} using the
method in (1.14) and compare your result with the linear
combination computed in (i}.

27. 2){1 + 3X2 28. -X3 4+ 5x4
29, 4%, — Txy — 3%, 30. —2v; +4vy + 5x4
31. 4V[ - 3V4 + 3V2 + 4\"3 32. Yy — 5V1 — 3\’4 - 2\’3

For Exercises 3340, compute the indicated matrix product.
33. Ay 3. Ax; 35. Bz 36. Bw
37. Cz 38, Cw 39. Cv; Du
41. What is the transpose of y? -
42, What is the transpose of u?
43, What is the transpose of A?

. What is the transpose of B?

hat is the transpose of C?

46. What is the transpose of D?

For Exercises 47-54, write the indicated system as a matrix
equation.

47. 3x +4y =7 48, —x +4y =3

49. Ix+4y =7 5. x—-3y= 5
—x+3y=2 —2x +3y=-2

51. —x| + X3=0 52. x1+3x2- X3 = 2
2x, + 3, =3 =2x1 + 3x3 — 2x3 = -3

83, —x; 4+ x3=10 5. x1+3xnp— x3= 2
2%+ 3x, =3 —2x 4+ 3x0 — 2x3 = -3
Xo -~ X3 =4 2x —~ x= 0

Before proceeding to the solution of general systems of linear equations, we will
look at systems in two or three variables. We will use what we know about vectors
and matrices to systematize and simplify our solution method. We will also use
what we know about geometry to get a better understanding of solution sets. In the
process we will learn how to express solution sets parametrically.

One linear equation in two unknowns

3x+4y=09. (2.1}

that solve this equation will be referred to as the

(2.2)
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ind that 20, Adjust the “standard” logistic equation 21. In Exercise 20, examine the units of the term y P and
ruation AP P explain why the function ¥(y) = yP is called the
— =rP (1 - —) yield. Suppose that the harvesting strategy defined in Ex-
di K ercise 20 is kept in place long enough for the population to
to reflect the fact that a fixed percentage y of the popula- adjust to its new equilibrium level. What value of y will
i%gﬁ;ﬁ; tion is harvested per unit time. Use qualitative analysis o maximize the yield at this level? What will be the yield
discuss the fate of the population. In your analysis, discuss and the new equilibrium level of the population for this
two particular cases: (1) y <rand(2)y > r. value of y?
lishing.
for your
3.2 Models and the Mathematical models are meant to explain what is happening in the real world. It is
: the fate Real World notenough to derive models from theoretical considerations. It is necessary to check
articular, E the predictions of our models with what is happening in reality. We did this in the
ppens to previous section when we looked at the implicatioﬁs of the Malthusian model of
an initial | population growth. We realized that its prediction of unlimited exponential growth
1 was unrealistic and is only good if the assumption of unlimited resources is satisfied.
dified lo- : While this might be true for small populations, it is certainly not true in the long run.

We then went back to the drawing board and came up with the logistic model. Cur
analysis of the experimental data in Example 1.20 showed that in that case, under
controlled circumstances, the logistic model worked very well. '

_ We should do the same kind of analysis for the logistic model. If we want
rise func- : to apply the logistic model in new circumstances, it is important to know if these
circumstances fit the assumptions behind the logistic model. Let’s recall what those
assumptions are. First we assumed-that the population changed due to births and
deaths. We then allowed the birth and death rates to vary with the population in a
way that reflected the competition between individuals for limited resources. We

ctorlgsafs; did not allow any change of the reproductive rate with respect to time. Now let’s
;:npopula- look at some other situations.

sount goes ‘

ical initial ] : A Malthusian model of early U.S. population

IES.

:xact value i A numbf_:r of attempts have been mac!e to model the population of the United

n part (a). - States. Pierre-Francois Verhulst, a Belgian mathematician, argued that the Malthu-
: o sian model could be used to model rapidly giowing populations in environments

containing seemingly unlimited resources.

iw with an

about 2.3 : The United States (in the late eighteenth and early nineteenth centuries)
sustain ap- 3 offers just such an example of a rapidly growing population that is expand-
introduced ing as if it had unlimited resources. [Verhulst, Pierre-Frangois. 1845,
emoved per Recherches mathematiques sur la loi d'accroissement de la population.
d-hour day: Noveaux Mémoires de I'Académie Royale des Sciences et Belles-Letters
ftg‘fabgeri‘;; de Bruxelles 18: 1-38]

three days. Verhulst used United States census data for the years 1790-1840, provided in

1 at the end Table 1. He used the arithmetic mean to estimate the population in intercensal
3 years, then proceeded to show that the population grew in the geometric progression

but suppose predicted by the Malthusian model.

lay, with the ' If we use regression on the data points in Table 1 as we did in Example 1.8, we

get the equation ' :
the fishing.
s for your P = 3,966,000 04170, 2.1)

where the time ¢ is measured in vears. The plot of equation (2.1) is superimposed
it happens t0 ' on Verhulst’s data in Figure 1. Note that the graph of equation (2.1) is a good fit
with the census data.
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.Table 1. Early population of the £
EE " United States . g 5F
L
YEAR TivME POPULATION
1790 0 3,929,827
1800 10 5,305,925 0 . L s :
1810 20 7.239.814 1790 1800 1810 1820 1830
1820 30 9,638,151 Year .
1830 40 12,866,020
1840 50 17,062,566 Figure |. Fitting a Malthusian model to early U.S. population,

Now we come to the main question of this section. Is Verhulst’s assertion that
this period of U.S. population growth is a good example of “a rapidly growing pop-
ulation that is expanding as if it had unlimited resources” valid? It might be argued
that, in addition to births and deaths, there was a third factor affecting the growth
of the population, namely immigration. However, in the period between 1790 and
1820, immigration to the United States was rather small in comparison to the pop-
ulation increases that were occurring. Consequently, we can say that Verhulst’s use
of the Malthusian model was a valid approximation. Indeed, the agreement of (2.1)
with the data in Table 1 as shown in Figure 1 is impressive.

Logistic models of U.S. population growth

We have just seen that the early growth of the U.S. population was Malthusian in
nature. What about the growth since then?

In 1920, Pearl and Reed used the logistic equation to model the United States
population. Their census data, taken from their report to the National Academy of
Sciences,” came from the Bureau of Census figures. It included the data in Table
2, up to the year 1910. Table 2 comes from the Statistical Abstract of the United
States, 2002. Tt shows the population of the United States in thousands.? These data
are plotted in Figure 2.

By selecting three data points at equally spaced time intervals and using the
technique in equations (1.18) and (1.19) of Section 1, Pearl and Reed were able to
fit the logistic model to the population data in Table 2 up to 1910. Using the same
techniques as before and the populations for 1790, 1850, and 1910, we £t the data

?Peart and Reed, On the Rate of Growth of the Population of the United States Since 1790 and Irs
Mathematical Representation, Proceedings of the National Academy of Sciences, Votume 6, June 15,
1920, Number 6.

¥ The observant reader will notice that the data in Table 2 differs somewhat from that in Table 1. This
is simply because the data is from different sources. It frequently happens that different sources report
conflicting data. This is sometimes very disconcerting,
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Tab!e2 h_cﬁ_pi_:!atidn of theUmtedStates (in..'thé.qéar}'ds) A

YEAR POPULATION YEAR POPULATION YEAR POPULATION
1790 3,929 1870 39,818 1940 131,699
1800 5,308 1880 50,156 1950 151,326
1810 7,240 1890 62,948 1960 179,323
1820 9,638 1900 75,995 1970 203,302
1830 12,866 1910 91,972 1980 226,542
1840 17,069 1920 105,711 1990 248,718
1850 23,192 1930 122,755 2000 281,422

1860 31,443

in Table 2 with the logistic model. The estimates of the parameters are’

r=0.0313 and K = 197274. 2.2)

These data, together with Py = 3,929,000, are used in equation (1.15), which is

KD

Pty = ;
® Py (K — Py)e— 1)

(2.3)

The plot of this function is superimposed on the plot of the U.S. population data in
Figure 2. Note the excellent fit.

100
80

60

40

Population in millions

20

0 i 1 Ld ]
1790 1820 1850 1880 1910

Year

Figure 2. Fitting the logistic model to U.S. population.

Pearl and Reed then nsed their model to extrapolate the eventual behavior of the
U.S. population. Let’s check how well their model predicted the population of the
United States. In Figure 3, we extend the plot of equation (2.3) with the parameters
in {2.2) to the present, and we show the actual data from Table 2.

The model of Pear] and Reed predicted a carrying capacity of 197,274,000 peo-
ple, However, in 1990 the U.S. population was 248,718,301 people, far beyond that
predicted by Pearl and Reed. Thus, we see that using the logistic model to predict
the population of the United States failed spectacularly after about 1950. It appears
that the logistic model is not very good at predicting the population of the United
States. _

®These computations are a little sensitive, especially to the value of r used to compute K, It is important
to keep the actual computed value of r when computing K. Even then, a calculator may not get the value
found here due to lack of precision.
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Figure 3. Logistic model projection of 1.S. population based on data
from 1790, 1850, and 1910, measured against the actual data,

Why is this true? If we think about how the population has grown in the United
States, we come to the conclusion that the assumptions of the logistic model are |
simply not satisfied. For one thing, since about 1830 immigration has been a very
Important factor. For €xample, in the first decade of the twentieth century there
were 8,795,386 immigrants, while the population increased by 15,977,691, Clearly
Immigration cannot be ignored. In addition, great improvements in public hygiene
and in health care have had a big impact on the birth and death rates. Agricultural
technology has increased the production of food by an incredible amount. Birth
rates have decreased over the past century because of individual chojce-—a factor
that is unrelated to the availability of resources or (o the size of the population.

For these reasons, it should not be a surprise that the logistic model gives such
a poor fit with the U.S. population curve. Indeed, it would be highly surpiising if

For the total human population of the earth, such a model might be accurate for
the period up to about 10,000 ycars ago, while humans were alj hunter/gatherers.
However, with the introduction of agriculture, the carrying capacity of the earth in-
creased dramatically. The period from then until the start of the industrial revolution
might be another period when a logistic model would be accurate. However, since
the start of the industrial revolution changes have occurred at a very high rate, all of
which have served to allow the earth to support more people. In addition, there have
been changes in the attitudes of peopie that affect the reproductive rate. It is not
likely that a logistic model would be useful for the human population of the earth
since that time.

1. Use the method of Example 1.4 of Section 3.1 and the first 3. Find in your library or on the Internet the historical cen-
two data points in Table 1 to derive equation (2.1). sus data for one of the United States, or for some other

2. Use equations (1.18) and (1.19) in Section 3.1 together

country. Attempt to model the data using the Malthusian

with the population data for 1790, 1850, and 1910 in Ta- model and the logistic model. Critique the effectiveness

ble 2 to verify the estimates of the parameters in (2.2).

of the models.




