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In Exercises 7-12, find the solution of the initial-value prob-
lem for system y' = Ay with the given matrix A and the given
initial value.

7. The matrix in Exercise | with y(0} = (0, 1)

8. The matrix in Exercise 2 with y(0) = (1, =2)7

9. The matrix in Exercise 3 with ¥ = (0, - 1)
10. The matrix in Exercise 4 with y(0) = (1, 1)7
11. The matrix in Exercise 5 with y(0) = (3, nt
12. The matrix in Exercise 6 with y(0) = (1, 5)7

In Exercises 13 and 14, a complex vector valued function z(t)
is given. Find the real and imaginary parts of z(r).

— 1 — 40y —14i
13. z(t)_e’(l_H. 4. z(t)=e A

15. The system
;L 3 3
Y=l-6 3 )7

has complex solution

z{t) = &% ( 712_ ! ) }

Verify, by direct substitution, that the real and imaginary
parts of this solution are solutions of system (2.47). Then
use Proposition 5.2 in Section 8.5 to verify that they are
linearly independent solutions.
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In Exercises 16-21, the matrix A has complex eigenvalues.
Find a fundamental set of real solutions of the systemy’ = Ay.

: —4 -8 (=1 -2
16.#A=( 4 4) 17.A—( 4 3)
—1 1 0 4
-1 3 3 -6
Zﬂ.Az(u3 _]) 21. .4—(3 5)

In Exercises 22-27, find the solution of the initial value prob-
lem for system y’ = Ay with the given matrix A and the given
initial value.
(22. The matrix in Exercise 16 with y(0) = (0,2)7
(2@ The matrix in Exercise 17 with y(0) = (0, )7
24. The matrix in Exercise 18 with y(0) = (1, —5)7
25. The matrix in Exercise 19 with y(0) = (~1, 2)7
26. The matrix in Exercise 20 with y(0) = (3, 2)”
27. The matrix in Exercise 21 with y(0) = (1, 3)7

28. Suppose that A is a real 2 x 2 matrix with one eigenvalue
A of multiplicity two. Show that the solution to the initial
value problem y' = Ay with y(0) = v is given by

¥(1) = eM[v+ (A — AD)v].

Hint: Verify the result by direct substitution. Remember
that (A — A1)? = OI, 50 A(A — A1) = A(A — AD).
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In Exercises 29-34 the matrix A has one real eigeny.
multiplicity two. Find the general solution of the
¥ = Ay,

(-2 o (-3 1\

moa-(78) Ta=(22 1)

3 -1 -2 -1
31.A=(1 I)

4 2

-2 1 51
33.A_(_9 4) 34.A_(_4 l)
In Exercises 35-40, find the solution of the initial value ¢
lem for system ¥’ = Ay with the given matrix A and the

initial value.

32.A:(

35. The mauix in Exercise 29 with y(0) = (3, —2)7
36. The matrix in Exercise 30 with y(0) = (0, —3)7
37, The matrix in Exercise 31 with y(0) = (2, ~1)T
38. The matrix in Exercise 32 with y(O) = (1, D7
39. The matrix in Exercise 33 with y(0) == (5, 3)7
40. The matrix in Exercise 34 with y(0) = (0, 2)7

In Exercises 41-48, find the general solution of the Syste;
¥ = Ay for the given matrix A.
-8 —10
42. A = ( 7)

41. A= ( _? g) 5
aas(35) )
45.A=(_‘21 ‘g) 46.A=(:g g)
47.A:(jg j) 48.A=(___; _?)
In Exercises 49-56, find the solution of the initial value prob-

lem for system y' = Ay with the given matrix A and the given
initial value.

44.A=(

49. The matrix in Exercise 41 with y(0) = (3, 1)7
50. The matrix in Exercise 42 with y(0) = (3, 1)7
SI. The matrix in Exercise 43 with y(0) = (1, 0)7
@The matrix in Exercise 44 with y(0) = (1, 0)7
53. The matrix in Exercise 45 with y(0) = (- 3, 2)7
54. The matrix in Exercise 46 with y(0) = (4, 0)7
55. The matrix in Exercise 47 with y(0) = (2, 1)7
56. The matrix in Exercise 48 with y(0) = (5, 5)7

57. The Cayley-Hamilton theorem is one of the most impor-
tant results in linear algebra. The proof in general is quite
difficult, but for the case of a 2 matrix with a single eigen-
value A of multiplicity 2, the proof is not so bad. We need
to show that (4 — AI? = 0/,

(a) Show that it is enough to show that (A — AJ)2v = 0
for every vector v e R2,
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EXERCISES | %f\g)

In Exercises 1--12, classify the equilibrium point of the sys-
tem y' = Ay based on the position of (T, D) in the trace-
determinant plane. Sketch the phase portrait by hand. Verify

your result by creating a phase portrait with your numerical
solver.

8 20
4 -3

—4 10
-2 4

-2 -6
12. A= ( 4 8)
Degenerate nodes. Degenerate nodal sinks are equilibrium
points characterized by the fact that all solutions tend toward
the equilibrivm point as 1 — oo, all tangent to the same
line. The solutions of degenerate nodal sources tend toward

the equilibrium point as 1 — —oo, all tangent to the same line.
Exercises 13-19 discuss degenérate nodes.

13. The system

, {1 4
Y={_ _3)¥

has a repeated eigenvalue, A = —1, but only one eigen-

vector, v; = (2, —1)7.

(a) Explain why this system lies on the boundary sep-
arating nodal sinks from spiral sinks in the trace-
determinant plane.

(b) The general solution (see {(2.42) in Section 9.2) can be
written

y(1) =e' ((C] -+ Car) (ﬁ?) + ( 192)) .

Predict the behavior of the solution in the phase plane
ast — ccand ast — —oo.

(c) Use your numerical solver to sketch the half-line solu-
tions. Then sketch exactly one solution in each region
separated by the half-line solutions. Explain how the
behavior you see agrees with your findings in part (b).

In Exercises 14-16, let A be 2 real 2 x 2 matrix with one eigen-
value A, and suppose that the eigenspace of A has dimension 1.
The matrix in Exercise 13 is an example. According to Theo-
rem 2.40 in Section 9.2, a fundamental set of solutions for the
system y' = Ay is given by

yi{t) = e*v, and
¥2(t) = &¥[va + 1vy],
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where v; is a nonzero eigenvector and v, satifies (A~
v1. By (2.42), the general solution can be written as

y(I) = e’“[(Cl + Catdvy) + Cav,).

14. Assume that the eigenvalue A is negative.
{a) Describe the exponential solutions.

{(b) Describe the behavior of the general solution B
00. E
(¢) Describe the behavior of the general solution 4 i}:'(a) Skel
— 0. © and
(d) Is the equilibrium point at the origin a deger lato
nodal sink or source? (b) Is th
15. Redo Exercise 14 under the assumption that the eig sink
value A is positive. g 4
L . y (¢} Wh
16. Where do linear degenerate sources and sinks fit o syst
trace-determinant plane? :
. f (d) Wh
In Exercises 1718, find the general solution of the given dete
tem. Write your solution in the form 50U
— M 1. Let A b
Y1) = ¥ [(C: + Can)vy + Cavy), only if ¢
where v, is an eigenvector and v, satisfies (A — Al)v, = vin A h of
Without the use of a computer or a calculator, sketch the half, folq eac a
line solutions. Sketch exactly one solution in each region sep-i. 0. OWmg
arated by the half-line solutions. Use a numerical solver 0" (i) Detern
verify your result when finished. Hint: The solutions in this tem y
case want desperately to spiral but are prevented from doing -

. . . (i) Find al
so by the half-line solutions (solutions cannot cross). How- and ple
ever, the suggestions regarding clockwise or counterclockwise
rotation in the subsection on spirat sources apply nicely in this (iil) Find t
situation. a phas

) 6 4 ) -4 _4 enoug
17-y=(_1 2)3/ 18-y:( ) O)y part of
19. Consider the system 22, A= (

x'=x+ay, 24. How d

y’ =x+ y. and 23

25, Consic

(a) Show that the equilibrium point is a nodal source for shown

alil<a<l1. resisto

(b) In the case 0 < a < 1, what are the equations of ilkj:g;
the half-line solutions? Explain what happens to ihe

haif-line solutions as a — 0.

(c) What happens to the system when @ = 0?7 When

a<0? H|g|1
20. Star nodes A star sink is an equilibrium point that has
the property that there are solution curves tending to it as
! ~» 00 tangent to any direction. A star source is defined




