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The mairix A and the solution of Ax = 0 follow.

10 -4 2 _g "2:
A=l0 1 2 -3 x=s| [+t} o
00 0 0 0 X

The vectors (4, —2, 1,0)7 and (—2, 3, ¢, 1)7 are “special” be-

“cause all solutions of Ax = 0 can be written as a Hnear ¢combi-

nation of these two vectors. In Exercises | 1-14, perform each
of the following tasks.

{i) Use a computer or calculator to place the given matrix A
in reduced row echelon form. How many free variables
does the reduced row echelon form have?

(i) Write the solution to Ax = 0 in parametric form. How
many “special” vectors are there?

2 -1 1 1
iLA=[2 0 0 =2
3 -4 4 1
-3 -5 -1 -5
2. A=) -2 -3 -1 -3
_ 0 3 -3 3
0 -2 =2 0 2
A=1=-3 1 4 0 -
: 1 ¢ -1 0 0
-1 -1 -2 2 -3
A=| 3 3 1 -1 4

0 6 2 -2 2

Consider the system

X+ X34+ x3— X4 — XEZO
x; —4x3 4 2x3 +4x4 — 315 — 2x =0
3JC{ — 3x2 - 3x3 + 3x4 + 3x(, =1,
) This system must possess at least how many free vari-

ables? Answer this question without doing any calcu-
ations and explain your reasoning.

Could the system have more free variables than the
number proposed in part (a)? Set up and reduce the
angmented matrix to find out.

er the system

[ 4+ 3x3 — 3x4 —3x+ 37, =0
i+3X2+2X3+ x4+3X5+4JC5+2)C7:0
1—2x3 — X3 — x4 —2x5—-3x— x2=0

‘i+ X3 + x4+ x5+ 2xg =0.

1.5 Bases of a
Subspace

nullspace.
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(a) This system must possess at least how many free vari-
ables? Answer this question without doing any calcu-
lations and explain your reasoning,.

(b) Could the sysiem have more free variables than the
number proposed in part {a}? Set up and reduce the
angmented matrix to find out.

17. Prove part (2) of Proposition 4.21.

In Exercises 18-21, the matrix A and the vector b of the sys-
tem AX = b are given. Pcrf/cm'n each of the following tasks for
each exercise.

(i) Asin Example 4.16, find the selution to the system in the
form x = p + v, where p is a particular solution and v is
given in parametric form.

(1i) Show that the v is in the nullspace of the given matrix A
by showing directly that Av = . Hint: See Exercises 1
and 2.

2 -2 1 -1
18. A= 1 -1 -1 b= 1
0 0 3 -3
5 =2 -5 2
19. A=1 -3 0 3 b=1{0
o0 -3 0 3
-3 3 3 0 3
20, A={ -4 2 4 =2 b= 4
1 0 -1 1 -1
20 0 —4 0
21 A=} -1 1 -1 1 b=11
-1 1 =1 1 1

In Exercises 2225, sketch the nullspace of the given matrix in

R

2 -1 1 2

noam( ) man(l )
2 3 3 -2

24.14.=(4 6) ?.S.A=(6 _4)

In Exercises 26-29, describe the nulispace of the given matrix,

both parametrically and geometrically in R,

3 -1 0 2 1 -1
2. 1l-1 0 2 @1—1 -2
4 0 =2 2 0 -2
4 —4 —4 1 -1 -1
8. [-5 5 s 2.0 2 -2 =2
3 -3 -3 -4 4 4

We have discovered that the nullspace of a matrix consists of the set of all linear
combinations of a few vectors. In Definition 5.1, we will define this as the span
of those vectors, and then proceed to study this structure in more detail. We will
discover the importance of the concept of linear independence. This will lead us
to the notion of a basis. Finally, this will allow us to define the dimension of a



-1 -3 -1

34. For which values of x is the matrix
2. A= -3 -4 1
T -2 1 2 1 1 3 -2
1 ! 3 -3 2 8 =«
0 8 5
. N .
In Exercises 28-33, without actually solving, which systems invernble?
have unique solutions? Explain. 35. List as many properties as you can of an invertible mat
28, x) + 2x, =4 29, x4+ 2x=4 36. List as many properties as you can of a nonsingular
X — X2 = 6 ZX] + 4x2 =R trix.

1.7 Determinants Thereisa question that is still unanswered. Given a matrix A, is there an easy w4
to tell if its nullspace is nontrivial? For a square matrix, we found a partial answer ig
Section 7.6. According to Proposition 6.6, a square matrix has a nontrivial nullspack
if and only if it is singular. However, we do not as yet have an easy way to tell if 3
matrix is singular or nonsingular. Proposition 6.2 tells us that 4 is nonsingular i
and only if when it is transformed into row echelon form, all of the diagonal entries
are nonzero, but this is not an adequate answer. A reasonable answer is provided by

the determinant.
a b
A= ( c d) .

Let’s look at the 2 x 2 case
If we assume that @ # 0 and put A into row echelon form with a row Operation, we

get
a b
0 d—-bcja |-

The diagonal entries will all be nonzero if and only if their product a - (d — be/a) =
ad — be 3 0. You will recognize that ad — be is the determinant of A. Thus A is
nonsingular if and only if det(A) # 0.

Carrying through this calculation for the 3 x 3 matrix

' Figure 1. The are
parallelogram F is
Jdet([vy, vaD)l.

Figure 2. The vi
an  aiz d4dp parailelepiped P
A=\ ay an ar [det{{v, v2. v3]}

as1 as  dass

is tedious, but we again end up with the result that A4 is nonsingular if and only if
det(A) #£ 0. However, now the determinant has the more complicated form

det(A) = a11a2033 — a11a23a32 — A12a21a33

(7.1}
+ a1203031 — Q13822a3] + 413a21a30.




upper triangular form. Use hand calculations only. No tech-

it here, First we nology is allowed.

30 0 5 6 4
7. 36 3 8. | 4 —9 _s
18 —18 -9 4 6 5
100 4 1 2 -3
@ 9.l -3 3 =2 1.1 0 6 -2
4 -1 -2 2 3 2

2 -1 3 4 3 -3 —2 -1

0 2 -2 0 2 0 -2 —I

ol 2 o0 of i1 =2 o o

-1 3 1 2 4 -1 —4 -2

13. Let A be an arbitrary n x n matrix.

(a) If the ith row of A is a scalar multiple of the jth row,
prove that the determinant of A is zero. State and
prove a similar statement about the columns of A.

determinant.

and only if the
d vectors, has a {b) Without computing the determinant, explain why

each of the following matrices has a zero determinant.

i 2 3 -1 2 0
-1 1 4 3 4 0
(7.20) 0 0 0 5 2 0
i 2 3 =1 =2
here is a unique; 2.4 6 1 2 1
’s span R". Fot! 51 2 4 1

eans that the x
- Let A be an arbitrary r x n matrix.

(a) Ifrow i is a linear combination of the preceding rows,
prove that the determinant of A is zero. State and
prove a similar statement about the columns of A.

ctor ¢ such th
s X’s are linear

) Without computing the determinant, explain why

ension 2 and: each of the following matrices has a zero determinant.

1 2 3 1 2 3

-1 1 1 3 0 3

0 3 4 -1 1 0

1 1 0 1 5

ianned by the _ -1 1 1 -1 1
rea of your p 1 3 1 2

pose that matrix A is # x « and is lower triangular
,» a4i; = 0if i < j). Explain why the determinant is
‘equal to the product of the diagonal elements. Calcu-
the determinant of

g),vz 1 0 0 0O
1 2 0 0

ere A is thi A= 1 1 3 0
1 1 1 4

es 1621, expand the matrix by row or columa to
he determinant.

17. Matrix A in Exercise 8
19, Matrix A in Exercise 10

| of the in Exercise 7

in Exercise 9
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20. Matrix A in Exercise 11 21, Matrix A in Exercise 12

In Exercises 22-29, calculate the determinant of the given ma-
trix. Determine if the matrix has a nontrivial nullspace, and if
it does find a basis for the nullspace. Determine if the column
vectors in the matrix are linearly independent.

1 -2 -1 2
2 () 2) 5 (7 2)

2 -1
2 (2 7)

-2 —4

i1 1 1
26 1 1 0 27. 1 2 1 2
1 0 0 3 o0 0
-1 0 -1 1 1 2
28. 1 1 2 29. | -1 1 5
2 1 3 1 0 -1

In Exercises 30-39, find the values of x for which the indicated
matrix has a nontrivial nullspace.

30.@ w;) 31'(5 ;)

33 =(z3)

34-(26x _1I_x) 35.(—13_.;; 2Ex)
(

2—-x 0 1
@ -3 —-1-x -1
-2 0 -1 —-x
-1—-x 2 2
39. 0 ~2—x 0
-1 4 2—x

In Exercises 4049, compute the determinant of the matrix. In
each case, decide if there is a nonzero vector in the nullspace.

2 3 -2 3
o (3 3) a (7 })

-1 -9 10 1 0 4

4. | -7 -19 26 43, | -3 3 -2
-2 -10 12 4 0 -2

1 2 =3 0 1 2

44, 0 6 -2 45, 2 0 =2
3 2 -1 0 3



CHAPTER 7 Matrix Algebra (§ —l * :} )

10 -1 -3 9 50. Suppose that U is a 4 x 4 matrix with det(I/) =
@ g f :g g (a) What is the value of det(—217)?
-0z 2 -9 (b) What is the value of det(U%)? i
3 0 20 -8 . o W
5 3 5 0 {c) What is the value of det(f/~1)?
47. 6 4 17 -8 31. Prove or disprove: If A and B are n x n matrice
16 M) 50 -23 det(A + B) = det{A) + det(B).
;
—120 60 79 52 68 123 52. Two matrices A and B are similar matrices if there ¢
—262 162 216 124 184 262 a nonsingular matrix S such that A = §~'BS. _
48, | ~142 78 100 64 92 142 (a) Prove: If A and B are similar, then det(A) = de}
T} —262 162 =216 124 184 262
—10 —4 6 -2 2 10 (b) Prove: If A and B are similar, then det(A —
-112 60 79 52 68 115 det(B — AI).
556 65 -9l 52 416 —143 53. Make 2 list of as many properties as you can find th
550 60  —90 50 410 —-140 equivalent to a matrix having a nonzero determinant, -
49, | ~ 169 22 26 —18 -—131 38 54. Make a list of as many properties as you can find that3
-9 -13 14 -7 -69 27 equivalent to a matrix having a zero determinant.
550 60 90 50 410 —140
825 97 137 80 617
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