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g, s the vector W = (—7,22,—25)7 in the span{v|, v2, v3}7

ret vi = (L -2)T and v; = (2,3)". Show that
] sPan[Vth} = R? by showing that any vector w =
(Wi, W2 )7 can be written as a linear combination of v, and
v,. Note: Find a specific linear combination (in terms of
w_, and wo) of v and v2 that equals w.
pet v = (0.1 —¥Fv, = (2,1, -4, and v =
) (-2, -2, )7, Show that span{v,, va, v3} = R? by show-
ine that any vector w = (w,, ws, ws)7 can be written as a
1ir'|_ear combination of vy, v, and v;. Nore: Find a specific
Jinear combination {in terms of wy, wa, and w3} of v, va,
and vs that equals w.

inear Comy|

entries hy
ree variab|
hation is
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@H ={-8,9,—6)7,v; =(=2,0,7)7, and
¥,

s = (8, —18,40)7

23, v, =(-1,7, N7, vy = (-3,8, -4, and
vy = (—4, —14,23)7
24. v = (-8.9,-6)7,v; =(-2,—1,7)7, and
vy = (8, —18,40)7
Use the technique of Example 521 to find a basis for the
nulispace of the matrices given in Exercises 25-32.

25. {2 -1) 26. (~3 5)

4 4 4 4
27'(—2 —2) B\ —1)

t. Therefy, .. (
t for provi In Exercises 11-16, .each_set of vectors presented is linearly i 1 1 3 8 —l11
-al, dependent. Use the technique of Example 5.16 to find a non- 20 | -5 —2 _s 30. | —4 10 14
is3 wivial linear combination of the given vectors that equal the : 1 0 1 ’ 2 5 7
’ zefo vector. Check your solution.
2 -1 0 1 -8 4 -24 14
T oy, — T - _T
gL v =, 1, =2, v»=1(1,2,2)",and v3 = (3.4, =2) —1 11 0 ” 4 10 18 —10
. 12 v =02-33",v2=(5-25"and 1 1 3 2 . 4 -8 14 -8
’ eliminati vy = (=3, -1, -2y -3 3 30 -2 5 -9 5
el 5, v = (L,-2, 2 v = (0, L,5)T, and |
vy =2, -1, 107 Use the technique shown in Example 5.22 to help find a basis
for the span of the sets of vectors in Exercises 33-40. What is
[ - —_— — T - T - T - -
4w =(-3,-2-D"v2=(2,02), and vs = (7, 2,5} the dimension of the span?
5oy =(1,2, 2,007, v, = (2,0,2,3)7, . . , .
vy = (~2,4, -8, —6)7. and v4 = (6, —4, 12, 12)T 33. The sct in Exercise 17 34. The set in Exercise 18
16 v, = (11,2, =17, v = 3, 1,0, —7, 35. The setr in Exercise 19 36. The set in Exercise 20
vi=(2,0,-2,007, and vq = (1, 3,8, —3)7 The set in Exercise 21 38. The set in Exercise 22
kS Bl §] Foreach of the sets of vectors in Exercises 17-24, use the tech- 39, The set in Exercise 23 40. The set in Exercise 24
a basis, W nique demonstrated in Examples 5.16 and 5.17 either to show -
set. Tos that tl.-ley.arc line.arly independent or find a nontrivial linear In Exercises 4144, give a geometric description of the span
as such th combination that is equal to 0. of the given vectors in the given space.
I ovi=(,2 andv; = (-1,3)7 41 v, = (1, =27, v, = (2, -7, in R?
B vi=(-2,3)" and v; = (2, -6)7 42, v, =2, -7, v, = (2, -7, inR?
. vi=(-1,7,77 and v, = (=3,7, —4)7 43. v, = (-1,3,3)7, vy = (=3, =2, 2)7, and
i 20, v, =(—8,9,—6)T and v; = (2,0, 7)T v3=(4, -1, -5 nR
j Wov=(=1,7,7)7, v = (~3,7, —4)7, and 4. vy = (1,2,3)", v, = (2,4,6)", and
1 and v» vy = (—4, —14,23)7 vy = (=5, =10, —=15)" in R?
i, vl is
1.6 Square Matrices In this section we will focus on square matrices. These arise as the coefficient
2}? matrices for systems of n equations in » unknowns. For purposes of application to
)7 differential equations square matrices are the most important,
2 We will discuss two properties of square matrices. We define a nonsingular ma-
i trix in Definition 6.1 and an invertible matrix in Definition 6.10. These definitions
va)? are quite different, yet one of the important results of this section is that they are
X J P y
11? equivalent (Proposition 6.11).
., )7 We will examine these properties of matrices using the reduction to row echelon
vi)? form described in Section 7.3. The key observation is that any system of equations
21 -

can be reduced to an equivalent system that is in row echelon form.
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exeraises (56

1. Show that the system
-2

Ryl

as solutions only if b =

1 be denoted
' gular? Explain.

jow that the system

4~ ' satisfie:
solutions for all values of b

(2 2)(E)-(

ira = =3 — 4

The reduced row echelon form of M is

1
0
0
0

Hence

=5,
(b, by)T lies on the line
by + by = 0. Is the coefficient matrix singular or non-

)

 and by. 1s the coefficient

1,€24 -0 el frix singular or nonsinguiar? Bxplain.
fora linth that the systemn
Ay =¢;fo
3 3 =3
| -1 -1 1
8] = L 3 5 -1

ot too interes

calculations only (no

. Then
Instead
et M = 211 are singular or non
iple, 0]
5.
1
3 7.

X1y b
X | = by
X3 b3

utions only if b = (b1, b2, b7 lies on the plane
, = 0. Is the coefficient matrix singular or nonsin-

computers or calculators),

que demonstrated in Examples 6.4 and 6.5 (pred-
roposition 6.2) to determine if matrices given in

singular.
1 2
3 -4
1 0 -1
-2 3 3
-2 3 i

—1 J 1 -

o -1 -3 -3 0001/ h
000 -2 4 3 |}
{100 -3 6 6 5
o010 3 -5 -3 -5
001 -2 3 3 3

-2 4 3 1
-3 6 6 5
=1 3 -5 -5 =5

-2 3 3 3
0 2 2 1 1
8. -1 13 9 { -1 -3 -2
1 -4 3 -3 =2 1

-2 1 0 -1 -1 1
10. 1 -2 4 2 11. 0 -2 4

2 -2 1 3 a0 3

In Exercises 12-19, find all solutions of the homogeneous 8ys-
tem Ax = 0 for the given coefficient matrix. Does the system
have solutions other than the 2ero vector? Use Proposition 6.6
to determine whether the matrix A is singular or nonsingular.

12 1 -2
pan(t?) mas(33)
R P12
.Aa=|1 10 15 4={1 01
{00 112
t1l 0 -1 -2
6. a=l0 11 s 2 -
00 0 -4 2 0
2 -2 -2 0
1 -4 2 -3
18.A—K 3 15 -2)
3 3 3 0
o 1 30
2 1 -3l
9. 4=|"] 2 30
2 -1 —1 2

In Exercises 20-27, which of the matrices are singular? 1f a

matrix is nonsingulat, find its inverse.

0 0 0 —4
20.A—(1 1) 21.A_(t1 2)



22, A=

4. A=

26. A=

In Exercises 28-33, without actually solving, which systems

B - ]

o
MO OO

—_— 0 O e

-1

-2

—4

2
3
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23.

have unique solutions? Explain.

28. x + QXQ =4

Xy -

):2=6

29.

1.7 Determinants Thereisa question that is still unanswered. Given a matrix A, is there an easy w.

R
-?'
Y
S

ol 1 -3 4
A=(01 i 3&“(2)+”(6)‘(4)
0 01 1 1 2\ (1
1 2 -3 . X 2 + x; 1 = 0

A= 8? ? 11 2\ /x
32 1 1 —1 X2 =

1 -2 2/ \x

1 0O 3 X

invertible?
35. List as many properties as you can of an invertible maf

X+ 2x =4 36. List as many properties as you can of a nonsingular 1

2x) + 4x; = § trix. 3

to telt if its nullspace is nontrivial? For a square matrix, we found a partial answer
Section 7.6. According to Proposition 6.6, a $quare matrix has a nontrivial nullspa

if and only if it is singular. However, we do not as yet have an easy way to tell i Figure 1. The
matrix is singular or nonsingular. Proposition 6.2 tells us that A is nonsingular 1;:“:?[‘303:5‘]3 :
€ 1, Yo -

are nonzero, but this is not an adequate answer. A reasonable answer is provided by:

the determinant.
a b
A= ( ; d).

Let’s look at the 2 x 2 case
If we assume that @ # 0 and put A into row echelon form with a row operation, we

get
a b
0 d—bcja |-

The diagonal entries will all be nonzero if and only if their product a - (d — be/a) =
ad — be # 0. You will recognize that ad — bc is the determinant of A. Thus A is
nonsingular if and only if det(4) # 0.

Carrying through this calculation for the 3 x 3 matrix

Figure 2. Th
apn dn an parallelepipet
A=|an an an idet(lvy, v2,

asp  diz  di;

is tedious, but we again end up with the result that A is nonsingular if and only if
det(A) # 0. However, now the determinant has the more complicated form

det(A} = anazas; — ayanas; — apaz as; a0
+ 1223031 — 413022031 + aAj3azds.
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8. Show that the functions x(z) = (1 + )¢~ and y(r) =

—te™ are solutions of the system
=y,
y = —-x-2y,
satisfying the initial conditions x(0) = 1 and vy =0.
6. Show that the functions x{t} = ¢~"(—cost — sin?) and
“u(t) = Ze " sin ¢ are solutions of the system
x =,

v = -2x — 2,

—1 and »(0) = 0.

—=f

10. Show that the functions x(¢) = e’ and y(f) = ¢ are
solutions of the system

satisfying the initial conditions x (0) =

i =x%y,

Y =—xy,
satisfying the initial conditions x(0) = 1 and y(0) = 1.
Writc each initial value problem in Exercises 11-16 as a sys-
i of first-order equations using vector notation.
y0y =1, y(©=0
x(@ =x0, X'(0)=w
X A 8x —x +x*=yeoswt, x(0)=xe xX(0)=1w
a4 a1 +x=0, x(0)=x, X@=w
; &) =ay, &' O)=w
yO)=a, yO0) =8 YO =

Sy + 2y +4y =3cost,
mx" 4 ux' + kx = Fycos wt,

o =w, o(0) =,

it

3y ¥y
¥

ch of the systems in Exercises 17--22 are autonomous? As-
¢ the independent variable is ¢ in each exercise.

=v v = —3u — 2v + Scost

W = u(® +0?) and v = —v(u?+v?)

= sin wt,

and

' =vcos(u) and v =tv

=vcos(u) and v =ule’
and w =S5u—9%v-+

=v+cos(u), vV =v-—1Iw,

= w + cos(u) — 2v, v = ule’,

‘+v+w

'rite the system in Exercise 17 in vector form.

and w =

frite the system in Exercise 18 in vector form.
ite the system in Exercise 19 in vector form.
fie the system in Exercise 20 in vector form.
ite the system in Exercise 21 in vector form.

it the system in Exercise 22 in vector form.
e

s for the SIR model pictured in Figure 1.

your numerical solver to produce the component so-
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8.1 Definitions and Examples

30. It is sometimes useful to use normalized quantities in the

SIR model. To do so, introduce the variables s = §/N,
i = I/N, and r = R/N. Each of the new variables rep-
resents the fraction of the total population that is in the
particular category. Start with the system i (1.1) and de-
rive the system that is satisfied by s, i, and r.

31. A fisherman is located on the opposite bank of a north-
ward flowing river, as shown in Figure 2. The man con-
tinually points the nose of his boat toward his destination
(the origin at (0, 0)), but the current of the river pushes
him downstream. Let b be the speed of the boat relative to
the water and let a be the speed of the current, both mea-
sured in miles per hour. Let x(¢) and y(7) denote the x and
y position of the boat at time ¢. Show that the boat obeys
the following equations of motion.

dx B bx
dt - /x4 yz
dy by

:i?:a_,/x2+y2

Hinr: Break the velocity of the boat into its horizontal and
vertical components, find dx/dt and dy/dt in terms of a,
b, and 6, and then eliminate & from the resulting equa-
tions.

0.0

Figure 2. Fighting the current.

32. Use a numerical sofver to plot the approximate path of the

boat in Exercise 31. Use a number of different values for
the parameters a, b, and ¢. Does the boat always reach its
destination (the origin)?
Warning. When the boat reaches its destination, the sys-
tem of differential equations becomes singular, since the
right-hand sides of the equations are discontinuous when
x and y are both equal to 0. This can result in your com-
puter exhibiting strange behavior. For example, a variable
step algorithm may use smaller and smaller steps, never
reaching the end of the computation. Fixed step solvers
wiH reach the end of the computation, but the results will
be strange. For this reason, it is best to use final times that
underestimate the time it takes to reach the destination.
Start with the final time equal to ¢/b and do the compu-
tation a number of times with increasing final times until
you are close to the destination. Before even starting this
exercise, you should learn how to stop a computatlon if
that becomes necessary.



