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Preface

These informal notes deal with some possible topics for a second course in
analysis. In particular, the reader is assumed to be familiar with metric spaces,
sequences and series, and continuous functions. Some topics may be mentioned
in a first course, with some review or elaboration here.

Of course, there are many textbooks in analysis, a few of which are mentioned
in the bibliography. The aim here is to complement these textbooks, while trying
to look ahead a bit to more advanced courses.

Although some basic notions are used frequently throughout the text, there
is a fair amout of independence between the various sections and chapters. Thus
the reader may wish to focus more on some parts, at least initially.

Some aspects of history related to topics like those considered here may be
found in [4, 24, 28, 29, 30, 31, 43, 44, 63, 64, 68, 87, 96, 97, 98, 101, 103, 104, 105,
106, 107, 108, 110, 111, 123, 138, 159, 213, 233], for instance. Some songs related
to some topics like those considered here may be found in [165, 166, 167]. Some
remarks concerning the clarity of explanations in mathematics may be found in
[109]. The reader may also be interested in [22].
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4.4.2 The Lindelöf property . . . . . . . . . . . . . . . . . . . . 72

4.5 The limit point property . . . . . . . . . . . . . . . . . . . . . . . 72
4.5.1 Using compactness to get the limit point property . . . . 73
4.5.2 The limit point property implies total boundedness . . . . 73
4.5.3 Some more remarks about the limit point property . . . . 73

4.6 Countable open coverings . . . . . . . . . . . . . . . . . . . . . . 74
4.6.1 Using the limit point property to get compactness . . . . 75
4.6.2 Subsets of X with the limit point property . . . . . . . . 75

4.7 Sequential compactness . . . . . . . . . . . . . . . . . . . . . . . 75
4.7.1 The limit point property and sequential compactness . . . 75
4.7.2 The converse . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.7.3 More on sequential compactness . . . . . . . . . . . . . . 76

4.8 The Cauchy subsequence property . . . . . . . . . . . . . . . . . 77
4.8.1 The small subsequence property . . . . . . . . . . . . . . 77
4.8.2 Total boundedness and small subsequences . . . . . . . . 77
4.8.3 Small subsequences and Cauchy subsequences . . . . . . . 78

4.9 A criterion for compactness . . . . . . . . . . . . . . . . . . . . . 78
4.9.1 Using the Cauchy subsequence property . . . . . . . . . . 78
4.9.2 A reformulation of total boundedness . . . . . . . . . . . 79
4.9.3 Another proof of compactness . . . . . . . . . . . . . . . . 79

4.10 Cauchy sequences and convergent subsequences . . . . . . . . . . 80
4.10.1 Some additional remarks about compactness . . . . . . . 80

4.11 The Baire category theorem . . . . . . . . . . . . . . . . . . . . . 81
4.11.1 Some infinite intersections . . . . . . . . . . . . . . . . . . 81
4.11.2 The beginning of the proof . . . . . . . . . . . . . . . . . 81



CONTENTS vii

4.11.3 Repeating the process . . . . . . . . . . . . . . . . . . . . 82
4.11.4 The rest of the proof . . . . . . . . . . . . . . . . . . . . . 82

4.12 The interior of a set . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.12.1 Some finite unions of closed sets in X . . . . . . . . . . . 84
4.12.2 A reformulation of the Baire category theorem . . . . . . 84
4.12.3 First and second category . . . . . . . . . . . . . . . . . . 84

5 Equicontinuity and sequences of functions 86
5.1 Pointwise convergent subsequences . . . . . . . . . . . . . . . . . 86

5.1.1 Complex and Rn-valued functions . . . . . . . . . . . . . 87
5.1.2 Finite sets E . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.1.3 Countably infinite sets E . . . . . . . . . . . . . . . . . . 87
5.1.4 A single subsequence . . . . . . . . . . . . . . . . . . . . . 88

5.2 Equicontinuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.2.1 Uniform equicontinuity . . . . . . . . . . . . . . . . . . . 89
5.2.2 Equicontinuity and sequences of mappings . . . . . . . . . 89
5.2.3 Uniformly equicontinuous sequences of mappings . . . . . 90
5.2.4 Lipschitz conditions and pointwise convergence . . . . . . 90

5.3 Uniformly Cauchy sequences . . . . . . . . . . . . . . . . . . . . 90
5.3.1 Uniform convergence implies uniformly Cauchy . . . . . . 91
5.3.2 Convergence when Y is complete . . . . . . . . . . . . . . 91
5.3.3 Equicontinuity of uniformly Cauchy sequences . . . . . . 91

5.4 Equicontinuity and uniform convergence . . . . . . . . . . . . . . 92
5.4.1 A localized uniform convergence property . . . . . . . . . 92
5.4.2 Uniform convergence on compact sets . . . . . . . . . . . 93
5.4.3 Another uniform convergence property . . . . . . . . . . . 93

5.5 Equicontinuity and Cauchy sequences . . . . . . . . . . . . . . . 94
5.5.1 Some initial steps . . . . . . . . . . . . . . . . . . . . . . . 94
5.5.2 Using the Cauchy condition at a nearby point . . . . . . . 94

5.6 Equicontinuity and subsequences . . . . . . . . . . . . . . . . . . 95
5.6.1 Pointwise convergence on X . . . . . . . . . . . . . . . . . 95
5.6.2 The limit f of {fjl}∞l=1 . . . . . . . . . . . . . . . . . . . . 95
5.6.3 Some additional remarks . . . . . . . . . . . . . . . . . . . 96

5.7 Pointwise and uniform boundedness . . . . . . . . . . . . . . . . 96
5.7.1 Pointwise boundedness and equicontinuity . . . . . . . . . 97
5.7.2 Equicontinuity on X . . . . . . . . . . . . . . . . . . . . . 97

5.8 Total boundedness in B(X,Y ) . . . . . . . . . . . . . . . . . . . . 98
5.8.1 Equicontinuity using total boundedness . . . . . . . . . . 99
5.8.2 Some more total boundedness conditions . . . . . . . . . . 100

5.9 Total boundedness using equicontinuity . . . . . . . . . . . . . . 100
5.9.1 Using uniform equicontinuity . . . . . . . . . . . . . . . . 100
5.9.2 Total boundedness of E . . . . . . . . . . . . . . . . . . . 101

5.10 Equiconvergence of limits . . . . . . . . . . . . . . . . . . . . . . 102
5.10.1 Equiconvergence and equicontinuity . . . . . . . . . . . . 102
5.10.2 Equiconvergence for sequences of mappings . . . . . . . . 102
5.10.3 Pointwise convergent sequences . . . . . . . . . . . . . . . 103



viii CONTENTS

5.10.4 Equiconvergence and uniform Cauchy sequences . . . . . 103
5.11 Equiconvergence and differentiability . . . . . . . . . . . . . . . . 103

5.11.1 A criterion for equiconvergence . . . . . . . . . . . . . . . 103
5.11.2 Sequences of differentiable mappings . . . . . . . . . . . . 104
5.11.3 Pointwise convergence and differentiability . . . . . . . . . 104
5.11.4 Uniformly Cauchy difference quotients . . . . . . . . . . . 104

6 More on sums and norms 106
6.1 Weierstrass’ criterion . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.1.1 Continuity of the sum . . . . . . . . . . . . . . . . . . . . 107
6.1.2 Power series . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.1.3 Another continuity property . . . . . . . . . . . . . . . . . 108

6.2 Radius of convergence . . . . . . . . . . . . . . . . . . . . . . . . 108
6.2.1 Defining the radius of convergence . . . . . . . . . . . . . 108
6.2.2 More on R . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.2.3 Another convergence property . . . . . . . . . . . . . . . . 109

6.3 Termwise differentiation . . . . . . . . . . . . . . . . . . . . . . . 110
6.3.1 Continuously-differentiable functions on [a, b] . . . . . . . 111
6.3.2 Differentiating power series . . . . . . . . . . . . . . . . . 111
6.3.3 More on differentiating power series . . . . . . . . . . . . 112

6.4 Rearrangements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
6.4.1 Rearrangements with nonnegative terms . . . . . . . . . . 113
6.4.2 Rearrangements and absolute convergence . . . . . . . . . 113

6.5 Cauchy products . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.5.1 Nonnegative aj , bl . . . . . . . . . . . . . . . . . . . . . . 114
6.5.2 Absolutely convergent series . . . . . . . . . . . . . . . . . 115
6.5.3 Another type of argument . . . . . . . . . . . . . . . . . . 115

6.6 The complex exponential function . . . . . . . . . . . . . . . . . 116
6.6.1 Exponentials of sums . . . . . . . . . . . . . . . . . . . . . 116
6.6.2 Some more properties of E(z) . . . . . . . . . . . . . . . . 117
6.6.3 Exponentials and complex conjugation . . . . . . . . . . . 117
6.6.4 Differentiating exp(a t) . . . . . . . . . . . . . . . . . . . . 118

6.7 Abel summability . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
6.7.1 The proof of Abel’s theorem . . . . . . . . . . . . . . . . . 119
6.7.2 Estimating A(r)− s . . . . . . . . . . . . . . . . . . . . . 119
6.7.3 The limit as r → 1− . . . . . . . . . . . . . . . . . . . . . 120

6.8 Abel summability and Cauchy products . . . . . . . . . . . . . . 120
6.8.1 Abel summability conditions . . . . . . . . . . . . . . . . 121
6.8.2 A corollary about Cauchy products . . . . . . . . . . . . . 121

6.9 Cesaro means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.9.1 Cesaro summability of infinite series . . . . . . . . . . . . 121

6.10 Comparing norms on Rn, Cn . . . . . . . . . . . . . . . . . . . . 122
6.10.1 Using the standard basis . . . . . . . . . . . . . . . . . . . 122
6.10.2 Comparison with the norm ‖ · ‖1 . . . . . . . . . . . . . . 123
6.10.3 Comparison with the norm ‖ · ‖2 . . . . . . . . . . . . . . 123
6.10.4 Comparison with the norm ‖ · ‖∞ . . . . . . . . . . . . . . 124



CONTENTS ix

6.11 Another comparison . . . . . . . . . . . . . . . . . . . . . . . . . 124
6.11.1 Continuity of N . . . . . . . . . . . . . . . . . . . . . . . 125
6.11.2 Using the extreme value theorem . . . . . . . . . . . . . . 125
6.11.3 Another comparison with ‖ · ‖2 . . . . . . . . . . . . . . . 125

6.12 The standard inner products on Rn, Cn . . . . . . . . . . . . . . 126
6.12.1 Using complex numbers . . . . . . . . . . . . . . . . . . . 126
6.12.2 The standard (Hermitian) inner product on Cn . . . . . . 126

6.13 Sums and inner products . . . . . . . . . . . . . . . . . . . . . . 127
6.13.1 Another Hermitian inner product . . . . . . . . . . . . . . 127
6.13.2 Inner products on ℓ2(Z+,R), ℓ2(Z+,C) . . . . . . . . . . 128

6.14 Some integral inner products . . . . . . . . . . . . . . . . . . . . 129
6.14.1 Some inner products on C([a, b],C) . . . . . . . . . . . . 129
6.14.2 Some inner products on Ccom(R,R) . . . . . . . . . . . . 130
6.14.3 Some inner products on Ccom(R,C) . . . . . . . . . . . . 131

7 Matrix norms and Lipschitz conditions 132
7.1 Real and complex matrices . . . . . . . . . . . . . . . . . . . . . 132

7.1.1 Norms on matrices . . . . . . . . . . . . . . . . . . . . . . 132
7.1.2 The Hilbert–Schmidt norm . . . . . . . . . . . . . . . . . 133

7.2 Matrices and linear mappings . . . . . . . . . . . . . . . . . . . . 133
7.2.1 Linear mappings associated to matrices . . . . . . . . . . 134
7.2.2 Matrices associated to linear mappings . . . . . . . . . . . 134
7.2.3 Another description of the Hilbert–Schmidt norm . . . . . 134
7.2.4 A simple estimate using the Hilbert–Schmidt norm . . . . 135

7.3 Some related estimates . . . . . . . . . . . . . . . . . . . . . . . . 135
7.3.1 Estimates in terms of ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞ . . . . . . . 135
7.3.2 Using an arbitrary norm on Rn or Cn . . . . . . . . . . . 136

7.4 Spaces of linear mappings . . . . . . . . . . . . . . . . . . . . . . 137
7.4.1 Norms on these spaces of linear mappings . . . . . . . . . 137

7.5 Operator norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
7.5.1 Two other characterizations of the operator norm . . . . . 138
7.5.2 Checking that the operator norm is a norm . . . . . . . . 139
7.5.3 Comparing this with the Hilbert–Schmidt norm . . . . . . 140
7.5.4 The n = m case . . . . . . . . . . . . . . . . . . . . . . . . 140

7.6 Determinants and volumes . . . . . . . . . . . . . . . . . . . . . . 141
7.6.1 Linear mappings and volumes . . . . . . . . . . . . . . . . 141
7.6.2 Determinants and operator norms . . . . . . . . . . . . . 142
7.6.3 Volumes and operator norms . . . . . . . . . . . . . . . . 142
7.6.4 Eigenvalues and operator norms . . . . . . . . . . . . . . 143

7.7 Lipschitz constants . . . . . . . . . . . . . . . . . . . . . . . . . . 143
7.7.1 The definition of Lip(f) . . . . . . . . . . . . . . . . . . . 143
7.7.2 Operator norms and Lipschitz constants . . . . . . . . . . 144
7.7.3 Vector-valued Lipschitz functions . . . . . . . . . . . . . . 144

7.8 Compositions and isometries . . . . . . . . . . . . . . . . . . . . 145
7.8.1 Isometric mappings . . . . . . . . . . . . . . . . . . . . . . 145
7.8.2 Composing linear mappings . . . . . . . . . . . . . . . . . 146



x CONTENTS

7.8.3 Compositions and operator norms . . . . . . . . . . . . . 146
7.8.4 Isometric linear mappings . . . . . . . . . . . . . . . . . . 146

7.9 Bilipschitz embeddings . . . . . . . . . . . . . . . . . . . . . . . . 147
7.9.1 Bilipschitz mappings . . . . . . . . . . . . . . . . . . . . . 147
7.9.2 Compositions of bilipschitz mappings . . . . . . . . . . . . 148
7.9.3 A condition on linear mappings . . . . . . . . . . . . . . . 148
7.9.4 More on composing linear mappings . . . . . . . . . . . . 148

7.10 Linear mappings and seminorms . . . . . . . . . . . . . . . . . . 149
7.10.1 Using a norm N . . . . . . . . . . . . . . . . . . . . . . . 149
7.10.2 The m = n case . . . . . . . . . . . . . . . . . . . . . . . . 149

7.11 Small perturbations . . . . . . . . . . . . . . . . . . . . . . . . . 150
7.11.1 Analogous arguments for linear mappings . . . . . . . . . 151

7.12 The contraction mapping theorem . . . . . . . . . . . . . . . . . 151
7.12.1 Existence of the fixed point . . . . . . . . . . . . . . . . . 152
7.12.2 Brouwer’s fixed-point theorem . . . . . . . . . . . . . . . 153

7.13 Norms on Rn and completeness . . . . . . . . . . . . . . . . . . . 153
7.13.1 Small perturbations of the identity mapping on Rn . . . . 153

7.14 A localized condition . . . . . . . . . . . . . . . . . . . . . . . . . 154
7.14.1 Completeness of BN (r) . . . . . . . . . . . . . . . . . . . 154
7.14.2 Lipschitz mappings on BN (r) . . . . . . . . . . . . . . . . 155
7.14.3 Using the contraction mapping theorem on BN (r) . . . . 155

7.15 Open mappings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
7.15.1 A helpful criterion on Rn . . . . . . . . . . . . . . . . . . 156
7.15.2 Analogous statements for open balls . . . . . . . . . . . . 156

8 Some topics related to differentiability 157
8.1 An integral triangle inequality . . . . . . . . . . . . . . . . . . . . 157

8.1.1 Vector-valued functions on [a, b] . . . . . . . . . . . . . . . 157
8.1.2 Riemann–Stieltjes integrals of vector-valued functions . . 158
8.1.3 Norms of integrals . . . . . . . . . . . . . . . . . . . . . . 158

8.2 A basic Lipschitz estimate . . . . . . . . . . . . . . . . . . . . . . 159
8.2.1 Continuously-differentiable vector-valued functions . . . . 159
8.2.2 The fundamental theorem of calculus . . . . . . . . . . . . 159
8.2.3 A Lipschitz condition . . . . . . . . . . . . . . . . . . . . 159
8.2.4 The Lipschitz constant of f . . . . . . . . . . . . . . . . . 160

8.3 Some partial Lipschitz conditions . . . . . . . . . . . . . . . . . . 161
8.3.1 Functions on cells . . . . . . . . . . . . . . . . . . . . . . 161
8.3.2 Using partial Lipschitz conditions . . . . . . . . . . . . . . 161
8.3.3 Functions on some other subsets of Rn . . . . . . . . . . . 162

8.4 Partial derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . 162
8.4.1 Partial derivatives on cells . . . . . . . . . . . . . . . . . . 163
8.4.2 Partial Lipschitz conditions on cells . . . . . . . . . . . . 163
8.4.3 Continuous differentiability on open subsets of Rn . . . . 163

8.5 A more precise version . . . . . . . . . . . . . . . . . . . . . . . . 163
8.5.1 Real-valued functions on open subsets of Rn . . . . . . . 164

8.6 Directional derivatives . . . . . . . . . . . . . . . . . . . . . . . . 164



CONTENTS xi

8.6.1 A homogeneity property of the directional derivative . . . 165

8.6.2 Some remarks about directional derivatives . . . . . . . . 165

8.6.3 Linearity in v . . . . . . . . . . . . . . . . . . . . . . . . . 165

8.7 Differentiable mappings . . . . . . . . . . . . . . . . . . . . . . . 166

8.7.1 Some reformulations of differentiability . . . . . . . . . . . 166

8.7.2 The differential of f at the point x . . . . . . . . . . . . . 167

8.7.3 Directional derivatives of differentiable mappings . . . . . 167

8.7.4 Differentiability of sums and products . . . . . . . . . . . 167

8.8 Pointwise Lipschitz conditions . . . . . . . . . . . . . . . . . . . . 168

8.8.1 Defining differentiability using other norms . . . . . . . . 168

8.8.2 Some pointwise Lipschitz conditions . . . . . . . . . . . . 169

8.8.3 Estimating ‖f ′(x)‖op . . . . . . . . . . . . . . . . . . . . . 169

8.9 The chain rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

8.9.1 The precise statement of the chain rule . . . . . . . . . . 170

8.9.2 A way to get the chain rule . . . . . . . . . . . . . . . . . 171

8.9.3 Partial derivatives of compositions . . . . . . . . . . . . . 171

8.9.4 Constant functions and linear mappings . . . . . . . . . . 171

8.9.5 Squares of differentiable functions . . . . . . . . . . . . . 171

8.9.6 Products of differentiable functions . . . . . . . . . . . . . 172

8.9.7 Reciprocals of differentiable functions . . . . . . . . . . . 172

8.9.8 Polynomials and rational functions . . . . . . . . . . . . . 172

8.10 Continuous differentiability . . . . . . . . . . . . . . . . . . . . . 172

8.10.1 The case where ∂kf(x) = 0, 1 ≤ k ≤ n . . . . . . . . . . . 173

8.10.2 Reducing to the previous case . . . . . . . . . . . . . . . . 173

8.10.3 Another formulation of continuous differentiability . . . . 174

8.11 Another basic Lipschitz estimate . . . . . . . . . . . . . . . . . . 174

8.11.1 Continuity of ‖f ′(x)‖op . . . . . . . . . . . . . . . . . . . 174

8.11.2 Convex open sets U . . . . . . . . . . . . . . . . . . . . . 175

8.11.3 Estimating N(f(x)− f(w)) . . . . . . . . . . . . . . . . . 175

8.11.4 The m = 1 case . . . . . . . . . . . . . . . . . . . . . . . . 176

8.12 Some remarks about connectedness . . . . . . . . . . . . . . . . . 176

8.12.1 Subsets of X0 ⊆ X . . . . . . . . . . . . . . . . . . . . . . 176

8.12.2 Disjoint open and closed sets . . . . . . . . . . . . . . . . 177

8.12.3 Connected open and closed sets . . . . . . . . . . . . . . . 177

8.13 Locally constant mappings . . . . . . . . . . . . . . . . . . . . . . 177

8.13.1 Locally constant mappings and connectedness . . . . . . . 178

8.13.2 The condition f ′(x) ≡ 0 . . . . . . . . . . . . . . . . . . . 178

8.14 Some local Lipschitz conditions . . . . . . . . . . . . . . . . . . . 179

8.14.1 Local Lipschitz conditions and compactness . . . . . . . . 180

8.14.2 Some Lipschitz conditions on convex subsets of Rn . . . . 180

8.14.3 Some more Lipschitz conditions on subsets of U . . . . . 181



xii CONTENTS

9 More on differentiable mappings 182
9.1 Continuously-differentiable mappings . . . . . . . . . . . . . . . . 182

9.1.1 Using the operator norm . . . . . . . . . . . . . . . . . . . 182
9.1.2 Convex open subsets of U . . . . . . . . . . . . . . . . . . 183
9.1.3 A lower bound for dN (f(u), f(v)) . . . . . . . . . . . . . . 183
9.1.4 A lower bound for N(f ′(w)(v)) . . . . . . . . . . . . . . . 183

9.2 Invertible linear mappings . . . . . . . . . . . . . . . . . . . . . . 184
9.2.1 The operator norm of A−1 . . . . . . . . . . . . . . . . . . 184
9.2.2 Small perturbations of A . . . . . . . . . . . . . . . . . . 185
9.2.3 Estimating ‖B−1‖op . . . . . . . . . . . . . . . . . . . . . 185

9.3 The inverse function theorem . . . . . . . . . . . . . . . . . . . . 186
9.3.1 The first part of the inverse function theorem . . . . . . . 186
9.3.2 The second part of the inverse function theorem . . . . . 187

9.4 Proving the inverse function theorem . . . . . . . . . . . . . . . . 187
9.4.1 Reducing to the case where f ′(w) = I on Rn . . . . . . . 188
9.4.2 The case where f ′(w) = I . . . . . . . . . . . . . . . . . . 188
9.4.3 A Lipschitz condition for f(x)− x on BN (w, r) . . . . . . 188
9.4.4 Showing the second part . . . . . . . . . . . . . . . . . . . 189

9.5 Some remarks about Rn+m . . . . . . . . . . . . . . . . . . . . . 189
9.5.1 Identifying Rn+m with Rn ×Rm . . . . . . . . . . . . . . 189
9.5.2 Some related linear mappings . . . . . . . . . . . . . . . . 190
9.5.3 The kernel of A . . . . . . . . . . . . . . . . . . . . . . . . 190
9.5.4 Surjectivity of A1 and A . . . . . . . . . . . . . . . . . . . 190
9.5.5 An associated linear mapping Â . . . . . . . . . . . . . . 191
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Chapter 1

Some mappings, metrics,
and norms

1.1 Lipschitz mappings

Let (X, dX(·, ·)) and (Y, dY (·, ·)) be metric spaces. A mapping f from X into Y
is said to be Lipschitz if there is a nonnegative real number C such that

dY (f(x), f(w)) ≤ C dX(x,w)(1.1.1)

for every x,w ∈ X. It is easy to see that Lipschitz mappings are uniformly
continuous. Note that (1.1.1) holds with C = 0 if and only if f is constant on
X.

1.1.1 A simple relationship between metrics

Let X be a set, and let d(·, ·) and d′(·, ·) be metrics on X. Consider the condition
that there be a nonnegative real number C such that

d′(x,w) ≤ C d(x,w)(1.1.2)

for every x,w ∈ X. This is the same as (1.1.1), with dX = d, Y = X, dY = d′,
and f taken to be the identity mapping on X.

1.1.2 Square roots of metrics

Let (X, d(·, ·)) be a metric space, and put

ρ(x,w) =
√
d(x,w)(1.1.3)

for every x,w ∈ X. One can check that this defines a metric on X as well. This
corresponds to the second part of Exercise 11 at the end of Chapter 2 in [218],
when we start with the standard Euclidean metric on the real line.

1
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One can check that the identity mapping on X is uniformly continuous as a
mapping from X equipped with d(·, ·) into X equipped with ρ(x,w). Similarly,
one can check that the identity mapping on X in uniformly continuous as a
mapping from X equipped with ρ(·, ·) into X equipped with d(·, ·).

1.2 Lipschitz conditions on R

Let E be a nonempty subset of the real lineR, and let f be a real-valued function
on E. Note that f is Lipschitz on E with respect to the standard Euclidean
metric on R and its restriction to E if and only if there is a nonnegative real
number C such that

|f(x)− f(w)| ≤ C |x− w|(1.2.1)

for every x,w ∈ E. Here |t| denotes the usual absolute value of a real number t.
Of course, (1.2.1) holds automatically when x = w. If x 6= w, then (1.2.1) is

the same as saying that
|f(x)− f(w)|

|x− w|
≤ C.(1.2.2)

1.2.1 The definition of the derivative

Suppose that x ∈ E is a limit point of E. The derivative of f at x is defined as
usual by

f ′(x) = lim
w∈E
w→x

f(w)− f(x)

w − x
,(1.2.3)

when the limit on the right exists. In this case, f is said to be differentiable at
x, as a function on E. If f is differentiable at x, and (1.2.1) holds for all w ∈ E,
or at least when w ∈ E is sufficiently close to x, then one can check that

|f ′(x)| ≤ C.(1.2.4)

If f is differentiable at x, then f is continuous at x, as a function on E, by
a standard argument. More precisely, if C is a real number such that

|f ′(x)| < C,(1.2.5)

then one can verify that (1.2.1) holds for all w ∈ E that are sufficiently close to
x.

1.2.2 Using the mean value theorem

Let a and b be real numbers with a < b, and suppose for the moment that
E is the corresponding open interval (a, b) in R. We may also allow a = −∞
or b = +∞ here, so that E could be the real line, or an open half-line in R.
Suppose for the moment that

f is differentiable at every point in E,(1.2.6)
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and that there is a nonnegative real number C such that (1.2.4) holds for every
x ∈ E. Under these conditions, the mean value theorem implies that (1.2.1)
holds for every x,w ∈ E.

Let a and b be real numbers with a < b again, and suppose now that E is the
corresponding closed interval [a, b] in R. Suppose for the moment again that

f is continuous on [a, b], and differentiable at every point in (a, b).(1.2.7)

If there is a nonnegative real number C such that (1.2.4) holds for every x in
(a, b), then the mean-value theorem implies that (1.2.1) holds for every x,w ∈ E.

Of course, there are analogous statements when E is a half-open, half-closed
interval in R, or a closed half-line in R.

See [18, 48, 59] for some related perspectives on the mean value theorem.
Some additional results related to the mean value theorem can be found in
[144, 253].

Some aspects of calculus on the rationals are discussed in [146, 148]. Some
more connections between Lipschitz conditions and derivatives will be consid-
ered in Chapter 8.

1.3 Norms on Rn

Let n be a positive integer. Remember that Rn is the space of ordered n-tuples
x = (x1, . . . , xn) such that xj ∈ R for each j = 1, . . . , n. Addition can be
defined on Rn coordinatewise, so that

x+ y = (x1 + y1, . . . , xn + yn)(1.3.1)

for every x, y ∈ Rn. Similarly, if t ∈ R and x ∈ Rn, then

t x = (t x1, . . . , t xn)(1.3.2)

defines another element of Rn. Using these definitions of addition and scalar
multiplication, Rn becomes a vector space over the real numbers. Although
we shall not discuss the formal definition of a vector space here, the relevant
notions will hopefully be clear in the examples. Note that we shall use 0 to refer
to the element of Rn whose coordinates are equal to the real number 0, which
will hopefully also be clear from the context.

1.3.1 The definition of a norm

A nonnegative real-valued function N on Rn is said to define a norm on Rn if
it satisfies the following three conditions. First, N(x) = 0 if and only if x = 0.
Second,

N(t x) = |t|N(x)(1.3.3)

for every t ∈ R and x ∈ Rn. Third,

N(x+ y) ≤ N(x) +N(y)(1.3.4)

for every x, y ∈ Rn, which is the triangle inequality for norms.
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1.3.2 Some basic examples of norms

The standard Euclidean norm is defined by

‖x‖2 =
( n∑

j=1

x2j

)1/2

(1.3.5)

for every x ∈ Rn. Of course, this uses the nonnegative square root on the
right side of the equation. It is easy to see that this satisfies the first two
requirements of a norm mentioned in the preceding paragraph. The triangle
inequality is more complicated, and can be obtained from the Cauchy–Schwarz
inequality. See Theorem 1.37 on p16 of [218].

One can check directly that

‖x‖1 =

n∑
j=1

|xj |(1.3.6)

defines a norm on Rn. (Exercise.) Similarly,

‖x‖∞ = max(|x1|, . . . , |xn|)(1.3.7)

defines a norm on Rn, where more precisely the right side is the maximum of
|x1|, . . . , |xn|. In particular, if x, y ∈ Rn, then

‖x+ y‖∞ = max(|x1 + y1|, . . . , |xn + yn|)
≤ max(|x1|+ |y1|, . . . , |xn|+ |yn|) ≤ ‖x‖∞ + ‖y‖∞,(1.3.8)

using the triangle inequality for the absolute value function on R in the second
step.

1.3.3 Metrics associated to norms

If N is any norm on Rn, then

dN (x, y) = N(x− y)(1.3.9)

defines a metric on Rn. Indeed, the first requirement of a norm ensures that
(1.3.9) is equal to 0 if and only if x = y. The homogeneity condition (1.3.3)
implies that (1.3.9) is symmetric in x and y, by taking t = −1 in (1.3.3).
The triangle inequality for (1.3.9) as a metric on Rn follows from the triangle
inequality (1.3.4) for N as a norm on Rn.

The metric
d2(x, y) = ‖x− y‖2(1.3.10)

associated to the standard Euclidean norm (1.3.5) is the standard Euclidean
metric on Rn. Let

d1(x, y) = ‖x− y‖1(1.3.11)
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and
d∞(x, y) = ‖x− y‖∞(1.3.12)

be the metrics on Rn corresponding to the norms (1.3.6) and (1.3.7), respec-
tively. If n = 1, then the norms (1.3.5), (1.3.6), and (1.3.7) reduce to the
absolute value function on R, and the corresponding metrics are the same as
the standard Euclidean metric on R.

1.3.4 The Cauchy–Schwarz inequality for finite sums

If a1, . . . , an, b1, . . . , bn are nonnegative real numbers, then

n∑
j=1

aj bj ≤
( n∑

j=1

a2j

)1/2 ( n∑
j=1

b2j

)1/2

.(1.3.13)

This is a version of the Cauchy–Schwarz inequality. This is often formulated
a bit differently for arbitrary real or complex numbers, as in Theorem 1.35
on p15 of [218]. This formulation is included in the other one, by restricting
one’s attention to nonnegative real numbers. The other formulation can also be
obtained from this one, by applying (1.3.13) to the absolute values of the given
real or complex numbers.

1.4 Norms on Cn

Let C be the complex plane, as usual, and let n be a positive integer again. As
before, Cn is the set of ordered n-tuples of complex numbers. Addition can be
defined on Cn coordinatewise, as in (1.3.1). One can also multiply an element of
Cn by a complex number coordinatewise, as in (1.3.2). In this way, Cn becomes
a vector space over the complex numbers.

A nonnegative real-valued function N on Cn is said to be a norm on Cn if it
satisfies the same type of conditions as in the previous section. More precisely,
the first and third conditions conditions are the same as before. In this situation,
the homogeneity condition (1.3.3) should hold for all complex numbers t and
elements of Cn, where |t| is the usual absolute value function on C.

The standard Euclidean norm is defined on Cn by

‖z‖2 =
( n∑

j=1

|zj |2
)1/2

,(1.4.1)

where |zj | is the absolute value of zj ∈ C for each j = 1, . . . , n. The triangle
inequality for (1.4.1) can be reduced to the real case, by taking the absolute
values of the coordinates of elements of Cn to get n-tuples of nonnegative real
numbers. This argument uses the triangle inequality for the absolute value
function on C, which is the same as the n = 1 case.

The triangle inequality for (1.4.1) on Cn can also be obtained from the
Cauchy–Schwarz inequality, using an argument analogous to the one in the real
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case. As before, it is easy to verify the other two requirements for (1.4.1) to be
a norm on Cn directly from the definition.

Alternatively, the complex plane can be identified with R2, using the real
and imaginary parts of a complex number. Using this identification, the absolute
value of a complex number corresponds to the standard Euclidean norm on R2.

Similarly, Cn can be identified with R2n, using the real and imaginary parts
of the n coordinates of an element of Cn. Using this identification, the standard
Euclidean norm (1.4.1) on Cn corresponds exactly to the standard Euclidean
norm on R2n. This permits one to get the triangle inequality for (1.4.1) on Cn

from the triangle inequality for the standard Euclidean norm on R2n, because
addition on Cn corresponds exactly to addition on R2n with respect to this
identification.

As before, one can verify directly that

‖z‖1 =

n∑
j=1

|zj |(1.4.2)

and
‖z‖∞ = max(|z1|, . . . , |zn|)(1.4.3)

define norms on Cn as well. Of course, Rn may be considered as a subset of
Cn, because R is contained in C. The restrictions of (1.4.2) and (1.4.3) to
z ∈ Rn are the same as the corresponding norms defined on Rn in the previous
section. Similarly, the restriction of (1.4.1) to z ∈ Rn is the same as the standard
Euclidean norm on Rn.

If N is any norm on Cn, then

dN (z, w) = N(z − w)(1.4.4)

defines a metric on Cn, for the same reasons as in the real case. The standard
Euclidean metric on Cn is the metric

d2(z, w) = ‖z − w‖2(1.4.5)

associated to the standard Euclidean norm (1.4.1). Similarly, let

d1(z, w) = ‖z − w‖1(1.4.6)

and
d∞(z, w) = ‖z − w‖∞(1.4.7)

be the metrics on Cn associated to the norms (1.4.2) and (1.4.3), respectively.
If n = 1, then the norms (1.4.1), (1.4.2), and (1.4.3) reduce to the absolute value
function on C, so that the corresponding metrics are the same as the standard
Euclidean metric on C.

The restriction of any norm N on Cn to Rn defines a norm on Rn. In
this case, the restriction of (1.4.4) to z, w ∈ Rn is the same as the metric on
Rn associated to the restriction of N to Rn. In particular, the restrictions of
(1.4.5), (1.4.6), and (1.4.7) to z, w ∈ Rn are the same as the corresponding
metrics defined on Rn in the previous section.
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1.4.1 A larger family of norms

Let p be a positive real number, and put

‖z‖p =
( n∑

j=1

|zj |p
)1/p

(1.4.8)

for every z ∈ Cn. It is easy to see that this satisfies the positivity and homo-
geneity requirements of a norm. If p ≥ 1, then it is well known that (1.4.8)
satisfies the triangle inequality, and hence defines a norm on Cn. This is a
version of Minkowski’s inequality for sums. One approach to this is discussed
in Section A.6.

Of course, (1.4.8) is the same as (1.4.1) when p = 2, and it is the same
as (1.4.2) when p = 1. If n = 1, then (1.4.8) reduces to the absolute value
function on C. If 0 < p < 1 and n ≥ 2, then one can check that (1.4.8) does
not satisfy the triangle inequality. This is related to the lack of convexity of the
corresponding balls in Cn, as in Section A.6. There are analogous statements
for the restriction of (1.4.8) to Rn.

It is not too difficult to show that (1.4.8) tends to ‖z‖∞ as p→ ∞ for every
z ∈ Cn, as in Section A.3.

1.5 Some basic inequalities

Let n be a positive integer, and let z ∈ Cn be given. It is easy to see that

‖z‖∞ ≤ ‖z‖2, ‖z‖1,(1.5.1)

directly from the definitions of these norms in the previous section.
Similarly,

‖z‖22 =

n∑
j=1

|zj |2 ≤ ‖z‖∞
n∑

j=1

|zj | = ‖z‖∞ ‖z‖1 ≤ ‖z‖21,(1.5.2)

so that
‖z‖2 ≤ ‖z‖1.(1.5.3)

It follows that the corresponding metrics satisfy

d∞(z, w) ≤ d2(z, w) ≤ d1(z, w)(1.5.4)

for every z, w ∈ Cn. There are sme analogous statements for (1.4.8) for all
p > 0, which are discussed in Section A.3.

1.5.1 Inequalities in the other direction

In the other direction, we have that

‖z‖2 ≤ n1/2 ‖z‖∞(1.5.5)
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and

‖z‖1 ≤ n ‖z‖∞(1.5.6)

for every z ∈ Cn. One can also check that

‖z‖1 ≤ n1/2 ‖z‖2(1.5.7)

for every z ∈ Cn, using the Cauchy-Schwarz inequality (1.3.13). This implies
that

d2(z, w) ≤ n1/2 d∞(z, w),(1.5.8)

d1(z, w) ≤ nd∞(z, w),(1.5.9)

and

d1(z, w) ≤ n1/2 d2(z, w)(1.5.10)

for every z, w ∈ Cn.

1.5.2 Some consequences of these inequalities

Using these simple relationships, we get that d1(z, w), d2(z, w), and d∞(z, w)
have many of the same properties on Cn. They determine the same collections
of open sets, closed sets, compact sets, and bounded sets, for instance. They
also determine the same limit points of subsets of Cn, convergent sequences in
Cn, and Cauchy sequences.

Using (1.5.4), it is easy to see that the identity mapping on Cn is Lipschitz
as a mapping from Cn equipped with d1(z, w) into Cn equipped with d2(z, w),
and from Cn equipped with d2(z, w) into Cn equipped with d∞(z, w). Similarly,
the identity mapping on Cn is Lipschitz as a mapping from Cn equipped with
d1(z, w) into Cn equipped with d∞(z, w). We can use (1.5.8) to get that the
identity mapping on Cn is Lipschitz as a mapping from Cn equipped with
d∞(z, w) into Cn equipped with d2(z, w), and (1.5.10) implies that the identity
mapping on Cn is Lipschitz as a mapping from Cn equipped with d2(z, w)
into Cn equipped with d1(z, w). One can use (1.5.9) to get that the identity
mapping on Cn is Lipschitz as a mapping from Cn equipped with d∞(z, w) into
Cn equipped with d1(z, w).

Of course, there are analogous statements for the restrictions of these metrics
to Rn.

1.5.3 Estimates for arbitrary norms

If N is any norm on Rn or Cn, then one can show that N is bounded by
a constant times the standard Euclidean norm, or equivalently by a constant
times either of the norms ‖ · ‖1, ‖ · ‖∞. To see this, one can express any element
of Rn or Cn as a linear combination of the standard basis vectors, to estimate
N in terms of the absolute values of the coodinates of the given vector. This is
discussed further in Section 6.10.
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One can use this to show thatN is continuous as a real-valued function onRn

or Cn, as appropriate, with respect to the standard Euclidean metric. It follows
thatN attains its minimum on the unit sphere in Rn orCn, as appropriate, with
respect to the standard Euclidean metric again, by the extreme value theorem.
Because the infimum is positive, by definition of a norm, one can verify that the
standard Euclidean norm is bounded by a constant times N on Rn or Cn, as
appropriate. This is discussed in more detail in Section 6.11.

1.6 Functions with finite support

Let X be a nonempty set, and let f be a real or complex-valued function on X.
The support of f is defined to be the subset of X given by

supp f = {x ∈ X : f(x) 6= 0}.(1.6.1)

Let c00(X,R) be the space of real-valued functions on X whose support has
only finitely many elements, and let c00(X,C) be the space of complex-valued
functions on X with finite support.

If f and g are real or complex-valued functions on X with finite support,
then their sum f(x) + g(x) also defines a real or complex-valued function on
X with finite support. Similarly, if f is a real or complex-valued function on
X with finite support, and t is a real or complex number, as appropriate, then
t f(x) has finite support in X. More precisely, c00(X,R) and c00(X,C) are
vector spaces over the real and complex numbers, respectively, with respect to
pointwise addition and scalar multiplication of functions. These may be consid-
ered as linear subspaces of the spaces of all real or complex-valued functions on
X, respectively.

Of course, if X has only finitely many elements, then every real or complex-
valued function on X automatically has finite support. Let n be a positive
integer, and suppose for the moment that

X = {1, . . . , n}(1.6.2)

is the set of positive integers from 1 to n. In this case, c00(X,R) and c00(X,C)
can be identified with Rn and Cn, respectively.

Similarly, if X is the set Z+ of positive integers, then a real or complex-
valued function on X corresponds to an infinite sequence of real or complex
numbers. Thus c00(Z+,R) and c00(Z+,C) can be identified with the spaces of
infinite sequences of real or complex numbers for which all but finitely many
terms are equal to 0, respectively.

1.6.1 Norms on c00(X,R), c00(X,C)

As usual, a nonnegative real-valued function N on c00(X,R) or c00(X,C) is
said to be a norm if it satisfies the following three conditions. First, N(f) = 0



10 CHAPTER 1. SOME MAPPINGS, METRICS, AND NORMS

if and only if f = 0. Second, if f ∈ c00(X,R) or c00(X,C) and t ∈ R or C, as
appropriate, then

N(t f) = |t|N(f).(1.6.3)

Third,
N(f + g) ≤ N(f) +N(g)(1.6.4)

for every f, g ∈ c00(X,R) or c00(X,C), as appropriate. In this case,

dN (f, g) = N(f − g)(1.6.5)

defines a metric on c00(X,R) or c00(X,C), as appropriate.
Let f be a real or complex-valued function on X. If A is a nonempty finite

subset of X, then ∑
x∈A

f(x)(1.6.6)

can be defined as a real or complex number, as appropriate. Suppose that f has
finite support in X, and observe that the finite sums (1.6.6) are all the same
when supp f ⊆ A. This permits us to define the sum∑

x∈X

f(x)(1.6.7)

as a real or complex number, as appropriate, as the value of (1.6.6) when A is
a nonempty finite subset of X that contains the support of f .

If f is a real or complex-valued function on X with finite support, then

‖f‖1 =
∑
x∈X

|f(x)|(1.6.8)

is defined as a nonnegative real number, as in the previous paragraph. Similarly,

‖f‖2 =
( ∑

x∈X

|f(x)|2
)1/2

(1.6.9)

is defined as a nonnegative real number, where the sum on the right is defined
as before. We can also put

‖f‖∞ = max
x∈X

|f(x)|,(1.6.10)

where the maximum of |f(x)| over x ∈ X is clearly attained in this situation.
One can check that these define norms on c00(X,R) and c00(X,C). In partic-
ular, the triangle inequality for (1.6.9) reduces to the analogous statement for
Rn and Cn, mentioned in Subsection 1.3.2 and Section 1.4.

Using these norms, we get metrics

d1(f, g) = ‖f − g‖1,(1.6.11)

d2(f, g) = ‖f − g‖2,(1.6.12)
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and
d∞(f, g) = ‖f − g‖∞(1.6.13)

on c00(X,R) and c00(X,C). IfX is as in (1.6.2) for some positive integer n, then
the norms mentioned in the previous paragraph correspond to the analogous
norms defined on Rn and Cn in Subsection 1.3.2 and Section 1.4. Similarly,
these metrics correspond to the analogous metrics defined earlier on Rn and Cn

in this case.

1.6.2 Some inequalities between these norms

If f is a real or complex-valued function on X with finite support, then

‖f‖∞ ≤ ‖f‖2 ≤ ‖f‖1.(1.6.14)

This follows from (1.5.1) and (1.5.3), since it is enough to look at the finitely
many elements of X in the support of f . This implies that

d∞(f, g) ≤ d2(f, g) ≤ d1(f, g)(1.6.15)

for all real and complex-valued functions f and g on X with finite support.
It follows that convergent sequences in c00(X,R) and c00(X,C) with respect

to d1 are also convergent wth respect to d2 and d∞, with the same limit. Sim-
ilarly, convergent sequences with respect to d2 are convergent with respect to
d∞, with the same limit.

We also have that open sets in c00(X,R) and c00(X,C) with respect to d∞
are open sets with respect to d1 and d2. Similarly, open sets with respect to d2
are open sets with respect to d1.

There are analogous statements for other properties, which may be consid-
ered in terms of the identity mappings on c00(X,R) and c00(X,C), using these
metrics on the domain and range. More precisely, the identity mappings on
c00(X,R) and c00(X,C) are Lipschitz with respect to d2(f, g) on the domain
and d∞(f, g) on the range, because of the first inequality in (1.6.15). Similarly,
the identity mappings on c00(X,R) and c00(X,C) are Lipschitz with respect
to d1(f, g) on the domain and d2(f, g) on the range, because of the second in-
equality in (1.6.15). The identity mappings on c00(X,R) and c00(X,C) are also
Lipschitz with respect to d1(f, g) on the domain and d∞(f, g) on the range.

1.6.3 Cauchy sequences in c00(X,R), c00(X,C)

The definition of a Cauchy sequence in a metric space is reviewed in the next
section. Let {fj}∞j=1 be a sequence of real or complex-valued functions on X
with finite support. If {fj}∞j=1 is a Cauchy sequence with respect to d1, then
{fj}∞j=1 is a Cauchy sequence with respect to d2 and d∞, because of (1.6.15).
Similarly, if {fj}∞j=1 is a Cauchy sequence with respect to d2, then {fj}∞j=1 is
a Cauchy sequence with respect to d∞. Some classes of examples of Cauchy
sequences like these are discussed in Subsection A.5.2.
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If X has infinitely many elements, then it is not too difficult to see that
neither c00(X,R) or c00(X,C) is compete with respect to any of the metrics d1,
d2, or d∞, using examples of Cauchy sequences like those in Subsection A.5.2.
To get complete metric spaces, one can consider additional real and complex-
valued functions on X, depending on the metric d1, d2, or d∞. This is related
to Chapter 2 for d1, d2 when X = Z+, and to Chapter 11 for arbitrary X. This
is also related to Sections 1.13 and 2.5 for d∞.

1.7 Cauchy sequences and completeness

Let (X, dX(·, ·)) be a metric space. Remember that a sequence {xj}∞j=1 of
elements of X is said to be a Cauchy sequence with respect to dX(·, ·) if for
every ϵ > 0 there is a positive integer L such that

dX(xj , xl) < ϵ(1.7.1)

for every j, l ≥ L. It is not difficult to verify that

convergent sequences in X are Cauchy sequences.(1.7.2)

If
every Cauchy sequence in X converges to an element of X,(1.7.3)

then X is said to be complete with respect to dX(·, ·). It is well known that R
and C are complete with respect to their standard Euclidean metrics.

1.7.1 Cauchy sequences in subsets of metric spaces

Let E be a subset of X, and remember that the restriction of dX(x,w) to
x,w ∈ E defines a metric on E. If {xj}∞j=1 is a sequence of elements of E, then
it is easy to see that

{xj}∞j=1 is a Cauchy sequence as a sequence of elements of E(1.7.4)

if and only if

{xj}∞j=1 is a Cauchy sequence as a sequence of elements of X,(1.7.5)

with respect to dX(·, ·) and its restriction to E.
If X is complete with respect to dX(·, ·), and if E is a closed set in X, then

E is complete with respect to the restriction of dX(·, ·) to E.(1.7.6)

More precisely, if {xj}∞j=1 is a Cauchy sequence of elements of E, then {xj}∞j=1

is a Cauchy sequence in X. This implies that {xj}∞j=1 converges to some x ∈ X,
because X is complete. We also have that x ∈ E, because E is a closed set in
X. It follows that {xj}∞j=1 converges to x in E, with respect to the restriction
of dX(·, ·) to E.
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1.7.2 Completeness of subsets

Suppose now that E is complete with respect to the restriction of dX(·, ·) to E,
and let us check that

E is a closed set in X.(1.7.7)

Let x ∈ X be a limit point of E, which implies that there is a sequence {xj}∞j=1

of elements of E that converges to x in X. Note that {xj}∞j=1 is a Cauchy
sequence as a sequence of elements of X, and hence as a sequence of elements
of E. Because E is complete, there is an x′ ∈ E such that {xj}∞j=1 converges to
x′ with respect to the restriction of dX(·, ·) to E. Of course, {xj}∞j=1 converges
to x′ in X as well, so that x = x′, and thus x ∈ E.

1.7.3 Cauchy sequences and uniform continuity

Let (Y, dY (·, ·)) be another metric space, and let f be a uniformly continuous
mapping from X into Y . If {xj}∞j=1 is a Cauchy sequence of elements of X,
then one can check that

{f(xj)}∞j=1 is a Cauchy sequence in Y.(1.7.8)

This is the first part of Exercise 11 at the end of Chapter 4 in [218]. If Y is
complete, then it follows that {f(xj)}∞j=1 converges in Y . If {xj}∞j=1 converges
to an element x ofX, then continuity of f at x implies that {f(xj)}∞j=1 converges
to f(x) in Y .

1.8 Pointwise and uniform convergence

Let X be a set, and let (Y, dY (·, ·)) be a metric space. Also let {fj}∞j=1 be a
sequence of mappings from X into Y , and let f be another mapping from X
into Y . We say that {fj}∞j=1 converges to f pointwise on X if for every x ∈ X,
{fj(x)}∞j=1 converges to f(x) in Y . This means that for every x ∈ X and ϵ > 0
there is a positive integer L such that

dY (fj(x), f(x)) < ϵ(1.8.1)

for every j ≥ L.
We say that {fj}∞j=1 converges to f uniformly on X if for every ϵ > 0 there

is a positive integer L such that (1.8.1) holds for every x ∈ X and j ≥ L. Note
that uniform convergence implies pointwise convergence. If X has only finitely
many elements, and {fj}∞j=1 converges to f pointwise on X, then one can check
that {fj}∞j=1 converges to f uniformly on X.

1.8.1 An example on [0, 1]

As an example, let us take X to be the closed unit interval [0, 1] in the real line,
and Y = R with the standard metric. Put

fj(x) = xj(1.8.2)
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for each positive integer j and 0 ≤ x ≤ 1. In this case,

lim
j→∞

fj(x) = 0 when 0 ≤ x < 1(1.8.3)

= 1 when x = 1.

However, {fj}∞j=1 does not converge uniformly on [0, 1], because for each

positive integer j we have that xj is as close to 1 as we want when x is sufficiently
close to 1. If r is a positive real number with r < 1, then {fj}∞j=1 does converge
to 0 uniformly on [0, r].

1.8.2 Uniform convergence and continuity

Now let (X, dX) be a metric space, and let (Y, dY ) be a metric space again too.
Also let

{fj}∞j=1 be a sequence of mappings from X into Y(1.8.4)

that converges uniformly to a mapping f from X into Y,

and let x ∈ X be given. If

fj is continuous at x for every j ≥ 1,(1.8.5)

then it is well known that

f is continuous at x(1.8.6)

as well. To see this, let ϵ > 0 be given. Because {fj}∞j=1 converges uniformly to
f on X, there is an L ∈ Z+ such that

dY (fj(w), f(w)) < ϵ/3(1.8.7)

for every j ≥ L and w ∈ X. In particular, this holds at x, so that

dY (fj(x), f(x)) < ϵ/3(1.8.8)

for every j ≥ L. Because fL is continuous at x, there is a δL > 0 such that

dY (fL(x), fL(w)) < ϵ/3(1.8.9)

for every w ∈ X with dX(x,w) < δL. Observe that

dY (f(x), f(w)) ≤ dY (f(x), fL(x)) + dY (fL(x), fL(w))(1.8.10)

+dY (fL(w), f(w))

for every w ∈ X, by the triangle inequality. It follows that

dY (f(x), f(w)) < ϵ/3 + ϵ/3 + ϵ/3 = ϵ(1.8.11)

for every w ∈ X with dX(x,w) < δL, as desired.
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1.8.3 Uniform convergence and uniform continuity

Similarly, if {fj}∞j=1 is a sequence of uniformly continuous mappings from X
into Y that converges uniformly to a mapping f from X into Y , then

f is uniformly continuous on X.(1.8.12)

As before, we let ϵ > 0 be given, and let L be a positive integer such that
(1.8.8) holds for every j ≥ L and w ∈ X. In this case, the uniform continuity
of fL implies that there is a δL > 0 such that (1.8.9) holds for every x,w ∈ X
with dX(x,w) < δL. This implies that (1.8.11) holds for every x,w ∈ X with
dX(x,w) < δL, as before.

1.8.4 Some limits of limits

Let E be a subset of X, and let {fj}∞j=1 be a sequence of mappings from E
into Y that converges uniformly to a mapping f from E into Y . Suppose that
x ∈ X is a limit point of E. Suppose also that for each j ≥ 1, the limit of fj(w)
as w ∈ E approaches x exists in Y , and put

qj = lim
w∈E
w→x

fj(w).(1.8.13)

Under these conditions, one can show that

{qj}∞j=1 is a Cauchy sequence in Y.(1.8.14)

Suppose in addition that

{qj}∞j=1 converges to an element q of Y.(1.8.15)

Of course, this holds automatically when Y is complete. In this case, one can
show that

lim
w∈E
w→x

f(w) = q.(1.8.16)

This corresponds to Theorem 7.11 on p149 of [218] when Y is the complex
plane, with the standard metric. If Y is any complete metric space, then this
corresponds to part of Exercise 17 on p168 of [218].

In particular, if x is a limit point of X, then we can take E = X, to get that
f is continuous at x when fj is continuous at x for each j, as before. In this
case, qj = fj(x) for each j, so that (1.8.15) holds with q = f(x).

1.9 Bounded sets

Let (X, dX) be a metric space. If x ∈ X and r is a positive real number, then
the open ball in X centered at x with radius r is defined as usual by

B(x, r) = BX(x, r) = {w ∈ X : dX(x,w) < r}.(1.9.1)
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If x′ is another element of X, then it is easy to see that

B(x, r) ⊆ B(x′, r + dX(x, x′)),(1.9.2)

using the triangle inequality. It is well known that open balls in X are open
sets.

A subset E of X is said to be bounded in X if there is an x ∈ X and an
r > 0 such that

E ⊆ B(x, r).(1.9.3)

This implies that for every x′ ∈ X there is an r′ > 0 such that

E ⊆ B(x′, r′),(1.9.4)

because of (1.9.2). Of course, this condition implies the previous one when
X 6= ∅. To avoid minor technicalities, the empty set will be considered as a
bounded set even when X = ∅.

1.9.1 Boundedness of compact sets

If K is a compact subset of X, then K is bounded in X. This is trivial when
X = ∅, because the empty set is automatically considered to be a bounded set,
and so we may suppose that X 6= ∅. If x is any element of X, then the collection
of open balls B(x, j) with j ∈ Z+ is an open covering of K, because

∞⋃
j=1

B(x, j) = X.(1.9.5)

If K is compact, then there are finitely many positive integers j1, . . . , jn such
that

K ⊆
n⋃

l=1

B(x, jl).(1.9.6)

This implies that K ⊆ B(x, r), with r = max(j1, . . . , jn).

1.9.2 More on bounded sets

Note that subsets of bounded sets are bounded. Let E1, . . . , En be finitely many
bounded subsets of X, and let us check that their union

⋃n
j=1Ej is bounded.

As before, this is trivial when X = ∅, and so we may suppose that X 6= ∅. If x
is any element of X, then for each j = 1, . . . , n there is a positive real number
rj such that

Ej ⊆ B(x, rj).(1.9.7)

This implies that
n⋃

j=1

Ej ⊆ B
(
x, max

1≤j≤n
rj
)
,(1.9.8)

as desired.
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1.9.3 Closed balls

If x ∈ X and r is a nonnegative real number, then the closed ball in X centered
at x with radius r is defined by

B(x, r) = BX(x, r) = {w ∈ X : dX(x,w) ≤ r}.(1.9.9)

If x′ is another element of X, then

B(x, r) ⊆ B(x′, r + dX(x, x′)),(1.9.10)

as in (1.9.2).

One can check that

closed balls in X are closed sets.(1.9.11)

One can verify that a closed ball contains all of its limit points, for instance, or
that its complement in X is an open set.

Note that

B(x, r) ⊆ B(x, r)(1.9.12)

for every r > 0. If t ∈ R and r < t, then

B(x, r) ⊆ B(x, t).(1.9.13)

If X 6= ∅, then it is easy to see that a subset E of X is bounded if and only
if it is contained in a closed ball in X. In this case, E is contained in a closed
ball centered at any point in X, because of (1.9.10), as before. If E is bounded,
then the closure E of E in X is bounded too, because E is contained in any
closed ball in X that contains E.

1.9.4 Bounded sequences

A sequence {xj}∞j=1 of elements of X is said to be bounded in X if the set of
xj ’s, j ∈ Z+, is bounded in X. It is well known and not difficult to check that

convergent sequences in X are bounded.(1.9.14)

Similarly, one can verify that

Cauchy sequences in X are bounded.(1.9.15)

Totally bounded subsets of metric spaces are discussed in Section 4.2. In par-
ticular, compact sets are totally bounded, and totally bounded sets are bounded.
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1.10 Some remarks and examples

Let n be a positive integer, and let E be a subset of Rn or Cn. If E is bounded
with respect to any of the metrics d1, d2, or d∞ defined in Subsection 1.3.2 or
Section 1.4, as appropriate, then it is easy to see that E is bounded with respect
to the other two metrics, using the inequalities in Section 1.5. Similarly, if a
sequence of elements of Rn or Cn converges with respect to any of these three
metrics, then it converges with respect to the other two metrics, and with the
same limit, as in Subsection 1.5.2.

Let X be a nonempty set, and let E be a subset of c00(X,R) or c00(X,C).
If E is bounded with respect to the metric d2 defined in Subsection 1.6.1, then
E is bounded with respect to d∞, because d∞ ≤ d2, as in Subsection 1.6.2.
Similarly, if E is bounded with respect to d1, then E is bounded with respect
to d2 and d∞. If X has only finitely many elements, and E is bounded with
respect to d∞, then E is bounded with respect to d1 and d2. This is essentially
the same as in Rn and Cn when X has n elements.

Let {fj}∞j=1 be a sequence of elements of c00(X,R) or c00(X,C), and let f
be another element of the same space. If {fj}∞j=1 converges to f with respect to
d2, then {fj}∞j=1 converges to f with respect to d∞, as mentioned in Subsection
1.6.2. Similarly, if {fj}∞j=1 converges to f with respect to d1, then {fj}∞j=1

converges to f with respect to d2 and d∞. If X has only finitely many elements,
and {fj}∞j=1 converges to f with respect to d∞, then {fj}∞j=1 converges to f
with respect to d1 and d2.

One can check that {fj}∞j=1 converges to f with respect to d∞ if and only
if {fj}∞j=1 converges to f uniformly on X. This uses the standard metric on R
or C, as appropriate. A broader version of this will be discussed in Subsection
1.11.3.

1.10.1 A basis for c00(X,R), c00(X,C)

If x ∈ X, then let δx be the real-valued function on X equal to 1 at x, and to 0
at every other element of X. It is easy to see that the collection of δx’s, x ∈ X,
is a basis for each of c00(X,R) and c00(X,C), as vector spaces over R and C,
respectively, if one is familiar with these notions from linear algebra. Basically,
this means that every element f of c00(X,R) or c00(X,C) can be expressed in a
unique way as a linear combination of the δx’s, x ∈ X, with coefficients in R or
C, as appropriate. In fact, the coefficient of δx is equal to f(x) for each x ∈ X.
This means that f can be expressed as the sum of f(x) δx over the elements x
of the support of f in X.

Observe that
‖δx‖1 = ‖δx‖2 = ‖δx‖∞ = 1(1.10.1)

for every x ∈ X. If x, y ∈ X and x 6= y, then

d∞(δx, δy) = ‖δx − δy‖∞ = 1,(1.10.2)

d2(δx, δy) = ‖δx − δy‖2 =
√
2,(1.10.3)

d1(δx, δy) = ‖δx − δy‖1 = 2.(1.10.4)
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Let us now take X = Z+, and let δj be as before for each positive integer j.
It is easy to see that {δj}∞j=1 converges to 0 pointwise on Z+. Note that {δj}∞j=1

is bounded with respect to each of d1, d2, and d∞, and that {δj}∞j=1 does not
converge to 0 with respect to any of these three metrics.

Similarly, {j δj}∞j=1 converges to 0 pointwise on Z+. However,

‖j δj‖1 = ‖j δj‖2 = ‖j δj‖∞ = j(1.10.5)

for each j, so that {j δj}∞j=1 is not bounded with respect to d1, d2, or d∞.

1.10.2 Some more examples in c00(Z+,R)

If j ∈ Z+, then let fj be the real-valued function on Z+ defined by

fj(l) = 1 when l ≤ j(1.10.6)

= 0 when l > j.

Observe that {fj}∞j=1 converges pointwise to the function equal to 1 everywhere
on Z+. One can check that {fj}∞j=1 does not converge uniformly on Z+. We
also have that

‖fj‖∞ = 1,(1.10.7)

‖fj‖2 =
√
j,(1.10.8)

‖fj‖1 = j(1.10.9)

for every j.
If α ∈ R, then

‖j−α fj‖∞ = j−α ‖fj‖∞ = j−α(1.10.10)

for every j. This means that {j−αfj}∞j=1 is bounded with respect to d∞ exactly
when α ≥ 0, and that {j−α fj}∞j=1 converges to 0 with respect to d∞ exactly
when α > 0. Similarly,

‖j−α fj‖2 = j−α ‖fj‖2 = j(1/2)−α(1.10.11)

for every j, so that {j−α fj}∞j=1 is bounded with respect to d2 if and only
if α ≥ 1/2, and {j−α fj}∞j=1 converges to 0 with respect to d2 exactly when
α > 1/2. In the same way,

‖j−α fj‖1 = j−α ‖fj‖1 = j1−α(1.10.12)

for every j, so that {j−α fj}∞j=1 is bounded with respect to d1 if and only if
α ≥ 1, and {j−α fj}∞j=1 converges to 0 with respect to d1 if and only if α > 1.

1.11 Bounded functions

Let X be a set, and let (Y, dY ) be a metric space. A mapping f from X into Y
is said to be bounded if

the image f(X) of X under f is a bounded subset of Y.(1.11.1)

Let B(X,Y ) be the space of bounded mappings from X into Y .
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1.11.1 Uniform convergence of bounded functions

Let {fj}∞j=1 be a sequence of bounded mappings from X into Y that converges
uniformly to a mapping f from X into Y . This implies that there is an L ∈ Z+

such that

dY (fj(x), f(x)) < 1(1.11.2)

for every j ≥ L and x ∈ X. One can use this to check that

f is bounded,(1.11.3)

because fL is bounded.

1.11.2 The supremum metric

Suppose that X 6= ∅, and let f , g be bounded mappings from X into Y . It is
easy to see that

dY (f(x), g(x))(1.11.4)

is bounded as a nonnegative real-valued function of x on X, using the triangle
inequality. Put

θ(f, g) = sup{dY (f(x), g(x)) : x ∈ X}.(1.11.5)

If f = g, then f(x) = g(x) for every x ∈ X, so that

dY (f(x), g(x)) = 0(1.11.6)

for every x ∈ X, and hence

θ(f, g) = 0.(1.11.7)

Conversely, if (1.11.7) holds, then (1.11.6) holds for every x ∈ X, so that f(x) =
g(x) for every x ∈ X, which means that f = g. We also have that

θ(f, g) = θ(g, f),(1.11.8)

because dY (f(x), g(x)) = dY (g(x), f(x)) for every x ∈ X.

If h is another bounded mapping from X into Y , then

dY (f(x), h(x)) ≤ dY (f(x), g(x)) + dY (g(x), h(x))(1.11.9)

≤ θ(f, g) + θ(g, h)

for every x ∈ X. This implies that

θ(f, h) ≤ θ(f, g) + θ(g, h).(1.11.10)

Thus (1.11.5) defines a metric on B(X,Y ), which is known as the supremum
metric.
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1.11.3 Convergence with respect to the supremum metric

Let {fj}∞j=1 be a sequence of bounded mappings from X into Y , and let f
be another bounded mapping from X into Y . If {fj}∞j=1 converges to f with
respect to the supremum metric, then for each ϵ > 0 there is an L(ϵ) ∈ Z+ such
that

θ(fj , f) < ϵ(1.11.11)

for every j ≥ L(ϵ). It follows that

dY (fj(x), f(x)) < ϵ(1.11.12)

for every j ≥ L(ϵ) and x ∈ X, so that {fj}∞j=1 converges to f uniformly on X.
Conversely, if {fj}∞j=1 converges to f uniformly on X, then for each ϵ > 0

there is an L′(ϵ) ∈ Z+ such that (1.11.12) holds for every j ≥ L′(ϵ) and x ∈ X.
This implies that

θ(fj , f) = sup{dY (fj(x), f(x)) : x ∈ X} ≤ ϵ(1.11.13)

for every j ≥ L′(ϵ). One can use this to get that {fj}∞j=1 converges to f with
respect to the supremum metric.

1.12 Completeness of B(X,Y )

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Suppose that

Y is complete with respect to dY ,(1.12.1)

and let us check that

B(X,Y ) is complete with respect to the supremum metric.(1.12.2)

1.12.1 The proof of completeness

Let {fj}∞j=1 be a sequence of bounded mappings from X into Y that is a Cauchy
sequence with respect to the supremum metric. This means that for each ϵ > 0
there is an L(ϵ) ∈ Z+ such that

θ(fj , fl) < ϵ(1.12.3)

for every j, l ≥ L(ϵ). Thus

dY (fj(x), fl(x)) < ϵ(1.12.4)

for every j, l ≥ L(ϵ) and x ∈ X.
In particular,

{fj(x)}∞j=1 is a Cauchy sequence in Y(1.12.5)
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for every x ∈ X. Because Y is complete,

{fj(x)}∞j=1 converges in Y(1.12.6)

for every x ∈ X, and we put

f(x) = lim
j→∞

fj(x).(1.12.7)

This defines a mapping f from X into Y .
One can check that

dY (fj(x), f(x)) ≤ ϵ(1.12.8)

for every j ≥ L(ϵ) and x ∈ X, using (1.12.4). Indeed,

dY (fj(x), f(x)) ≤ dY (fj(x), fl(x)) + dY (fl(x), f(x))(1.12.9)

< ϵ+ dY (fl(x), f(x))

for all j, l ≥ L(ϵ) and x ∈ X, because of (1.12.4) and the triangle inequality.
This implies (1.12.8), because {fl(x)}∞l=1 converges to f(x) in Y .

It follows that {fj}∞j=1 converges to f uniformly on X. We also get that f
is bounded on X, as in Subsection 1.11.1. This implies that {fj}∞j=1 converges
to f with respect to the supremum metric, as in Subsection 1.11.3.

1.12.2 Necessity of completeness of Y

One can also verify that (1.12.2) implies (1.12.1). Indeed, every element of Y
corresponds to a constant function on X with values in Y . It is easy to see that
a Cauchy sequence in Y corresponds to a Cauchy sequence in B(X,Y ) with
respect to the supremum metric in this way. If a sequence of constant mappings
from X to Y converges with respect to the supremum metric, then it converges
uniformly on X, and thus pointwise on X, and it is easy to see that the limit
is a constant mapping as well. This implies that the initial Cauchy sequence in
Y converges to an element of Y .

Note that we get a mapping from Y into B(X,Y ) in this way, by associating
an element of Y with the corresponding constant function on X. This mapping
is an isometry, in the sense that the metric on Y corresponds exactly to the
distance between the corresponding constant functions on X with respect to
the supremum metric. Isometric mappings between metric spaces are discussed
further in Subsection 7.8.1.

1.13 More on bounded functions

The spaces of bounded real and complex-valued functions on a nonempty set X
are also denoted

ℓ∞(X,R) and ℓ∞(X,C),(1.13.1)

respectively. This implicitly uses the standard Euclidean metrics on R and C.
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If f and g are bounded real or complex-valued functions on X, then it is
easy to see that

f + g is bounded on X as well.(1.13.2)

Similarly, if f is a bounded real or complex-valued function on X, and t is a
real or complex number, as appropriate, then

t f is bounded on X(1.13.3)

too. Thus ℓ∞(X,R) and ℓ∞(X,C) are linear subspaces of the real and complex
vector spaces of all real and complex-valued functions on X, respectively.

1.13.1 The supremum norm

If f is a bounded real or complex-valued function on X, then put

‖f‖∞ = sup{|f(x)| : x ∈ X}.(1.13.4)

Note that ‖f‖∞ = 0 if and only if f ≡ 0 on X. If t ∈ R or C, as appropriate,
then one can check that

‖t f‖∞ = |t| ‖f‖∞.(1.13.5)

If g is another bounded real or complex-valued function on X, then

|f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤ ‖f‖∞ + ‖g‖∞(1.13.6)

for every x ∈ X. This implies that

‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞.(1.13.7)

It follows that (1.13.4) defines a norm on each of ℓ∞(X,R) and ℓ∞(X,C),
which is known as the supremum norm. The corresponding metric

d∞(f, g) = ‖f − g‖∞ = sup{|f(x)− g(x)| : x ∈ X}(1.13.8)

is the same as the supremum metric on these spaces, associated to the standard
Euclidean metric on R or C, as appropriate.

Note that ℓ∞(Z+,R) is often simply denoted ℓ∞. This corresponds to the
example in 4.2 C 4 on p107 of [95].

1.14 Continuous functions

Let (X, dX) and (Y, dY ) be metric spaces, and let C(X,Y ) be the space of
continuous mappings from X into Y . Also let

Cb(X,Y ) = B(X,Y ) ∩ C(X,Y )(1.14.1)

be the space of bounded continuous mappings fromX into Y . If f is a continuous
mapping from X into Y and X is compact, then it is well known that f(X) is
compact in Y , so that f(X) is bounded in Y in particular. Thus Cb(X,Y ) is
the same as C(X,Y ) when X is compact.
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1.14.1 The supremum metric and Cb(X,Y )

Suppose that X 6= ∅, so that the supremum metric can be defined on B(X,Y )
as in Subsection 1.11.2. Note that

Cb(X,Y ) is a closed set in B(X,Y ),(1.14.2)

with respect to the supremum metric. More precisely, if {fj}∞j=1 is a sequence
of bounded continuous mappings from X into Y that converges to a bounded
mapping f from X into Y with respect to the supremum metric, then we have
seen that {fj}∞j=1 converges to f uniformly on X, and hence that f is continuous
on X. Alternatively, if f ∈ B(X,Y ) is a limit point of Cb(X,Y ) with respect
to the supremum metric, then one can show that f is continuous on X. This
is very similar to the argument used to show that uniform limits of continuous
mappings are continuous, as in Subsection 1.8.2.

1.14.2 Completeness of Cb(X,Y )

Of course, Cb(X,Y ) may be considered as a metric space, using the restriction
of the supremum metric on B(X,Y ) to Cb(X,Y ). Suppose that Y is complete
with respect to dY , so that B(X,Y ) is complete with respect to the supremum
metric, as in Section 1.12. Under these conditions, we get that

Cb(X,Y ) is complete as a metric space(1.14.3)

with respect to the supremum metric, as in Subsection 1.7.1. This also uses
(1.14.2). One could show this more directly using an argument like that in
Subsection 1.12.1 as well.

Note that the completeness of Y is necessary to have (1.14.3), for essentially
the same reasons as in Subsection 1.12.2. This uses the fact that constant
functions on X are continuous. In particular, the mapping from Y into B(X,Y )
mentioned earlier in fact maps Y into Cb(X,Y ).

1.14.3 Real and complex-valued functions

Let us now take Y = R or C, with their standard Euclidean metrics. If f and
g are continuous real or complex-valued functions on X, then it is well known
that their sum f + g is continuous on X too. Similarly, if f is a continuous real
or complex-valued function on X, and t ∈ R or C, as appropriate, then t f is
continuous on X. This means that C(X,R) and C(X,C) are linear subspaces
of the real and complex vector spaces of all real and complex-valued functions
on X, respectively. We may also consider

Cb(X,R) = ℓ∞(X,R) ∩ C(X,R)(1.14.4)

as a linear subspace of both ℓ∞(X,R) and C(X,R), and

Cb(X,C) = ℓ∞(X,C) ∩ C(X,C)(1.14.5)

as a linear subspace of both ℓ∞(X,C) and C(X,C).
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1.15 Continuous functions on [0, 1]

In this section, we take X to be the closed unit interval [0, 1] in the real line,
equipped with the restriction of the standard Euclidean metric on R to [0, 1].
It is well known that [0, 1] is compact as a subset of R, and thus as a subset of
itself. This means that every continuous real or complex-valued function f on
[0, 1] is bounded, as before.

1.15.1 Norms on C([0, 1],R), C([0, 1],C)

A nonnegative real-valued function N on C([0, 1],R) or C([0, 1],C) is said to
be a norm if it satisfies the usual three conditions, as follows. First, N(f) = 0 if
and only if f = 0. Second, if f is a continuous real or complex-valued function
on [0, 1] and t ∈ R or C, as appropriate, then

N(t f) = |t|N(f).(1.15.1)

Third, if f and g are continuous real or complex-valued functions on [0, 1], then

N(f + g) ≤ N(f) +N(g).(1.15.2)

In this case,

dN (f, g) = N(f − g)(1.15.3)

defines a metric on C([0, 1],R) or C([0, 1],C), as appropriate. The supremum
norm (1.13.4) defines a norm on each of C([0, 1],R) and C([0, 1],C), for which
the corresponding metric (1.13.8) is the supremum metric, as in Subsection
1.13.1.

1.15.2 The L1 norm on C([0, 1],R) and C([0, 1],C)

If f is a continuous real or complex-valued function on [0, 1], then put

‖f‖1 =

∫ 1

0

|f(x)| dx.(1.15.4)

More precisely, it is well known and not difficult to verify that |f(x)| is also
continuous on [0, 1], so that the Riemann integral on the right side of (1.15.4)
exists. If f(x0) 6= 0 for some 0 ≤ x0 ≤ 1, then

|f(x)| ≥ |f(x0)|/2 > 0(1.15.5)

when 0 ≤ x ≤ 1 is sufficiently close to x0, because f is continuous at x0.
This implies that ‖f‖1 > 0, so that (1.15.4) satisfies the first condition in the
definition of a norm. It is easy to see that (1.15.4) satisfies (1.15.1) and (1.15.2),
so that (1.15.4) defines a norm on C([0, 1],R) and C([0, 1],C).
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1.15.3 The L2 norm on C([0, 1],R) and C([0, 1],C)

Similarly, put

‖f‖2 =
(∫ 1

0

|f(x)|2 dx
)1/2

(1.15.6)

for every continuous real or complex-valued function f on [0, 1]. One can check
that (1.15.6) is equal to 0 exactly when f = 0 on [0, 1], using the same type of
argument as in the preceding paragraph. It is easy to see that (1.15.6) satisfies
the homogeneity condition (1.15.1). If g is another continuous real or complex-
valued function on [0, 1], then it is well known that

‖f g‖1 ≤ ‖f‖2 ‖g‖2,(1.15.7)

which is an integral version of the Cauchy–Schwarz inequality. A proof of this
may be found in Subsection 3.2.1. This can be used to show that (1.15.6)
satisfies the triangle inequality (1.15.2), as in Subsection 3.2.2. It follows that
(1.15.6) defines a norm on C([0, 1],R) and C([0, 1],C).

1.15.4 More on these integral norms

It is easy to see that
‖f‖1, ‖f‖2 ≤ ‖f‖∞(1.15.8)

for every continuous real or complex-valued function f on [0, 1]. One can can
also get that

‖f‖1 ≤ ‖f‖2,(1.15.9)

using (1.15.7). Let
d1(f, g) = ‖f − g‖1(1.15.10)

and
d2(f, g) = ‖f − g‖2(1.15.11)

be the metrics on C([0, 1],R) and C([0, 1],C) associated to (1.15.4) and (1.15.6)
as in (1.15.3), respectively. Using (1.15.8) and (1.15.9), we get that

d1(f, g) ≤ d2(f, g) ≤ d∞(f, g)(1.15.12)

for all continuous real and complex-valued functions f and g on [0, 1].
It follows that convergent sequences in C([0, 1],R) and C([0, 1],C) with

respect to d∞ are convergent with respect to d1 and d2, with the same limit.
Similarly, convergent sequences with respect to d2 are convergent with respect
to d1, with the same limit. Some examples of sequences of continuous real and
complex-valued functions on [0, 1] are discussed in Section A.4.

We also have that Cauchy sequences in C([0, 1],R) and C([0, 1],C) with
respect to d2 are Cauchy sequences with respect to d1. Some examples of Cauchy
sequences with respect to d1 and d2 are discussed in Section A.5. In particular,
neither C([0, 1],R) nor C([0, 1],C) is compete with respect to either d1 or d2.
To get complete metric spaces, one can use Lebesgue integrals.
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Of course, bounded sets and sequences in C([0, 1],R) and C([0, 1],C) with
respect to d∞ are bounded with respect to d1 and d2 as well. Similarly, bound-
edness with respect to d2 implies boundedness with respect to d1. This is related
to the examples in Sections A.4 and A.5 too.

Note that the identity mappings on C([0, 1],R) and C([0, 1],C) are Lipschitz
with respect to d∞ on the domain and d1 or d2 on the range. Similarly, the
identity mappings on C([0, 1],R) and C([0, 1],C) are Lipschitz with respect to
d2 on the domain and d1 on the range. Other properties of these metrics can
be obtained from this, as before.



Chapter 2

Basic ℓ1 and ℓ2 spaces

This chapter deals with classical ℓ1 and ℓ2 spaces, of absolutely summable and
square-summable sequences of real or complex numbers, respectively. We also
consider c0 spaces of real or complex-valued functions on arbitrary nonempty
sets that vanish at infinity. Sums over arbitrary nonempty sets and correspond-
ing ℓ1, ℓ2 spaces will be discussed in Chapter 11.

2.1 Infinite series

Remember that an infinite series

∞∑
j=1

aj(2.1.1)

of real or complex numbers is said to converge if the corresponding sequence of
partial sums

n∑
j=1

aj(2.1.2)

converges with respect to the standard Euclidean metric on R or C, as appro-
priate. Of course, the value of the sum (2.1.1) is defined to be the limit of the
sequence of partial sums (2.1.2) in this case.

If (2.1.1) converges, and if
∑∞

j=1 bj is another convergent series of real or

complex numbers, as appropriate, then
∑∞

j=1(aj + bj) converges, with

∞∑
j=1

(aj + bj) =

∞∑
j=1

aj +

∞∑
j=1

bj .(2.1.3)

This reduces to the corresponding statement for sums of convergent sequences of
real or complex numbers, applied to the partial sums of these series. Similarly,

28
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if (2.1.1) converges, and t ∈ R or C, as appropriate, then
∑∞

j=1 t aj converges,
with

∞∑
j=1

t aj = t

∞∑
j=1

aj .(2.1.4)

2.1.1 Series with nonnegative terms

If aj is a nonnegative real number for each j ≥ 1, then the partial sums (2.1.2) in-
crease monotonically. It is well known that a monotonically increasing sequence
of real numbers converges with respect to the standard Euclidean metric on R
if and only if the sequence has an upper bound in R. In this case, the sequence
converges to the supremum of the set of its terms.

If aj is a nonnegative real number for each j, but the partial sums (2.1.2)
do not have an upper bound in R, then it is sometimes convenient to consider
the value of the sum (2.1.1) to be +∞. Note that the partial sums (2.1.2) tend
to +∞ as n→ ∞ in this situation.

If aj and bj are nonnegative real numbers for each j ≥ 1, then one can check
that (2.1.3) holds, where the right side of (2.1.3) is considered to be +∞ when
either of the individual sums is +∞. Similarly, (2.1.4) holds for every positive
real number t, where the right side is considered to be +∞ when (2.1.1) is +∞.

If aj and bj are nonnegative real numbers with

aj ≤ bj(2.1.5)

for every j ≥ 1, then
∞∑
j=1

aj ≤
∞∑
j=1

bj ,(2.1.6)

which is trivial when the right side is +∞.

2.1.2 Absolute convergence

An infinite series (2.1.1) of real or complex numbers is said to converge absolutely
if

∞∑
j=1

|aj |(2.1.7)

converges as an infinite series of nonnegative real numbers. This means that
(2.1.7) is finite, in terms of the conventions for sums of nonnegative real numbers
mentioned in the previous subsection.

If (2.1.1) converges absolutely, then it is well known that (2.1.1) converges
in the usual sense. One can also check that∣∣∣∣ ∞∑

j=1

aj

∣∣∣∣ ≤ ∞∑
j=1

|aj |(2.1.8)
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under these conditions. This uses the fact that∣∣∣∣ n∑
j=1

aj

∣∣∣∣ ≤ n∑
j=1

|aj |(2.1.9)

for every positive integer n, by the triangle inequality.
If (2.1.1) converges, then it is well known that {aj}∞j=1 converges to 0 as a

sequence of real or complex numbers, as appropriate. In particular, this holds
when (2.1.1) converges absolutely.

2.2 Basic ℓ1 spaces

Let ℓ1(Z+,R) be the space of real-valued functions f on the set Z+ of positive
integers such that

‖f‖1 =

∞∑
j=1

|f(j)|(2.2.1)

is finite, which is to say that the right side converges as an infinite series of
nonnegative real numbers. This is also often simply denoted ℓ1. Similarly, let
ℓ1(Z+,C) be the space of complex-valued functions f on Z+ such that (2.2.1)
is finite. In both cases, the convergence of the series on the right side of (2.2.1)
implies that

lim
j→∞

f(j) = 0,(2.2.2)

as mentioned in the previous section.
If f ∈ ℓ1(Z+,R) or ℓ1(Z+,C), then (2.2.1) is a nonnegative real number,

which is equal to 0 exactly when f(j) = 0 for every j ∈ Z+. If t ∈ R or C, as
appropriate, then t f(j) defines another real or complex-valued function on Z+,
as appropriate, and

‖tf‖1 =

∞∑
j=1

|t f(j)| = |t| ‖f‖1.(2.2.3)

In particular, t f ∈ ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate.
Let g be another element of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate. Thus

f + g is a real or complex-valued function on Z+, as appropriate, and

‖f + g‖1 =

∞∑
j=1

|f(j) + g(j)| ≤
∞∑
j=1

(|f(j)|+ |g(j)|) = ‖f‖1 + ‖g‖1.(2.2.4)

This implies that f + g ∈ ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate. Hence
ℓ1(Z+,R) and ℓ1(Z+,C) are linear subspaces of the real and complex vector
spaces of all real and complex-valued functions on Z+, respectively.

This means that ℓ1(Z+,R) and ℓ1(Z+,C) are vector spaces over the real and
complex numbers, respectively, with respect to pointwise addition and scalar
multiplication. We also get that (2.2.1) defines a norm on each of these spaces,
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by the remarks in the preceding paragraphs. Using (2.2.3) and (2.2.4), one can
check that

d1(f, g) = ‖f − g‖1(2.2.5)

defines a metric on each of ℓ1(Z+,R) and ℓ1(Z+,C), as usual.

2.2.1 More on ℓ1(Z+,R), ℓ1(Z+,C)

If f ∈ ℓ1(Z+,R) or ℓ1(Z+,C), then

∞∑
j=1

f(j)(2.2.6)

converges as an infinite series of real or complex numbers, as in the previous
section. If g is another element of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, then∣∣∣∣ ∞∑

j=1

f(j)−
∞∑
j=1

g(j)

∣∣∣∣ =

∣∣∣∣ ∞∑
j=1

(f(j)− g(j))

∣∣∣∣(2.2.7)

≤
∞∑
j=1

|f(j)− g(j)| = ‖f − g‖1,

using (2.1.8) in the second step. This implies that the mapping from f to the
sum (2.2.6) is Lipschitz with constant C = 1 as a mapping from ℓ1(Z+,R) or
ℓ1(Z,C) into R or C, respectively, using the ℓ1 metric (2.2.5) on ℓ1(Z+,R) or
ℓ1(Z+,C), and the standard Euclidean metric on R or C.

If f ∈ ℓ1(Z+,R) or ℓ1(Z+,C), then it is easy to see directly that f is bounded
on Z+, with

‖f‖∞ ≤ ‖f‖1.(2.2.8)

Here ‖f‖∞ is the supremum norm of f on Z+, as in (1.13.4). If g is another
element of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, then we get that

d∞(f, g) ≤ d1(f, g),(2.2.9)

where d∞(f, g) is the supremum metric for bounded real or complex-valued
functions on Z+, as in (1.13.8).

Remember that c00(Z+,R), c00(Z+,C) are the spaces of real and complex-
valued functions on Z+ with finite support, respectively, as in Section 1.6.
Clearly

c00(Z+,R) ⊆ ℓ1(Z+,R), c00(Z+,C) ⊆ ℓ1(Z+,C),(2.2.10)

since an infinite series automatically converges when all but finitely many terms
are equal to 0. One can also check that c00(Z+,R) and c00(Z+,C) are dense
subsets of ℓ1(Z+,R) and ℓ1(Z+,C), respectively, with respect to the ℓ1 metric
(2.2.5).
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2.3 Basic ℓ2 spaces

Let ℓ2(Z+,R) and ℓ2(Z+,C) be the spaces of real and complex-valued functions
f on Z+ such that

∞∑
j=1

|f(j)|2(2.3.1)

converges as an infinite series of nonnegative real numbers, respectively. In both
cases, we put

‖f‖2 =
( ∞∑

j=1

|f(j)|2
)1/2

,(2.3.2)

using the nonnegative square root on the right side. Note that this is equal to
0 if and only if f(j) = 0 for every j ≥ 1.

As before, ℓ2(Z+,R) is often simply denoted ℓ2. This is discussed in Section
3.10 of [95], and in the example in 4.2 C 5 on p107 of [95]. This corresponds to
the infinite-dimensional Euclidean space discussed in Section 8 of Chapter 2 of
[184] as well.

The convergence of the series (2.3.1) implies that

lim
j→∞

|f(j)|2 = 0,(2.3.3)

as before. It follows that f(j) → 0 as j → ∞.

Let f ∈ ℓ2(Z+,R) or ℓ2(Z+,C) be given. If t ∈ R or C, as appropriate,
then

∞∑
j=1

|t f(j)|2 = |t|2
∞∑
j=1

|f(j)|2,(2.3.4)

and in particular the series on the left converges. This means that t f is an
element of ℓ2(Z+,R) or ℓ2(Z+,C), as appropriate, with

‖t f‖2 = |t| ‖f‖2.(2.3.5)

2.3.1 The Cauchy–Schwarz inequality for infinite series

If a and b are nonnegative real numbers, then it is well known that

a b ≤ 1

2
(a2 + b2),(2.3.6)

because 0 ≤ (a − b)2 = a2 − 2 a b + b2. Suppose that g is another element of
ℓ2(Z+,R) or ℓ2(Z+,C), as appropriate. Using (2.3.6), we get that

|f(j)| |g(j)| ≤ 1

2
(|f(j)|2 + |g(j)|2)(2.3.7)
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for every j ∈ Z+. Thus

∞∑
j=1

|f(j)| |g(j)| ≤
∞∑
j=1

1

2
(|f(j)|2 + |g(j)|2)

=
1

2

∞∑
j=1

|f(j)|2 + 1

2

∞∑
j=1

|g(j)|2 =
1

2
‖f‖22 +

1

2
‖g‖22.(2.3.8)

In particular, the series on the left converges, so that f g ∈ ℓ1(Z+,R) or
ℓ1(Z+,C), as appropriate.

In fact, we have that

∞∑
j=1

|f(j)| |g(j)| ≤ ‖f‖2 ‖g‖2(2.3.9)

under these conditions, which is another version of the Cauchy–Schwarz inequal-
ity. This follows from (2.3.8) when ‖f‖2 = ‖g‖2 = 1, and otherwise one can
reduce to that case using (2.3.5).

2.3.2 The triangle inequality for the ℓ2 norm

Observe that

|f(j) + g(j)|2 ≤ (|f(j)|+ |g(j)|)2 = |f(j)|2 + 2 |f(j)| |g(j)|+ |g(j)|2(2.3.10)

for every j ≥ 1, so that

∞∑
j=1

|f(j) + g(j)|2 ≤
∞∑
j=1

|f(j)|2 + 2

∞∑
j=1

|f(j)| |g(j)|+
∞∑
j=1

|g(j)|2.(2.3.11)

This implies that the series on the left converges, so that f + g ∈ ℓ2(Z+,R) or
ℓ2(Z+,C), as appropriate. Combining (2.3.9) and (2.3.11), we get that

‖f + g‖22 ≤ ‖f‖22 + 2 ‖f‖2 ‖g‖2 + ‖g‖22 = (‖f‖2 + ‖g‖2)2.(2.3.12)

This means that

‖f + g‖2 ≤ ‖f‖2 + ‖g‖2.(2.3.13)

This shows that ℓ2(Z+,R) and ℓ2(Z+,C) are linear subspaces of the real
and complex vector spaces of all real and complex-valued functions on Z+,
respectively. We also get that (2.3.2) defines a norm on each of ℓ2(Z+,R) and
ℓ2(Z+,C), by (2.3.5) and (2.3.13). It follows that

d2(f, g) = ‖f − g‖2(2.3.14)

defines a metric on each of ℓ2(Z+,R) and ℓ2(Z+,C), as usual.
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2.3.3 More on ℓ2(Z+,R), ℓ2(Z+,C)

If f ∈ ℓ2(Z+,R) or ℓ2(Z+,C), then one can check directly that f is bounded
on Z+, with

‖f‖∞ ≤ ‖f‖2.(2.3.15)

If g is another element of ℓ2(Z+,R) or ℓ2(Z+,C), as appropriate, then we get
that

d∞(f, g) ≤ d2(f, g).(2.3.16)

Suppose now that f ∈ ℓ1(Z+,R) or ℓ1(Z+,C). Observe that

∞∑
j=1

|f(j)|2 ≤ ‖f‖∞
∞∑
j=1

|f(j)| = ‖f‖∞ ‖f‖1 ≤ ‖f‖21,(2.3.17)

using (2.2.8) in the third step. This implies that f ∈ ℓ2(Z+,R) or ℓ2(Z+,C),
as appropriate, with

‖f‖2 ≤ ‖f‖1.(2.3.18)

In particular, we get that

ℓ1(Z+,R) ⊆ ℓ2(Z+,R), ℓ1(Z+,C) ⊆ ℓ2(Z+,C).(2.3.19)

If g is another element of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, then it follows
that

d2(f, g) ≤ d1(f, g).(2.3.20)

If f is a real or complex-valued function on Z+ with finite support, then f
is clearly an element of ℓ2(Z+,R) or ℓ2(Z+,C), as appropriate. One can verify
that c00(Z+,R) and c00(Z+,C) are dense subsets of ℓ2(Z+,R) and ℓ2(Z+,C),
respectively, with respect to the ℓ2 metric (2.3.14).

2.4 Completeness of ℓ1, ℓ2

Let {fl}∞l=1 be a sequence of elements of ℓ1(Z+,R) or ℓ1(Z+,C), and suppose
that the fl’s have bounded ℓ

1 norms, so that there is a nonnegative real number
C1 such that

∞∑
j=1

|fl(j)| ≤ C1(2.4.1)

for every l ≥ 1. Suppose also that {fl}∞l=1 converges to a real or complex-valued
function f pointwise on Z+, as appropriate. Let us verify that f ∈ ℓ1(Z+,R)
or ℓ1(Z+,C), as appropriate, with

∞∑
j=1

|f(j)| ≤ C1.(2.4.2)
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If n ∈ Z+, then

n∑
j=1

|f(j)| = lim
l→∞

n∑
j=1

|fl(j)| ≤ C1,(2.4.3)

using pointwise convergence in the first step, and (2.4.1) in the second step.
This implies (2.4.2), since this estimate holds for all n ≥ 1.

2.4.1 Completeness of ℓ1

We would like to show that ℓ1(Z+,R) and ℓ1(Z+,C) are complete with respect
to the ℓ1 metric (2.2.5). Let {fl}∞l=1 be a sequence of elements of ℓ1(Z+,R) or
ℓ1(Z+,C) that is a Cauchy sequence with respect to (2.2.5). This implies that
for every ϵ > 0 there is a positive integer L(ϵ) such that

∞∑
j=1

|fk(j)− fl(j)| = ‖fk − fl‖1 < ϵ(2.4.4)

for all k, l ≥ L(ϵ). In particular,,

|fk(j)− fl(j)| < ϵ(2.4.5)

for every j ∈ Z+ when k, l ≥ L(ϵ).
This means that {fl(j)}∞l=1 is a Cauchy sequence of real or complex numbers,

as appropriate, for every j ∈ Z+, and with respect to the standard Euclidean
metric on R or C. Remember that R and C are complete as metric spaces
with respect to their standard Euclidean metrics. It follows that {fl(j)}∞l=1

converges in R or C, as appropriate, for every j ∈ Z+, with respect to the
standard Euclidean metric.

Thus
f(j) = lim

l→∞
fl(j)(2.4.6)

defines a real or complex-valued function on Z+, as appropriate. We would like
to check that

∑∞
j=1 |f(j)| converges, so that f is an element of ℓ1(Z+,R) or

ℓ1(Z+,C), as appropriate. We would also like to verify that {fl}∞l=1 converges
to f with respect to the ℓ1 metric.

Let ϵ > 0 and l ≥ L(ϵ) be given. Note that {fk − fl}∞k=L(ϵ) is a sequence

of elements of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, that converges to f − fl
pointwise on Z+. The remarks at the beginning of the section imply that f − fl
is an element of ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, with

‖f − fl‖1 =

∞∑
j=1

|f(j)− fl(j)| ≤ ϵ,(2.4.7)

because of (2.4.4). Hence f ∈ ℓ1(Z+,R) or ℓ1(Z+,C), as appropriate, because
of the corresponding property of fl. It is easy to see that {fl}∞l=1 converges to
f with respect to the ℓ1 metric, because (2.4.7) holds for every l ≥ L(ϵ).
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2.4.2 Completeness of ℓ2

Now let {fl}∞l=1 be a sequence of elements of ℓ2(Z+,R) or ℓ2(Z+,C) with
bounded ℓ2 norms, so that

‖fl‖2 ≤ C2(2.4.8)

for some C2 ≥ 0 and every l ≥ 1. This is the same as saying that

∞∑
j=1

|fl(j)|2 ≤ C2
2(2.4.9)

for every l ≥ 1. Suppose that {fl}∞l=1 also converges pointwise to a real or
complex-valued function f on Z+, which implies that {|fl|2}∞l=1 converges to
|f |2 pointwise on Z+ too. It follows that

∞∑
j=1

|f(j)|2 ≤ C2
2 ,(2.4.10)

by the remarks at the beginning of the section, applied to {|fl|2}∞l=1. This means
that f ∈ ℓ2(Z+,R) or ℓ2(Z+,C), as appropriate, with

‖f‖2 ≤ C2.(2.4.11)

Using this, one can show that ℓ2(Z+,R) and ℓ2(Z+,C) are complete with
respect to the ℓ2 metric (2.3.14). The argument is similar to the previous one
for ℓ1(Z+,R), ℓ1(Z+,C).

2.5 Vanishing at infinity

Let X be a nonempty set, and let f be a real or complex-valued function on X.
We say that f vanishes at infinity on X if for every ϵ > 0,

|f(x)| < ϵ(2.5.1)

for all but finitely many x ∈ X. Equivalently, this means that for each ϵ > 0,

Eϵ(f) = {x ∈ X : |f(x)| ≥ ϵ}(2.5.2)

has only finitely many elements.
Let c0(X,R) and c0(X,C) be the spaces of real and complex-valued func-

tions on X that vanish at infinity, respectively. Remember that c00(X,R) and
c00(X,C) denote the spaces of real and complex-valued functions f on X such
that the support of f has only finitely many elements, respectively, as in Section
1.6. In this case, f automatically vanishes at infinity on X, so that

c00(X,R) ⊆ c0(X,R), c00(X,C) ⊆ c0(X,C).(2.5.3)

In particular, if X has only finitely many elements, then every real or complex-
valued function on X vanishes at infinity.
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2.5.1 Sequences converging to 0

If f is a real or complex-valued function on the set Z+ of positive integers, then
f vanishes at infinity on Z+ if and only if

lim
j→∞

f(j) = 0.(2.5.4)

Let X be any nonempty set again, and let {xj}∞j=1 be an infinite sequence of
distinct elements of X. Also let f be a real or complex-valued function on X,
and suppose that the support of f is contained in the set of xj ’s, j ∈ Z+. Under
these conditions, f vanishes at infinity on X if and only if

lim
j→∞

f(xj) = 0.(2.5.5)

Let f be any real or complex-valued function on X, and remember that the
support of f is the set of x ∈ X such that f(x) 6= 0. Equivalently,

supp f =

∞⋃
n=1

E1/n(f),(2.5.6)

where E1/n(f) is as in (2.5.2). If f vanishes at infinity on X, then it follows
that the support of f has only finitely or countably many elements.

2.5.2 More on vanishing at infinity

If f is a real or complex-valued function on X that vanishes at infinity, then it
is easy to see that f is bounded on X. In fact, we have that

‖f‖∞ = max
x∈X

|f(x)|,(2.5.7)

which is to say that the maximum on the right is attained. Of course, this is
trivial when f ≡ 0 on X. Otherwise, if f(x0) 6= 0 for some x0 ∈ X, then there
are only finitely many x ∈ X such that |f(x)| ≥ |f(x0)|. In this case, it suffices
to take the maximum of |f(x)| over this finite set.

Thus
c0(X,R) ⊆ ℓ∞(X,R), c0(X,C) ⊆ ℓ∞(X,C).(2.5.8)

If g is another real or complex-valued function on X that vanishes at infinity,
then one can check that f + g vanishes at infinity on X as well. Similarly, if
t ∈ R or C, as appropriate, then t f vanishes at infinity on X. This means
that c0(X,R) and c0(X,C) are linear subspaces of ℓ∞(X,R) and ℓ∞(X,C),
respectively.

2.5.3 Closed sets in ℓ∞(X,R), ℓ∞(X,C)

Let f be a bounded real or complex-valued function on X. Suppose that f is a
limit point of c0(X,R) or c0(X,C) in ℓ∞(X,R) or ℓ∞(X,C), respectively, with
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respect to the supremum metric. We would like to verify that f also vanishes
at infinity on X in this case. Let ϵ > 0 be given. By hypothesis, there is a
real or complex-valued function g on X, as appropriate, such that g vanishes at
infinity on X, and

‖f − g‖∞ < ϵ/2.(2.5.9)

This implies that

|f(x)| ≤ |g(x)|+ |f(x)− g(x)| ≤ |g(x)|+ ‖f − g‖∞ < |g(x)|+ ϵ/2(2.5.10)

for every x ∈ X. Of course, |g(x)| < ϵ/2 for all but finitely many x ∈ X, because
g vanishes at infinity on X. It follows that

|f(x)| < ϵ/2 + ϵ/2 = ϵ(2.5.11)

for all but finitely many x ∈ X, as desired.
This shows that c0(X,R) and c0(X,C) are closed sets in ℓ∞(X,R) and

ℓ∞(X,C), respectively, with respect to the supremum metric. As a slightly
different version of this, let {fj}∞j=1 be a sequence of real or complex-valued
functions on X that vanish at infinity and converge uniformly to a real or
complex-valued function f on X, as appropriate. Under these conditions, f
vanishes at infinity on X too. This can be obtained from the previous statement,
or using the same argument as in the preceding paragraph.

Let f be a real or complex-valued function on X that vanishes at infinity, and
let ϵ > 0 be given. Let fϵ be the real or complex-valued function, as appropriate,
defined on X by

fϵ(x) = f(x) when |f(x)| ≥ ϵ(2.5.12)

= 0 when |f(x)| < ϵ.

Note that fϵ has finite support in X, because f vanishes at infinity on X. By
construction,

‖f − fϵ‖∞ < ϵ,(2.5.13)

where the strict inequality uses the hypothesis that f vanish at infinity on X
again. This shows that c00(X,R) and c00(X,C) are dense in c0(X,R) and
c0(X,C), respectively, with respect to the supremum metric.
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Some more metric spaces

3.1 Continuous functions on closed intervals

Let a, b be real numbers with a < b, and let

[a, b] = {x ∈ R : a ≤ x ≤ b}(3.1.1)

be the usual closed interval in the real line from a to b. It is well known that
[a, b] is compact with respect to the standard metric on R. As in Section 1.14,
C([a, b],R) and C([a, b],C) are the spaces of continuous real and complex-valued
functions on [a, b]. This uses the restriction of the standard metric on R to [a, b],
and the standard Euclidean metrics on R and C, as appropriate. As before,
these spaces are linear subspaces of the real and complex vector spaces of all
real and complex-valued functions on [a, b], as appropriate.

3.1.1 Norms on C([a, b],R), C([a, b],C)

As usual, a nonnegative real-valued function N on C([a, b],R) or C([a, b],C) is
said to be a norm if it satisfies the following three conditions. First, N(f) = 0 if
and only if f = 0. Second, if f is a continuous real or complex-valued function
on [a, b] and t ∈ R of C, as appropriate, then

N(t f) = |t|N(f).(3.1.2)

Third, if f and g are continuous real or complex-valued functions on [a, b], as
appropriate, then

N(f + g) ≤ N(f) +N(g).(3.1.3)

In this case,

dN (f, g) = N(f − g)(3.1.4)

defines a metric on C([a, b],R) or C([a, b],C), as appropriate.

39
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Remember that continuous real and complex-valued functions on [a, b] are
bounded, because [a, b] is compact. The supremum norm is defined on each of
C([a, b],R) and C([a, b],C) by

‖f‖∞ = sup
a≤x≤b

|f(x)|,(3.1.5)

as in (1.13.4). Note that the supremum is attained in this situation, because of
the extreme value theorem. The corresponding metric

d∞(f, g) = ‖f − g‖∞(3.1.6)

is the same as the supremum metric, as before.

3.1.2 The L1 norm and metric on C([a, b],R), C([a, b],C)

If f is a continuous real or complex-valued function on [a, b], then put

‖f‖1 =

∫ b

a

|f(x)| dx,(3.1.7)

using the standard Riemann integral on the right side. This is the same as
(1.15.4) in the case of the unit interval in R. As before, one can check that
(3.1.7) defines a norm on each of C([a, b],R) and C([a, b],C). Let

d1(f, g) = ‖f − g‖1 =

∫ b

a

|f(x)− g(x)| dx(3.1.8)

be the metric associated to (3.1.7) on each of C([a, b],R) and C([a, b],C).
If f is a continuous real or complex-valued function on [a, b], then

‖f‖1 =

∫ b

a

|f(x)| dx ≤ (b− a) ‖f‖∞.(3.1.9)

Hence

d1(f, g) = ‖f − g‖1 ≤ (b− a) ‖f − g‖∞ = (b− a) d∞(f, g)(3.1.10)

for all real or complex-valued continuous functions f and g on [a, b]. This
implies that the identity mappings on C([a, b],R) and C([a, b],C) are Lipschitz
with respect to d∞(f, g) on the domain and d1(f, g) on the range.

3.2 The square norm

Let a, b be real numbers with a < b again. Put

‖f‖2 =
(∫ b

a

|f(x)|2 dx
)1/2

(3.2.1)
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for each continuous real or complex-valued continuous function f on [a, b], using
the nonnegative square root on the right side, as usual. Note that this is the
same as (1.15.6) in the case of the unit interval. It is easy to see that this sat-
isfies the homogeneity and positivity requirements of a norm, as before. To get
the triangle inequality, one can use an integral version of the Cauchy–Schwarz
inequality, as follows.

3.2.1 The Cauchy–Schwarz inequality for integrals

Let f , g be continuous real or complex-valued functions on [a, b]. Observe that

|f(x)| |g(x)| ≤ 1

2
|f(x)|2 + 1

2
|g(x)|2(3.2.2)

for every a ≤ x ≤ b, as in (2.3.6). This implies that∫ b

a

|f(x)| |g(x)| dx ≤ 1

2

∫ b

a

|f(x)|2 dx+
1

2

∫ b

a

|g(x)|2 dx(3.2.3)

=
1

2
‖f‖22 +

1

2
‖g‖22.

Using this, we can get that∫ b

a

|f(x)| |g(x)| dx ≤ ‖f‖2 ‖g‖2,(3.2.4)

which is the integral version of the Cauchy–Schwarz inequality mentioned in the
preceding paragraph. More precisely, (3.2.4) follows from (3.2.3) when ‖f‖2 =
‖g‖2 = 1. If ‖f‖2, ‖g‖2 > 0, then one can reduce to the previous case, using
scalar multiplication. Otherwise, (3.2.4) is trivial when f = 0 or g = 0 on [a, b].

3.2.2 The triangle inequality for the L2 norm

Clearly

‖f + g‖22 =

∫ b

a

|f(x) + g(x)|2 dx

≤
∫ b

a

(|f(x)|+ |g(x)|)2 dx(3.2.5)

=

∫ b

a

|f(x)|2 dx+ 2

∫ b

a

|f(x)| |g(x)| dx+

∫ b

a

|g(x)|2 dx.

It follows that

‖f + g‖22 ≤ ‖f‖22 + 2 ‖f‖2 ‖g‖2 + ‖g‖22 = (‖f‖2 + ‖g‖2)2,(3.2.6)

using (3.2.4) in the first step. Thus

‖f + g‖2 ≤ ‖f‖2 + ‖g‖2,(3.2.7)
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so that (3.2.1) defines a norm on each of C([a, b],R) and C([a, b],C). The
associated metric is given by

d2(f, g) = ‖f − g‖2 =
(∫ b

a

|f(x)− g(x)|2 dx
)1/2

.(3.2.8)

3.2.3 More on the L2 norm

If f is a continuous real or complex-valued function on [a, b], then

‖f‖22 =

∫ b

a

|f(x)|2 dx ≤ (b− a) ‖f‖2∞.(3.2.9)

Equivalently,
‖f‖2 ≤ (b− a)1/2 ‖f‖∞.(3.2.10)

This implies that
d2(f, g) ≤ (b− a)1/2 d∞(f, g)(3.2.11)

for all real or complex-valued continuous functions f and g on [a, b]. In partic-
ular, the identity mappings on C([a, b],R) and C([a, b],C) are Lipschitz with
respect to d∞(f, g) on the domain and d2(f, g) on the range.

Observe that

‖f‖1 =

∫ b

a

|f(x)| dx ≤ (b− a)1/2 ‖f‖2(3.2.12)

for every continuous real or complex-valued function f on [a, b], by (3.2.4).
Hence

d1(f, g) ≤ (b− a)1/2 d2(f, g)(3.2.13)

for all continuous real or complex-valued functions f and g on [a, b]. It follows
that the identity mappings on C([a, b],R) and C([a, b],C) are Lipschitz with
respect to d2(f, g) on the domain and d1(f, g) on the range.

3.3 Riemann–Stieltjes integrals

Let a, b be real numbers with a < b, and let α be a monotonically increasing
real-valued function on [a, b]. If f is a continuous real-valued function on [a, b],
then the corresponding Riemann–Stieltjes integral∫ b

a

f dα =

∫ b

a

f(x) dα(x)(3.3.1)

can be defined as a real number in a natural way. This reduces to the ordinary
Riemann integral of f on [a, b] when α(x) = x for every x ∈ [a, b].

To be a bit more precise, let P = {tj}lj=0 be a partition of [a, b]. This is a
finite sequence of real numbers with

a = t0 < t1 < · · · < tl−1 < tl = b,(3.3.2)
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as usual. In the definition of the Riemann integral, one considers certain sums
associated to such a partition, involving the values of f on each interval [tj−1, tj ],
and the length of the interval. In the definition of the Riemann–Stieltjes integral,
one considers sums of a similar type, but using

α(tj)− α(tj−1)(3.3.3)

instead of the length of [tj−1, tj ]. Note that (3.3.3) is greater than or equal to
0 for each j, and that

l∑
j=1

(α(tj)− α(tj−1)) = α(b)− α(a).(3.3.4)

Riemann–Stieltjes integrals are discussed in many textbooks, as well as the
article [122]. See [39] for a geometric interpretation of the Riemann–Stieltjes
integral, and [214, 249] for some variants of the Riemann–Stieltjes integral.

3.3.1 Some basic properties of Riemann–Stieltjes integras

The Riemann–Stieltjes integral has many of the same properties as the Riemann
integral. In particular, (3.3.1) is greater than or equal to 0 when f ≥ 0 on [a, b].
In this case, if f(x0) > 0 for some x0 ∈ [a, b], and if α is not constant near
x0, then (3.3.1) is positive. If α is strictly increasing on [a, b], then this works
for any x0 ∈ [a, b]. If α is constant on [a, b], then (3.3.1) is equal to 0 for any
function f on [a, b].

If α is continuously-differentiable on [a, b], then it is well known that∫ b

a

f(x) dα(x) =

∫ b

a

f(x)α′(x) dx.(3.3.5)

In fact, this works when α is differentiable at every point in [a, b], and its
derivative α′ is Riemann integrable on [a, b].

Although monotonically increasing real-valued functions on [a, b] are not
necessarily continuous, it is well known that their only possible discontinuities
are jump discontinuities. It is also well known that such a function can have
only finitely or countably many discontinuities in [a, b]. It is interesting to
consider the Riemann–Stieltjes integral when α is a monotonically increasing
step function on [a, b], for instance.

3.3.2 Riemann–Stieltjes integrability

It is well known that the Riemann integral of a bounded real-valued function
f on [a, b] can be defined when f is Riemann integrable on [a, b], in a suitable
sense, which includes the case where f is continuous on [a, b]. Similarly, (3.3.1)
can be defined when f is Riemann–Stieltjes integrable on [a, b] with respect to
α, in a suitable sense, which includes the case when f is continuous on [a, b].
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If f is a complex-valued function on [a, b], then one can consider the corre-
sponding integrability properties of the real and imaginary parts of f . If the real
and imaginary parts of f are Riemann–Stieltjes integrable on [a, b] with respect
to α, then one can define the Riemann–Stieltjes integral of f as a complex num-
ber, whose real and imaginary parts are the corresponding Riemann–Stieltjes
integrals of the real and imaginary parts of f . In particular, this works when f
is continuous on [a, b].

3.4 Riemann–Stieltjes integrals and seminorms

Let a, b be real numbers with a < b, and let N be a nonnegative real-valued
function on C([a, b],R) or C([a, b],C). As in Subsection A.6.1, N is said to be
a seminorm if

N(t f) = |t|N(f)(3.4.1)

and
N(f + g) ≤ N(f) +N(g)(3.4.2)

for every f, g ∈ C([a, b],R) or C([a, b],C) and t ∈ R orC, as appropriate. In this
case, N(0) = 0, by taking t = 0 in (3.4.1). If we also have that N(f) > 0 when
f 6≡ 0 on [a, b], then N is a norm on C([a, b],R) or C([a, b],C), as appropriate.

3.4.1 Some integral seminorms

Let α be a monotonically increasing real-valued function on [a, b]. If f is a
continuous real or complex-valued function on [a, b], then

‖f‖1,α =

∫ b

a

|f(x)| dα(x)(3.4.3)

is defined as a nonnegative real number, as in the previous section. Of course,
this is the same as (3.1.7) when α(x) = x on [a, b]. It is easy to see that

‖t f‖1,α = |t| ‖f‖1,α(3.4.4)

and
‖f + g‖1,α ≤ ‖f‖1,α + ‖g‖1,α(3.4.5)

for all continuous real or complex-valued functions f and g on [a, b] and t ∈ R
or C, as appropriate. Thus (3.4.3) defines a seminorm on each of C([a, b],R)
and C([a, b],C).

If α is strictly increasing on [a, b], and if f is a continuous real or complex-
valued function on [a, b] such that f(x0) 6= 0 for some x0 ∈ [a, b], then one can
check that (3.4.3) is positive, as before. This implies that (3.4.3) defines a norm
on each of C([a, b],R) and C([a, b],C) in this case. It follows that

d1,α(f, g) = ‖f − g‖1,α(3.4.6)

defines a metric on each of C([a, b],R) and C([a, b],C) under these conditions.
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3.4.2 More on these integral seminorms

If f , g are continuous real or complex-valued function on [a, b], then∣∣∣∣∫ b

a

f dα−
∫ b

a

g dα

∣∣∣∣ =

∣∣∣∣∫ b

a

(f − g) dα

∣∣∣∣
≤

∫ b

a

|f − g| dα = ‖f − g‖1,α,(3.4.7)

using basic properties of the Riemann–Stieltjes integral in the first two steps.
Suppose for the moment that α is strictly increasing on [a, b]. It follows from
(3.4.7) that

f 7→
∫ b

a

f dα(3.4.8)

is Lipschitz as a mapping from C([a, b],R) or C([a, b],C) into R or C, as ap-
propriate, with respect to (3.4.6) on the domain and the standard Euclidean
metric on the range.

If f is a continuous real or complex-valued function on [a, b], then

‖f‖1,α ≤ (α(b)− α(a)) ‖f‖∞,(3.4.9)

where ‖f‖∞ is the supremum norm of f on [a, b], as in (3.1.5). Combining
(3.4.7) and (3.4.9), we get that∣∣∣∣∫ b

a

f dα−
∫ b

a

g dα

∣∣∣∣ ≤ (α(b)− α(a)) ‖f − g‖∞,(3.4.10)

for all continuous real or complex-valued functions f , g on [a, b]. This implies
that (3.4.8) is Lipschitz as a mapping from C([a, b],R) or C([a, b],C) into R or
C, as appropriate, with respect to the supremum metric on the domain and the
standard Euclidean metric on the range.

3.4.3 Connections with uniform convergence

Let {fj}∞j=1 be a sequence of real or complex-valued functions on [a, b] that con-
verges uniformly to a real or complex-valued function f on [a, b], as appropriate.
If fj is continuous on [a, b] for each j, then f is continuous on [a, b], and

‖fj − f‖1,α → 0 as j → ∞,(3.4.11)

by (3.4.9). This means that {fj}∞j=1 converges to f with respect to (3.4.6) when
α is strictly increasing on [a, b]. We also get that

lim
j→∞

∫ b

a

fj(x) dα(x) =

∫ b

a

f(x) dα(x),(3.4.12)

by (3.4.10).
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More precisely, if fj is Riemann–Stieltjes integrable on [a, b] with respect
to α for each j, then it is well known that f is Riemann–Stieltjes integrable
on [a, b] with respect to α too. In this case, (3.4.12) holds for essentially the
same reasons as before. Similarly, one can define (3.4.3) for Riemann–Stieltjes
integrable functions on [a, b] with respect to α, and (3.4.11) holds as well.

3.5 Square seminorms

Let a, b be real numbers with a < b, and let α be a monotonically increasing real-
valued function on [a, b]. If f is a continuous real or complex-valued function
on [a, b], then

‖f‖2,α =
(∫ b

a

|f(x)|2 dα(x)
)1/2

(3.5.1)

is defined as a nonnegative real number. This reduces to (3.2.1) when α(x) = x
on [a, b], as before. Note that

‖t f‖2,α = |t| ‖f‖2,α(3.5.2)

for every t ∈ R or C, as appropriate.

3.5.1 Another Cauchy–Schwarz inequality for integrals

Let g be another continuous real or complex-valued function on [a, b]. Observe
that ∫ b

a

|f(x)| |g(x)| dα(x) ≤ 1

2

∫ b

a

|f(x)|2 dα(x) + 1

2

∫ b

a

|g(x)|2 dα(x)

=
1

2
‖f‖22,α +

1

2
‖g‖22,α,(3.5.3)

using (3.2.2) in the first step. In particular,∫ b

a

|f(x)| |g(x)| dα(x) ≤ 1(3.5.4)

when ‖f‖2,α, ‖g‖2,α ≤ 1.
Let f , g be arbitrary continuous real or complex-valued functions on [a, b],

and let r, t be positive real numbers such that

‖f‖2,α ≤ r, ‖g‖2,α ≤ t.(3.5.5)

Thus ‖r−1 f‖2,α, ‖t−1 g‖2,α ≤ 1, so that∫ b

a

|r−1 f(x)| |t−1 g(x)| dα(x) ≤ 1.(3.5.6)
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Equivalently, this means that∫ b

a

|f(x)| |g(x)| dα(x) ≤ r t.(3.5.7)

One can use this to get that∫ b

a

|f(x)| |g(x)| dα(x) ≤ ‖f‖2,α ‖g‖2,α,(3.5.8)

which is the integral version of the Cauchy–Schwarz inequality for Riemann–
Stieltjes integrals on [a, b].

3.5.2 The triangle inequality for these square seminorms

As in Subsection 3.2.2, one can show that

‖f + g‖2,α ≤ ‖f‖2,α + ‖g‖2,α,(3.5.9)

using (3.5.8). This implies that (3.5.1) defines a seminorm on each of C([a, b],R)
and C([a, b],C).

If α is strictly increasing on [a, b], and if f is a continuous real or complex-
valued function on [a, b] that is not equal to 0 everywhere on [a, b], then one can
verify that (3.5.1) is positive, as usual. In this case, (3.5.1) defines a norm on
each of C([a, b],R) and C([a, b],C). Thus

d2,α(f, g) = ‖f − g‖2,α(3.5.10)

defines a metric on each of these spaces in this situation.

3.5.3 More on these square seminorms

Observe that

‖f‖2,α ≤ (α(b)− α(a))1/2 ‖f‖∞(3.5.11)

for every continuous real or complex-valued function f on [a, b]. Of course, this
implies that

‖f − g‖2,α ≤ (α(b)− α(a))1/2 ‖f − g‖∞(3.5.12)

for all continuous real or complex-valued functions f , g on [a, b].
Similarly,

‖f‖1,α ≤ (α(b)− α(a))1/2 ‖f‖2,α,(3.5.13)

by (3.5.8). It follows that

‖f − g‖1,α ≤ (α(b)− α(a))1/2 ‖f − g‖2,α(3.5.14)

for every f, g ∈ C([a, b],R) or C([a, b],C).
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3.6 Some more monotone functions

Let a, b be real numbers with a < b, and let α, β be monotonically increasing
functions real-valued functions on [a, b]. Thus α+β is a monotonically increasing
real-valued function on [a, b] as well. If f is a continuous real-valued function
on [a, b], then the Riemann–Stieltjes integrals of f on [a, b] with respect to α,
β, α+ β may be defined in the usual way. It is well known that∫ b

a

f d(α+ β) =

∫ b

a

f dα+

∫ b

a

f dβ.(3.6.1)

In particular, if f ≥ 0 on [a, b], then∫ b

a

f dα,

∫ b

a

f dβ ≤
∫ b

a

f d(α+ β).(3.6.2)

Suppose now that f is a continuous real or complex-valued function on [a, b],
so that ‖f‖1,α and ‖f‖2,α may be defined as in the previous two sections. Of
course, the analogous quantities

‖f‖1,β , ‖f‖2,β , ‖f‖1,α+β , ‖f‖2,α+β(3.6.3)

associated to β and α+ β may be defined in the same way. Observe that

‖f‖1,α+β = ‖f‖1,α + ‖f‖1,β ,(3.6.4)

because of (3.6.1). Similarly,

‖f‖22,α+β = ‖f‖22,α + ‖f‖22,β .(3.6.5)

It follows that
‖f‖1,α, ‖f‖1,β ≤ ‖f‖1,α+β(3.6.6)

and
‖f‖2,α, ‖f‖2,β ≤ ‖f‖2,α+β(3.6.7)

3.6.1 Some homogeneity properties

Let t be a nonnegative real number, so that t α is a monotonically increasing
real-valued function on [a, b] too. If f is a continuous real-valued function on
[a, b], then the Riemann–Stieltjes integral of f on [a, b] with respect to t α may
be defined in the usual way. It is well known that∫ b

a

f d(t α) = t

∫ b

a

f dα.(3.6.8)

If f is a continuous real or complex-valued function on [a, b], then

‖f‖1,t α and ‖f‖2,t α(3.6.9)
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may be defined as in the two previous sections again. It is easy to see that

‖f‖1,t α = t ‖f‖1,α(3.6.10)

and
‖f‖2,t α =

√
t ‖f‖2,α,(3.6.11)

using (3.6.8).

3.7 Continuous functions on R

In this section, we take the real line to be equipped with the standard Euclidean
metric, as usual. Let f be a real or complex-valued function on R, so that the
support of f may be defined as the closure in R of the set on which f 6= 0, as
in Section A.11. If f has compact support in R, then there are real numbers a,
b with a < b and

supp f ⊆ [a, b],(3.7.1)

because compact subsets of R are bounded. Conversely, if (3.7.1) holds for some
a, b ∈ R with a ≤ b, then supp f is compact, because [a, b] is a compact subset
of R, and because the support of f is a closed set by construction. The spaces
Ccom(R,R) and Ccom(R,C) of continuous real and complex-valued functions
on R with compact support are linear subspaces of the real and complex vector
spaces of all continuous real and complex-valued functions on R, respectively,
as in Subsection A.11.3.

3.7.1 Norms on Ccom(R,R), Ccom(R,C)

A nonnegative real-valued function N on Ccom(R,R) or Ccom(R,C) is said to
be a norm if it satisfies the following three conditions, as usual. First, N(f) = 0
if and only if f = 0. Second, if f is a continuous real or complex-valued function
on R with compact support and t ∈ R or C, as appropriate, then

N(t f) = |t|N(f).(3.7.2)

Third, if f and g are continuous real or complex-valued functions on R with
compact support, as appropriate, then

N(f + g) ≤ N(f) +N(g).(3.7.3)

This implies that
dN (f, g) = N(f − g)(3.7.4)

defines a metric on Ccom(R,R) or Ccom(R,C), as appropriate.
Continuous real and complex-valued functions on R with compact support

are bounded, as mentioned in Subsection A.11.3. The supremum norm is defined
on each of Ccom(R,R) and Ccom(R,C) by

‖f‖∞ = sup
x∈R

|f(x)|,(3.7.5)
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as in (1.13.4). Equivalently,

‖f‖∞ = sup{|f(x)| : x ∈ supp f}(3.7.6)

when supp f 6= ∅, in which case the supremum is attained, by the extreme value
theorem. If (3.7.1) holds for some a, b ∈ R with a ≤ b, then

‖f‖∞ = sup
a≤x≤b

|f(x)|.(3.7.7)

As before, the corresponding metric

d∞(f, g) = ‖f − g‖∞(3.7.8)

is the same as the supremum metric.

3.7.2 Some integrals on R

Let f be a continuous real or complex-valued function on R with compact
support, and let a, b be real numbers such that a ≤ b and (3.7.1) holds. Under
these conditions, one can define the integral∫ ∞

−∞
f(x) dx(3.7.9)

to be the Riemann integral ∫ b

a

f(x) dx.(3.7.10)

More precisely, one can check that (3.7.10) does not depend on the particular
choices of a and b, as long as (3.7.1) holds.

If g is another continuous real or complex-valued function on R, as appro-
priate, with compact support, then∫ ∞

−∞
(f(x) + g(x)) dx =

∫ ∞

−∞
f(x) dx+

∫ ∞

−∞
g(x) dx.(3.7.11)

To see this, one can choose a, b ∈ R such that a < b and the supports of both
f and g are contained in [a, b], so that the support of f + g is contained in [a, b]
too. In this case, (3.7.11) reduces to the well-known fact that∫ b

a

(f(x) + g(x)) dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx.(3.7.12)

Of course, other basic properties of (3.7.9) follow from the corresponding state-
ments for (3.7.10).
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3.7.3 Some integral norms on Ccom(R,R) and Ccom(R,C)

If f is a continuous real or complex-valued function on R with compact support,
then put

‖f‖1 =

∫ ∞

−∞
|f(x)| dx,(3.7.13)

where the integral on the right is defined as in the preceding subsection. One
can check that this defines a norm on each of Ccom(R,R) and Ccom(R,C), in
essentially the same way as for continuous functions on an interval. This leads
to a metric

d1(f, g) = ‖f − g‖1 =

∫ ∞

−∞
|f(x)− g(x)| dx(3.7.14)

on each of Ccom(R,R) and Ccom(R,C), as in (3.7.4).
Similarly, put

‖f‖2 =
(∫ ∞

−∞
|f(x)|2 dx

)1/2

(3.7.15)

for every continuous real or complex-valued function f on R with compact
support, using the nonnegative square root on the right side. One can verify
that this defines a norm on each of Ccom(R,R) and Ccom(R,C), using the
analogous statements for continuous functions on an interval. Thus

d2(f, g) =
(∫ ∞

−∞
|f(x)− g(x)|2 dx

)1/2

(3.7.16)

defines a metric on each of Ccom(R,R) and Ccom(R,C).
Let f be any continuous real or complex-valued function on R with compact

support. Observe that

‖f‖22 =

∫ ∞

−∞
|f(x)|2 dx ≤ ‖f‖∞

∫ ∞

−∞
|f(x)| dx = ‖f‖1 ‖f‖∞.(3.7.17)

3.8 Riemann–Stieltjes integrals on R

Let f be a continuous real-valued function on the real line with compact support,
and let a, b be real numbers such that a ≤ b and (3.7.1) holds. Also let α be a
monotonically increasing real-valued function on R. The integral∫ ∞

−∞
f dα =

∫ ∞

−∞
f(x) dα(x)(3.8.1)

may be defined as the Riemann–Stieltjes integral∫ b

a

f dα.(3.8.2)

This is the same as (3.7.9) when α(x) = x for all x ∈ R, and this does not
depend on the particular choices of a and b as long as (3.7.1) holds, as before.
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If f is a continuous complex-valued function on R, then (3.8.1) may be defined
analogously using the extension of the Riemann–Stieltjes integral to complex-
valued functions, as in Subsection 3.3.2, or equivalently by integrating the real
and imaginary parts individually, as before.

Many basic properties of Riemann–Stieltjes integrals on closed intervals ex-
tend easily to this version, as in the previous section. In particular, (3.8.1) is
linear in f , as before.

3.8.1 Some more integral seminorms

As in Section 3.4 and Subsection A.6.1, a nonnegative real-valued function N
on Ccom(R,R) or Ccom(R,C) is said to be a seminorm if it satisfies (3.7.2) and
(3.7.3). In particular, we can take t = 0 in (3.7.2), to get that N(0) = 0, as
before.

It is easy to see that

‖f‖1,α =

∫ ∞

−∞
|f(x)| dα(x)(3.8.3)

defines a seminorm on each of Ccom(R) and Ccom(R,C), as in Subsection 3.4.1.
If α is strictly increasing on R, then this is a norm on Ccom(R) and Ccom(R,C),
as before. In this case,

d1,α(f, g) = ‖f − g‖1,α(3.8.4)

defines a metric on each of Ccom(R,R) and Ccom(R,C), as in (3.7.4).
Similarly,

‖f‖2,α =
(∫ ∞

−∞
|f(x)|2 dα(x)

)1/2

(3.8.5)

defines a seminorm on each of Ccom(R,R) and Ccom(R,C), as in Section 3.5. If
α is strictly increasing onR, then this is a norm on Ccom(R,R) and Ccom(R,C).
This means that

d2,α(f, g) = ‖f − g‖2,α(3.8.6)

is a metric on each of Ccom(R,R) and Ccom(R,C) under these conditions.
If f is a continuous real or complex-valued function on the real line with

compact support, then we also have that

‖f‖22,α =

∫ ∞

−∞
|f(x)|2 dα(x) ≤ ‖f‖∞

∫ ∞

−∞
|f(x)| dα(x) = ‖f‖1,α ‖f‖∞,(3.8.7)

as before.

3.8.2 Some additional monotone functions

Let β be another monotonically increasing real-valued function on the real line,
so that α+ β is monotonically increasing on R as well. If f is a continuous real
or complex-valued function on R with compact support, then∫ ∞

−∞
f d(α+ β) =

∫ ∞

−∞
f dα+

∫ ∞

−∞
f dβ,(3.8.8)
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as in Section 3.6. In particular, if f is real-valued and nonnegative on R, then∫ ∞

−∞
f dα,

∫ ∞

−∞
f dβ ≤

∫ ∞

−∞
f d(α+ β),(3.8.9)

as before.

We also have that

‖f‖1,α+β = ‖f‖1,α + ‖f‖1,β(3.8.10)

and

‖f‖22,α+β = ‖f‖22,α + ‖f‖22,β ,(3.8.11)

as in Section 3.6. This implies that

‖f‖1,α, ‖f‖1,β ≤ ‖f‖1,α+β(3.8.12)

and

‖f‖2,α, ‖f‖2,β ≤ ‖f‖2,α+β ,(3.8.13)

as before.

If t is a nonnegative real number, then t α is another monotonically increasing
real-valued function on R, and∫ ∞

−∞
f d(t α) = t

∫ ∞

−∞
f dα,(3.8.14)

as in Subsection 3.6.1, This implies that

‖f‖1,t α = t ‖f‖1,α(3.8.15)

and

‖f‖2,t α =
√
t ‖f‖2,α,(3.8.16)

as before.

3.8.3 Another version of the Cauchy–Schwarz inequality

Let g be another continuous real or complex-valued function on the real line with
compact support. Another version of the Cauchy–Schwarz inequality states that

‖f g‖1,α ≤ ‖f‖2,α ‖g‖2,α.(3.8.17)

This follows from the analogous statement for integrals over closed intervals in
R, as usual.
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3.8.4 The case of bounded α

Let us suppose from now on in this section that α is bounded on R. It is
convenient to put

α(∞) = sup{α(x) : x ∈ R}.(3.8.18)

and
α(−∞) = inf{α(x) : x ∈ R}(3.8.19)

These may be considered as the limits of α(x) as x → ∞ and x → −∞, re-
spectively, because α is monotonically increasing on R, by hypothesis. Note
that

α(−∞) ≤ α(∞),(3.8.20)

with equality exactly when α is constant on R.
If f is a continuous real of complex-valued function on R with compact

support again, then it is easy to see that

‖f‖1,α ≤ (α(∞)− α(−∞)) ‖f‖∞,(3.8.21)

because of the analogous statement for functions on closed intervals in R. Sim-
ilarly,

‖f‖2,∞ ≤ (α(∞)− α(−∞))1/2 ‖f‖∞.(3.8.22)

We also have that

‖f‖1,α ≤ (α(∞)− α(−∞))1/2 ‖f‖2,α.(3.8.23)

3.9 Dense sets and Weierstrass’ theorem

Let (M,d(x, y)) be a metric space, and let E be a subset of M . Remember that
E is said to be dense in M if every element of M is an element of E, or a limit
point of E, or both. This is the same as saying that the closure E of E in M is
equal to M .

Equivalently, it is easy to see that E is dense in M if and only if for every
x ∈M and ϵ > 0 there is a y ∈ E such that

d(x, y) < ϵ.(3.9.1)

Alternatively, one can verify that E is dense in M if and only if for every
x ∈ M there is a sequence {xj}∞j=1 of elements of E that converges to x in M .
More precisely, if E satisfies the condition in the preceding paragraph, then for
each positive integer j one can choose a point xj ∈ E such that

d(x, xj) < 1/j.(3.9.2)

One can check that this implies that {xj}∞j=1 converges to x in M . Conversely,
the existence of such a sequence clearly implies the condition in the preceding
paragraph.
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3.9.1 Density in Cb(X,Y )

Let (X, dX) and (Y, dY ) be nonempty metric spaces, and let θ(·, ·) be the cor-
responding supremum metric on the space Cb(X,Y ) of bounded continuous
mappings from X into Y , as in Subsection 1.11 and Section 1.14. A subset E
of Cb(X,Y ) is dense in Cb(X,Y ) with respect to θ(·, ·) if and only if for every
f ∈ Cb(X,Y ) and ϵ > 0 there is a g ∈ E such that

θ(f, g) < ϵ.(3.9.3)

This follows from the analogous remark before, with M = Cb(X,Y ).
Note that (3.9.3) implies that

dY (f(x), g(x)) < ϵ for every x ∈ X.(3.9.4)

If (3.9.4) holds, then

θ(f, g) ≤ ϵ,(3.9.5)

by the definition of the supremum metric. Using this, we get that E is dense in
Cb(X,Y ) with respect to θ(·, ·) if and only if for every f ∈ Cb(X,Y ) and ϵ > 0
there is a g ∈ E such that (3.9.4) holds.

We also have that E is dense in Cb(X,Y ) with respect to θ(·, ·) if and only
if for every f ∈ Cb(X,Y ) there is a sequence {fj}∞j=1 of elements of E that
converges to f uniformly onX. This uses the equivalence of uniform convergence
and convergence with respect to θ(·, ·) for sequences of bounded mappings from
X into Y , as in Subsection 1.11.3.

3.9.2 Weierstrass’ theorem

Let a, b be real numbers with a < b, and let f be a continuous complex-valued
function on [a, b]. Of course, this uses the restriction of the standard Euclidean
metric on R to [a, b], and the standard Euclidean metric on C.

A famous theorem of Weierstrass states that there is a sequence of polyno-
mials on R with complex coefficients that converges to f uniformly on [a, b]. If
f is a continuous real-valued function on [a, b], then one can use polynomials on
R with real coefficients.

This means that the set of functions on [a, b] corresponding to polynomi-
als with complex coefficients is dense in the space C([a, b],C) of continuous
complex-valued functions on [a, b], with respect to the supremum metric. Simi-
larly, the set of functions on [a, b] corresponding to polynomials with real coef-
ficients is dense in the space C([a, b],R) of continuous real-valued functions on
[a, b], with respect to the supremum metric.

Suppose now that (X, dX) is a nonempty compact metric space. The Stone–
Weierstrass theorem gives a criterion for a set of continuous real or complex-
valued functions on X to be dense in C(X,R) or C(X,C), as appropriate, with
respect to the supremum metric. This will be discussed in Section 3.12, after
some preliminaries in the next two sections.
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3.10 Functions on sets

Let X be a nonempty set, and let

c(X,R), c(X,C)(3.10.1)

be the spaces of all real and complex-valued functions on X, respectively. Of
course, if f and g are real or complex-valued functions on X, then f + g is
a real or complex-valued function on X, as appropriate. Similarly, if f is a
real or complex-valued function on X, and t is a real or complex number, as
appropriate, then t f is a real or complex-valued function on X, as appropriate.
These are basic (classes of) examples of vector spaces over the real or complex
numbers.

3.10.1 Linear subspaces of c(X,R), c(X,C)

A subset W of c(X,R) or c(X,C) is said to be a linear subspace of c(X,R)
or c(X,C), as appropriate, if it satisfies the following three conditions. First,
0 ∈W . Second, if f, g ∈W , then

f + g ∈W.(3.10.2)

Third, if f ∈W and t ∈ R or C, as appropriate, then

t f ∈W.(3.10.3)

Note that the third condition implies the first condition when W is nonempty,
by taking t = 0.

If f and g are real or complex-valued functions on X, then their product
f(x) g(x) defines a real or complex-valued function on X, as appropriate, too.
In fact, c(X,R), c(X,C) are basic (classes of) examples of commutative rings,
although we shall not discuss this in detail here. More precisely, these are
commutative algebras over the real and complex numbers, respectively.

3.10.2 Subalgebras of c(X,R), c(X,C)

Let A be a linear subspace of c(X,R) or c(X,C). Suppose that for every
f, g ∈ A, we have that

f g ∈ A.(3.10.4)

Under these conditions, A is said to be a subalgebra of c(X,R) or c(X,C), as
appropriate. This basically corresponds to the first part of Definition 7.28 on
p161 of [218].

If X is equipped with a metric, then the corresponding spaces C(X,R) and
C(X,C) of continuous real and complex-valued functions on X are subalgebras
of c(X,R) and c(X,C), respectively. If X is equipped with the discrete metric,
then any mapping fromX into another metric space is continuous. In particular,
this means that

C(X,R) = c(X,R) and C(X,C) = c(X,C)(3.10.5)
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in this case.
If W is a linear subspace of c(X,R) or c(X,C), then a subset E of W may

be called a linear subspace of W if E is a linear subspace of c(X,R) or c(X,C),
as appropriate. Similarly, if A is a subalgebra of c(X,R) or c(X,C), then a
subset E of A may be called a subalgebra of A if E is a subalgebra of c(X,R)
or c(X,C), as appropriate. In particular, if X is equipped with a metric, then
the notions of linear subspaces and subalgebras of C(X,R) and C(X,C) may
be defined in this way.

3.10.3 Invariance under complex conjugation

Suppose now that W is a subset of c(X,C). We shall sometimes be concerned
with situations where

W contains the complex conjugate of each of its elements.(3.10.6)

If W is a linear subspace of c(X,C), then this is equivalent to the condition
that

W contain the real and imaginary parts of all of its elements.(3.10.7)

This uses the fact that the real and imaginary parts of a complex number a
are equal to (a + a)/2 and (a − a)/(2 i), respectively, where a is the complex
conjugate of a, as usual.

3.11 More on collections of functions

Let X be a nonempty set again, and let W be a subset of c(X,R) or c(X,C).
We say that W is nowhere vanishing on X if for every x ∈ X there is an f ∈W
such that

f(x) 6= 0.(3.11.1)

In particular, this holds when W contains a nonzero constant function on X.
We say that W separates points in X if for every x,w ∈ X with x 6= w there

is an f ∈W such that
f(x) 6= f(w).(3.11.2)

Of course, at least one of f(x) and f(w) is not equal to 0 in this case.

3.11.1 Some continuous real-valued functions

Suppose for the moment that X is equipped with a metric d(·, ·). If p ∈ X, then
one can check that

fp(x) = d(x, p)(3.11.3)

is continuous as a real-valued function on X. More precisely, fp is Lipschitz
with constant C = 1 on X, with respect to the standard Euclidean metric on
R. In particular, fp is uniformly continous on X.

It follows that C(X,R) separates points in X.
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3.11.2 More on subalgebras of c(X,R), c(X,C)

Let A be a subalgebra of c(X,R), and suppose that A is nowhere vanishing
on X, and that A separates points in X. If x,w ∈ X and x 6= w, then there
is an f ∈ A such that f(x) and f(w) are any two given real numbers. This
corresponds to Theorem 7.31 on p162 of [218].

Similarly, if A is a subalgebra of c(X,C) that is nowhere vanishing on X
and that separates points in X, and if x,w ∈ X and x 6= w, then there is an
f ∈ A such that f(x) and f(w) are any two given complex numbers, as in [218].

More precisely, in both cases one can find elements of A equal to 1 at x and
to 0 at w, and equal to 0 at x and to 1 at w. One can use linear combinations
of such functions to get elements of A with arbitrary values at x and w.

If E is a nonempty finite subset of X, then for each y ∈ E one can find
an element of A that is equal to 1 at y, and to 0 at every other element of E.
Indeed, if x ∈ E and x 6= y, then there is an element of A that is equal to 1
at y and 0 at x, as before. The product of such functions is an element of A
that is equal to 1 at y and to 0 at every other element of E. One can use linear
combinations of these functions to get elements of A with arbitrary values at
points in E.

3.11.3 Subalgebras and polynomials

Let p be a polynomial with real coefficients. If f is any real-valued function on
X, then

(p ◦ f)(x) = p(f(x))(3.11.4)

defines another real-valued function on X.
Let A be a subalgebra of c(x,R). Suppose that p(0) = 0, which is the same

as saying that the constant term in p is equal to 0. If f ∈ A, then it is easy to
see that

p ◦ f ∈ A.(3.11.5)

More precisely, f l ∈ A for each positive integer l, and p ◦ f is the same as
a linear combination of positive integer powers of f . This also works without
asking that p(0) = 0 if A contains the constant functions on X.

If p is a polynomial with complex coefficients, then one can think of p as
defining a complex-valued function on the complex plane. In this case, if f is a
complex-valued function on X, then p ◦ f defines a complex-valued function on
X too, as in (3.11.4).

If A is a subalgebra of c(X,C) and p(0) = 0, then (3.11.5) holds for every
f ∈ A, for the same reasons as before. This also works without asking that
p(0) = 0 when A contains the constant functions on X, as before.

3.12 The Stone–Weierstrass theorem

Let (X, d(x, y)) be a metric space, and suppose that X is nonempty and com-
pact. Also let A be a subalgebra of the algebra C(X,R) of continuous real-
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valued functions on X, and suppose that

A is nowhere vanishing on X,(3.12.1)

and that
A separates points in X.(3.12.2)

Under these conditions, the Stone–Weierstrass theorem states that

A is dense in C(X,R),(3.12.3)

with respect to the supremum metric. It is easy to see that (3.12.1) and (3.12.2)
are necessary for (3.12.3) to hold, because constant functions are continuous on
X, and C(X,R) separates points in X.

Some aspects of the proof of the Stone–Weierstrass theorem will be discussed
in the next two sections.

3.12.1 Some remarks about Weierstrass’ theorem

Let a, b be real numbers with a < b. Observe that the collection of functions on
[a, b] that can be expressed as a polynomial with real coefficients is a subalgebra
of the algebra of continuous real-valued functions on [a, b]. It is easy to see that
this subalgebra is nowhere vanishing on [a, b], and that it separates points in
[a, b].

Thus Weierstrass’ original approximation theorem for approximating real-
valued continuous functions on [a, b] by polynomials with real coefficients uni-
formly on [a, b] can be obtained from the Stone–Weierstrass theorem. However,
Weierstrass’ original theorem, or at least an interesting case of it, is typically
used to show the Stone–Weierstrass theorem.

3.12.2 The complex version of the Stone–Weierstrass the-
orem

Let (X, d(x, y)) be any nonempty compact metric space again, and now let A
be a subalgebra of the algebra C(X,C) of continuous complex-valued functions
on X. Suppose that A is nowhere vanishing on X, that A separates points in
X, and that

A contains the complex conjugate of each of its elements.(3.12.4)

In this case, another version of the Stone–Weierstrass theorem states that

A is dense in C(X,C),(3.12.5)

with respect to the supremum metric.
This version of the Stone–Weierstrass theorem can be obtained from the

previous one, as follows. Note that

A contains the real and imaginary parts of all of its elements,(3.12.6)
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as in Subsection 3.10.3. One can check that

the collection of real-valued functions in A(3.12.7)

is a subalgebra of C(X,R) that satisfies (3.12.1) and (3.12.2). Thus the previous
version of the theorem implies that every continuous real-valued function on X
can be approximated by elements of (3.12.7), uniformly on X. Using this,
it is easy to see that every continuous complex-valued function on X can be
approximated by elements of A, uniformly on X.

It is well known that this version of the Stone–Weierstrass theorem does not
always work without the hypothesis (3.12.4). One can get a counterexample
by taking X to be the closed unit disk in the complex plane, and A to be the
algebra of continuous complex-valued functions on the closed unit disk defined
by polynomials in a complex variable with coefficients in C. It can be shown
that (3.12.5) does not hold in this case, using complex analysis.

Alternatively, one can take X to be the unit circle in the complex plane, and
A to be the algebra of continuous complex-valued functions on the circle defined
by polynomials in a complex variable with complex coefficients. One can show
that (3.12.5) does not hold in this case without using complex analysis, as in
Exercise 21 on p169 of [218].

3.13 Algebras of bounded functions

Let X be a nonempty set, and remember that ℓ∞(X,R) and ℓ∞(X,C) denote
the spaces of bounded real and complex-valued functions on X, respectively, as
in Section 1.13. If f , g are bounded real or complex-valued functions on X, then
it is easy to see that their product f g is bounded on X as well. More precisely,
if x ∈ X, then

|f(x) g(x)| = |f(x)| |g(x)| ≤ ‖f‖∞ ‖g‖∞.(3.13.1)

This implies that the supremum norm of f g on X satisfies

‖f g‖∞ ≤ ‖f‖∞ ‖g‖∞.(3.13.2)

Thus ℓ∞(X,R) and ℓ∞(X,C) are subalgebras of the algebras c(X,R) and
c(X,C) of all real and complex-valued functions on X, respectively, as in Sub-
section 3.10.2.

3.13.1 Some remarks about closures

Let W be a collection of real or complex-valued functions on X. If W contains
the limits of all sequences of its elements that converge uniformly on X, then
one may that W is uniformly closed, as on p161 of [218].

Consider the collection of all real or complex-valued functions on X that may
be obtained as limits of sequences of elements of W that converge uniformly on
X. This may be described as the uniform closure of W , as on p161 of [218].
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IfW is a subset of ℓ∞(X,R) or ℓ∞(X,C), then let W be the closure of W in
ℓ∞(X,R) or ℓ∞(X,C), as appropriate, with respect to the supremum metric.
One can verify that this is the same as the uniform closure of W , as in the
preceding paragraph.

If W is a linear subspace of c(X,R) or c(X,C), then one can check that the
uniform closure of W is a linear subspace of c(X,R) or c(X,C), as appropriate.
In fact, if {fj}∞j=1 and {gj}∞j=1 are sequences of real or complex-valued functions
on X that converge uniformly to real or complex-valued functions f and g on X,
respectively, then it is easy to see that {fj+gj}∞j=1 converges to f+g uniformly
on X. Similarly, if t ∈ R or C, as appropriate, then {t fj}∞j=1 converges to
t f uniformly on X. In particular, if W is a linear subspace of ℓ∞(X,R) or
ℓ∞(X,C), then

W is a linear subspace of ℓ∞(X,R) or ℓ∞(X,C),(3.13.3)

as appropriate.

Similarly, if W is a subalgebra of ℓ∞(X,R) or ℓ∞(X,C), then

W is a subalgebra of ℓ∞(X,R) or ℓ∞(X,C),(3.13.4)

as appropriate. This corresponds to Theorem 7.29 on p161 of [218]. This uses
the fact that if {fj}∞j=1 and {gj}∞j=1 are sequences of bounded real or complex-
valued functions on X that converge uniformly to real or complex-valued func-
tions f and g on X, respectively, then {fj gj}∞j=1 converges uniformly to f g on
X. In order to show this, it is helpful to observe that {fj}∞j=1 and {gj}∞j=1 are
uniformly bounded on X under these conditions.

3.13.2 Some more remarks about closures

Suppose now that (X, d(x, y)) is a nonempty metric space. The spaces Cb(X,R)
and Cb(X,C) of bounded continuous real and complex-valued functions on
X are subalgebras of ℓ∞(X,R) and ℓ∞(X,C), respectively. Remember that
Cb(X,R) and Cb(X,C) are also closed sets in ℓ∞(X,R) and ℓ∞(X,C), respec-
tively, with respect to the supremum metric, as in Subsection 1.14.1.

Let A be a subalgebra of Cb(X,R) or Cb(X,C), so that A may also be con-
sidered as a subalgebra of ℓ∞(X,R) or ℓ∞(X,C), as appropriate. The closure
A of A in Cb(X,R) or Cb(X,C), as appropriate, is the same as the closure of
A in ℓ∞(X,R) or ℓ∞(X,C), as appropriate. In particular, A is a subalgebra of
Cb(X,R) or Cb(X,C), as appropriate, as before.

If X is compact, then one can use these remarks to reduce to the case
of closed subalgebras A of C(X,R) or C(X,C), with respect to the supremum
metric, in the Stone–Weierstrass theorem. Of course, in this case, the statement
that A is dense in C(X,R) or C(X,C), as appropriate, with respect to the
supremum metric, is the same as saying that A is C(X,R) or C(X,C), as
appropriate.
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3.14 Some remarks about closed subalgebras

Let a be a positive real number. It is well known that the absolute value
function on R can be uniformly approximated on [−a, a] by polynomials p with
real coefficients such that

p(0) = 0,(3.14.1)

as in Corollary 7.27 on p161 of [218]. Of course, Weierstrass’ approximation
theorem implies that | · | may be approximated uniformly on [−a, a] by poly-
nomials q with real coefficients. The constant term of such an approximation
should be small, because |0| = 0, and so one can replace q with q − q(0) to get
approximations with the additional condition (3.14.1). This type of approxima-
tion can also be obtained more directly, without using Weierstrass’ theorem, as
in Exercise 23 on p169 of [218].

3.14.1 Closed subalgebras of ℓ∞(X,R)

Let X be a nonempty set, and let A be a subalgebra of the algebra ℓ∞(X,R)
of all bounded real-valued functions on X. Suppose that A is a closed set in
ℓ∞(X,R), with respect to the supremum metric. If f ∈ A, then it is well known
that

|f | ∈ A(3.14.2)

too. This corresponds to Step 1 in the proof of Theorem 7.32 on p162 of [218],
which is the Stone–Weierstrass theorem.

To see this, note that there is a nonnegative real number a such that |f | ≤ a
on X, which means that

f(X) ⊆ [−a, a].(3.14.3)

The absolute value function on R can be uniformly approximated on [−a, a] by
polynomials p with real coefficients that satisfy (3.14.1), as before. It follows
that |f | can be uniformly approximated on X by the corresponding functions
p ◦ f . Remember that p ◦ f ∈ A when (3.14.1) holds, as in Subsection 3.11.3.
This implies (3.14.2), because A is a closed set in ℓ∞(X,R), by hypothesis.

If g is another element of A, then it is well known that

max(f, g), min(f, g) ∈ A(3.14.4)

as well, as in Step 2 on p163 of [218]. This is because

max(f, g) =
f + g

2
+

|f − g|
2

(3.14.5)

and

min(f, g) =
f + g

2
− |f − g|

2
,(3.14.6)

on X, as in [218]. Equivalently,

max(f, g) + min(f, g) = f + g(3.14.7)
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and

max(f, g)−min(f, g) = |f − g|(3.14.8)

on X.

3.14.2 Closed subalgebras of C(X,R)

Suppose now that (X, d(·, ·)) is a nonempty compact metric space, and that A is
a closed subalgebra of C(X,R) with respect to the supremum metric. Suppose
also that A is nowhere vanishing on X, and that A separates points in X. We
would like to show that

A = C(X,R),(3.14.9)

as in the Stone–Weierstrass theorem.

Let f be a continuous real-valued function on X, and let x, y be elements
of X. As in Subsection 3.11.2, there is an element hx,y of A such that

hx,y(x) = f(x), hx,y(y) = f(y).(3.14.10)

Let ϵ > 0 be given. Because f and hx,y are continuous on X, there is an
open subset Ux,y of X such that y ∈ Ux,y and

hx,y > f − ϵ on Ux,y.(3.14.11)

The collection of open sets Ux,y of this type, y ∈ X, is an open covering of
X. Using the compactness of X, we get that there are finitely many elements
y1, . . . , yn of X such that

X ⊆
n⋃

j=1

Ux,yj .(3.14.12)

Put

gx = max(hx,y1 , . . . , hx,yn).(3.14.13)

Note that

gx(x) = f(x),(3.14.14)

by (3.14.10), and that

gx > f − ϵ on X,(3.14.15)

by (3.14.11) and (3.14.12). We also have that

gx ∈ A,(3.14.16)

as in the previous subsection. This corresponds to Step 3 on p163 of [218].
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3.14.3 Using the gx’s

Because f and gx are continuous on X, there is an open subset Vx of X such
that x ∈ Vx and

gx < f + ϵ on Vx.(3.14.17)

We can use the compactness of X again to get finitely many elements x1, . . . , xm
of X such that

X ⊆
m⋃
l=1

Vxl
.(3.14.18)

Put
h = min(gx1 , . . . , gxm).(3.14.19)

Observe that
h > f − ϵ(3.14.20)

on X, by (3.14.15), and that
h < f + ϵ(3.14.21)

on X, by (3.14.17) and (3.14.18). We also have that

h ∈ A,(3.14.22)

because of (3.14.16), as before.
It follows that

f ∈ A,(3.14.23)

because A is a closed subalgebra of C(X,R), by hypothesis. This corresponds
to Step 4 on p164 of [218].



Chapter 4

Compactness and
completeness

4.1 Diameters of sets

Let (X, d(x, y)) be a metric space, and let E be a subset of X. If E is nonempty
and bounded, then the diameter of E can be defined as a nonnegative real
number by

diamE = sup{d(x, y) : x, y ∈ E}.(4.1.1)

More precisely, one can use the boundedness of E to get that the set of distances
d(x, y) with x, y ∈ E has an upper bound in R. Conversely, if this set has an
upper bound in R, then it is easy to see that E is bounded in X. It is sometimes
convenient to define the diameter of the empty set to be 0, and to interpret the
diameter of an unbounded set as being +∞.

Remember that if E is a bounded subset of X, then the closure E of E is
bounded in X too, as mentioned in Subsection 1.9.3. One can check that

diamE = diamE(4.1.2)

in this case.

4.1.1 Some properties of the diameter

If E1 ⊆ E2 ⊆ X, then

diamE1 ≤ diamE2.(4.1.3)

Observe that

diamB(x, r) ≤ 2 r(4.1.4)

for every x ∈ X and nonnegative real number r, by the triangle inequality. Here
B(x, r) is the closed ball in X centered at x with radius r, as in Subsection 1.9.3.

65
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If E ⊆ X is a bounded set, then

E ⊆ B(x, diamE)(4.1.5)

for every x ∈ E.

4.1.2 Some nested intersections

Let E1, E2, E3, . . . be an infinite sequence of nonempty subsets of X such that

Ej is closed and bounded(4.1.6)

for each j ≥ 1,

Ej+1 ⊆ Ej(4.1.7)

for every j ≥ 1, and

lim
j→∞

diamEj = 0.(4.1.8)

One can check that
⋂∞

j=1Ej can have at most one element, because of (4.1.8).

Let xj be an element of Ej for each j ≥ 1. If 1 ≤ j ≤ l, then it follows that

xl ∈ El ⊆ Ej .(4.1.9)

This implies that

d(xj , xl) ≤ diamEj(4.1.10)

when j ≤ l. Using this, it is easy to see that

{xj}∞j=1 is a Cauchy sequence in X.(4.1.11)

Suppose for the moment that X is complete with respect to d, so that

{xj}∞j=1 converges to an element x of X.(4.1.12)

If l is any positive integer, then {xj}∞j=l is a sequence of elements of El that
converges to x. This implies that

x ∈ El(4.1.13)

for every l ≥ 1, because El is a closed set, by hypothesis. Thus

∞⋂
l=1

El 6= ∅(4.1.14)

under these conditions.
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4.1.3 Necessity of completeness

Now let {xj}∞j=1 be any sequence of elements of X, and put

Aj = {xl : l ≥ j}(4.1.15)

for each j ≥ 1. Also put
Ej = Aj(4.1.16)

for each j. Of course, Aj 6= ∅ for each j, so that Ej 6= ∅. Note that

Aj+1 ⊆ Aj(4.1.17)

for each j, by construction, so that (4.1.7) holds.
If {xj}∞j=1 is a Cauchy sequence in X, then {xj}∞j=1 if bounded in X, as

mentioned in Subsection 1.9.4. This implies that Aj is a bounded set in X for
each j, so that Ej is bounded as well. In fact we have that

diamEj = diamAj → 0 as j → ∞(4.1.18)

under these conditions.
If

x ∈
∞⋂
j=1

Ej ,(4.1.19)

then one can check that

{xj}∞j=1 converges to x in X.(4.1.20)

This uses the fact that
d(x, xj) ≤ diamEj(4.1.21)

for each j.
This shows that completeness of X is necessary in order to get (4.1.14) under

the conditions described in the preceding subsection.

4.2 Totally bounded sets

Let (X, d(x, y)) be a metric space again. A subset E of X is said to be totally
bounded if for every r > 0 there are finitely many elements x1, . . . , xl of X such
that

E ⊆
l⋃

j=1

B(xj , r).(4.2.1)

If E = ∅, then this may be considered to hold trivially with l = 0 for each r > 0,
even when X = ∅.

If (4.2.1) holds for some r > 0 and finitely many points x1, . . . , xl in X, then
E is a bounded set in X, as in Section 1.9.2. Thus totally bounded sets are
bounded in particular.
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If E ⊆ X is compact, then

E is totally bounded.(4.2.2)

More precisely, for each r > 0, E can be covered by open balls in X of radius
r. Compactness implies that this open covering can be reduced to a finite
subcovering, as desired.

Suppose that E is a bounded subset of Rn for some positive integer n, with
respect to the standard Euclidean metric on Rn. In this case, one can check
directly that E is totally bounded. This is simpler when n = 1, so that one can
consider subsets of an interval in the real line. Similarly, a bounded set in Rn

is contained in a cube.
Of course, finite subsets of X are totally bounded. If X is equipped with

the discrete metric and E ⊆ X is totally bounded, then

E has only finitely many elements.(4.2.3)

This can be seen by taking r = 1 in (4.2.1).

4.2.1 Using closed balls

A subset E of X is totally bounded if and only if for every t > 0 there are
finitely many elements y1, . . . , yl of X such that

E ⊆
l⋃

j=1

B(yj , t).(4.2.4)

More precisely, the previous formulation implies this one, because B(x, r) is
contained in B(x, r) for every x ∈ X and r > 0. To get the converse, one can
use the fact that B(y, t) is contained in B(y, r) when t < r.

If E is totally bounded, then it follows from this reformulation that

the closure E of E in X is totally bounded(4.2.5)

too.

4.2.2 Using sets with small diameter

As another reformulation, a subset E of X is totally bounded if and only if for
every r1 > 0,

E is contained in the union of finitely many subsets of X(4.2.6)

with diameter strictly less than r1.

More precisely, this formulation can be obtained from (4.2.1) using (4.1.4). Sim-
ilarly, one can get (4.2.1) from this formulation using (4.1.5).

Equivalently, E ⊆ X is totally bounded if and only if for every t1 > 0,

E is contained in the union of finitely many subsets of X(4.2.7)

with diameter less than or equal to t1.
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4.2.3 Another characterization of total boundedness

Suppose that E ⊆ X is not totally bounded in X. This means that there is an
r > 0 such that E cannot be covered by finitely many open balls in X of radius
r.

In particular, E 6= ∅, and we let x1 be an element of E. By hypothesis, E
is not contained in B(x1, r), and so there is an element x2 of E that is not in
B(x1, r).

If elements x1, . . . , xl of E have been chosen in this way for some positive
integer l, then E is not contained in

⋃l
j=1B(xj , r), by hypothesis. This permits

us to choose xl+1 ∈ E such that xl+1 is not in B(xj , r) when 1 ≤ j ≤ l.
Continuing in this way, we get an infinite sequence {xj}∞j=1 of elements of

E such that xl is not in B(xj , r) when j < l. Equivalently,

d(xj , xl) ≥ r(4.2.8)

when j < l.
Conversely, if there is a sequence of elements of E with these properties,

then one can check that E is not totally bounded. More precisely, it is easy
to see that an open ball in X of radius r/2 can contain at most one term in
the sequence, because of (4.2.8) and the triange inequality. This implies that E
cannot be covered by finitely many open balls of radius r/2.

4.3 Separable metric spaces

A metric space (X, d(x, y)) is said to be separable if

there is a dense subset of X with only(4.3.1)

finitely or countably many elements.

It is well known that
Rn is separable(4.3.2)

with respect to the standard Euclidean metric for each positive integer n, as in
Exercise 22 at the end of Chapter 2 of [218]. More precisely, one can check that
the set of points in Rn with rational coordinates is a countable dense set in Rn,
as in the hint given in [218]. This is simpler when n = 1, as usual.

Note that X is automatically dense in itself, with respect to any metric
d(·, ·). If X has only finitely or countably many elements, then it follows that
X is separable with respect to d(·, ·).

If X is any set equipped with the discrete metric, then

X is the only dense subset of itself.(4.3.3)

Thus X is separable with respect to the discrete metric if and only if

X has only finitely or countably many elements.(4.3.4)
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4.3.1 A characterization of separability

Let (X, d(x, y)) be any metric space again. One can check that X is separable
if and only if for each ϵ > 0 there is a subset A(ϵ) of X such that

A(ϵ) has only finitely or countably many elements(4.3.5)

and ⋃
x∈A(ϵ)

B(x, ϵ) = X.(4.3.6)

Indeed, if X is separable, then there is a dense set A ⊆ X with only finitely
or countably many elements. In this case, one can take

A(ϵ) = A(4.3.7)

for every ϵ > 0.
Conversely, if A(1/j) ⊆ X satisfies (4.3.6) with ϵ = 1/j for each positive

integer j, then it is easy to see that

A =

∞⋃
j=1

A(1/j)(4.3.8)

is dense in X. If A(1/j) also has only finitely or countably many elements for
each j ≥ 1, then (4.3.8) has only finitely or countably many elements as well.

Note that X is totally bounded if and only if for every ϵ > 0 there is a finite
set A(ϵ) ⊆ X such that (4.3.6) holds. This implies that

X is separable,(4.3.9)

as before.

4.3.2 The definition of a base for the topology of X

A collection B of open subsets of X is said to be a base for the topology of X if
for every x ∈ X and r > 0 there is a U ∈ B such that x ∈ U and

U ⊆ B(x, r).(4.3.10)

Equivalently, this means that every nonempty open subset of X can be expressed
as a union of elements of B. One may consider the empty set to be the union
of the empty collection of sets.

4.3.3 Separability and countable bases

Let E be a dense subset of X, and let B(E) be the collection of subsets of X of
the form B(y, 1/j), where y ∈ E and j ∈ Z+. We would like to show that

B(E) is a base for the topology of X.(4.3.11)
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To do this, let x ∈ X and r > 0 be given. Let j be a positive integer such that
2/j < r. Because E is dense in X, there is a y ∈ E such that d(x, y) < 1/j.
This implies that x ∈ B(y, 1/j), and one can also verify that

B(y, 1/j) ⊆ B(x, r),(4.3.12)

using the triangle inequality, as desired.
If E has only finitely or countably many elements, then one can check that

B(E) has only finitely or countably many elements.(4.3.13)

Conversely, if there is a base B for the topology of X with only finitely or
countably many elements, then X is separable. More precisely, one can choose
an element from every nonempty element of B to get a dense set in X with only
finitely or countably many elements.

4.4 Lindelöf ’s theorem

Let (X, d(x, y)) be a metric space, and suppose that B is a base for the topology
of X with only finitely or countably many elements. Let {Uα}α∈A be a family
of open subsets of X, indexed by a nonempty set A. Under these conditions, a
theorem of Lindelöf says that there is a subset A1 of A such that

A1 has only finitely or countably many elements(4.4.1)

and ⋃
α∈A1

Uα =
⋃
α∈A

Uα.(4.4.2)

4.4.1 The proof of Lindelöf ’s theorem

To see this, put
Bα = {V ∈ B : V ⊆ Uα}(4.4.3)

for every α ∈ A. Observe that ⋃
V ∈Bα

V = Uα(4.4.4)

for every α ∈ A, because B is a base for the topology of X, and Uα is an open
set.

Put
B′ =

⋃
α∈A

Bα.(4.4.5)

Note that ⋃
V ∈B′

V =
⋃
α∈A

( ⋃
V ∈Bα

V
)
=

⋃
α∈A

Uα.(4.4.6)
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If V ∈ B′, then V ∈ Bα for some α ∈ A, and we let α(V ) be an element of A
with this property. Let

A1 = {α(V ) : V ∈ B′}(4.4.7)

be the collection of elements of A that have been chosen in this way.
Thus ⋃

V ∈B′

V ⊆
⋃

α∈A1

Uα,(4.4.8)

because V ⊆ Uα(V ) for every V ∈ B′, by construction. This implies that⋃
α∈A

Uα ⊆
⋃

α∈A1

Uα,(4.4.9)

by (4.4.6). The opposite inclusion holds automatically, because A1 ⊆ A. It
follows that (4.4.2) holds.

Clearly B′ has only finitely or countably many elements, because B′ ⊆ B,
and B has only finitely or countably many elements, by hypothesis. It follows
that A1 has only finitely or countably many elements too, as desired.

4.4.2 The Lindelöf property

A subset E of X is said to have the Lindelöf property if every open covering of
E in X can be reduced to a subcovering with only finitely or countably many
elements. More precisely, this means that if {Uα}α∈A is an open covering of E
in X, then there is a subset A1 of A such that A1 has only finitely or countably
many elements and

E ⊆
⋃

α∈A1

Uα.(4.4.10)

If there is a base B for the topology of X with only finitely or countably
many elements, then Lindelöf’s theorem implies that every subset of X has the
Lindelöf property.

Suppose that X has the Lindelöf property, and let ϵ > 0 be given. Of course,
X is covered by the collection of all open balls in X of radius ϵ. Because X has
the Lindelöf property, there is a subset A(ϵ) of X with only finitely or countably
many elements such that (4.3.6) holds. This implies that X is separable, as in
Subsection 4.3.1.

4.5 The limit point property

Let (X, d(x, y)) be a metric space. A subset E of X is said to have the limit
point property if for every infinite subset A of E there is an x ∈ E such that

x is a limit point of A in X.(4.5.1)

If E has only finitely many elements, then this condition holds vacuously.
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4.5.1 Using compactness to get the limit point property

If E is compact, then it is well known that

E has the limit point property.(4.5.2)

To see this, let A be an infinite subset of E. Suppose for the sake of a contradic-
tion that A does not have a limit point in E. This means that for every x ∈ E
there is a positive real number r(x) such that B(x, r(x)) does not contain any
element of A, except perhaps for x itself. Note that the collection of open balls
of this type is an open covering of E in X.

Because E is compact, there are finitely many elements x1, . . . , xn of E such
that

E ⊆
n⋃

j=1

B(xj , r(xj)).(4.5.3)

In particular, this implies that

A ⊆
n⋃

j=1

(A ∩B(xj , r(xj))).(4.5.4)

This means that A has at most n elements. This contradicts the hypothesis
that A have infinitely many elements.

4.5.2 The limit point property implies total boundedness

If E ⊆ X has the limit point property, then

E is totally bounded in X.(4.5.5)

Otherwise, there is an r > 0 and an infinite sequence {xj}∞j=1 of elements of X
such that

d(xj , xl) ≥ r when j < l,(4.5.6)

as in Subsection 4.2.3.
Let A be the set of xj ’s, j ≥ 1. This is an infinite subset of E, because the

xj ’s are distinct.
If x ∈ X, then it is easy to see that

A ∩B(x, r/2) has at most two elements,(4.5.7)

using the triangle inequality. This implies that x is not a limit point of A. It
follows that E does not have the limit point property.

4.5.3 Some more remarks about the limit point property

Let Y be a subset of X, so that Y may be considered as a metric space too,
using the restriction of d(x, y) to x, y ∈ Y . If E ⊆ Y , then it is easy to see that

E has the limit point property as a subset of X(4.5.8)
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if and only if

E has the limit point property as a subset of Y.(4.5.9)

In particular, one can take Y = E here.
If E ⊆ X has the limit point property, E0 ⊆ E, and E0 is a closed set in X,

then one can check that

E0 has the limit point property.(4.5.10)

If E1, E2 ⊆ X have the limit point property, then one can verify that

E1 ∪ E2 has the limit point property.(4.5.11)

4.6 Countable open coverings

Let (X, d(x, y)) be a metric space, and suppose that E ⊆ X has the limit point
property. Also let U1, U2, U3, . . . be an infinite sequence of open subsets of X
such that

E ⊆
∞⋃
j=1

Uj .(4.6.1)

We would like to show that there is a positive integer n such that

E ⊆
n⋃

j=1

Uj .(4.6.2)

Otherwise, for each n ≥ 1, we can choose xn ∈ E such that

xn 6∈
n⋃

j=1

Uj .(4.6.3)

Let A be the set of points xn, n ≥ 1, that have been chosen in this way. Let us
check that

A has infinitely many elements.(4.6.4)

If y ∈ E, then y ∈ Ul for some l ≥ 1, by (4.6.1). This means that xn 6= y
when n ≥ l, because xn 6∈ Ul, by construction. Thus xn = y for at most finitely
many n ≥ 1. This implies (4.6.4).

Hence there is an x ∈ E such that x is a limit point of A in X, because E
has the limit point property, by hypothesis. We also have that x ∈ Uj for some
j ≥ 1, by (4.6.1). Because Uj is an open set in X, there is an r > 0 such that

B(x, r) ⊆ Uj .(4.6.5)

There are infinitely many elements of A in B(x, r), because x is a limit point
of A. This means that there are infinitely many elements of A in Uj , by (4.6.5).
Thus xn ∈ Uj for infinitely many n ≥ 1. This contradicts the fact that xn 6∈ Uj

when n ≥ j, by construction.
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4.6.1 Using the limit point property to get compactness

Suppose that X has the limit point property, and let us show that

X is compact.(4.6.6)

Remember that X is totally bounded in this case, as in Subsection 4.5.2. This
implies that X is separable, as in Subsection 4.3.1.

It follows that there is a base for the topology of X with only finitely or
countably many elements, as in Subsection 4.3.3. This means that X has the
Lindelöf property, as in Subsection 4.4.2. The argument at the beginning of the
section implies that any countable open covering of X can be reduced to a finite
subcovering. Combining these two statements, we get that every open covering
of X can be reduced to a finite subcovering.

4.6.2 Subsets of X with the limit point property

Now let E be any subset of X with the limit point property, and let us verify
that

E is compact.(4.6.7)

Remember that E may also be considered as a metric space, with respect to
the restriction of d(x, y) to x, y ∈ E. We also have that E has the limit point
property as a subset of itself, as in Subsection 4.5.3. This implies that E is
compact as a subset of itself, as in the previous subsection. It is well known
that this implies that E is compact as a subset of X, as desired.

4.7 Sequential compactness

Let (X, d(x, y)) be a metric space again. A subset E of X is said to be se-
quentially compact if for every sequence {xj}∞j=1 of elements of E there is a
subsequence {xjl}∞l=1 of {xj}∞j=1 and an element x of E such that

{xjl}∞l=1 converges to x in X.(4.7.1)

4.7.1 The limit point property and sequential compact-
ness

If E has the limit point property, then it is well known that

E is sequentially compact.(4.7.2)

To see this, let {xj}∞j=1 be a sequence of elements of E, and let A be the set of
xj ’s, j ≥ 1.

If A has only finitely many elements, then there is a subsequence {xjl}∞l=1 of
{xj}∞j=1 and an element x of E such that xjl = x for every l ≥ 1. In particular,
this implies that {xjl}∞l=1 converges to x in X.
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Otherwise, if A has infinitely many elements, then there is an x ∈ E such
that x is a limit point of A in X, because E has the limit point property. This
implies that for every positive real number r, there are infinitely many elements
of A in B(x, r), by a well-known property of limit points. This means that

d(x, xj) < r(4.7.3)

for infinitely many j, because of the way that A is defined.
In this case, one can show that there is a subsequence {xjl}∞l=1 of {xj}∞j=1

that converges to x in X. In fact, one can choose {xjl}∞l=1 so that

d(x, xjl) < 1/l(4.7.4)

for each l.

4.7.2 The converse

Conversely, if E ⊆ X is sequentially compact, then E has the limit point prop-
erty. Indeed, let A be an infinite subset of E, and let {xj}∞j=1 be a sequence
of distinct elements of A. By hypothesis, there is a subsequence {xjl}∞l=1 of
{xj}∞j=1 that converges to an element x of E.

One can check that x is a limit point of A in X under these conditions. More
precisely, for each r > 0, B(x, r) contains xjl for all but finitely many l, so that
B(x, r) contains infinitely many elements of A in particular.

4.7.3 More on sequential compactness

Let Y be a subset of X, so that Y may be considered as a metric space with
respect to the restriction of the metric on X to elements of Y , and let E be a
subset of Y . One can check directly that

E is sequentially compact as a subset of X(4.7.5)

if and only if
E is sequentially compact as a subset of Y.(4.7.6)

In particular, one can take Y = E here, as usual.
If E ⊆ X is sequentially compact, E0 ⊆ E, and E0 is a closed set in X, then

one can verify directly that

E0 is sequentially compact.(4.7.7)

If E1, E2 ⊆ X are sequentially compact, then one can also verify directly
that

E1 ∪ E2 is sequentially compact.(4.7.8)

These statements could be obtained from their analogoues in Subsection
4.5.3 for the limit point property and the equivalence of sequential compactness
with the limit point property. However, it is interesting to consider the direct
arguments as well. Of course, there are well-known arguments for the analogous
statements for compactness in terms of open coverings too.
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4.8 The Cauchy subsequence property

Let (X, d(x, y)) be a metric space. Let us say that E ⊆ X has the Cauchy sub-
sequence property if every sequence {xj}∞j=1 of elements of E has a subsequence
{xjl}∞l=1 that is a Cauchy sequence in X. Sequential compactness automati-
cally implies the Cauchy subsequence property, because convergent sequences
are Cauchy sequences.

If X is complete, E is a closed set in X, and E has the Cauchy subsequence
property, then it is easy to see that E is sequentially compact.

We shall see that E ⊆ X has the Cauchy subsequence property if and only
if E is totally boounded. This corresponds to Theorem 6.3 H on p140 of [95],
and to the equivalence of (b) and (c) in Theorem 74 on p101 of [133]. Theorem
5.6 on p22 of [83] states that X has the Cauchy subsequence property when
X is totally bounded. It is not difficult to reduce to the case where E = X,
and the fact that the Cauchy subsequence property implies total boundedness
is somewhat easier to show.

4.8.1 The small subsequence property

Let us say that a sequence {xj}∞j=1 of elements of X is an ϵ-sequence for some
ϵ > 0 if

d(xj , xl) < ϵ(4.8.1)

for every j, l ≥ 1. Let us say that a subset E of X has the small subsequence
property if for every sequence {xj}∞j=1 of elements of E and every ϵ > 0 there is
a subsequence {xjl}∞l=1 of {xj}∞j=1 such that

{xjl}∞l=1 is an ϵ-sequence.(4.8.2)

If E has the Cauchy subsequence property, then it is easy to see that E has
the small subsequence property. This uses the fact that every Cauchy sequence
in X is an ϵ-sequence for any ϵ > 0 after skipping finitely many terms in the
sequence.

4.8.2 Total boundedness and small subsequences

If E ⊆ X is totally bounded, then E has the small subsequence property. To see
this, let a sequence {xj}∞j=1 of elements of E and an ϵ > 0 be given. Because E
is totally bounded, E can be covered by finitely many open balls in X of radius
ϵ/2. This implies that there is a single open ball of radius ϵ/2 that contains xj
for infinitely many j ≥ 1.

It follows that there is a subsequence {xjl}∞l=1 of {xj}∞j=1 such that all of the
xjl ’s are contained in that open ball of radius ϵ/2. This means that {xjl}∞l=1 is
an ϵ-sequence, as desired, by the triangle inequality.

Conversely, suppose that E ⊆ X has the small subsequence property, and
let us check that E is totally bounded. Otherwise, if E is not totally bounded,
then there is an r > 0 and a sequence {xj}∞j=1 of elements of E such that
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d(xj , xl) ≥ r when j < l, as in Subsection 4.2.3. In this case, {xj}∞j=1 has
no subsequence that is an r-subsequence, so that E does not have the small
subsequence property. In particular, if E has the Cauchy subsequence property,
then E is totally bounded.

4.8.3 Small subsequences and Cauchy subsequences

If E ⊆ X has the small subsequence property, then E has the Cauchy subse-
quence property. To see this, let a sequence {xj}∞j=1 of elements of E be given.
By hypothesis, there is a subsequence of {xj}∞j=1 that is a (1/2)-sequence.

We can repeat the process, to get a subsequence of the first subsequence
that is a (1/4)-sequence. Continuing in this way, we get an infinite sequence of
subsequences of {xj}∞j=1, such that the (n+1)th subsequence of {xj}∞j=1 is also
a subsequence of the nth subsequence of {xj}∞j=1 for every n ≥ 1, and the nth
subsequence is a 2−n-sequence for every n ≥ 1.

One can check that the sequence obtained by taking the rth term of the
rth subsequence for each r ≥ 1 is a subsequence of {xj}∞j=1 as well. This
subsequence is a Cauchy sequence too, because the terms with r ≥ n may be
considered as a subsequence of the nth subsequence for each n ≥ 1.

If E is totally bounded, then it follows that E has the Cauchy subsequence
property.

4.9 A criterion for compactness

Let (X, d(x, y)) be a complete metric space. If

E ⊆ X is closed and totally bounded,(4.9.1)

then it is well known that E is compact. This corresponds to the fact that (5.3)
implies (5.1) in Theorem 5.1 on p20 of [83] when E = X, and it is not difficult
to reduce to that case. This also corresponds to the fact that (c) implies (a) in
Theorem A 4 on p369 of [216].

This basically corresponds to the fact that (c) implies (a) in Theorem 74
on p101 of [133] as well. Note that compactness of a subset of a metric space
is defined on p99 of [133] in terms of the limit point property or equivalently
sequential compactness. The equivalence of this with the definition of compact-
ness in terms of open coverings is part of Theorem 72 on p101 of [133].

Compactness of a metric space is defined on p145 of [95] to mean that the
metric space is complete and totally bounded. The definition of compactness
in terms of open coverings is called the Heine–Borel property in [95], and the
equivalence of these conditions is established just afterwards.

4.9.1 Using the Cauchy subsequence property

One way to show this is to use the fact that E has the Cauchy subsequence
property, because E is totally bounded, as in the previous section. In this case,



4.9. A CRITERION FOR COMPACTNESS 79

Cauchy sequences converge in X, because X is complete. We also have that the
limit of a convergent sequence of elements of E is contained in E, because E is
a closed set. It follows that E is sequentially compact under these conditions.

This implies that E has the limit point property, as in Subsection 4.7.1, so
that E is compact, as in Subsection 4.6.1.

4.9.2 A reformulation of total boundedness

Before describing another proof, let us reformulate the hypothesis that E be
totally bounded. If r is a positive real number, then E is contained in the
union of finitely many subsets of X with diameter less than or equal to r, as in
Subsection 4.2.2. We may as well suppose that these are subsets of E, since we
can replace them with their intersections with E.

We can also take these subsets to be closed sets in X, by replacing them with
their closures, which have the same diameters, as in Section 4.1. The closures of
these subsets of E are contained in E, because E is a closed set, by hypothesis.

4.9.3 Another proof of compactness

Let {Uα}α∈A be an open covering of E in X for which there is no finite sub-
covering, so that E 6= ∅ in particular. As in the previous subsection, E can be
expressed as the union of finitely many closed sets, each of which has diameter
less than or equal to 1/2. At least one of these finitely many sets cannot be
covered by finitely many Uα’s. This implies that there is a subset E1 of E such
that E1 is a closed set in X, the diameter of E1 is less than or equal to 1/2, and
E1 cannot be covered by finitely many Uα’s.

Continuing in this way, we can get an infinite sequence E1, E2, E3, . . . of
subsets of E such that Ej is a closed set in X for every j ≥ 1,

Ej+1 ⊆ Ej(4.9.2)

for every j ≥ 1,

diamEj ≤ 2−j(4.9.3)

for every j ≥ 1, and Ej cannot be covered by finitely many Uα’s for any j ≥ 1.
More precisely, suppose that Ej has been chosen for some j ≥ 1, and let us
choose Ej+1. By hypothesis, Ej is a closed set contained in E, and hence Ej is
totally bounded. Thus Ej can be expressed as the union of finitely many closed
sets, each of which has diameter less than or equal to 2−j−1. At least one of
these subsets cannot be covered by finitely many Uα’s, because Ej cannot be
covered by finitely many Uα’s. Thus we take Ej+1 to be one of these subsets of
Ej , in such a way that Ej+1 cannot be covered by finitely many Uα’s. Clearly
Ej+1 satisfies (4.9.2), and the analogues of the other conditions for j + 1.

Note that diamEj → 0 as j → ∞, by (4.9.3). This implies that there is an
x ∈ X that is contained in Ej for every j ≥ 1, because X is complete, as in
Subsection 4.1.2.
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In particular, x ∈ E, so that there is an α0 ∈ A such that x ∈ Uα0 . It follows
that there is a positive real number r such that

B(x, r) ⊆ Uα0 ,(4.9.4)

because Uα0 is an open set. If j is large enough so that 2−j < r, then Ej is
contained in B(x, r), because of (4.9.3) and the fact that x ∈ Ej . This means
that Ej ⊆ Uα0

, by (4.9.4). This contradicts the condition that Ej cannot be
covered by finitely many Uα’s, as desired.

4.10 Cauchy sequences and convergent subse-
quences

Let {xj}∞j=1 be a Cauchy sequence of elements of a metric space (X, d), which
is not necessarily complete. If there is a subsequence {xjl}∞l=1 of {xj}∞j=1 that
converges to an element x of X, then it is well known and not too difficult to
check that

{xj}∞j=1 converges to x(4.10.1)

in X. Indeed, if ϵ is any positive real number, then there are positive integers
L and N such that

d(x, xjl) < ϵ/2(4.10.2)

for all l ≥ L, and
d(xm, xn) < ϵ/2(4.10.3)

for all m,n ≥ N , by hypothesis. If l ≥ max(L,N), then jl ≥ l ≥ N , and we can
use the triangle inequality to get that

d(x, xn) ≤ d(x, xjl) + d(xjl , xn) < ϵ/2 + ϵ/2 = ϵ(4.10.4)

when n ≥ N .
In particular, if {xj}∞j=1 is a sequence of elements of a sequentially compact

set E ⊆ X, then {xj}∞j=1 converges to an element of E. If X is sequentially
compact, then it follows that X is complete. Remember that compact subsets of
metric spaces have the limit point property, and hence are sequentially compact.

4.10.1 Some additional remarks about compactness

We can also use the second proof of the criterion for compactness in the previous
section as another way to show that sequential compactness implies compact-
ness. More precisely, if a metric space X is sequentially compact, then X is
complete and totally bounded, and hence compact, by this criterion.

Now let E be a subset of an arbitrary metric space X, and remember that E
may be considered as a metric space as well, by restricting the metric to elements
of E. If E is sequentially compact in X, then E is sequentially compact as a
subset of itself, as in Subsection 4.7.3. This implies that E is compact as a
subset of itself, as before, and hence that E is compact as a subset of X.
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4.11 The Baire category theorem

Let (X, d(x, y)) be a metric space. One can check that E ⊆ X is dense in X if
and only if for every open set V ⊆ X with V 6= ∅, we have that

E ∩ V 6= ∅.(4.11.1)

More precisely, if x ∈ V , then x is an element of E or a limit point of E, because
E is dense in X, and (4.11.1) holds in both cases.

If E is dense in X and U is a dense open set in X, then one can verify that

E ∩ U is dense in X.(4.11.2)

Indeed, if V is a nonempty open set in X, then it suffices to show that

E ∩ U ∩ V 6= ∅.(4.11.3)

Note that U∩V 6= ∅, because U is dense in X, by hypothesis, as in the preceding
paragraph. Of course, U ∩ V is an open set in X too, so that (4.11.3) follows
from the hypothesis that E be dense in X, as in the preceding paragraph again.

This implies that the intersection of two dense open sets in X is a dense
open set in X as well. It follows that the intersection of finitely many dense
open subsets of X is a dense open subset of X too.

4.11.1 Some infinite intersections

Let U1, U2, U3, . . . be an infinite sequence of dense open subsets of X. If X is
complete, then the Baire category theorem states that

∞⋂
j=1

Uj is dense in X.(4.11.4)

This corresponds to Exercise 22 on p82 of [218], and to Exercise 30 on p46 of
[218] for subsets of Euclidean spaces. This also corresponds to Theorem 2.6 on
p11 of [83], and to Exercise 6 on p113 of [133]. If X is the real line with the
standard Euclidean metric, then this corresponds to Exercise 5 on p131 of [95].

4.11.2 The beginning of the proof

To see this, let x ∈ X and r > 0 be given, and let us show that

B(x, r) ∩
( ∞⋂

j=1

Uj

)
6= ∅.(4.11.5)

Because U1 is dense in X, there is a y1 ∈ U1 such that d(x, y1) < r. Let us
choose r1 > 0 small enough so that r1 ≤ 1,

B(y1, r1) ⊆ U1,(4.11.6)
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and
d(x, y1) + r1 ≤ r.(4.11.7)

This uses the hypothesis that U1 be an open set to get (4.11.6). Note that

B(y1, r1) ⊆ B(x, r) and B(y1, r1) ⊆ B(x, r),(4.11.8)

because of (4.11.7) and the triangle inequality.

4.11.3 Repeating the process

We can repeat the process to get an infinite sequence {yj}∞j=1 of elements of
X and an infinite sequence {rj}∞j=1 of positive real numbers with the following
properties. First,

rj ≤ 1/j(4.11.9)

for each j ≥ 1. Second,
B(yj , rj) ⊆ Uj(4.11.10)

for every j ≥ 1. Third, (4.11.7) holds when j = 1, and otherwise

d(yj−1, yj) + rj ≤ rj−1(4.11.11)

when j ≥ 2. This implies that

B(yj , rj) ⊆ B(yj−1, rj−1) and B(yj , rj) ⊆ B(yj−1, rj−1)(4.11.12)

when j ≥ 2, using the triangle inequality again.
More precisely, we can do this when j = 1, as before. Suppose that yj ∈ X

and rj > 0 have been chosen with these properties for some j ≥ 1, and let us
see how we can choose yj+1 and rj+1. Because Uj+1 is dense in X, there is a
yj+1 ∈ Uj+1 such that

d(yj , yj+1) < rj .(4.11.13)

We can choose rj+1 > 0 small enough so that rj+1 ≤ 1/(j + 1),

B(yj+1, rj+1) ⊆ Uj+1,(4.11.14)

and
d(yj , yj+1) + rj+1 ≤ rj .(4.11.15)

This uses the hypothesis that Uj+1 be an open set to get (4.11.14), as before.

4.11.4 The rest of the proof

If 1 ≤ j ≤ l, then

B(yl, rl) ⊆ B(yj , rj) and B(yl, rl) ⊆ B(yj , rj),(4.11.16)

because of (4.11.12). In particular,

B(yl, rl) ⊆ B(x, r) and B(yl, rl) ⊆ B(x, r)(4.11.17)
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for every l ≥ 1, because of (4.11.8). Note that

d(yj , yl) < rj(4.11.18)

when j ≤ l, by (4.11.16). This implies that

{yl}∞l=1 is a Cauchy sequence in X,(4.11.19)

because of (4.11.9). It follows that {yl}∞l=1 converges to an element y of X,
because X is complete.

Observe that yl ∈ B(x, r) for every l ≥ 1, by (4.11.17), so that

y ∈ B(x, r).(4.11.20)

Similarly, for each j ≥ 1, we have that yl ∈ B(yj , rj) when l ≥ j, by (4.11.16).
This implies that

y ∈ B(yj , rj)(4.11.21)

for every j ≥ 1. It follows that
y ∈ Uj(4.11.22)

for every j ≥ 1, because of (4.11.10). Thus

y ∈ B(x, r) ∩
( ∞⋂

j=1

Uj

)
,(4.11.23)

so that (4.11.5) holds.
Because (4.11.5) holds for every r > 0, we get that x is an element of

⋂∞
j=1 Uj ,

or a limit point of
⋂∞

j=1 Uj . This implies (4.11.4), because x ∈ X is arbitrary.
Some related results will be mentioned in the next section.

4.12 The interior of a set

Let (X, d(·, ·)) be a metric space. The interior E◦ of a subset E of X is the set
of x ∈ E for which there is an r > 0 such that B(x, r) ⊆ E.

It is easy to see that
X \ E◦ = X \ E.(4.12.1)

Note that (4.12.1) implies that E◦ is an open set in X, because the left side is
a closed set in X. One can also verify that E◦ is an open set directly from the
definitions.

Equivalently, if A is any subset of X, then

X \A = (X \A)◦.(4.12.2)

This can be used to show that A is a closed set in X, by checking directly that
the interior of any subset of X is an open set.

In particular, (4.12.1) implies that

E◦ = ∅ if and only if X \ E is dense in X.(4.12.3)
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4.12.1 Some finite unions of closed sets in X

Let E1, . . . , En be finitely many closed sets in X, so that their union
⋃n

j=1Ej

is a closed set in X too. If E◦
j = ∅ for each j = 1, . . . , n, then we would like to

check that ( n⋃
j=1

Ej

)◦
= ∅.(4.12.4)

This is the same as saying that

X \
( n⋃

j=1

Ej

)
=

n⋂
j=1

(X \ Ej)(4.12.5)

is dense in X, as in (4.12.3).
Note that X \ Ej is a dense open set in X for each j, by hypothesis. Thus

we can use the fact that the intersection of finitely many dense open subsets of
X is a dense open set in X as well, as in the previous section.

4.12.2 A reformulation of the Baire category theorem

Let E1, E2, E3, . . . be an infinite sequence of closed subsets ofX such that E◦
j = ∅

for every j ≥ 1. The Baire category theorem is equivalent to saying that if X is
complete, then ( ∞⋃

j=1

Ej

)◦
= ∅.(4.12.6)

Indeed, this is the same as saying that

X \
( ∞⋃

j=1

Ej

)
=

∞⋂
j=1

(X \ Ej)(4.12.7)

is dense in X, as in (4.12.3).
Note that X \Ej is a dense open set in X for each j, by hypothesis, and in

fact these may be any dense open sets in X. The Baire category theorem is the
same as saying that (4.12.7) is dense in X when X is complete, as in (4.11.4).

4.12.3 First and second category

A subset A of X is said to be nowhere dense in X if

the closure A of A in X has empty interior.(4.12.8)

A subset B of X is said to be of first category in X, or meager, if

B can be expressed as the union(4.12.9)

of a sequence of nowhere dense sets.

Otherwise, B is said to be of second category in X, or nonmeager.
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If B ⊆ X is of first category and X is complete, then

B◦ = ∅,(4.12.10)

as in Corollary 2.7 on p11 of [83]. This can be obtained from the Baire category
theorem, as in the previous subsection. More precisely, this uses the fact that B
is contained in the union of a sequence of closed sets in X with empty interior,
by hypothesis. In particular, if X 6= ∅, then

X is of second category,(4.12.11)

as in Theorem 79 on p112 of [133]. If X is the real line with the standard
Euclidean metric, then this corresponds to Theorem 5.6 I on p130 of [95].

If B1, B2, B3, . . . is an infinite sequence of subsets of X of first category, then
it is not too difficult to show that

∞⋃
l=1

Bl(4.12.12)

is of first category in X as well.
Of course, if x ∈ X, then {x} is a closed set in X. Suppose that every

element of X is a limit point of X. This is the same as saying that if x ∈ X,
then x is not an isolated point in X, so that {x} has empty interior. If X is
nonempty and complete, then one can use the Baire category theorem to get
that X is uncountable.



Chapter 5

Equicontinuity and
sequences of functions

Let {fj}∞j=1 be a sequence of mappings from a set X into a metric space Y . In
some situations, we might like to find a subsequence {fjl}∞l=1 of {fj}∞j=1 that
converges to a mapping f from X into Y , at least in some sense.

If X is a metric space too, then we may be interested in additional continuity
conditions on the fj ’s, and on f . In particular, X may be a subset of Rn for
some positive integer n. These and related matters will be discussed in this
chapter.

5.1 Pointwise convergent subsequences

Let E be a nonempty set with only finitely or countably many elements, and let
Y be a metric space. Also let {fj}∞j=1 be a sequence of mappings from E into
Y . Suppose that for each x ∈ E there is a sequentially compact set K(x) ⊆ Y
such that

fj(x) ∈ K(x)(5.1.1)

for every j ≥ 1.

Under these conditions, we would like to show that there is a subsequence
{fjl}∞l=1 of {fj}∞j=1 that converges pointwise to a mapping f from E into Y ,
with

f(x) ∈ K(x)(5.1.2)

for every x ∈ E. Remember that compact subsets of Y have the limit point
property, as in Subsection 4.5.1, and thus are sequentially compact, as in Sub-
section 4.7.1.

86
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5.1.1 Complex and Rn-valued functions

Of course, (5.1.1) implies that

{fj(x)}∞j=1 is a bounded sequence in Y.(5.1.3)

If Y is the complex plane, or Rn for some positive integer n, with the standard
Euclidean metric, and if {fj(x)}∞j=1 is a bounded sequence in Y , then there is
a sequentially compact set K(x) ⊆ Y such that (5.1.1) holds for each j. This
uses the fact that subsets of C or Rn that are closed and bounded are compact,
and thus sequentially compact.

5.1.2 Finite sets E

Suppose first that E has only finitely many elements x1, . . . , xn. Using sequen-
tial compactness of K(x1), we can get a subsequence {fjl}∞l=1 of {fj}∞j=1 such
that

{fjl(x1)}∞l=1 converges to an element f(x1) of K(x1).(5.1.4)

More precisely, there is a subsequence of {fj(x1)}∞j=1 that converges to an ele-
ment of K(x1), and we can use the same sequence of indices to consider this as
a subsequence of {fj}∞j=1 that converges at x1 to an element of K(x1).

If n ≥ 2, then we can use sequential compactness of K(x2) to get a subse-
quence {fjlr }

∞
r=1 of {fjl}∞l=1 such that

{fjlr (x2)}
∞
r=1 converges to an element f(x2) of K(x2).(5.1.5)

As before, we use the sequential compactness of K(x2) to get a subsequence
of {fjl(x2)}∞l=1 that converges to an element of K(x2), and we use the same
sequence of indices to consider this as a subsequence of {fjl}∞l=1 that converges
at x2 to an element of K(x2). Note that

{fjlr (x1)}
∞
r=1 converges to f(x1) in Y,(5.1.6)

because a subsequence of a convergent sequence converges to the same limit.
We can repeat the process until we get a subsequence of {fj}∞j=1 that con-

verges pointwise on E in this case.

5.1.3 Countably infinite sets E

Suppose now that E is countably infinite, and let x1, x2, x3, . . . be an enumer-
ation of the elements of E. As before, we can use sequential compactness of
K(x1) to get a subsequence of {fj}∞j=1 that converges pointwise at x1. Repeat-
ing the process, we get a sequence of subsequences of {fj}∞j=1 with the following
properties.

First, for each positive integer r,

the rth subsequence converges pointwise at xr(5.1.7)

to an element of K(xr).
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Second, if r ≥ 2, then

the rth subsequence is a subsequence of the (r − 1)th subsequence.(5.1.8)

The second property ensures that the rth subsequence is a subsequence of all
the previous subsequences, and of the initial sequence {fj}∞j=1. Combining this
with the first property, we get that the rth subsequence converges pointwise at
each of the previous points, with the same limits as the previous subsequences.

5.1.4 A single subsequence

Let f be the mapping from E into Y such that for each r ≥ 1, f(xr) is the limit
of the rth subsequence of {fj}∞j=1 at xr. Thus

f(xr) ∈ K(xr)(5.1.9)

for every r ≥ 1, by construction. We would like to show that there is a subse-
quence of {fj}∞j=1 that converges to f pointwise on E.

Consider the sequence of mappings {gn}∞n=1 from E into Y obtained by
taking gn to be the nth term of the nth subsequence mentioned before for each
n ∈ Z+. One can check that

{gn}∞n=1 is a subsequence of {fj}∞j=1.(5.1.10)

More precisely, one can verify that for each positive integer n+ 1, gn+1 occurs
after gn in the original sequence of mappings. In fact, gn+1 occurs after the nth
term in the nth subsequence.

Similarly, for each positive integer r,

{gn}∞n=r is a subsequence of the rth subsequence mentioned earlier.(5.1.11)

This implies that
{gn(xr)}∞n=r converges to f(xr)(5.1.12)

in Y .
It follows that

{gn(xr)}∞n=1 converges to f(xr)(5.1.13)

in Y for each r ∈ Z+, as desired.

5.2 Equicontinuity

Let (X, dX) and (Y, dY ) be metric spaces. A collection E of mappings from X
into Y is said to be equicontinuous at a point x ∈ X if for every ϵ > 0 there is
a δ > 0 such that

dY (f(x), f(w)) < ϵ(5.2.1)

for every f ∈ E and w ∈ X with dX(x,w) < δ. In particular, this implies that
every f ∈ E is continuous at x.
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5.2.1 Uniform equicontinuity

Similarly, E is said to be uniformly equicontinuous on X if for every ϵ > 0
there is a δ > 0 such that (5.2.1) holds for every f ∈ E and x,w ∈ X with
dX(x,w) < δ. This implies that E is equicontinuous at every point in X, and
that every element of E is uniformly continuous on X.

If X is compact, then it is well known that every continuous mapping from
X into Y is uniformly continuous. In this case, if E is equicontinuous at every
point in X, then one can show that

E is uniformly equicontinuous on X,(5.2.2)

using essentially the same argument.
If x ∈ X and every f ∈ E is continuous at x, then for each ϵ > 0 and

f ∈ E there is a δf (x, ϵ) > 0 such that (5.2.1) holds when w ∈ X satisfies
dX(x,w) < δf (x, ϵ). If E has only finitely many elements, then

min{δf (x, ϵ) : f ∈ E} > 0,(5.2.3)

and E is equicontinuous at x. Similarly, if every element of E is uniformly
continuous on X, and E has only finitely many elements, then E is uniformly
equicontinuous on X.

Let C be a nonnegative real number, and suppose that

every element of E is Lipschitz on X with constant C,(5.2.4)

as in Section 1.1. It is easy to see that E is uniformly equicontinuous on X
in this case. There is an anlogous statement for Lipschitz or Hölder continuity
conditions of any order α > 0, as in Section A.2.

5.2.2 Equicontinuity and sequences of mappings

Let {fj}∞j=1 be a sequence of mappings from X into Y , and let x be an element
ofX. We say that {fj}∞j=1 is equicontinuous at x if the collection of fj ’s, j ∈ Z+,
is equicontinuous at x.

Suppose that {fj}∞j=1 converges pointwise to a mapping f from X into Y ,
and that {fj}∞j=1 is equicontinuous at x. We would like to check that

f is continuous at x(5.2.5)

as well under these conditions.
Let ϵ > 0 be given, so that there is a δ = δ(x, ϵ) > 0 such that

dY (fj(x), fj(w)) < ϵ(5.2.6)

for every j ∈ Z+ and w ∈ X with dX(x,w) < δ. If w ∈ X satisfies dX(x,w) < δ,
then one can check that

dY (f(x), f(w)) ≤ ϵ,(5.2.7)
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using (5.2.6) and the fact that {fj(x)}∞j=1 and {fj(w)}∞j=1 converge to f(x) and
f(w) in Y , respectively, by hypothesis. More precisely,

dY (f(x), f(w)) ≤ dY (f(x), fj(x)) + dY (fj(x), fj(w)) + dY (fj(w), f(w))

< dY (fj(x), f(x)) + ϵ+ dY (fj(w), f(w))(5.2.8)

for every j ∈ Z+ and w ∈ X with dX(x,w) < δ, using the triangle inequality
twice in the first step, and (5.2.6) in the second step. The right side is arbitrarily
close to ϵ when j is sufficiently large, and one can use this to get (5.2.7). This
implies that f is continuous at x, as desired.

5.2.3 Uniformly equicontinuous sequences of mappings

Similarly, a sequence {fj}∞j=1 of mappings from X into Y is said to be uniformly
equicontinuous onX if the collection of fj ’s, j ∈ Z+, is uniformly equicontinuous
on X. If {fj}∞j=1 is uniformly equicontinuous on X, and if {fj}∞j=1 converges
pointwise to a mapping f from X into Y , then one can verify that

f is uniformly continuous on X.(5.2.9)

This is basically the same as the argument in the preceding subsection, except
that δ = δ(ϵ) does not depend on x ∈ X.

5.2.4 Lipschitz conditions and pointwise convergence

Let C be a nonnegative real number again, and let {fj}∞j=1 be a sequence of
mappings from X into Y such that fj is Lipschitz on X with constant C for
each j. If {fj}∞j=1 converges pointwise to a mapping f from X into Y , then one
can check that

f is Lipschitz on X with constant C(5.2.10)

too. There is an analogous statement for Lipschitz or Hölder continuity condi-
tions of any order α > 0, as before.

5.3 Uniformly Cauchy sequences

Let X be a set, and let (Y, dY ) be a metric space. Let us say that a sequence
{fj}∞j=1 of mappings from X into Y is uniformly Cauchy on X if for every ϵ > 0
there is a positive integer L(ϵ) such that

dY (fj(x), fl(x)) < ϵ(5.3.1)

for every x ∈ X and j, l ≥ L(ϵ).
If X 6= ∅ and the fj ’s are bounded mappings from X into Y , then it is easy

to see that this is equivalent to the condition that {fj}∞j=1 be a Cauchy sequence
with respect to the supremum metric on the space of bounded mappings from
X into Y . This is analogous to the equivalence between uniform convergence
and convergence with respect to the supremum metric for bounded mappings
from X into Y , as in Subsection 1.11.3.
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5.3.1 Uniform convergence implies uniformly Cauchy

If {fj}∞j=1 is any sequence of mappings from X into Y that converges uniformly
to a mapping f from X into Y , then one can check that

{fj}∞j=1 is uniformly Cauchy on X.(5.3.2)

This is analogous to the fact that convergent sequences in a metric space are
Cauchy sequences.

5.3.2 Convergence when Y is complete

Let {fj}∞j=1 be a uniformly Cauchy sequence of mappings from X into Y . In
particular, this implies that

{fj(x)}∞j=1 is a Cauchy sequence in Y(5.3.3)

for every x ∈ X. If Y is complete, then it follows that {fj}∞j=1 converges
pointwise to a mapping f from X into Y .

One can verify that

{fj}∞j=1 converges uniformly to f on X(5.3.4)

in this situation. This is analogous to the fact that the space B(X,Y ) of bounded
mappings from X into Y is complete with respect to the supremum metric when
X 6= ∅ and Y is complete, as in Section 1.12. More precisely,

dY (fj(x), f(x)) ≤ dY (fj(x), fl(x)) + dY (fl(x), f(x))(5.3.5)

< ϵ+ dY (fl(x), f(x))

for all x ∈ X and j, l ≥ L(ϵ), using the triangle inequality in the first step, and
(5.3.1) in the second step. This implies that

dY (fj(x), f(x)) ≤ ϵ(5.3.6)

for all x ∈ X and j ≥ L(ϵ), because {fl(x)}∞l=1 converges to f(x) in Y .

5.3.3 Equicontinuity of uniformly Cauchy sequences

Suppose now that (X, dX) is a metric space too, and let {fj}∞j=1 be a uniformly
Cauchy sequence of mappings from X into Y . Let x ∈ X be given, and suppose
that fj is continuous at x for each j ∈ Z+. Under these conditions,

{fj}∞j=1 is equicontinuous at x.(5.3.7)

To see this, let ϵ > 0 be given, and let L(ϵ/3) ∈ Z+ be as before, so that

dY (fj(w), fl(w)) < ϵ/3(5.3.8)
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for every w ∈ X and j, l ≥ L(ϵ/3). It follows that

dY (fj(x), fj(w)) ≤ dY (fj(x), fl(x)) + dY (fl(x), fl(w)) + dY (fl(w), fj(w))

< dY (fl(x), fl(w)) + 2 ϵ/3(5.3.9)

for every w ∈ X and j, l ≥ L(ϵ/3), using the triangle inequality twice in the
first step.

If l is any positive integer, then we can use the continuity of fl at x to get
a δl(x, ϵ/3) > 0 such that

dY (fl(x), fl(w)) < ϵ/3(5.3.10)

for every w ∈ X with
dX(x,w) < δl(x, ϵ/3).(5.3.11)

If l ≥ L(ϵ/3), then we can combine this with (5.3.9) to get that

dY (fj(x), fj(w)) < ϵ(5.3.12)

for every j ≥ L(ϵ/3) and w ∈ X such that (5.3.11) holds. We may as well take
l = L(ϵ/3) here.

We would like to find a δ(x, ϵ) > 0 such that (5.3.12) holds for every j ∈ Z+

and w ∈ X with
dX(x,w) < δ(x, ϵ).(5.3.13)

This can be obtained from the previous statement for j ≥ L(ϵ/3) and the
continuity of fj at x when j < L(ϵ/3).

Similarly, if fj is uniformly continuous on X for each j ≥ 1, then

{fj}∞j=1 is uniformly equicontinuous on X.(5.3.14)

5.4 Equicontinuity and uniform convergence

Let (X, dX) and (Y, dY ) be metric spaces again, and let {fj}∞j=1 be a sequence
of mappings from X into Y . Suppose that

{fj}∞j=1 converges pointwise to a mapping f from X into Y,(5.4.1)

and that
{fj}∞j=1 is equicontinuous at every x ∈ X.(5.4.2)

5.4.1 A localized uniform convergence property

Let ϵ > 0 be given, so that for each x ∈ X there is a δ(x, ϵ) > 0 such that

dY (fj(x), fj(w)) < ϵ/3(5.4.3)

for every j ∈ Z+ and w ∈ X with dX(x,w) < δ(x, ϵ). This implies that

dY (f(x), f(w)) ≤ ϵ/3(5.4.4)
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for every x,w ∈ X with dX(x,w) < δ(x, ϵ), as in Subsection 5.2.2.
It follows that

dY (fj(w), f(w))(5.4.5)

≤ dY (fj(w), fj(x)) + dY (fj(x), f(x)) + dY (f(x), f(w))

< 2 ϵ/3 + dY (fj(x), f(x))

for every j ∈ Z+ and x,w ∈ X with dX(x,w) < δ(x, ϵ), using the triangle
inequality twice in the first step, and (5.4.3), (5.4.4) in the second step.

If x ∈ X, then there is a positive integer L(x, ϵ) such that

dY (fj(x), f(x)) < ϵ/3(5.4.6)

for every j ≥ L(x, ϵ), because of (5.4.1). Combining this with (5.4.5), we obtain
that

dY (fj(w), f(w)) < ϵ(5.4.7)

for every x ∈ X, j ≥ L(x, ϵ), and w ∈ X with dX(x,w) < δ(x, ϵ).

5.4.2 Uniform convergence on compact sets

Let K be a compact subset of X. The collection of open balls

BX(x, δ(x, ϵ))(5.4.8)

in X centered at elements x of K is an open covering of K in X. Because K is
compact, there are finitely many elements x1, . . . , xn of K such that

K ⊆
n⋃

l=1

BX(xl, δ(xl, ϵ)).(5.4.9)

Put
LK(ϵ) = max

1≤l≤n
L(xl, ϵ).(5.4.10)

It follows that (5.4.7) holds for every w ∈ K and j ≥ LK(ϵ). This means that

{fj}∞j=1 converges to f uniformly on K(5.4.11)

under these conditions.

5.4.3 Another uniform convergence property

If {fj}∞j=1 is uniformly equicontinuous on X, then we can take δ(x, ϵ) = δ(ϵ) to
be independent of x ∈ X. In this case, one can check that

{fj}∞j=1 converges to f uniformly on totally bounded subsets of X,(5.4.12)

using an argument like the one in the preceding subsection.
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5.5 Equicontinuity and Cauchy sequences

Let (X, dX), (Y, dY ) be metric spaces, and let {fj}∞j=1 be a sequence of mappings
from X into Y . Also let E be a subset of X, and suppose that for every w ∈ E,

{fj(w)}∞j=1 is a Cauchy sequence in Y.(5.5.1)

If x ∈ X is a limit point of E, and if

{fj}∞j=1 is equicontinuous at x,(5.5.2)

then

{fj(x)}∞j=1 is a Cauchy sequence in Y.(5.5.3)

If Y is complete as a metric space, then it follows that {fj(x)}∞j=1 converges in
Y .

5.5.1 Some initial steps

To see this, let ϵ > 0 be given. Because of (5.5.2), there is a δ > 0 such that

dY (fj(x), fj(w)) < ϵ/3(5.5.4)

for every j ≥ 1 and w ∈ X with dX(x,w) < δ. Thus

dY (fj(x), fl(x))(5.5.5)

≤ dY (fj(x), fj(w)) + dY (fj(w), fl(w)) + dY (fl(w), fl(x))

< 2 ϵ/3 + dY (fj(w), fl(w))

for every j, l ≥ 1 and w ∈ X with dX(x,w) < δ. This uses the triangle inequality
twice in the first step, and (5.5.4) twice in the second step, applied to j and l.

5.5.2 Using the Cauchy condition at a nearby point

If x is a limit point of E, then there is a w ∈ E such that dX(x,w) < δ. In this
case, (5.5.1) implies that there is a positive integer L such that

dY (fj(w), fl(w)) < ϵ/3(5.5.6)

for every j, l ≥ L. Combining this with (5.5.5), we get that

dY (fj(x), fl(x)) < ϵ(5.5.7)

for every j, l ≥ L, as desired.
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5.6 Equicontinuity and subsequences

Let (X, dX) and (Y, dY ) be metric spaces again, and let {fj}∞j=1 be a sequence of
mappings from X into Y . Suppose that for every x ∈ X there is a sequentially
compact set K(x) ⊆ Y such that

fj(x) ∈ K(x)(5.6.1)

for every j ≥ 1. Suppose also that

X is separable(5.6.2)

as a metric space, and let E be a dense set in X with only finitely or countably
many elements. Thus

there is a subsequence {fjl}∞l=1 of {fj}∞j=1(5.6.3)

that converges pointwise on E,

as in Section 5.1.

5.6.1 Pointwise convergence on X

Of course, if
{fj}∞j=1 is equicontinuous at every x ∈ X,(5.6.4)

then
{fjl}∞l=1 is equicontinuous at every x ∈ X(5.6.5)

too. In this case,

{fjl(x)}∞l=1 is a Cauchy sequence in Y(5.6.6)

for every x ∈ X, because E is dense in X, as in the previous section. It follows
that

{fjl(x)}∞l=1 converges to an element of K(x)(5.6.7)

for each x ∈ X, because a Cauchy sequence of elements of a sequentially compact
set converges to an element of that set, as in Section 4.10.

5.6.2 The limit f of {fjl}∞l=1

Let f(x) be the limit of {fjl(x)}∞l=1 for every x ∈ X. Thus f is a mapping from
X into Y , and

{fjl}∞l=1 converges to f pointwise on X.(5.6.8)

Note that
f is continuous on X,(5.6.9)

because of (5.6.5), as in Subsection 5.2.2. We also get that

{fjl}∞l=1 converges to f uniformly on compact subsets of X,(5.6.10)
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as in Subsection 5.4.2.
Similarly, if

{fj}∞j=1 is uniformly equicontinuous on X,(5.6.11)

then
{fjl}∞l=1 is uniformly equicontinuous on X(5.6.12)

as well. Under these conditions,

f is uniformly continuous on X,(5.6.13)

as in Subsection 5.2.3. In addition,

{fjl}∞l=1 converges to f uniformly on totally bounded subsets of X,(5.6.14)

as in Subsection 5.4.3.
Of course, this is all a bit simpler when X is compact. Note that X is

automatically separable in this case, because X is totally bounded, as in Section
4.2 and Subsection 4.3.1.

5.6.3 Some additional remarks

Let us now take X = [0, 1] and Y = R, using the standard Euclidean metric
on R and its restriction to [0, 1]. Put fj(x) = xj on [0, 1] for every j ≥ 1, and
remember that {fj}∞j=1 converges pointwise on [0, 1], as in Subsection 1.8.1. One
can check that {fj}∞j=1 is equicontinuous at x ∈ [0, 1] when x < 1, and not when
x = 1. More precisely, if 0 ≤ r < 1, then {fj}∞j=1 is uniformly equicontinuous
on [0, r], and {fj}∞j=1 converges to 0 uniformly on [0, r]. However, there is no
subsequence of {fj}∞j=1 that converges uniformly on [0, 1].

Another example like this is mentioned at the beginning of Section A.4. In
this example, one has a uniformly bounded sequence of continuous real-valued
functions on [0, 1] that converges to 0 pointwise, and no subsequence converges
uniformly on [0, 1].

One can use uniformly convergent subsequences to get existence of solutions
to ordinary differential equations under suitable conditions, as in a famous the-
orem of Peano. This is related to Exercises 25, 26 on p170f of [218], for instance.
Note that uniqueness of solutions involves additional conditions on the differen-
tial equation, as in Exercises 27, 28 on p119 of [218].

The question of finding more elementary approaches to existence theorems
like this was raised in [137]. Some responses to this question can be found in
[84, 259, 260].

5.7 Pointwise and uniform boundedness

Let X be a set, let (Y, dY ) be a metric space, and let E be a collection of
mappings from X into Y . If x ∈ X, then put

E(x) = {f(x) : f ∈ E},(5.7.1)
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which is a subset of Y . Let us say that E is pointwise bounded on a subset A of
X if for every x ∈ A,

E(x) is bounded in Y.(5.7.2)

Similarly, put

E(A) =
⋃
x∈A

E(x) =
⋃
f∈E

f(A) = {f(x) : x ∈ A, f ∈ E},(5.7.3)

which is a subset of Y as well. We say that E is uniformly bounded on A when

E(A) is bounded in Y.(5.7.4)

If E is uniformly bounded on A, then E is pointwise bounded on A, and the
restriction of every f ∈ E to A is bounded as a mapping from A into Y .

Suppose that X,Y 6= ∅, and let E be a collection of bounded mappings from
X into Y . One can check that

E is uniformly bounded on X(5.7.5)

if and only if E is bounded as a subset of the space B(X,Y ) of bounded mappings
from X into Y , with respect to the supremum metric.

5.7.1 Pointwise boundedness and equicontinuity

Now let (X, dX) be a metric space too, and let E be a collection of mappings
from X into Y that is equicontinuous at a point x ∈ X. Let ϵ > 0 be given, so
that there is a δ(x, ϵ) > 0 such that

dY (f(x), f(w)) < ϵ(5.7.6)

for every f ∈ E and w ∈ X with dX(x,w) < δ(x, ϵ). If there is a w0 ∈ X such
that dX(x,w0) < δ(x, ϵ) and

E(w0) is bounded in Y,(5.7.7)

then it is easy to see that (5.7.2) holds.
Similarly, if (5.7.2) holds, then

E is uniformly bounded on the open ball BX(x, δ(x, ϵ)).(5.7.8)

5.7.2 Equicontinuity on X

Suppose for the moment that

E is equicontinuous at every x ∈ X.(5.7.9)

One can check that

{u ∈ X : E(u) is bounded in Y } is a closed set in X,(5.7.10)
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using the remarks in the preceding subsection. More precisely, every limit point
of this set in X is an element of this set, by the previous remarks.

If K ⊆ X is compact, and

E is pointwise bounded on K,(5.7.11)

then one can verify that

E is uniformly bounded on K,(5.7.12)

using (5.7.9). Indeed, (5.7.8) implies that K can be covered by open balls
on which E is uniformly bounded. If K is compact, then K can be covered
by finitely many of these open balls. One can use this to get that E(K) is a
bounded set in Y , because the union of finitely many bounded subsets of Y is
a bounded set too, as in Subsection 1.9.2.

If

E is uniformly equicontinuous on X,(5.7.13)

then we can take δ(x, ϵ) = δ(ϵ) to be independent of x ∈ X in the previous
subsection. In this case, if

A ⊆ X is totally bounded(5.7.14)

and

E is pointwise bounded on A,(5.7.15)

then

E is uniformly bounded on A.(5.7.16)

In fact, one can cover A by finitely many open balls of the same radius on which
E is uniformly bounded under these conditions.

Suppose that (5.7.9) holds again. One can check that the set of u ∈ X
such that E(u) is totally bounded in Y is a closed set in X. This uses the
equicontinuity condition for all ϵ > 0, while a single ϵ > 0 would suffice for the
previous remarks about boundedness. If K ⊆ X is compact, and E(x) is totally
bounded in Y for every x ∈ K, then E(K) is totally bounded in Y . If E is
uniformly equicontinuous on X, A ⊆ X is totally bounded, and E(x) is totally
bounded in Y for every x ∈ A, then E(A) is totally bounded in Y .

5.8 Total boundedness in B(X,Y )

Let X be a nonempty set, and let (Y, dY ) be a nonempty metric space. Re-
member that B(X,Y ) is the space of bounded mappings from X into Y , and
that θ(f, g) denotes the supremum metric on B(X,Y ), as in Subsection 1.11.2.
Suppose that

E ⊆ B(X,Y ) is totally bounded with respect to θ(·, ·).(5.8.1)
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Suppose that (X, dX) is a metric space too, and that

every f ∈ E is continuous at x.(5.8.2)

We would like to check that

E is equicontinuous at x.(5.8.3)

5.8.1 Equicontinuity using total boundedness

Let ϵ > 0 be given. Because E is totally bounded with respect to the supremum
metric, there are finitely many elements f1, . . . , fn of E such that for every f ∈ E
there is a positive integer j ≤ n such that

θ(f, fj) ≤ ϵ/3.(5.8.4)

By hypothesis, fj is continuous at x for each j = 1, . . . , n, so that there is a
δj(x) > 0 such that

dY (fj(x), fj(w)) < ϵ/3(5.8.5)

for every w ∈ X with dX(x,w) < δj(x). Put

δ(x) = min
1≤j≤n

δj(x) > 0.(5.8.6)

Let f ∈ E be given, and let j ≤ n be as in (5.8.4). Thus

dY (f(x), f(w))(5.8.7)

≤ dY (f(x), fj(x)) + dY (fj(x), fj(w)) + dY (fj(w), f(w))

≤ dY (fj(x), fj(w)) + 2 ϵ/3

for every w ∈ X, using the triangle inequality in the first step.

It follows that

dY (f(x), f(w)) < ϵ/3 + 2 ϵ/3 = ϵ(5.8.8)

when dX(x,w) < δ(x) ≤ δj(x), using (5.8.5) in the first step. This shows that
(5.8.3) holds, as desired.

Similarly, if

every f ∈ E is uniformly continuous on X,(5.8.9)

then

E is uniformly equicontinuous on X.(5.8.10)

This is essentially the same as before, but with δj(x) and hence δ(x) independent
of x.
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5.8.2 Some more total boundedness conditions

Let us return to the hypotheses at the beginning of the section, so that (5.8.1)
holds, without any additional equicontinuity conditions. Let x ∈ X be given,
and remember that E(x) is the subset of Y defined in (5.7.1). It is easy to see
that

E(x) is totally bounded in Y.(5.8.11)

Let A be a subset of X, and remember that E(A) is the subset of Y defined
in (5.7.3). Suppose that

for each f ∈ E , f(A) is totally bounded in Y.(5.8.12)

One can check that

E(A) is totally bounded in Y(5.8.13)

as well under these conditions. Of course, (5.8.1) holds automatically when E
has only finitely amy elements.

5.9 Total boundedness using equicontinuity

Let (X, dX) and (Y, dY ) be nonempty metric spaces again. If f is a uniformly
continuous mapping from X into Y and A is a totally bounded subset of X,
then it is not difficult to show that

f(A) is totally bounded in Y.(5.9.1)

Suppose for the rest of the section that

X is totally bounded with respect to dX .(5.9.2)

This implies that uniformly continuous mappings from X into Y are bounded,
because totally bounded subsets of Y are bounded. Let θ(·, ·) be the supremum
metric on the space B(X,Y ) of bounded mappings from X into Y , as usual.

5.9.1 Using uniform equicontinuity

Suppose that

E is a uniformly equicontinuous(5.9.3)

collection of mappings from X into Y.

In particular, every f ∈ E is uniformly continuous as a mapping from X into
Y , and hence bounded, as in the preceding paragraph.

Let ϵ > 0 be given, so that there is a δ > 0 such that

dY (f(x), f(w)) < ϵ/3(5.9.4)
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holds for every f ∈ E and x,w ∈ X with dX(x,w) < δ. Because X is totally
bounded, there are finitely many elements x1, . . . , xn of X such that

X =

n⋃
j=1

BX(xj , δ),(5.9.5)

where BX(x, r) is the open ball in X centered at x ∈ X with radius r > 0, as
usual.

Let f, g ∈ E and x ∈ X be given, so that dX(xj , x) < δ for some j ≤ n, by
(5.9.5). Under these conditions, we have that

dY (f(xj), f(x)), dY (g(xj), g(x)) < ϵ/3,(5.9.6)

as in (5.9.4).

This implies that

dY (f(x), g(x))(5.9.7)

≤ dY (f(x), f(xj)) + dY (f(xj), g(xj)) + dY (g(xj), g(x))

< dY (f(xj), g(xj)) + 2 ϵ/3,

using the triangle inequality in the first step. Thus

dY (f(x), g(x)) < max
1≤j≤n

dY (f(xj), g(xj)) + 2 ϵ/3(5.9.8)

for every x ∈ X. It follows that

θ(f, g) ≤ max
1≤j≤n

dY (f(xj), g(xj)) + 2 ϵ/3(5.9.9)

for every f, g ∈ E .

5.9.2 Total boundedness of E

Suppose that

E(x) = {f(x) : f ∈ E}(5.9.10)

is totally bounded in Y for each x ∈ X, in addition to (5.9.2) and (5.9.3). Using
this and (5.9.9), one can check that

E is totally bounded with respect to the supremum metric.(5.9.11)

This corresponds to Theorem 10.4 C on p269 of [95] when X is a closed interval
in the real line, and Y = R. Another version of this is given in Theorem A 5
on p369 of [216], with X a compact topological space, and Y = C.



102CHAPTER 5. EQUICONTINUITY AND SEQUENCES OF FUNCTIONS

5.10 Equiconvergence of limits

Let (X, dX) and (Y, dY ) be metric spaces, let A be a subset of X, and suppose
that x ∈ X is a limit point of A in X. Also let E be a collection of mappings
from E into Y , and suppose that for each f ∈ E , the limit

lim
w∈A
w→x

f(w) = qf(5.10.1)

exists in Y . Let us say that we have equiconvergence of the limit for f ∈ E if
for every ϵ > 0 there is a δ > 0 such that

dY (f(w), qf ) < ϵ(5.10.2)

for every f ∈ E and w ∈ A with dX(x,w) < δ and w 6= x.
More precisely, this condition includes the existence of the limit as in (5.10.1)

for each f ∈ E . If E has only finitely many elements, and the limit as in (5.10.1)
exists for each f ∈ E , then one can check that we have equiconvergence of the
limit for f ∈ E .

5.10.1 Equiconvergence and equicontinuity

Suppose for the moment that A = X, so that x is a limit point of X. In this case,
it is well known and easy to see that a mapping f from X into Y is continuous
at x if and only if

lim
w→x

f(w) = f(x),(5.10.3)

where the existence of the limit is part of this condition. One can verify that
we have equiconvergence of the limit for f ∈ E , with qf = f(x) for every f ∈ E ,
exactly when E is equicontinuous at x.

5.10.2 Equiconvergence for sequences of mappings

Let A be any subset of X again, with x ∈ X a limit point of A, and let {fj}∞j=1

be a sequence of mappings from A into Y . Suppose that for each positive integer
j, the limit

lim
w∈A
w→x

fj(w) = qj(5.10.4)

exists in Y . We can define equiconvergence of the limit for {fj}∞j=1 in the same
way as before, by considering the collection of fj ’s, j ∈ Z.

Suppose for the moment that

for each w ∈ A, {fj(w)}∞j=1 is a Cauchy sequence in Y.(5.10.5)

If we have equiconvergence of the limit in (5.10.4) for {fj}∞j=1, then one can
show that

{qj}∞j=1 is a Cauchy sequence in Y.(5.10.6)

This is very similar to the argument in Section 5.5. If Y is complete as a metric
space, then it follows that

{qj}∞j=1 converges to an element q of Y.(5.10.7)
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5.10.3 Pointwise convergent sequences

Suppose now that {fj}∞j=1 converges pointwise to a mapping f from A into Y .
If we have equiconvergence of the limit in (5.10.4) for {fj}∞j=1, and if (5.10.7)
holds, then one can show that

lim
w∈A
w→x

f(w) = q.(5.10.8)

This is analogous to the argument for equicontinuous sequences of functions
that converge pointwise, as in Subsection 5.2.2.

5.10.4 Equiconvergence and uniform Cauchy sequences

Let {fj}∞j=1 be a uniformly Cauchy sequence of mappings from A into Y , as
in Section 5.3. Suppose that the limit as in (5.10.4) exists for each j ∈ Z+.
Under these conditions, one can check that (5.10.6) holds. This was mentioned
in Subsection 1.8.4 for uniformly convergent sequences of mappings.

Using this, one can verify that we have equiconvergence of the limit as in
(5.10.4) for {fj}∞j=1. This is analogous to the argument for equicontinuity in
Subsection 5.3.3.

Suppose that {fj}∞j=1 converges uniformly to a mapping f from A into Y ,
so that {fj}∞j=1 is uniformly Cauchy on A in particular, as in Subsection 5.3.1.
Suppose also that the limit as in (5.10.4) exists for every j, and that (5.10.7)
holds. Using the remarks in the previous two paragraphs and the previous
subsection, we get that (5.10.8) holds too. This was mentioned in Subsection
1.8.4 as well.

5.11 Equiconvergence and differentiability

Let a, b be real numbers with a < b, and let f be a real-valued function on [a, b].
As usual, the derivative of f at x ∈ [a, b] is defined by

f ′(x) = lim
w→x

f(w)− f(x)

w − x
,(5.11.1)

when the limit exists. Of course, this is really a one-sided limit and derivative
when x = a or b.

Let E be a collection of real-valued functions on [a, b], each of which is differ-
entiable at x ∈ [a, b]. In this case, we may be interested in the equiconvergence
of the limit of difference quotients in (5.11.1) for f ∈ E , as in the previous
section.

5.11.1 A criterion for equiconvergence

Suppose for the moment that each f ∈ E is differentiable at every point in [a, b].
If the collection

E ′ = {f ′ : f ∈ E}(5.11.2)
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of derivatives of elements of E is equicontinuous at x, then one can check that
we have equiconvergence of the limit as in (5.11.1) for f ∈ E , using the mean
value theorem.

5.11.2 Sequences of differentiable mappings

Let {fj}∞j=1 be a sequence of real-valued functions on [a, b], and suppose that fj
is differentiable at a point x ∈ [a, b] for each j. As before, we may be interested
in the equiconvergence of the limit

f ′j(x) = lim
w→x

fj(w)− fj(x)

w − x
(5.11.3)

for {fj}∞j=1.
Suppose for the moment that fj is differentiable at every point in [a, b] for

each j. If {fj}∞j=1 is equicontinuous at x, then we have equiconvergence of the
limit as in (5.11.3) for {fj}∞j=1, as before.

5.11.3 Pointwise convergence and differentiability

Suppose now that {fj}∞j=1 converges pointwise to a real-valued function f on
[a, b]. If x,w ∈ [a, b] and x 6= w, then it follows that

lim
j→∞

fj(w)− fj(x)

w − x
=
f(w)− f(x)

w − x
.(5.11.4)

If fj is differentiable at x for each j, and we have equiconvergence of the
limit as in (5.11.3) for {fj}∞j=1, then {f ′j(x)}∞j=1 is a Cauchy sequence in R, as
in Subsection 5.10.2. Of course, this means that {f ′j(x)}∞j=1 converges in R,
because R is complete with respect to the standard Euclidean metric.

Using this, we get that f is differentiable at x, with

f ′(x) = lim
j→∞

f ′j(x),(5.11.5)

as in Subsection 5.10.3.

5.11.4 Uniformly Cauchy difference quotients

Suppose that fj is differentiable at a point x ∈ [a, b] for each j again. Suppose
also that the sequence of difference quotients

fj(w)− fj(x)

w − x
(5.11.6)

is uniformly Cauchy as a sequence of real-valued functions of w on [a, b] \ {x}.
This implies that {f ′j(x)}∞j=1 is a Cauchy sequence, as in Subsection 5.10.4.

This means that {f ′j(x)}∞j=1 converges in R, because R is complete with
respect to the standard Euclidean metric. In this case, we get equiconvergence
of the limit as in (5.11.3) for {fj}∞j=1 too, as in Subsection 5.10.4 again.
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Note that

fj(w)− fj(x)

w − x
− fl(w)− fl(x)

w − x
(5.11.7)

=
(fj(w)− fl(w))− (fj(x)− fl(x))

w − x

for every w ∈ [a, b]\{x} and j, l ≥ 1. The uniform Cauchy condition for (5.11.6)
on [a, b] \ {x} means that if j, l are sufficiently large, then (5.11.7) is as small
as we like, uniformly over w ∈ [a, b] \ {x}.

Suppose that fj is differentiable at every point in [a, b] for each j, and that
{f ′j}∞j=1 is uniformly Cauchy as a sequence of real-valued functions on [a, b]. In
this case, one can use the mean value theorem to get that (5.11.7) is as small as
we like when j, l are sufficiently large, uniformly over x,w ∈ [a, b] with x 6= w.
This is related to Theorem 7.17 on p152 of [218].

A simpler argument for continuously-differentiable functions on [a, b] will be
discussed in Subsection 6.3.1. This corresponds to the remark on p153 of [218].



Chapter 6

More on sums and norms

6.1 Weierstrass’ criterion

Let X be a nonempty set, and let a1(x), a2(x), a3(x), . . . be an infinite sequence
of complex-valued functions onX. Also let A1, A2, A3, . . . be an infinite sequence
of nonnegative real numbers such that

|aj(x)| ≤ Aj(6.1.1)

for every x ∈ X and j ≥ 1. Suppose that

∞∑
j=1

Aj(6.1.2)

converges. This implies that
∞∑
j=1

aj(x)(6.1.3)

converges absolutely for every x ∈ X, by the comparison test.
Under these conditions, the sequence of partial sums

n∑
j=1

aj(x)(6.1.4)

converges to (6.1.3) uniformly on X. This is a well-known criterion of Weier-
strass for uniform convergence.

To see this, observe that∣∣∣∣ ∞∑
j=1

aj(x)−
n∑

j=1

aj(x)

∣∣∣∣ = ∣∣∣∣ ∞∑
j=n+1

aj(x)

∣∣∣∣ ≤ ∞∑
j=n+1

|aj(x)| ≤
∞∑

j=n+1

Aj(6.1.5)

for every x ∈ X and n ≥ 1. This uses the triangle inequality for finite sums
in the second step, and some additional arguments to extend this to absolutely

106
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convergent series. The third step uses (6.1.1), and some additional arguments
for infinite series.

The convergence of (6.1.2) implies that the right side of (6.1.5) tends to 0
as n→ ∞. It follows that (6.1.4) converges to (6.1.3) uniformly on X, because
the right side of (6.1.5) does not depend on x.

6.1.1 Continuity of the sum

Suppose that (X, d(·, ·)) is a metric space, and that aj(x) is a continuous
complex-valued function on X for each j ≥ 1, with respect to the standard
Euclidean metric on the complex plane C. This implies that the partial sums
(6.1.4) are continuous on X for each n as well.

If (6.1.2) converges, then the partial sums converge to (6.1.3) uniformly on
X, as before. It follows that (6.1.3) is continuous on X too, as in Subsection
1.8.2.

6.1.2 Power series

Now let
∞∑
j=0

aj z
j(6.1.6)

be a power series with complex coefficients. Suppose that

∞∑
j=0

|aj | rj(6.1.7)

converges for some nonnegative real number r. This implies that (6.1.6) con-
verges absolutely for every z ∈ C with |z| ≤ r, by the comparison test, as
before.

Using Weierstrass’ criterion, we get that the partial sums

n∑
j=0

aj z
j(6.1.8)

converge to (6.1.6) uniformly on the closed disk

{z ∈ C : |z| ≤ r}.(6.1.9)

More precisely, this uses the fact that

|aj zj | = |aj | |z|j ≤ |aj | rj(6.1.10)

on (6.1.9) for each j.
Of course, (6.1.8) is continuous as a mapping from C into itself for each

n ≥ 0, using the standard metric on C. In particular, the restriction of (6.1.8)
to (6.1.9) is continuous with respect to the restriction of the standard metric on
C to (6.1.9). This implies that (6.1.6) is continuous on (6.1.9) as well, as in the
previous subsection.
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6.1.3 Another continuity property

Suppose that 0 < ρ ≤ ∞ has the property that (6.1.7) converges when 0 ≤ r < ρ.
This implies that (6.1.6) converges absolutely for every z ∈ C with |z| < ρ.
Under these conditions, (6.1.6) defines a continuous complex-valued function on

{z ∈ C : |z| < ρ},(6.1.11)

with respect to the restriction of the standard metric on C to (6.1.11).
To see this, let z0 ∈ C with |z0| < ρ be given, and let us check that (6.1.6)

is continuous at z0. Let r be a positive real number such that

|z0| < r < ρ.(6.1.12)

The remarks in the preceding subsection imply that (6.1.6) is continuous on
(6.1.9). In particular, (6.1.6) is continuous at z0 as a complex-valued function
on (6.1.9). One can use this to verify that (6.1.6) is continuous at z0 as a
complex-valued function on (6.1.11), because |z0| < r.

6.2 Radius of convergence

Let
∞∑
j=0

aj z
j(6.2.1)

be a power series with complex coefficients, and let A be the set of nonnegative
real numbers r such that

∞∑
j=0

|aj | rj(6.2.2)

converges. Of course, 0 ∈ A.
If r ∈ A, then

[0, r] ⊆ A,(6.2.3)

by the comparison test. If t is a positive real number such that t 6∈ A, then it
follows that t is an upper bound for A.

6.2.1 Defining the radius of convergence

The radius of convergence of (6.2.1) can be defined as a nonnegative extended
real number by

R = supA.(6.2.4)

If 0 ≤ t < R, then t is not an upper bound for A, by the definition of the
supremum. This implies that

t ∈ A,(6.2.5)

as in the preceding paragraph.
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If A is the set of all nonnegative real numbers, then R = +∞. Otherwise,
R < +∞, and A is either [0, R], or the set of nonnegative real numbers strictly
less than R.

If z ∈ C and |z| < R, then |z| ∈ A, as in (6.2.5), so that (6.2.1) converges
absolutely. In fact, (6.2.1) defines a continuous function on

{z ∈ C : |z| < R},(6.2.6)

as in Subsection 6.1.3.

6.2.2 More on R

Let t be a positive real number such that {|aj | tj}∞j=0 is a bounded sequence of
nonnegative real numbers. This means that there is a nonnegative real number
C such that

|aj | tj ≤ C(6.2.7)

for every j ≥ 0.
If r is any nonnegative real number, then we get that

|aj | rj ≤ C (r/t)j(6.2.8)

for every j ≥ 0. If r < t, then it follows that (6.2.2) converges, by comparison
with the convergent geometric series

∑∞
j=0(r/t)

j . This implies that r ∈ A, so
that

t ≤ R.(6.2.9)

If (6.2.1) converges for some z ∈ C, then

lim
j→∞

aj z
j = 0.(6.2.10)

This implies that {aj zj}∞j=0 is a bounded sequence of complex numbers, which

is the same as saying that {|aj | |z|j}∞j=0 is a bounded sequence of nonnegative
real numbers. It follows that

|z| ≤ R,(6.2.11)

as in (6.2.9).

6.2.3 Another convergence property

Suppose that (6.2.2) converges for some positive real number r. If r0 is a
nonnegative real number strictly less that r, then it is well known that

lim
j→∞

j (r0/r)
j = 0,(6.2.12)

because r0/r < 1.
In particular, {j (r0/r)j}∞j=0 is a bounded sequence of nonnegative real num-

bers, so that there is a nonnegative real number C0 such that

j (r0/r)
j ≤ C0(6.2.13)
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for every j ≥ 0. Thus

j |aj | rj0 ≤ C0 |aj | rj(6.2.14)

for every j ≥ 0, which implies that

∞∑
j=0

j |aj | rj0(6.2.15)

converges, by the comparison test.

It follows that (6.2.15) converges when r0 is strictly less than the radius of
convergence R.

6.3 Termwise differentiation

Let a, b be real numbers with a < b, and let {fj}∞j=1 be a sequence of continuous
real or complex-valued functions on [a, b] that converges uniformly to a real or
complex-valued function f on [a, b], as appropriate. Thus f is also continuous
on [a, b], as in Subsection 1.8.2. Of course, we are implicitly using the stan-
dard Euclidean metrics on R and C here, and the restriction of the standard
Euclidean metric on R to [a, b].

If x ∈ [a, b], then put

Fj(x) =

∫ x

a

fj(t) dt(6.3.1)

for every j ∈ Z+, and

F (x) =

∫ x

a

f(t) dt,(6.3.2)

using standard Riemann integrals on the right sides of (6.3.1) and (6.3.2). Ob-
serve that

|Fj(x)− F (x)| =

∣∣∣∣∫ x

a

(fj(t)− f(t)) dt

∣∣∣∣(6.3.3)

≤
∫ x

a

|fj(t)− f(t)| dt ≤
∫ b

a

|fj(t)− f(t)| dt

for every j ≥ 1 and x ∈ [a, b]. This implies that

{Fj}∞j=1 converges uniformly to F on [a, b],(6.3.4)

because the right side of (6.3.3) tends to 0 as j → ∞, and does not depend on
x. We also have that F ′

j(x) = fj(x) for every j ≥ 1 and x ∈ [a, b], and that
F ′(x) = f(x) for every x ∈ [a, b], using the appropriate one-sided derivative
when x = a or b.
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6.3.1 Continuously-differentiable functions on [a, b]

Now let {gj}∞j=1 be a sequence of continuously-differentiable real or complex-
valued functions on [a, b]. Thus, for each j ∈ Z+, the derivative g′j(x) of gj
exists at every x ∈ [a, b], using the appropriate one-sided derivative when x = a
or b, and g′j is continuous on [a, b]. It follows that

gj(x) = gj(a) +

∫ x

a

g′j(t) dt(6.3.5)

for every j ≥ 1 and x ∈ [a, b], by the fundamental theorem of calculus.
Suppose that {gj(a)}∞j=1 converges to a real or complex number g(a), as

appropriate, and that {g′j}∞j=1 converges uniformly to a real or complex-valued
function f on [a, b], as appropriate. Note that f is continuous on [a, b], as in
Subsection 1.8.2. Let g be the real or complex-valued function defined on [a, b]
by

g(x) = g(a) +

∫ x

a

f(t) dt(6.3.6)

for each x ∈ [a, b]. Under these conditions,

{gj}∞j=1 converges uniformly to g on [a, b],(6.3.7)

because of (6.3.4). Of course, g is continuously differentiable on [a, b], with
g′ = f on [a, b].

6.3.2 Differentiating power series

Let
∑∞

j=0 aj x
j be a power series with real or complex coefficients, and suppose

that
∞∑
j=0

j |aj | rj(6.3.8)

converges for some positive real number r. In particular, this implies that

∞∑
j=0

|aj | rj(6.3.9)

converges, and we put

f(x) =

∞∑
j=0

aj x
j(6.3.10)

for every x ∈ R with |x| ≤ r. Similarly, put

ϕ(x) =

∞∑
j=1

j aj x
j−1(6.3.11)

for every x ∈ R with |x| ≤ r, where the series on the right converges absolutely
because of the convergence of (6.3.8).
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Under these conditions, the partial sums of the series on the right sides of
(6.3.10) and (6.3.11) converge uniformly on [−r, r], as in Subsection 6.1.2. By
construction, the partial sums of the right side of (6.3.11) are the same as the
first derivatives of the partial sums of the right side of (6.3.10).

Using the remarks in the previous subsection, we get that f is differentiable
on [−r, r], with

f ′(x) = ϕ(x)(6.3.12)

for every x ∈ [−r, r]. This uses the appropriate one-sided derivatives when
x = ±r, as usual.

6.3.3 More on differentiating power series

Suppose that 0 < ρ ≤ +∞ has the property that (6.3.9) converges when 0 ≤ r <
ρ. This implies that (6.3.8) converges when 0 ≤ r < ρ too. More precisely, one
can use the convergence of

∑∞
j=0 |aj | tj for some r < t < ρ to get that (6.3.8)

converges, as in Subsection 6.2.3.

In this situation, the series on the right sides of (6.3.10) and (6.3.11) converge
absolutely for every x ∈ R with |x| < ρ, so that f(x) and ϕ(x) may be defined
on (−ρ, ρ) as before. Using the remarks in the preceding subsection, we get that
f is differentiable on (−ρ, ρ), with derivative given by (6.3.12).

One can repeat the process, to get that f is differentiable of all orders on
(−ρ, ρ), where the derivatives of f are obtained by differentiating the right side
of (6.3.10) termwise. The resulting power series also converge absolutely on
(−ρ, ρ), for the same reasons as before.

6.4 Rearrangements

Let
∑∞

j=1 aj be an infinite series of real or complex numbers, and let π be a
one-to-one mapping from the set Z+ of positive integers onto itself. Under these
conditions, the infinite series

∞∑
l=1

aπ(l)(6.4.1)

is called a rearrangement of
∑∞

j=1 aj .

If aj = 0 for all but finitely many positive integers j, then aπ(l) = 0 for all
but finitely many l too, and it is easy to see that

∞∑
l=1

aπ(l) =

∞∑
j=1

aj .(6.4.2)
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6.4.1 Rearrangements with nonnegative terms

Suppose for the moment that aj is a nonnegative real number for each j ≥ 1.
If n ∈ Z+, then

n∑
l=1

aπ(l) ≤
N∑
j=1

aj(6.4.3)

for every N ≥ max1≤l≤n π(l).

Similarly,
n∑

j=1

aj ≤
N∑
l=1

aπ(l)(6.4.4)

for every N ≥ max1≤j≤n π
−1(j). This implies that

∑∞
j=1 aj converges if and

only if
∑∞

l=1 aπ(l) converges, in which case (6.4.2) holds.

6.4.2 Rearrangements and absolute convergence

If
∑∞

j=1 aj is an infinite series of real or complex numbers, then it follows that∑∞
j=1 |aj | converges if and only if

∑∞
j=1 |aπ(j)| converges. This means that∑∞

j=1 aj converges absolutely if and only if
∑∞

l=1 aπ(l) converges absolutely.

One can check that (6.4.2) holds in this situation as well. More precisely, if
the aj ’s are real numbers, then one can reduce to the previous case by expressing∑∞

j=1 aj as a difference of convergent series of nonnegative real numbers. If the
aj ’s are complex numbers, then one can consider their real and imaginary parts.

If
∑∞

j=1 aj is an infinite series of real numbers that converges, and does not
converge absolutely, then it is well known that there are rearrangements that
do not converge, and rearrangements whose sum can be any real number. This
corresponds to Theorem 3.5 D and Exercises 4, 5 on p77, 80 of [95], respectively,
and Theorem 3.54 on p76 of [218].

6.5 Cauchy products

Let
∑∞

j=0 aj and
∑∞

l=0 bl be infinite series of complex numbers, and put

cn =

n∑
j=0

aj bn−j(6.5.1)

for each nonnegative integer n. The infinite series
∑∞

n=0 cn is called the Cauchy
product of the series

∑∞
j=0 aj and

∑∞
l=0 bl.

It is easy to see that

∞∑
n=0

cn =
( ∞∑

j=0

aj

)( ∞∑
l=0

bl

)
(6.5.2)
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formally. In particular, if aj = 0 for all but finitely many j ≥ 0, and bl = 0 for
all but finitely many l ≥ 0, then one can check that cn = 0 for all but finitely
many n ≥ 0, and that (6.5.2) holds. One way to look at this will be mentioned
in Subsection 6.5.3.

Suppose for the moment that
∑∞

j=0 aj z
j and

∑∞
l=0 bl z

l are power series
with complex coefficients. One can check that their Cauchy product is the
power series

∞∑
n=0

cn z
n,(6.5.3)

where cn is as in (6.5.1) for each n ≥ 0.

6.5.1 Nonnegative aj, bl

Suppose for the moment again that the aj ’s and bl’s are nonnegative real num-
bers, so that the cn’s are nonnegative real numbers too. Observe that

N∑
n=0

cn ≤
( N∑

j=0

aj

)( N∑
l=0

bl

)
(6.5.4)

for every nonnegative integer N . If
∑∞

j=0 aj and
∑∞

l=0 bl converge, then

N∑
n=0

cn ≤
( ∞∑

j=0

aj

)( ∞∑
l=0

bl

)
(6.5.5)

for every N ≥ 0. This implies that
∑∞

n=0 cn converges, with

∞∑
n=0

cn ≤
( ∞∑

j=0

aj

)( ∞∑
l=0

bl

)
.(6.5.6)

We also have that

( N∑
j=0

aj

)( N∑
l=0

bl

)
≤

2N∑
n=0

cn ≤
∞∑

n=0

cn(6.5.7)

for every N ≥ 0. If
∑∞

j=0 aj and
∑∞

l=0 bl converge, then we get that

( ∞∑
j=0

aj

)( ∞∑
l=0

bl

)
≤

∞∑
n=0

cn.(6.5.8)

Of course, (6.5.2) follows from (6.5.6) and (6.5.8) in this situation.
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6.5.2 Absolutely convergent series

Suppose now that
∑∞

j=0 aj and
∑∞

l=0 bl are absolutely convergent series of com-
plex numbers. Clearly

|cn| ≤
n∑

j=0

|aj | |bn−j |(6.5.9)

for each n ≥ 0, by the triangle inequality. The right side of (6.5.9) is the same
as the nth term of the Cauchy product of

∑∞
j=0 |aj | and

∑∞
l=0 |bl|. These two

series converge, by hypothesis, and so their Cauchy product converges as well,
as in the previous subsection.

This implies that
∑∞

n=0 cn converges absolutely, by the comparison test. We
also get that

∞∑
n=0

|cn| ≤
∞∑

n=0

( n∑
j=0

|aj | |bl|
)
=

( ∞∑
j=0

|aj |
)( ∞∑

l=0

|bl|
)

(6.5.10)

under these conditions.

If the aj ’s and bl’s are real numbers, then
∑∞

j=0 aj and
∑∞

l=0 bl can be
expressed as differences of convergent series of nonnegative real numbers. In this
case, (6.5.2) can be obtained from the corresponding statement for nonnegative
real numbers, as in the previous subsection.

If the aj ’s and bl’s are complex numbers, then one can get (6.5.2) using the
analogous statements for the real and imaginary parts of the aj ’s and bl’s.

6.5.3 Another type of argument

Alternatively, consider ∑
j,l≥0

aj bl,(6.5.11)

where more precisely the sum is taken over all ordered pairs (j, l) of nonnegative
integers j, l. This sum can be identified formally with both sides of (6.5.2). The
left side of (6.5.2) corresponds to summing first over (j, l) such that j + l = n,
and then summing over n ≥ 0. The right side of (6.5.2) can be obtained by
summing over j and l separately.

If aj = 0 for all but finitely many j ≥ 0, and bl = 0 for all but finitely many
l ≥ 0, then aj bl = 0 for all but finitely many (j, l), and all of these sums can be
reduced to finite sums.

If the aj ’s and bl’s are nonnegative real numbers, then (6.5.11) can be defined
as a nonnegative extended real number, as in Section 11.2. This sum can be
expressed in terms of iterated sums, as in Section 11.15. In particular, one can
check that (6.5.11) is finite when

∑∞
j=0 aj and

∑∞
l=0 bl converge, in which case

(6.5.11) is the same as both sides of (6.5.2).
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Similarly, if
∑∞

j=0 aj and
∑∞

l=0 bl are absolutely convergent series of complex
numbers, then ∑

j,l≥0

|aj | |bl| =
( ∞∑

j=0

|aj |
)( ∞∑

l=0

|bl|
)
.(6.5.12)

This means that aj bl is a summable complex-valued function of (j, l), so that
(6.5.11) can be defined as in Section 11.8. In this situation, (6.5.11) can be
expressed in terms of iterated sums, as in Section 11.16. This can be used to
get that

∑∞
n=0 cn converges absolutely, and that both sides of (6.5.2) are equal

to (6.5.11).

6.6 The complex exponential function

If z is a complex number, then put

E(z) =

∞∑
j=0

zj

j!
,(6.6.1)

as in (25) on p178 of [218]. It is easy to see that the series on the right converges
absolutely, using the ratio test. One can also use the comparison test more
directly, by comparing this series with a convergent geometric series. It follows
that this defines a continuous complex-valued function on the complex plane,
as in Subsection 6.1.3.

6.6.1 Exponentials of sums

If w is another complex number and n is a nonnegative integer, then

(z + w)n =

n∑
j=0

(
n

j

)
zj wn−j ,(6.6.2)

by the binomial theorem, where(
n

j

)
=

n!

j! (n− j)!
(6.6.3)

is the usual binomial coefficient. This implies that

E(z + w) =

∞∑
n=0

(z + w)n

n!
=

∞∑
n=0

( n∑
j=0

zj

j!

wn−j

(n− j)!

)
.(6.6.4)

The right side is the same as the Cauchy product of the series corresponding to
E(z) and E(w), as in Section 6.5. It follows that

E(z + w) = E(z)E(w),(6.6.5)

as in (26) on p178 of [218], because these series converge absolutely.
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6.6.2 Some more properties of E(z)

In particular,
E(z)E(−z) = E(z − z) = E(0) = 1,(6.6.6)

as in (27) on p178 of [218], so that E(z) 6= 0, and

E(z)−1 = E(−z).(6.6.7)

Of course, E(x) ∈ R when x ∈ R, and it is easy to see that E(x) is positive
and strictly increasing for x ≥ 0. The same properties hold when x ≤ 0, because
of (6.6.7). In fact, E(x) → +∞ as x → +∞, and thus E(x) → 0 as x → −∞,
as on p179 of [218].

One may use E(x) as the definition of ex when x ∈ R, as on p179 of [218],
or show that it is equivalent to other standard definitions. More precisely, one
may define e to be E(1), as in Definition 3.30 on p63 of [218]. Similarly, we may
use E(z) as the definition of the complex exponential function ez = exp(z) for
z ∈ C, as on p1 of [217]. We shall use this notation from now on.

6.6.3 Exponentials and complex conjugation

If z = x+ i y, x, y ∈ R, then the complex conjugate of z is the complex number
defined by

z = x− i y.(6.6.8)

If w is another complex number, then

(w + z) = w + z(6.6.9)

and
(w z) = w z.(6.6.10)

It is easy to see that
z z = x2 + y2 = |z|2,(6.6.11)

where |z| is the usual absolute value of z. The well-known fact that

|w z| = |z| |w|(6.6.12)

follows from (6.6.10) and (6.6.11). Clearly

(z) = z(6.6.13)

and
|z| = |z|.(6.6.14)

One can check that
(exp z) = exp(z).(6.6.15)

This implies that

| exp z|2 = (exp z) (exp z) = (exp z) (exp z)(6.6.16)

= exp(z + z) = exp(2Re z),
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where Re z is the real part of z.
In particular, | exp(i y)| = 1 for every y ∈ R. In fact, Euler’s identity states

that
exp(i y) = cos y + i sin y,(6.6.17)

as in (46) on p182 of [218], and (5) on p2 of [217].

6.6.4 Differentiating exp(a t)

If a ∈ C, then exp(a t) may be considered as a complex-valued function of t ∈ R.
This function is differentiable on R, with derivative equal to a exp(a t). This
can be seen by differentiating the corresponding power series termwise, as in
Subsection 6.3.3. Alternatively, one can reduce to taking the derivative at 0,
using (6.6.5), as on p179 of [218] and p2 of [217]. More precisely, exp z is a
holomorphic function on the complex plane, whose derivative is equal to itself.

6.7 Abel summability

Let
∑∞

j=0 aj be an infinite series of real or complex numbers. Suppose that for
each real number r with 0 ≤ r < 1, we have that

∞∑
j=0

|aj | rj converges.(6.7.1)

This happens when {aj}∞j=0 is bounded, for instance, by the comparison test,

because
∑∞

j=0 r
j is a convergent geometric series. Put

A(r) =

∞∑
j=0

aj r
j(6.7.2)

for each such r.
Put

lim
r→1−

A(r) = A,(6.7.3)

when the limit on the left side exists. In this case, we say that
∑∞

j=0 aj is Abel
summable, with Abel sum equal to A.

If
∑∞

j=0 aj converges in the usual sense, then a famous theorem of Abel

states that
∑∞

j=0 aj is Abel summable, with

A =

∞∑
j=0

aj .(6.7.4)

Of course, if
∑∞

j=0 aj converges in the usual sense, then {aj}∞j=0 converges to 0,
and is thus bounded, so that (6.7.1) converges when 0 ≤ r < 1.

If
∑∞

j=0 aj converges absolutely, then one can get Abel summability with
Abel sum as in (6.7.4) from the remarks in Subsection 6.1.2.
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6.7.1 The proof of Abel’s theorem

To see this, let

sn =

n∑
j=0

aj(6.7.5)

be the nth partial sum of
∑n

j=0 aj for each nonnegative integer n, and put
s−1 = 0, so that

an = sn − sn−1(6.7.6)

for each n ≥ 0. If 0 ≤ r < 1, then

A(r) =

∞∑
j=0

sj r
j −

∞∑
j=0

sj−1 r
j ,(6.7.7)

where the series on the right converge absolutely because {sn}∞n=0 converges
and is thus bounded.

Observe that

∞∑
j=0

sj−1 r
j =

∞∑
j=0

sj r
j+1 = r

∞∑
j=0

sj r
j ,(6.7.8)

using s−1 = 0 in the first step. It follows that

A(r) = (1− r)

∞∑
j=0

sj r
j .(6.7.9)

6.7.2 Estimating A(r)− s

Put

s =

∞∑
j=0

aj ,(6.7.10)

so that {sn}∞n=0 converges to s, by hypothesis. Note that

(1− r)

∞∑
j=0

rj = 1(6.7.11)

when 0 ≤ r < 1. This means that

A(r)− s = (1− r)

∞∑
j=0

(sj − s) rj .(6.7.12)

It follows that

|A(r)− s| ≤ (1− r)

∞∑
j=0

|sj − s| rj(6.7.13)

when 0 ≤ r < 1.
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6.7.3 The limit as r → 1−
If N is any nonnegative integer, then we get that |A(r)− s| is less than or eqaul
to the sum of

(1− r)

N∑
j=0

|sj − s| rj(6.7.14)

and

(1− r)

∞∑
j=N+1

|sj − s| rj .(6.7.15)

One can check that (6.7.15) tends to 0 as N → ∞, uniformly over 0 ≤ r < 1,
because {sj}∞j=0 converges to s, by hypothesis, and using (6.7.11). If N is fixed,
then (6.7.14) tends to 0 as r → 1−. One can use this to get that A(r) tends to
s as r → 1−.

6.8 Abel summability and Cauchy products

Let
∑∞

j=0 aj ,
∑∞

l=0 bl be infinite series of real or complex numbers, and let∑∞
n=0 cn be their Cauchy product, as in Section 6.5. Suppose that (6.7.1) holds

when 0 ≤ r < 1, and similarly that

∞∑
l=0

|bl| rl converges(6.8.1)

when 0 ≤ r < 1. Note that
∑∞

n=0 cn r
n is the Cauchy product of

∑∞
j=0 aj r

j

and
∑∞

l=0 bl r
l, as in Section 6.5. It follows that

∞∑
n=0

|cn| rn converges(6.8.2)

when 0 ≤ r < 1, as in Subsection 6.5.2.
Let A(r) be as in (6.7.2) again, and similarly put

B(r) =

∞∑
l=0

bl r
l(6.8.3)

and

C(r) =

∞∑
n=0

cn r
n(6.8.4)

when 0 ≤ r < 1. Under these conditions, we have that

C(r) = A(r)B(r)(6.8.5)

when 0 ≤ r < 1, as in Subsection 6.5.2.
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6.8.1 Abel summability conditions

Suppose that
∑∞

j=0 aj and
∑∞

l=0 bl are Abel summable, let A be as in (6.7.3),
and similarly put

lim
r→1−

B(r) = B.(6.8.6)

It follows that
∑∞

n=0 cn is Abel summable, with

lim
r→1−

C(r) = C = AB,(6.8.7)

because of (6.8.5).

6.8.2 A corollary about Cauchy products

In particular, this works when
∑∞

j=0 aj and
∑∞

l=0 bl converge in the usual sense,

because of Abel’s theorem, as in the previous section. If
∑∞

n=0 cn converges in
the usual sense as well, then (6.8.7) implies that

∑∞
n=0 cn is equal to the product

of
∑∞

j=0 aj and
∑∞

l=0 bl.
This corresponds to Exercise 6 on p256 of [95], and Theorem 3.51 on p75 of

[218]. More precisely, the proof of the latter is discussed on p175 of [218].

6.9 Cesaro means

Let {sn}∞n=0 be an infinite sequence of real or complex numbers, and put

σn =
1

n+ 1

n∑
j=0

sj(6.9.1)

for each nonnegative integer n. If {σn}∞n=0 converges to a real or complex
number σ, then we say that {sn}∞n=0 (C, 1) converges to σ, as on p55 of [95].

If {sn}∞n=0 converges to a real or complex number s, as appropriate, then
one can show that {sn}∞n=0 (C, 1) converges to s. This corresponds to Theorem
2.11 B on p56 of [95], and to part (a) of Exercise 14 on p80 of [218].

If {sn}∞n=0 (C, 1) converges, then one can show that

lim
n→∞

sn
n+ 1

= 0,(6.9.2)

as in Exercise 4 on p64 of [95].

6.9.1 Cesaro summability of infinite series

Let
∑∞

j=0 aj be an infinite series of real or complex numbers, and let sn =∑n
j=0 aj be the corresponding sequence of partial sums, for n ≥ 0. If {sn}∞n=0

(C, 1) converges to a real or complex number σ, then we say that
∑∞

j=0 aj is
(C, 1) summable with (C, 1) sum σ, as in Definition 3.9 A on p91 of [95]. If
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∑∞
j=0 aj converges in the usual sense, then

∑∞
j=0 aj is (C, 1) summable with

the same sum, as before.
If

∑∞
j=0 aj is (C, 1) summable, then one show that

{aj}∞j=0 (C, 1) converges to 0,(6.9.3)

as in Exercise 5 on p93 of [95]. In particular, this implies that

lim
j→∞

aj
j + 1

= 0,(6.9.4)

as before.
Note that (6.9.4) implies that (6.7.1) holds for each 0 ≤ r < 1. This means

that A(r) may be defined as in (6.7.2) when 0 ≤ r < 1.
If

∑∞
j=0 aj is (C, 1) summable, then it is well known that

∑∞
j=0 aj is Abel

summable, with the same sum. This corresponds to Theorem 9.6 E on p252 of
[95].

6.10 Comparing norms on Rn, Cn

Let n be a positive integer, and let

ej = (ej,1, . . . , ej,n)(6.10.1)

be the jth standard basis vector in Rn for each j = 1, . . . , n. Thus

ej,l = 1 when j = l(6.10.2)

= 0 when j 6= l.

If v = (v1, . . . , vn) ∈ Rn, then v can be expressed as

v =

n∑
j=1

vj ej ,(6.10.3)

where the right side is a linear combination of elements of Rn. The ej ’s may
also be considered as standard basis vectors in Cn. If v = (v1, . . . , vn) ∈ Cn,
then v can be expressed as in (6.10.3) again, where now the right side is a linear
combination of elements of Cn.

6.10.1 Using the standard basis

Let N be a norm on Rn or Cn, as in Subsection 1.3.1 and Section 1.4. If
v = (v1, . . . , vn) is an element of Rn or Cn, as appropriate, then

N(v) = N
( n∑

j=1

vj ej

)
,(6.10.4)
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by (6.10.3). This implies that

N(v) ≤
n∑

j=1

N(vj ej) =

n∑
j=1

|vj |N(ej),(6.10.5)

using the triangle inequality for N in the first step, and the homogeneity condi-
tion for N in the second step. Note that this argument also works for seminorms
instead of norms, where seminorms are defined as in Subsection A.6.1.

6.10.2 Comparison with the norm ‖ · ‖1
It follows that

N(v) ≤
(

max
1≤l≤n

N(el)
) n∑

j=1

|vj | =
(

max
1≤l≤n

N(el)
)
‖v‖1,(6.10.6)

where ‖v‖1 is as in (1.3.6) or (1.4.2), as appropriate. Remember that

dN (v, w) = N(v − w)(6.10.7)

is the metric on Rn or Cn, as appropriate, associated to N , as in (1.3.9) and
(1.4.4). Similarly, we let

d1(v, w) = ‖v − w‖1(6.10.8)

be the metric on Rn or Cn, as appropriate, associated to ‖ · ‖1, as in (1.3.11)
and (1.4.6). Thus

dN (v, w) ≤
(

max
1≤l≤n

N(el)
)
d1(v, w)(6.10.9)

for every v, w in Rn or Cn, as appropriate. In particular, the identity mapping
on Rn or Cn, as appropriate, is Lipschitz with respect to (6.10.8) on the domain
and (6.10.7) on the range.

6.10.3 Comparison with the norm ‖ · ‖2
Observe that

N(v) ≤
( n∑

l=1

N(ej)
2
)1/2 ( n∑

j=1

|vj |2
)1/2

(6.10.10)

for every v ∈ Rn or Cn, as appropriate, using the Cauchy–Schwarz inequality
(1.3.13) on the right side of (6.10.5). Equivalently, this means that

N(v) ≤
( n∑

l=1

N(ej)
2
)1/2

‖v‖2,(6.10.11)

where ‖v‖2 is the standard Euclidean norm of v, as in (1.3.5) or (1.4.1), as
appropriate. Remember that

d2(v, w) = ‖v − w‖2(6.10.12)
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is the standard Euclidean metric on Rn or Cn, as appropriate, as in (1.3.10)
and (1.4.5). It follows that

dN (v, w) ≤
( n∑

l=1

N(el)
2
)1/2

d2(v, w)(6.10.13)

for every v, w in Rn or Cn, as appropriate. This implies that the identity
mapping on Rn or Cn, as appropriate, is Lipschitz with respect to (6.10.12) on
the domain and (6.10.7) on the range.

6.10.4 Comparison with the norm ‖ · ‖∞
Using (6.10.5), we also get that

N(v) ≤
( n∑

j=1

N(ej)
)

max
1≤l≤n

|vl| =
( n∑

j=1

N(ej)
)
‖v‖∞(6.10.14)

for every v ∈ Rn or Cn, as appropriate. Here ‖v‖∞ is as in (1.3.7) or (1.4.3),
as appropriate. Let

d∞(v, w) = ‖v − w‖∞(6.10.15)

be the metric on Rn or Cn, as appropriate, associated to ‖ · ‖∞ as in (1.3.12)
and (1.4.7). Note that

dN (v, w) ≤
( n∑

j=1

N(ej)
)
d∞(v, w)(6.10.16)

for every v, w in Rn or Cn, as appropriate. Hence the identity mapping on Rn

or Cn, as appropriate, is Lipschitz with respect to (6.10.15) on the domain and
(6.10.7) on the range.

6.11 Another comparison

Let N be a norm on Rn or Cn for some n ∈ Z+ again. Observe that

N(v) ≤ N(w) +N(v − w)(6.11.1)

and

N(w) ≤ N(v) +N(v − w)(6.11.2)

for every v, w in Rn or Cn, as appropriate. This implies that

|N(v)−N(w)| = max(N(v)−N(w), N(w)−N(v)) ≤ N(v − w),(6.11.3)

for every v, w in Rn or Cn, as appropriate. More precisely, the left side of
(6.11.3) is the usual absolute value of N(v)−N(w), as a real number.
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6.11.1 Continuity of N

Remember that
N(v) ≤ C ‖v‖2(6.11.4)

for some nonnegative real number C and every v ∈ Rn or Cn, as appropriate,
as in (6.10.11). Combining this with (6.11.3), we get that

|N(v)−N(w)| ≤ C ‖v − w‖2 = C d2(v, w)(6.11.5)

for every v, w in Rn or Cn, as appropriate.
Thus N is Lipschitz as a real-valued function on Rn or Cn, as appropriate,

using the corresponding Euclidean metrics on the domain and range. In partic-
ular, N is continuous. This argument works for seminorms instead of norms as
well.

6.11.2 Using the extreme value theorem

The extreme value theorem implies that there is a u ∈ Rn orCn, as appropriate,
such that ‖u‖2 = 1 and

N(u) ≤ N(w)(6.11.6)

for every w ∈ Rn or Cn, as appropriate, with ‖w‖2 = 1. This uses the fact
that the unit sphere in Rn or Cn, as appropriate, is compact with respect to
the Euclidean metric.

Put
c = N(u),(6.11.7)

and note that c > 0, because N is a norm. Let us check that

c ‖v‖2 ≤ N(v)(6.11.8)

for every v ∈ Rn or Cn. Of course, (6.11.8) is trivial when v = 0, and so we
may suppose that v 6= 0.

In this case, ‖v‖2 > 0, and

w =
v

‖v‖2
(6.11.9)

satisfies ‖w‖2 = 1. Thus

N(v)/‖v‖2 = N(v/‖v‖2) = N(w) ≥ N(u) = c,(6.11.10)

using (6.11.6) in the third step. This implies (6.11.8), as desired.

6.11.3 Another comparison with ‖ · ‖2
Put C ′ = 1/c, so that (6.11.8) is the same as saying that

‖v‖2 ≤ C ′N(v)(6.11.11)
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for every v ∈ Rn or Cn, as appropriate. It follows that

d2(v, w) = ‖v − w‖2 ≤ C ′N(v − w) = C ′ dN (v, w)(6.11.12)

for every v, w in Rn or Cn, as appropriate.
This means that the identity mapping on Rn or Cn, as appropriate, is

Lipschitz with respect to the metric dN (v, w) associated to N on the domain,
and the standard Euclidean metric on the range. Of course, there are analogous
arguments using ‖ · ‖1 or ‖ · ‖∞ here, instead of the Euclidean norm ‖ · ‖2.

6.12 The standard inner products on Rn, Cn

Let n be a positive integer, and let x, y ∈ Rn be given. Thus

〈x, y〉 = 〈x, y〉Rn =

n∑
j=1

xj yj(6.12.1)

is defined as a real number. This is the standard inner product on Rn. Note
that

〈x, x〉Rn =

n∑
j=1

x2j = ‖x‖22,(6.12.2)

where ‖x‖2 is the standard Euclidean norm of x, as in (1.3.5). We also have
that

|〈x, y〉Rn | =
∣∣∣∣ n∑
j=1

xj yj

∣∣∣∣ ≤ n∑
j=1

|xj | |yj | ≤ ‖x‖2 ‖y‖2,(6.12.3)

using the Cauchy–Schwarz inequality (1.3.13) in the third step.

6.12.1 Using complex numbers

Let z = x + i y and w = u + i v be complex numbers, where x, y, u, and v are
real numbers. The real part of w z is given by

Re(w z) = ux+ v y.(6.12.4)

As usual, w and z correspond to (u, v) and (x, y), respectively, as elements of
R2. The right side of (6.12.4) is the same as the inner product of (u, v) and
(x, y) as elements of R2.

6.12.2 The standard (Hermitian) inner product on Cn

If w, z ∈ Cn, then

〈w, z〉 = 〈w, z〉Cn =

n∑
j=1

wj zj(6.12.5)
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is defined as a complex number. This is the standard inner product on Cn.
Observe that

〈w, z〉Cn =
( n∑

j=1

wj zj

)
=

n∑
j=1

zj wj = 〈z, w〉Cn .(6.12.6)

As before,

〈z, z〉Cn =

n∑
j=1

zj zj =

n∑
j=1

|zj |2 = ‖z‖22,(6.12.7)

where ‖z‖2 is the standard Euclidean norm of z, as in (1.4.1). Moreover,

|〈w, z〉Cn | =
∣∣∣∣ n∑
j=1

wj zj

∣∣∣∣ ≤ n∑
j=1

|wj | |zj | ≤ ‖w‖2 ‖z‖2,(6.12.8)

using the Cauchy–Schwarz inequality (1.3.13) in the third step.

6.13 Sums and inner products

Let X be a nonempty set, and let f , g be real-valued functions on X with finite
support in X. Put

〈f, g〉 = 〈f, g〉c00(X,R) =
∑
x∈X

f(x) g(x),(6.13.1)

where the sum on the right reduces to a finite sum of real numbers, as in
Subsection 1.6.1. This may be considered as the standard inner product on
c00(X,R). Of course,

〈f, f〉c00(X,R) =
∑
x∈X

f(x)2 = ‖f‖22,(6.13.2)

where ‖f‖2 is as in Subsection 1.6.1. Observe that

|〈f, g〉c00(X,R)| =
∣∣∣∣∑
x∈X

f(x) g(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)| |g(x)| ≤ ‖f‖2 ‖g‖2,(6.13.3)

by the Cauchy–Schwarz inequality.

6.13.1 Another Hermitian inner product

Similarly, if f , g are complex-valued functions on X with finite support, then

〈f, g〉 = 〈f, g〉c00(X,C) =
∑
x∈X

f(x) g(x)(6.13.4)
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reduces to a finite sum of complex numbers. This may be considered as the
standard inner product on c00(X,C). As before,

〈f, f〉c00(X,C) =
∑
x∈X

|f(x)|2 = ‖f‖22(6.13.5)

for every f ∈ c00(X,C). Using the Cauchy–Schwarz inequality again, we get
that

|〈f, g〉c00(X,C)| =
∣∣∣∣∑
x∈X

f(x) g(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)| |g(x)| ≤ ‖f‖2 ‖g‖2(6.13.6)

for every f, g ∈ c00(X,C). We also have that

〈f, g〉c00(X,C) =
( ∑

x∈X

f(x) g(x)
)
=

∑
x∈X

g(x) f(x) = 〈g, f〉c00(X,C)(6.13.7)

for every f, g ∈ c00(X,C).

6.13.2 Inner products on ℓ2(Z+,R), ℓ2(Z+,C)

Suppose now that f, g ∈ ℓ2(Z+,R), and remember that f g ∈ ℓ1(Z+,R), as in
Section 2.3. In this case, we put

〈f, g〉 = 〈f, g〉ℓ2(Z+,R) =

∞∑
j=1

f(j) g(j),(6.13.8)

where the right side converge absolutely. This may be considered as the standard
inner product on ℓ2(Z+,R). Note that

〈f, f〉ℓ2(Z+,R) =

∞∑
j=1

f(j)2 = ‖f‖22,(6.13.9)

where ‖f‖2 is as in Section 2.3. The version of the Cauchy–Schwarz inequality
mentioned in Section 2.3 implies that

|〈f, g〉ℓ2(Z+,R)| =
∣∣∣∣ ∞∑
j=1

f(j) g(j)

∣∣∣∣ ≤ ∞∑
j=1

|f(j)| |g(j)| ≤ ‖f‖2 ‖g‖2.(6.13.10)

Let f, g ∈ ℓ2(Z+,C) be given, so that |f | |g| ∈ ℓ1(Z+,C), and hence f g is
an element of ℓ1(Z+,C). Put

〈f, g〉 = 〈f, g〉ℓ2(Z+,C) =

∞∑
j=1

f(j) g(j),(6.13.11)

which may be considered as the standard inner product on ℓ2(Z+,C). As usual,

〈f, f〉ℓ2(Z+,C) =

∞∑
j=1

|f(j)|2 = ‖f‖22.(6.13.12)
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We also have that

|〈f, g〉ℓ2(Z+,C)| =
∣∣∣∣ ∞∑
j=1

f(j) g(j)

∣∣∣∣ ≤ ∞∑
j=1

|f(j)| |g(j)| ≤ ‖f‖2 ‖g‖2,(6.13.13)

by the version of the Cauchy–Schwarz inequality in Section 2.3. Moreover,

〈f, g〉ℓ2(Z+,C) =
( ∞∑

j=1

f(j) g(j)
)
=

∞∑
j=1

g(j) f(j) = 〈g, f〉ℓ2(Z+,C).(6.13.14)

6.14 Some integral inner products

Let a, b be real numbers with a < b, and let α be a monotonically increasing
real-valued function on [a, b]. If f , g are continuous real-valued functions on
[a, b], then

〈f, g〉 = 〈f, g〉α =

∫ b

a

f(x) g(x) dα(x)(6.14.1)

is defined as a real number, using a Riemann–Stieltjes integral on the right side.
Clearly

〈f, f〉α =

∫ b

a

f(x)2 dα(x) = ‖f‖22,α,(6.14.2)

where ‖f‖2,α is as in (3.5.1). Observe that

|〈f, g〉α| =

∣∣∣∣∫ b

a

f(x) g(x) dα(x)

∣∣∣∣(6.14.3)

≤
∫ b

a

|f(x)| |g(x)| dα(x) ≤ ‖f‖2,α ‖g‖2,α,

by the integral version (3.5.8) of the Cauchy–Schwarz inequality for Riemann–
Stieltjes integrals. Of course, (6.14.1) is symmetric in f and g, and linear in
each of f and g, because of linearity of the integral.

If α is strictly increasing on [a, b], then (6.14.2) is positive when f 6≡ 0 on
[a, b], as before. In this case, (6.14.1) defines an inner product on the space
C([a, b],R) of continuous real-valued functions on [a, b].

6.14.1 Some inner products on C([a, b],C)

If f and g are continuous complex-valued functions on [a, b], then

〈f, g〉 = 〈f, g〉α =

∫ b

a

f(x) g(x) dα(x)(6.14.4)

is defined as a complex number, using a Riemann–Stieltjes integral on the right
side again. In this situation, we also have that

〈f, f〉α =

∫ b

a

|f(x)|2 dα(x) = ‖f‖22,α,(6.14.5)
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where ‖f‖2,α is as in (3.5.1). As before,

|〈f, g〉α| =

∣∣∣∣∫ b

a

f(x) g(x) dα(x)

∣∣∣∣(6.14.6)

≤
∫ b

a

|f(x)| |g(x)| dα(x) ≤ ‖f‖2,α ‖g‖2,α,

using (3.5.8) in the third step. Note that

〈f, g〉α =
(∫ b

a

f(x) g(x) dα(x)
)
=

∫ b

a

g(x) f(x) dα(x) = 〈g, f〉α.(6.14.7)

It is easy to see that (6.14.4) is linear in f , because of linearity of the integral.
Similarly, (6.14.4) is conjugate-linear in g, which is to say that it is additive in g,
while multiplying g by a complex number t corresponds to multiplying (6.14.4)
by t.

If α is strictly increasing on [a, b], then (6.14.5) is positive when f 6≡ 0 on
[a, b], and (6.14.4) defines an inner product on the space C([a, b],C) of con-
tinuous complex-valued functions on [a, b], as a vector space over the complex
numbers. If α(x) = x for every x ∈ [a, b], then (6.14.1) and (6.14.4) are called the
standard integral inner products on C([a, b],R) and C([a, b],C), respectively.

6.14.2 Some inner products on Ccom(R,R)

Now let α be a monotonically increasing real-valued function on R, and let f ,
g be continuous real-valued functions on the real line with compact support. In
this case,

〈f, g〉 = 〈f, g〉α =

∫ ∞

−∞
f(x) g(x) dα(x)(6.14.8)

is defined as a real number, where the integral on the right is as in Section 3.8.
As before,

〈f, f〉α =

∫ ∞

−∞
f(x)2 dα(x) = ‖f‖22,α,(6.14.9)

where the right side is as in Subsection 3.8.1. We also have that

|〈f, g〉α| =

∣∣∣∣∫ ∞

−∞
f(x) g(x) dα(x)

∣∣∣∣(6.14.10)

≤
∫ ∞

−∞
|f(x)| |g(x)| dα(x) ≤ ‖f‖2,α ‖g‖2,α,

using the version of the Cauchy–Schwarz inequality mentioned in Subsection
3.8.3 in the third step. Clearly (6.14.8) is symmetric in f and g, and linear in
each of f and g, because of the linearity of the integral.

If α is strictly increasing on R, then (6.14.9) is positive when f 6≡ 0 on R,
as usual. This means that (6.14.8) defines an inner product on Ccom(R,R).
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6.14.3 Some inner products on Ccom(R,C)

Similarly, if f and g are continuous complex-valued functions on R with compact
support, then

〈f, g〉 = 〈f, g〉α =

∫ ∞

−∞
f(x) g(x) dα(x)(6.14.11)

is defined as a complex number, and

〈f, f〉α =

∫ ∞

−∞
|f(x)|2 dα(x) = ‖f‖22,α.(6.14.12)

In addition,

|〈f, g〉α| =

∣∣∣∣∫ ∞

−∞
f(x) g(x) dα(x)

∣∣∣∣(6.14.13)

≤
∫ ∞

−∞
|f(x)| |g(x)| dα(x) ≤ ‖f‖2,α ‖g‖2,α

and

〈f, g〉α =
(∫ ∞

−∞
f(x) g(x) dα(x)

)
(6.14.14)

=

∫ ∞

−∞
g(x) f(x) dα(x) = 〈g, f〉α.

Note that (6.14.11) is linear in f , because of the linearity of the integral, and
conjugate-linear in g.

If α is strictly increasing on R, then (6.14.12) is positive when f 6≡ 0 on R,
so that (6.14.11) defines an inner product on Ccom(R,C), as a vector space over
the complex numbers. If α(x) = x for all x ∈ R, then (6.14.8) and (6.14.11)
are called the standard integral inner products on Ccom(R,R) and Ccom(R,C),
respectively.



Chapter 7

Matrix norms and Lipschitz
conditions

7.1 Real and complex matrices

Let m and n be positive integers, and let us consider m×n matrices with entries
in the real or complex numbers. Such a matrix may be denoted as

[aj,l] = [aj,l]
m,n
j,l=1,(7.1.1)

where aj,l is a real or complex number, as appropriate, for each j = 1, . . . ,m
and l = 1, . . . , n. Let Mm,n(R) and Mm,n(C) be the spaces of m × n matrices
with entries in R and C, respectively.

If [aj,l] and [bj,l] are m× n matrices with real or complex entries, then their
sum is defined as an m× n matrix by adding the corresponding entries, so that

[aj,l] + [bj,l] = [aj,l + bj,l].(7.1.2)

Similarly, if t is a real or complex number, as appropriate, then t times [aj,l] is
defined as an m× n matrix by multiplying the entries of [aj,l] by t,

t [aj,l] = [t aj,l].(7.1.3)

This makesMm,n(R) andMm,n(C) into vector spaces over the real and complex
numbers, respectively. Of course, one can also identify Mm,n(R) and Mm,n(C)
with Rmn and Cmn, respectively, by listing the entries of an m × n matrix in
a sequence with mn terms.

7.1.1 Norms on matrices

As usual, a nonnegative real-valued function N defined onMm,n(R) orMm,n(C)
is said to be a norm if it satisfies the following three conditions. First,

N([aj,l]) = 0(7.1.4)

132
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if and only if [aj,l] = 0 as a matrix, which means that aj,l = 0 for every
j = 1, . . . ,m and l = 1, . . . , n. Second,

N(t [aj,l]) = |t|N([aj,l])(7.1.5)

for every [aj,l] ∈Mm,n(R) or Mm,n(C) and t ∈ R or C, as appropriate. Third,

N([aj,l] + [bj,l]) ≤ N([aj,l]) +N([bj,l])(7.1.6)

for every [aj,l], [bj,l] ∈Mm,n(R) or Mm,n(C), as appropriate. In this case,

dN ([aj,l], [bj,l]) = N([aj,l]− [bj,l]) = N([aj,l − bj,l])(7.1.7)

defines a metric on Mm,n(R) or Mm,n(C), as appropriate.
If Mm,n(R) and Mm,n(C) are identified with Rmn and Cmn, respectively,

as before, then the definition of a norm on Mm,n(R) or Mm,n(C) corresponds
exactly to the earlier definitions for Rmn and Cmn in Subsection 1.3.1 and
Section 1.4, respectively. Similarly, the metric associated to a norm onMm,n(R)
or Mm,n(C) corresponds to the analogous notions for Rmn and Cmn.

7.1.2 The Hilbert–Schmidt norm

Put

‖[aj,l]‖HS =
( m∑

j=1

n∑
l=1

|aj,l|2
)1/2

(7.1.8)

for every [aj,l] ∈ Mm,n(R) or Mm,n(C). This is known as the Hilbert–Schmidt
norm on Mm,n(R) and Mm,n(C). More precisely, (7.1.8) corresponds to the
standard Euclidean norm onRmn andCmn, using the identifications mentioned
earlier. In particular, the fact that (7.1.8) defines a norm on Mm,n(R) and
Mm,n(C) follows from the analogous statements for the standard Euclidean
norms on Rmn and Cmn. More precisely, the triangle inequality for (7.1.8)
follows from the triangle inequality for the Euclidean norm, and the first two
requirements of a norm can be verified directly.

7.2 Matrices and linear mappings

Let m and n be positive integers again. As usual, a mapping A from Rn into
Rm is said to be linear if

A(v + w) = A(v) +A(w)(7.2.1)

for every v, w ∈ Rn, and
A(t v) = tA(v)(7.2.2)

for every v ∈ Rn and t ∈ R. Similarly, a mapping A from Cn into Cm is said
to be (complex) linear if (7.2.1) holds for every v, w ∈ Cn, and (7.2.2) holds for
every v ∈ Cn and t ∈ C.
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7.2.1 Linear mappings associated to matrices

Let [aj,l] be an m × n matrix whose entries are real or complex numbers. If
v = (v1, . . . , vn) ∈ Rn or Cn, as appropriate, then put

(A(v))j =

n∑
l=1

aj,l vl(7.2.3)

for each j = 1, . . . ,m. This defines A(v) as an element of Rm or Cm, as
appropriate, where the jth coordinate of A(v) is given by (7.2.3) for each j =
1, . . . ,m. It is easy to see that A is linear as a mapping from Rn into Rm or
from Cn into Cm, as appropriate. Conversely, it is well known and not too
difficult to show that every linear mapping A from Rn into Rm or from Cn

into Cm corresponds to a unique m× n matrix with real or complex entries, as
appropriate, in this way.

7.2.2 Matrices associated to linear mappings

Let ek = (ek,1, . . . , ek,n) be the kth standard basis vector in Rn or Cn for each
k = 1, . . . , n. Thus ek,l = 1 when k = l, and ek,l = 0 when k 6= l. If A
corresponds to [aj,l] ∈Mm,n(R) or Mm,n(C) as in (7.2.3), then

(A(ek))j = aj,k(7.2.4)

for every j = 1, . . . ,m and k = 1, . . . , n. If A is any linear mapping from Rn

into Rm or from Cn into Cm, then one can use (7.2.4) to define an m×n matrix
[aj,l] of real or complex numbers, as appropriate. Using this matrix, it is easy
to see that (7.2.3) holds for every v ∈ Rn or Cn, as appropriate, because of
linearity, and by expressing v as a linear combination of e1, . . . , en.

7.2.3 Another description of the Hilbert–Schmidt norm

Let [aj,l] ∈Mm,n(R) orMm,n(C) be given again, and let A be the corresponding
linear mapping from Rn into Rm or from Cn into Cm, as in (7.2.3). Using
(7.2.4), we get that

‖A(ek)‖2 =
( m∑

j=1

|aj,k|2
)1/2

(7.2.5)

for every k = 1, . . . , n. More precisely, the left side of (7.2.5) refers to the
standard Euclidean norm of A(ek) in Rm or Cm, as appropriate. It follows that
the Hilbert–Schmidt norm of [aj,l] defined in the previous section can be given
by

‖[aj,l]‖HS =
( n∑

k=1

‖A(ek)‖22
)1/2

.(7.2.6)
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7.2.4 A simple estimate using the Hilbert–Schmidt norm

Let v = (v1, . . . , vn) ∈ Rn or Cn be given, as appropriate. Remember that

v =

n∑
k=1

vk ek,(7.2.7)

where the right side is a linear combination of e1, . . . , en in Rn or Cn, as ap-
propriate. Using the linearity of A, we get that

A(v) =

n∑
k=1

vk A(ek),(7.2.8)

where the right side is a linear combination of A(e1), . . . , A(ek) in Rm or Cm,
as appropriate. It follows that

‖A(v)‖2 ≤
n∑

k=1

|vk| ‖A(ek)‖2,(7.2.9)

where ‖ · ‖2 refers to the standard Euclidean norm on Rm or Cm again, as
appropriate. This implies that

‖A(v)‖2 ≤
( n∑

k=1

|vk|2
)1/2

‖[aj,l]‖HS ,(7.2.10)

using the Cauchy–Schwarz inequality on the right side of (7.2.9).

7.3 Some related estimates

Let m and n be positive integers, and let A be a linear mapping from Rn into
Rm, or from Cn into Cm. Also let N be a norm on Rm or Cm, as appropriate.

If v ∈ Rn or Cn, as appropriate, then v can be expressed as a linear combi-
nation of the standard basis vectors e1, . . . , en in Rn or Cn as in (7.2.7). Hence
A(v) can be expressed as in (7.2.8), so that

N(A(v)) ≤
n∑

k=1

|vk|N(A(ek)).(7.3.1)

This corresponds to (7.2.9) when N is the standard Euclidean norm on Rm or
Cm, as appropriate.

7.3.1 Estimates in terms of ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞
Let us now look at this in terms of various norms on Rn or Cn, as appropriate.
Let us start with the standard Euclidean norm

‖v‖2 =
( n∑

k=1

|vk|2
)1/2

(7.3.2)
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of v. As before, we can apply the Cauchy–Schwarz inequality to the right side
of (7.3.1) to get that

N(A(v)) ≤
( n∑

k=1

N(A(ek))
2
)1/2

‖v‖2.(7.3.3)

This is the same as (7.2.10) when N is the standard Euclidean norm on Rm or
Cm, as appropriate.

Consider the norm

‖v‖1 =

n∑
k=1

|vk|(7.3.4)

of v discussed in Subsection 1.3.2 and Section 1.4. It is easy to see that

N(A(v)) ≤
(

max
1≤k≤n

N(A(ek))
)
‖v‖1,(7.3.5)

using (7.3.1).
Similarly, we can consider the norm

‖v‖∞ = max
1≤k≤n

|vk|(7.3.6)

of v discussed in Subsection 1.3.2 and Section 1.4 as well. Observe that

N(A(v)) ≤
( n∑

k=1

N(A(ek))
)
‖v‖∞,(7.3.7)

by (7.3.1) again.

7.3.2 Using an arbitrary norm on Rn or Cn

Let N0 be any norm on Rn or Cn, as appropriate. One can check that there is
a nonnegative real number C such that

N(A(v)) ≤ C N0(v)(7.3.8)

for every v ∈ Rn or Cn, as appropriate. This follows from the previous remarks
when N0(v) is given by (7.3.2), (7.3.4), or (7.3.6). Otherwise, one can use the
fact that (7.3.2) is bounded by a constant multiple of N0(v), as in Subsection
6.11.3.

If v, w ∈ Rn or Cn, as appropriate, then

N(A(v)−A(w)) = N(A(v − w)) ≤ C N0(v − w).(7.3.9)

This uses the linarity of A in the first step, and (7.3.8) in the second step. Thus

dN (A(v), A(w)) ≤ C dN0
(v, w),(7.3.10)

where dN0 is the metric associated to N0 on Rn or Cn, and dN is the metric
associated to N on Rm or Cm, as appropriate. Note that (7.3.10) implies
(7.3.8), by taking v = 0.
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7.4 Spaces of linear mappings

Let m and n be positive integers again. The space of linear mappings from Rn

into Rm may be denoted L(Rn,Rm). Similarly, the space of (complex) linear
mappings from Cn into Cm may be denoted L(Cn,Cm).

Let A, B be linear mappings from Rn into Rm or from Cn into Cm, and
let t be a real or complex number, as appropriate. Thus tA can be defined as
a mapping from Rn into Rm, or from Cn into Cm, as appropriate, by putting

(tA)(v) = tA(v)(7.4.1)

for every v ∈ Rn or Cn, as appropriate. Similarly, A + B can be defined as a
mapping from Rn into Rm, or from Cn into Cm, as appropriate, by putting

(A+B)(v) = A(v) +B(v)(7.4.2)

for every v ∈ Rn or Cn, as appropriate. It is easy to see that these are also
linear as mappings from Rn into Rm, or from Cn into Cm, as appropriate.

As in Section 7.2, there are standard one-to-one correspondences between
Mm,n(R) and L(Rn,Rm), and between Mm,n(C) and L(Cn,Cm). These cor-
respondences are linear, in the sense that sums of matrices are associated to
sums of linear mappings, and similarly for multiplication of matrices and linear
mappings by real or complex numbers, as appropriate.

7.4.1 Norms on these spaces of linear mappings

A nonnegative real-valued function N on L(Rn,Rm) or L(Cn,Cm) is said to
be a norm if it satisfies the usual three conditions, as follows. First, if A is a
linear mapping from Rn into Rm or from Cn into Cm, as appropriate, then

N(A) = 0(7.4.3)

if and only if A = 0, which means that A(v) = 0 for every v ∈ Rn or Cn, as
appropriate. Second, if A is a linear mapping from Rn into Rm or from Cn

into Cm and t ∈ R or C, as appropriate, then

N(tA) = |t|N(A).(7.4.4)

Third, if A and B are linear mappings from Rn into Rm or from Cn into Cm,
as appropriate, then

N(A+B) ≤ N(A) +N(B).(7.4.5)

Under these conditions,

dN (A,B) = N(A−B)(7.4.6)

defines a metric on L(Rn,Rm) or L(Cn,Cm), as appropriate. Observe that
norms on L(Rn,Rm) and L(Cn,Cm) correspond exactly to norms onMm,n(R)
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and Mm,n(C), respectively, using the correspondence between matrices and lin-
ear mappings described in Section 7.2. The metrics associated to these norms
correspond to each other in the same way.

Let A be a linear mapping from Rn into Rm or from Cn into Cm again. Also
let e1, . . . , en be the standard basis vectors in Rn or Cn, as in Subsection 7.2.2,
and let ‖ · ‖2 be the standard Euclidean norm on Rm or Cm, as appropriate.
Put

‖A‖HS =
( n∑

k=1

‖A(ek)‖22
)1/2

,(7.4.7)

which corresponds exactly to the Hilbert–Schmidt norm of the matrix associated
to A, as in Subsection 7.2.3. This defines a norm on each of L(Rn,Rm) and
L(Cn,Cm), which may be called the Hilbert–Schmidt norm as well.

7.5 Operator norms

Let m and n be positive integers, and let A be a linear mapping from Rn into
Rm, or from Cn into Cm. Also let N0 be a norm on Rn or Cn, and let N be a
norm on Rm or Cm, as appropriate. The corresponding operator norm

‖A‖op = ‖A‖op,N0N(7.5.1)

of A is defined to be the supremum of

N(A(v))

N0(v)
(7.5.2)

over all v ∈ Rn or Cn, as appropriate, with v 6= 0. Note that this ratio is
bounded, by (7.3.8), so that the supremum is finite.

More precisely, (7.3.8) is equivalent to saying that the nonnegative real num-
ber C is an upper bound for (7.5.2) when v 6= 0, because (7.3.8) holds automat-
ically when v = 0. Thus (7.3.8) holds exactly when

‖A‖op ≤ C.(7.5.3)

In particular, (7.3.8) holds with C = ‖A‖op. Alternatively, ‖A‖op is the infimum
of the nonnegative real numbers C for which (7.3.8) holds.

7.5.1 Two other characterizations of the operator norm

Note that

N(A(v))

N0(v)
= N((1/N0(v))A(v)) = N(A((1/N0(v)) v))(7.5.4)

for every v ∈ Rn or Cn, as appropriate, with v 6= 0. Similarly,

N0((1/N0(v)) v) = N0(v)/N0(v) = 1(7.5.5)
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for every v ∈ Rn or Cn, as appropriate, with v 6= 0. Using this, one can verify
that ‖A‖op is the same as the supremum of

N(A(v))(7.5.6)

over all v ∈ Rn or Cn, as appropriate, such that N0(v) = 1. In both cases, one
takes the supremum of the same set of nonnegative real numbers, although this
set is described in slightly different ways.

This is also the same as the supremum of (7.5.6) over all v ∈ Rn or Cn, as
appropriate, with N0(v) ≤ 1. Of course, (7.5.6) is equal to 0 when v = 0, and
otherwise

N(A(v)) = N(A((1/N0(v)) v))N0(v)(7.5.7)

when v 6= 0, as in (7.5.4). If N0(v) ≤ 1, then it follows that

N(A(v)) ≤ N(A((1/N0(v)) v)).(7.5.8)

This implies that the supremum of (7.5.6) over v ∈ Rn with N0(v) ≤ 1 is the
same as the supremum of (7.5.6) over v ∈ Rn with N0(v) = 1, because of (7.5.5).

7.5.2 Checking that the operator norm is a norm

By construction, ‖A‖op is a nonnegative real number, and

‖A‖op = 0(7.5.9)

if and only if A(v) = 0 for every v ∈ Rn or Cn, as appropriate.
If t ∈ R or C, as appropriate, then tA also defines a linear mapping from

Rn into Rm or from Cn into Cm, as appropriate. It is easy to see that

‖tA‖op = |t| ‖A‖op,(7.5.10)

because
N(tA(v)) = |t|N(A(v))(7.5.11)

for every v ∈ Rn or Cn, as appropriate.
Let B be another linear mapping from Rn into Rm or from Cn into Cm, as

appropriate, so that A+B defines another such linear mapping. Observe that

N((A+B)(v)) = N(A(v) +B(v)) ≤ N(A(v)) +N(B(v))

≤ ‖A‖opN0(v) + ‖B‖opN0(v)(7.5.12)

= (‖A‖op + ‖B‖op)N0(v)

for every v ∈ Rn or Cn, as appropriate. This implies that

‖A+B‖op ≤ ‖A‖op + ‖B‖op.(7.5.13)

Thus the operator norm satisfies the requirements of a norm on the space of
linear mappings from Rn into Rm or from Cn into Cm, as appropriate.
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7.5.3 Comparing this with the Hilbert–Schmidt norm

Suppose for the moment that N0 is the standard Euclidean norm on Rn or Cn,
and that N is the standard Euclidean norm on Rm or Cm, as appropriate. In
this case, we get that

‖A‖op ≤ ‖A‖HS ,(7.5.14)

as in (7.2.10), where the right side is the Hilbert–Schmidt norm of A, as in the
previous section. One can check that

‖A‖HS ≤ n1/2 ‖A‖op,(7.5.15)

directly from the definitions of these two norms.

7.5.4 The n = m case

Suppose now that n = m, and that N0 = N on Rn or Cn, as appropriate. Let
I be the identity operator on Rn of Cn, as appropriate, so that I(v) = v for all
v ∈ Rn or Cn, as appropriate. It is easy to see that

‖I‖op = 1(7.5.16)

under these conditions.
We also have that

‖I‖HS = n1/2.(7.5.17)

This corresponds to taking A = I in (7.5.22).
Let A be a linear mapping from Rn or Cn into itself, as appropriate, and

let [aj,l] be the corresponding n × n matrix or real or complex numbers, as in
Section 7.2. Suppose that [aj,l] is a diagonal matrix, so that aj,l = 0 unless
j = l. This means that

(A(v))j = aj,j vj(7.5.18)

for each v ∈ Rn or Cn, as appropriate, and j = 1, . . . , n, as in (7.2.3). Note that
the identity operator I corresponds to the identity matrix, the diagonal matrix
whose diagonal entries are all equal to 1.

If N0 = N is the standard Euclidean norm on Rn or Cn, as appropriate,
then it is not difficult to show that

‖A‖op = max
1≤j≤n

|aj,j |(7.5.19)

in this case. More precisely, one can first check that

‖A‖op ≤ max
1≤j≤n

|aj,j |,(7.5.20)

directly from the definitions. To get the opposite inequality, one can use the
fact that

A(ek) = ak,k ek(7.5.21)
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for each k = 1, . . . , n, where ek is the kth standard basis vector for Rn or Cn,
as in Subsection 7.2.2. This also works when N0 = N is either of the norms
‖ · ‖1 in (7.3.4) or ‖ · ‖∞ in (7.3.6).

Observe that

‖A‖HS =
( n∑

j=1

|aj,j |2
)1/2

(7.5.22)

in this situation.

7.6 Determinants and volumes

Let n be a positive integer, and let [aj,l] be an n× n matrix of real or complex
numbers. The determinant

det[aj,l](7.6.1)

can be defined as a real or complex number, as appropriate, in a standard way.
If [aj,l] is a diagonal matrix, so that aj,l = 0 unless j = l, then it is well known
that

det[aj,l] =

n∏
k=1

ak,k.(7.6.2)

Let A be a linear mappng from Rn or Cn into itself, and let [aj,l] be the
corresponding n × n matric of real or complex numbers, as appropriate, as in
Section 7.2. The determinant of A is defined by

detA = det[aj,l].(7.6.3)

The determinant of the identity mapping I on Rn or Cn is equal to 1. If t is a
real or complex number, as appropriate, then it is well known that

det(tA) = tn detA.(7.6.4)

7.6.1 Linear mappings and volumes

Let A be a linear mapping from Rn into itself, and let E be a subset of Rn. It
is well known that

Voln(A(E)) = | detA|Voln(E),(7.6.5)

where Voln(·) is the usual n-dimensional volume of a subset of Rn. This is
discussed in many textbooks, and one may also be interested in the articles
[42, 117].

More precisely, E should be sufficiently nice for the volume to be defined,
depending on the definition of the volume being used. The right side of (7.6.5)
should be interpreted as being equal to 0 when detA = 0, even if Voln(E) may
be +∞. Note that | detA| is uniquely determined by (7.6.5) when Voln(E) is
positive and finite.

If t ∈ R, then put
t E = {t v : v ∈ E}.(7.6.6)
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It is well known that
Voln(t E) = |t|n Voln(E),(7.6.7)

where the right side is interpreted as being equal to 0 when t = 0, even if
Voln(E) = +∞. This corresponds to (7.6.5), with A = t I. See Section A.9 for
more on the n-dimensional volume of subsets of Rn.

7.6.2 Determinants and operator norms

Let N be a norm on Rn, and let

‖A‖op = ‖A‖op,NN(7.6.8)

be the corresponding operator norm of A, as in the previous section. More
precisely, this uses N as the norm on Rn as both the domain and the range of
A. It is well known that

| detA| ≤ ‖A‖nop(7.6.9)

under these conditions.
Suppose for the moment that N is the standard Euclidean norm on Rn. If

A can be diagonalized using an orthonormal basis for Rn with respect to the
standard inner product, then (7.6.9) can be verified directly. Otherwise, one
can reduce to that case, by considering the composition of A with its adjoint
with respect to the standard inner product on Rn.

Similarly, suppose for the moment again that A corresponds to a diagonal
matrix [aj,l] in the usual way, so that the detereminant of A is as in (7.6.2). If
N is one of the usual norms ‖ · ‖1, ‖ · ‖2, or ‖ · ‖∞ on Rn, as in Subsection 7.3.1,
then (7.6.9) may be obtained from (7.5.19).

7.6.3 Volumes and operator norms

If N is any norm on Rn, then let BN be the closed unit ball in Rn with respect
to N , as in Subsection A.6.1. Thus, if v ∈ BN , then N(v) ≤ 1, so that

N(A(v)) ≤ ‖A‖op.(7.6.10)

This means that
A(BN ) ⊆ ‖A‖opBN ,(7.6.11)

where the right side is as in (7.6.6). In fact, ‖A‖opBN is the same as the
closed ball in Rn centered at 0 with radius ‖A‖op with respect to the metric
dN (v, w) = N(v − w) associated to N .

Using (7.6.11), we get that

Voln(A(BN )) ≤ Voln(‖A‖opBN ) = ‖A‖nop Voln(BN ),(7.6.12)

where the second step is as in (7.6.7). We also have that

Voln(A(BN )) = | detA|Voln(BN ),(7.6.13)

as in (7.6.5). One can use this to get (7.6.9), because Voln(BN ) is positive and
finite. This uses the fact that N and the standard Euclidean norm on Rn are
each bounded by constant multiples of the other, as in Sections 6.10 and 6.11.
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7.6.4 Eigenvalues and operator norms

Let A be a linear mapping from Rn or Cn into itself again. If v ∈ Rn or Cn

satisfies

A(v) = λ v(7.6.14)

for some λ ∈ R or C, as appropriate, then v is said to be an eigenvector of A
with eigenvalue λ. More precisely, one may ask that (7.6.14) hold with v 6= 0
in order for λ to be considered as an eigenvalue of A.

Let N be a norm on Rn or Cn, as appropriate, and let ‖A‖op be the cor-
responding operator norm of A, using N on both the domain and the range.
Observe that

|λ|N(v) = N(λ v) = N(A(v)) ≤ ‖A‖opN(v),(7.6.15)

by (7.6.14) and the definition of the operator norm. This implies that

|λ| ≤ ‖A‖op(7.6.16)

when v 6= 0.
In the complex case, it is well known that the determinant of A is equal to the

product of its n eigenvalues, associated to nonzero eigenvectors, counted with
their appropriate multiplicities. One can use this to get (7.6.9) from (7.6.16).

7.7 Lipschitz constants

Let (X, dX) and (Y, dY ) be (nonempty) metric spaces. Remember that a map-
ping f from X into Y is said to be Lipschitz if

dY (f(x), f(w)) ≤ C dX(x,w)(7.7.1)

for some nonnegative real number C and every x,w ∈ X. In this case, we may
also say that f is Lipschitz with constant C, to make the role of C more explicit.
Let Lip(X,Y ) be the space of all Lipschitz mappings from X into Y .

7.7.1 The definition of Lip(f)

Let f be a mapping from X into Y again, and note that (7.7.1) holds automat-
ically when x = w. If x, w are distinct elements of X, then (7.7.1) is the same
as saying that

dY (f(x), f(w))

dX(x,w)
≤ C.(7.7.2)

If f is Lipschitz, and X has at least two elements, then put

Lip(f) = LipX,Y (f) = sup

{
dY (f(x), f(w))

dX(x,w)
: x,w ∈ X, x 6= w

}
.(7.7.3)
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Otherwise, if X has only one element, then we take Lip(f) = 0. Thus (7.7.1)
holds for some C ≥ 0 and every x,w ∈ X if and only if f is Lipschitz and

Lip(f) ≤ C.(7.7.4)

In particular, if f is Lipschitz, then (7.7.1) holds with C = Lip(f). Equiva-
lently, Lip(f) is the infimum of the nonnegative real numbers C such that (7.7.1)
holds for every x,w ∈ X.

7.7.2 Operator norms and Lipschitz constants

Let m and n be positive integers, and suppose for the moment that X = Rn

and Y = Rm, or that X = Cn and Y = Cm. Also let N0 be a norm on Rn or
Cn, and let N be a norm on Rm or Cm, as appropriate. Thus N0 determines
a metric dN0 on Rn or Cn, and N determines a metric dN on Rm or Cm, as
appropriate.

Let A be a linear mapping from Rn into Rm, or from Cn into Cm, as
appropriate. Under these conditions, A is Lipschitz with respect to dN0

and
dN , as in (7.3.10). More precisely,

Lip(A) = ‖A‖op,(7.7.5)

where Lip(A) is defined using the metrics dN0
and dN as in the preceding sub-

section, and the operator norm ‖A‖op of A is defined using N0 and N as in
Section 7.5. This is easy to verify, directly from the definitions. This is similar
to some of the remarks in Subsection 7.3.2.

7.7.3 Vector-valued Lipschitz functions

Let (X, dX) be any nonempty metric space again, and letm be a positive integer.
Let us take Y = Rm orCm, equipped with a norm N , which determines a metric
dN in the usual way. In this situation, if f is a mapping from X into Y , then
(7.7.1) is the same as saying that

N(f(x)− f(w)) = dN (f(x), f(w)) ≤ C dX(x,w).(7.7.6)

Let t be a real or complex number, as appropriate, so that t f also defines a
mapping from X into Y , and

dN (t f(x), t f(w)) = N(t f(x)− t f(w)) = N(t (f(x)− f(y)))(7.7.7)

= |t|N(f(x)− f(w)) = |t| dN (f(x), f(w))

for every x,w ∈ X. If f is Lipschitz, then it is easy to see that t f is Lipschitz
too, with

Lip(t f) = |t| Lip(f).(7.7.8)
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Similarly, let g be another mapping from X into Y , so that f + g defines a
mapping from X into Y as well. Observe that

dN ((f + g)(x), (f + g)(w)) = N((f(x) + g(x))− (f(w) + g(w)))

= N((f(x)− f(w)) + (g(x)− g(w)))(7.7.9)

≤ N(f(x)− f(w)) +N(g(x)− g(w))

for every x,w ∈ X. If f and g are both Lipschitz, then it follows that

dN ((f + g)(x), (f + g)(w)) ≤ Lip(f) dX(x,w) + Lip(g) dX(x,w)

= (Lip(f) + Lip(g)) dX(x,w)(7.7.10)

for every x,w ∈ X. This implies that f + g is Lipschitz, with

Lip(f + g) ≤ Lip(f) + Lip(g).(7.7.11)

In particular, the space of Lipschitz mappings from X intoRm orCm may be
considered as a vector space over the real or complex numbers, as appropriate,
with respect to pointwise addition and scalar multiplication. In the terminology
of Subsection A.6.1, Lip(f) defines a seminorm on this vector space. More
precisely, Lip(f) = 0 if and only if f is a constant mapping on X.

7.8 Compositions and isometries

Let (X, dX), (Y, dY ), and (Z, dZ) be (nonempty) metric spaces. If f is a mapping
from X into Y , and g is a mapping from Y into Z, then the composition g ◦ f
can be defined as a mapping from X into Z, with (g ◦ f)(x) = g(f(x)) for every
x ∈ X, as usual.

Suppose that f and g are both Lipschitz, so that

dZ((g ◦ f)(x), (g ◦ f)(w)) = dZ(g(f(x)), g(f(w)))(7.8.1)

≤ Lip(g) dY (f(x), f(w))

≤ Lip(f) Lip(g) dX(x,w)

for every x,w ∈ X. This implies that g ◦ f is Lipschitz as well, with

Lip(g ◦ f) ≤ Lip(f) Lip(g).(7.8.2)

More precisely, Lip(f) = LipX,Y (f), Lip(g) = LipY,Z(g), and Lip(g ◦ f) =
LipX,Z(g◦f) are as defined in the previous section, using the appropriate metric
spaces in the domains and ranges of these meppings.

7.8.1 Isometric mappings

A mapping f from X into Y is said to be an isometry if

dY (f(x), f(w)) = dX(x,w)(7.8.3)
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for every x,w ∈ X. In particular, this implies that f is Lipschitz, with constant
C = 1. If X has at least two elements, then (7.8.3) implies that Lip(f) = 1.

If a mapping g from Y into Z is an isometry too, then it is easy to see that
the composition g ◦ f of f and g is an isometric mapping from X into Z. This
is basically the same as (7.8.1), with equality in the second and third steps.

Note that an isometric mapping f from X into Y is automatically injective.
If f maps X onto Y , then the corresponding inverse mapping f−1 is an isometry
from Y onto X. Otherwise, f−1 may be considered as an isometry from f(X)
onto X, using the restriction of dY to f(X).

7.8.2 Composing linear mappings

Let n, m, and k be positive integers. Suppose that either A is a linear mapping
from Rn into Rm and B is a linear mapping from Rm into Rk, or that A is a
linear mapping from Cn into Cm and B is a linear mapping from Cm into Ck.
Thus the composition B ◦ A is either defined as a mapping from Rn into Rk,
or as a mapping from Cn into Ck.

In both cases, it is easy to see that B ◦A is a linear mapping. Note that the
matrix associated to B ◦ A can be given in terms of the matrices associated to
A and B using matrix multiplication.

7.8.3 Compositions and operator norms

Let N1, N2, and N3 be norms on Rn, Rm, and Rk, respectively, or on Cn, Cm,
and Ck, respectively, as appropriate. Using these norms, the operator norms
‖A‖op = ‖A‖op,N1N2

, ‖B‖op = ‖B‖op,N2N3
, and ‖B ◦ A‖op = ‖B ◦ A‖op,N1N3

can be defined as in Section 7.5.
If v ∈ Rn or Cn, as appropriate, then

N3((B ◦A)(v)) = N3(B(A(v))) ≤ ‖B‖opN2(A(v))(7.8.4)

≤ ‖A‖op ‖B‖opN1(v).

It follows that
‖B ◦A‖op ≤ ‖A‖op ‖B‖op.(7.8.5)

This could also be obtained from (7.8.2), using (7.7.5).

7.8.4 Isometric linear mappings

In this situation, A is said to be an isometric linear mapping with respect to
N1 and N2 if

N2(A(v)) = N1(v)(7.8.6)

for every v ∈ Rn or Cn, as appropriate. This implies that

dN2
(A(v), A(w)) = N2(A(v)−A(w)) = N2(A(v − w))

= N1(v − w) = dN1
(v, w)(7.8.7)
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for every v, w ∈ Rn or Cn, as appropriate, where dN1 and dN2 are the metrics
associated to N1 and N2, respectively. Conversely, (7.8.6) follows from (7.8.7)
by taking w = 0. Thus A is isometric as a linear mapping with respect to N1

and N2 if and only if A is isometric with respect to the corresponding metrics
dN1

and dN2
.

If A is an isometric linear mapping, then ‖A‖op = ‖A‖op,N1N2
= 1 in partic-

ular. If B is also an isometric linear mapping with respect to N2 and N3, then
their composition B ◦A is an isometric linear mapping with respect to N1 and
N3. This is essentially the same as in (7.8.4), with equality in the second and
third steps.

7.9 Bilipschitz embeddings

Let (X, dX) and (Y, dY ) be (nonempty) metric spaces, and let f be a mapping
from X into Y . Also let c be a positive real number, and consider the following
condition: for every x,w ∈ X, we have that

c dX(x,w) ≤ dY (f(x), f(w)).(7.9.1)

In particular, this condition implies that f is injective.

If f is a one-to-one mapping from X onto Y , then (7.9.1) is the same as
saying that the corresponding inverse mapping f−1 satisfies

dX(f−1(y), f−1(z)) ≤ (1/c) dY (y, z)(7.9.2)

for every y, z ∈ Y . This means that f−1 is Lipschitz with constant 1/c as a
mapping from Y into X.

Otherwise, if f is injective but not necessarily surjective, then one can con-
sider the inverse mapping f−1 as a mapping from the image f(X) of X under
f into X. One may also consider f(X) as a metric space, using the restriction
of dY to f(X).

7.9.1 Bilipschitz mappings

A mapping f from X into Y is said to be bilipschitz if f is Lipschitz and (7.9.1)
holds for some c > 0. To be more precise, one may say that f is bilipschitz
with constant C ≥ 1 if f is Lipschitz with constant C and (7.9.1) holds with
c = 1/C. Using this terminology, an isometric mapping from X into Y is the
same as a bilipschitz mapping with constant C = 1.

A one-to-one mapping f from X onto Y is bilipschitz if and only if f is
Lipschitz and the inverse mapping f−1 is Lipschitz as a mapping from Y into
X. If f is not surjective, then one can consider the inverse mapping f−1 as a
mapping from f(X) into X, using the restriction of dY to f(X), as before.
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7.9.2 Compositions of bilipschitz mappings

Let (Z, dZ) be another metric space, and let g be a mapping from Y into Z.
Suppose that there is a positive real number c′ such that

c′ dY (y, u) ≤ dZ(g(y), g(u))(7.9.3)

for every u, y ∈ Y . If f : X → Y satisfies (7.9.1) for some c > 0, then the
composition g ◦ f satisfies an analogous condition as a mapping from X into Z.
More precisely, for each x,w ∈ X, we have that

c c′ dX(x,w) ≤ c′ dY (f(x), f(w)) ≤ dZ(g(f(x)), g(f(w)))(7.9.4)

= dZ((g ◦ f)(x), (g ◦ f)(w)).

In particular, if f and g are both bilipschitz, then g ◦ f is bilipschitz as a
mapping from X into Z.

7.9.3 A condition on linear mappings

Let m and n be positive integers, and let A be a linear mapping from Rn

into Rm or from Cn into Cm. Also let N0 and N be norms on Rn and Rm,
respectively, or on Cn and Cm, respectively, as appropriate. Suppose that

cN0(v) ≤ N(A(v))(7.9.5)

for some positive real number c and every v ∈ Rn or Cn, as appropriate. If
v, w ∈ Rn or Cn, as appropriate, then we get that

c dN0
(v, w) = cN0(v − w) ≤ N(A(v − w))

= N(A(v)−A(w)) = dN (A(v), A(w)),(7.9.6)

where dN0
and dN are the metrics associated to N0 and N , respectively. Of

course, (7.9.6) corresponds to (7.9.1) in this situation.
Note that (7.9.6) implies (7.9.5), by taking w = 0. Observe too that (7.9.5)

implies directly that v = 0 when A(v) = 0. This is the same as saying that the
kernel of A is trivial.

7.9.4 More on composing linear mappings

Let k be another positive integer, and let B be a linear mapping from Rm into
Rk or from Cm into Ck, as appropriate. Also let N3 be a norm on Rk or Ck,
as appropriate. Suppose that

c′N(y) ≤ N3(B(y))(7.9.7)

for some positive real number c′ and every y ∈ Rm or Cm, as appropriate. If
v ∈ Rn or Cn, as appropriate, then we get that

c c′N0(v) ≤ c′N(A(v)) ≤ N3(B(A(v))) = N3((B ◦A)(v)).(7.9.8)

This basically corresponds to (7.9.4) in this situation, as before.
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7.10 Linear mappings and seminorms

Letm and n be positive integers, and let A be a linear mapping fromRn intoRm

or from Cn into Cm. Also let N be a seminorm on Rm or Cm, as appropriate,
as in Subsection A.6.1. More precisely, the definition of a seminorm is given
there in the real case, and the complex case is analogous.

Under these conditions, one can check that

N(A(v))(7.10.1)

defines a seminorm on Rn or Cn, as appropriate. Indeed, if v ∈ Rn or Cn and
t ∈ R or C, as appropriate, then

N(A(t v)) = N(tA(v)) = |t|N(A(v)).(7.10.2)

Similarly, if w ∈ Rn or Cn, as appropriate, too, then

N(A(v + w)) = N(A(v) +A(w)) ≤ N(A(v)) +N(A(w)).(7.10.3)

7.10.1 Using a norm N

Suppose for the rest of the section that N is a norm on Rm or Cm, as appro-
priate, so that

N(A(v)) = 0(7.10.4)

only when A(v) = 0. If the kernel of A is trivial, then (7.10.4) holds only when
v = 0. This means that

N(A(v)) defines a norm on Rn or Cn,(7.10.5)

as appropriate.
Let N0 be another norm on Rn or Cn, as appropriate. Under these con-

ditions, one can get that (7.9.5) holds for some c > 0, using (7.10.5) and the
remarks in Subsections 6.10.3 and 6.11.3.

7.10.2 The m = n case

Suppose now that m = n, so that A is a linear mapping from Rn into itself, or
from Cn into itself. If the kernel of A is trivial, then it is well known that A
maps Rn or Cn onto itself, as appropriate. This means that A has an inverse
mapping A−1 on Rn or Cn, as appropriate. It is easy to see that the inverse
mapping is also linear under these conditions.

In this case, (7.9.5) can be reformulated as saying that

cN0(A
−1(u)) ≤ N(u)(7.10.6)

for every u ∈ Rn or Cn, as appropriate. Equivalently, this means that

N0(A
−1(u)) ≤ (1/c)N(u)(7.10.7)
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for every u ∈ Rn or Cn, as appropriate.
We have seen previously that this type of condition holds, because A−1 is

a linear mapping on Rn or Cn, as appropriate. More precisely, this condition
holds with

1/c = ‖A−1‖op = ‖A−1‖op,NN0
,(7.10.8)

where the operator norm of A−1 is defined using N on the domain of A−1, and
N0 on the range of A−1.

Note that ‖A−1‖op > 0, because A−1 6= 0. Of course, if (7.10.7) holds for
some c > 0, then we have that

‖A−1‖op ≤ 1/c.(7.10.9)

7.11 Small perturbations

Let (X, dX) be a nonempty metric space, let m be a positive integer, and let f
be a mapping from X into Rm or Cm. Also let N be a norm on Rm or Cm, as
appropriate, which leads to a metric dN in the usual way.

Suppose that

c dX(x,w) ≤ dN (f(x), f(w)) = N(f(x)− f(w))(7.11.1)

for some positive real number c and all x,w ∈ X. Let g be another mapping
from X into Rm or Cm, as appropriate. We would like to show that g satisfies
an analogous condition when g is sufficiently close to f , in a suitable sense.

More precisely, we ask first that f − g be Lipschitz with respect to dN on
the range. This means that

N((f(x)− g(x))− (f(w)− g(w))) = dN (f(x)− g(x), f(w)− g(w))

≤ Lip(f − g) dX(x,w)(7.11.2)

for every x,w ∈ X, where Lip(f − g) is as defined in Subsection 7.7.1.
Of course,

N(f(x)− f(w)) ≤ N((f(x)− g(x))− (f(w)− g(w)))(7.11.3)

+N(g(x)− g(w))

for every x,w ∈ X, by the triangle inequality. Combining this with (7.11.1) and
(7.11.2), we get that

c dX(x,w) ≤ N(g(x)− g(w)) + Lip(f − g) dX(x,w)(7.11.4)

for every x,w ∈ X.
It follows that

(c− Lip(f − g)) dX(x,w) ≤ N(g(x)− g(w)) = dN (g(x), g(w))(7.11.5)

for every x,w ∈ X. If Lip(f − g) < c, then this is the same type of condition as
before.
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7.11.1 Analogous arguments for linear mappings

Let n be a positive integer, and let us now take X = Rn or Cn, as appropriate.
Let N0 be a norm on Rn or Cn, as appropriate, which leads to a metric dN0

, as
usual. Also let A be a linear mapping from Rn into Rm or from Cn into Cm,
as appropriate.

Suppose that
cN0(v) ≤ N(A(v))(7.11.6)

for some c > 0 and all v ∈ Rn or Cn, as appropriate. Let B be another linear
mapping from Rn into Rm or from Cn into Cm, as appropriate. We would like
to verify that B satisfies the same type of condition when B is sufficiently close
to A. This could be obtained from the remarks at the beginning of the section,
but the analogous argument is a bit simpler in this case, as follows.

Remember that

N(A(v)−B(v)) ≤ ‖A−B‖opN0(v)(7.11.7)

for every v ∈ Rn or Cn, as appropriate, where the operator norm ‖A−B‖op of
A−B is as defined in Section 7.5. Thus

N(A(v)) ≤ N(A(v)−B(v)) +N(B(v))(7.11.8)

≤ N(B(v)) + ‖A−B‖opN0(v)

for every v ∈ Rn or Cn, as appropriate, using the triangle inequality in the first
step.

This implies that

cN0(v) ≤ N(B(v)) + ‖A−B‖opN0(v)(7.11.9)

for every v ∈ Rn or Cn, as appropriate, by (7.11.6). Hence

(c− ‖A−B‖op)N0(v) ≤ N(B(v))(7.11.10)

for every v ∈ Rn or Cn, as appropriate. This is the same type of condition as
before when ‖A−B‖op < c.

In particular, if ‖A − B‖op < c, then (7.11.10) implies that the kernel of B
is trivial. as mentioned in Subsection 7.9.3. If m = n, then it follows that B is
invertible, as mentioned in Subsection 7.10.2.

7.12 The contraction mapping theorem

Let X be a set, and let f be a mapping from X into itself. We say that x ∈ X
is a fixed point of f on X if

f(x) = x.(7.12.1)

Suppose now that (X, d(x, y)) is a nonempty metric space, and that f is
Lipschitz mapping from X into itself with constant c ≥ 0, so that

d(f(x), f(y)) ≤ c d(x, y)(7.12.2)
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for every x, y ∈ X. If c < 1, and if X is complete with respect to d(·, ·), then a
famous theorem states that f has a unique fixed point in X.

To get uniqueness, suppose that x, y ∈ X are fixed points of f , so that

d(x, y) = d(f(x), f(y)) ≤ c d(x, y),(7.12.3)

by (7.12.2). If c < 1, then this implies that d(x, y) = 0, so that x = y. Note
that this does not need completeness of X.

7.12.1 Existence of the fixed point

To get the existence of the fixed point, let x0 be any element of X, and let
x1, x2, x3, . . . be the sequence of elements of X defined recursively by

xj = f(xj−1)(7.12.4)

when j ≥ 1. Observe that

d(xj , xj+1) = d(f(xj−1), f(xj)) ≤ c d(xj−1, xj)(7.12.5)

for every j ≥ 1. This implies that

d(xj , xj+1) ≤ cj d(x0, x1)(7.12.6)

for every j ≥ 1.
If l < n are positive integers, then it follows that

d(xl, xn) ≤
n−1∑
j=l

d(xj , xj+1) ≤
n−1∑
j=l

cj d(x0, x1),(7.12.7)

using the triangle inequality in the first step. This is the same as saying that

d(xl, xn) ≤ cl
n−l−1∑
j=0

cj d(x0, x1).(7.12.8)

Remember that
∑∞

l=0 c
l is a convergent geometric series when c < 1, with sum

equal to 1/(1− c). Using this, we get that

d(xl, xn) ≤
cl

1− c
d(x0, x1).(7.12.9)

This means that {xj}∞j=0 is a Cauchy sequence in X, because cl → 0 as l → ∞
when c < 1.

If X is complete, then it follows that {xj}∞j=0 converges to an element x of
X. We also have that

{f(xj)}∞j=0 converges to f(x) in X,(7.12.10)

because f is continuous. By construction, {f(xj)}∞j=0 is the same as {xj+1}∞j=0,
which converges to x. Hence f(x) = x, by the uniqueness of the limit of a
convergent sequence in a metric space.
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7.12.2 Brouwer’s fixed-point theorem

Let n be a positive integer, and let B(0, 1) be the closed unit ball in Rn with
respect to the standard Euclidean metric. Also let f be a continuous mapping
from B(0, 1) into itself, with respect to the restriction of the standard Euclidean
metric on Rn to B(0, 1). Under these conditions, Brouwer’s fixed-point theorem
states that f has a fixed point in B(0, 1).

If n = 1, then this can be obtained from the intermediate value theorem.
These and related matters are discussed in many textbooks, as well as the
articles [33, 34, 37, 78, 156, 161, 181, 183, 189, 195, 211, 220, 233], for instance.

7.13 Norms on Rn and completeness

Let n be a positive integer again, and let N be a norm on Rn. Note that

Rn is complete with respect to the metric dN associated to N.(7.13.1)

This can be obtained from the completeness of Rn with respect to the standard
Euclidean metric, and the comparability of N with the standard Euclidean norm
on Rn, as in Subsections 6.10.3 and 6.11.3.

7.13.1 Small perturbations of the identity mapping on Rn

Let g be a Lipschitz mapping from Rn into itself, with respect to dN , and with
constant c ≥ 0. This means that

N(g(x)− g(y)) ≤ cN(x− y)(7.13.2)

for every x, y ∈ Rn in this situation.
Let a ∈ Rn be given, and put

ga(x) = g(x) + a(7.13.3)

for every x ∈ Rn. Observe that

ga(x)− ga(y) = g(x)− g(y)(7.13.4)

for every x, y ∈ Rn, so that

N(ga(x)− ga(y)) = N(g(x)− g(y)) ≤ cN(x− y).(7.13.5)

Thus ga is also Lipschitz with constant c as a mapping from Rn into itself, with
respect to dN .

Suppose that c < 1, so that the contraction mapping theorem can be applied
to ga on Rn. It follows that there is a unique point x(a) ∈ Rn such that

g(x(a)) + a = ga(x(a)) = x(a).(7.13.6)
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Put

h(x) = x− g(x)(7.13.7)

for every x ∈ Rn, which defines a mapping from Rn into itself. The previous
statement can be reformulated as saying that for every a ∈ Rn there is a unique
x(a) ∈ Rn such that

h(x(a)) = x(a)− g(x(a)) = a.(7.13.8)

Of course, this is the same as saying that h is a one-to-one mapping from Rn

onto itself.

Note that h is Lipschitz with constant 1 + c on Rn with respect to dN , as
in Subsection 7.7.3. We also have that

(1− c)N(x− w) ≤ N(h(x)− h(w))(7.13.9)

for every x, y ∈ Rn, as in Section 7.11.

In the next section, we consider a version of this for mappings from a closed
ball in Rn into Rn.

These and related results will be used in the proof of the inverse function
theorem, as in Subsection 9.4.3.

7.14 A localized condition

Let n be a positive integer, and let N be a norm on Rn again. Also let

BN (r) = {x ∈ Rn : N(x) ≤ r}(7.14.1)

be the closed ball in Rn centered at 0 with radius r ≥ 0 with respect to the
metric dN on Rn associated to N . Remember that this is a closed set in Rn

with respect to dN for each r ≥ 0, as in Subsection 1.9.3.

7.14.1 Completeness of BN(r)

It is easy to see that

BN (r) is complete as a metric space(7.14.2)

with respect to the restriction of dN to BN (r) for every r ≥ 0, as in Subsection
1.7.1. More precisely, any Cauchy sequence of elements of BN (r) with respect
to dN may be considered as a Cauchy sequence in Rn with respect to dN as well.
Such a sequence converges to an element of Rn with respect to dN , because Rn

is complete with respect to dN , as in Section 7.13. The limit of this sequence is
contained in BN (r), because BN (r) is a closed set in Rn with respect to dN .
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7.14.2 Lipschitz mappings on BN(r)

Let r be a positive real number, and let g be a Lipschitz mapping from BN (r)
into Rn with constant c ≥ 0, with respect to dN and its restriction to BN (r).
Thus

N(g(x)− g(y)) ≤ cN(x− y)(7.14.3)

for every x, y ∈ BN (r). Suppose also that

g(0) = 0.(7.14.4)

This implies that
N(g(x)) ≤ cN(x) ≤ c r(7.14.5)

for every x ∈ BN (r), using (7.14.3) in the first step.
Suppose too that

c < 1,(7.14.6)

and let a ∈ Rn be given, with

N(a) ≤ (1− c) r.(7.14.7)

Put
ga(x) = g(x) + a(7.14.8)

for each x ∈ BN (r), as before. Observe that

N(ga(x)) ≤ N(g(x)) +N(a) ≤ c r + (1− c) r = r(7.14.9)

for every x ∈ BN (r), using (7.14.5) and (7.14.7) in the second step.

7.14.3 Using the contraction mapping theorem on BN(r)

This shows that ga maps BN (r) into itself under these conditions. Note that ga
is Lipschitz with constant c with respect to dN as well, as in (7.13.5). Hence we
can apply the contraction mapping theorem to ga on BN (r), because of (7.14.6).
This implies that there is a unique point x(a) ∈ BN (r) such that

g(x(a)) + a = ga(x(a)) = x(a).(7.14.10)

Let h be the mapping from BN (r) into Rn defined by

h(x) = x− g(x)(7.14.11)

for every x ∈ BN (r). Observe that

h(x(a)) = x(a)− g(x(a)) = a,(7.14.12)

by (7.14.10). It follows that a ∈ h(BN (r)), so that

h(BN (r)) ⊇ BN ((1− c) r)(7.14.13)

in this situation.
Note that h is Lipschitz with constant 1 + c on BN (r) with respect to dN ,

and that (7.13.9) holds for all x,w ∈ BN (r), as in Subsection 7.7.3 and Section
7.11.
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7.15 Open mappings

Let (X, dX) and (Y, dY ) be metric spaces. A mapping f from X into Y is said
to be an open mapping if for every open set U ⊆ X,

f(U) is an open set in Y.(7.15.1)

One can check that this happens if and only if for every x ∈ X and r > 0 there
is a t > 0 such that

BY (f(x), t) ⊆ f(BX(x, r)).(7.15.2)

7.15.1 A helpful criterion on Rn

Let n be a positive integer, and let N be a norm on Rn. If v ∈ Rn and r > 0,
then let

BN (v, r) = {w ∈ Rn : N(v − w) < r}(7.15.3)

and
BN (v, r) = {w ∈ Rn : N(v − w) ≤ r}(7.15.4)

be the open and closed balls in Rn centered at v with radius r with respect to
the metric dN associated to N .

Let v0 ∈ Rn and r0 > 0 be given, and let f be a mapping from BN (v0, r0)
into Rn. Suppose that f(x)− x is Lipschitz with constant c ≥ 0 on BN (v0, r0),
with respect to dN and its restriction to BN (v0, r0). If c < 1, then

BN (f(v0), (1− c) r0) ⊆ f(BN (v0, r0)).(7.15.5)

This follows from the remarks in the previous section when v0 = f(v0) = 0.
Otherwise, one can reduce to this case, using translations in Rn.

7.15.2 Analogous statements for open balls

Similarly, let v ∈ Rn and r > 0 be given, and let f be a mapping from BN (v, r)
into Rn. Suppose that f(x) − x is Lipschitz with constant c, 0 ≤ c < 1, on
BN (v, r), with respect to dN and its restriction to BN (v, r). Let w ∈ BN (v, r)
be given, and let r1 be a positive real number such that

r1 ≤ r −N(v − w).(7.15.6)

Note that r −N(v − w) > 0, and that (7.15.6) implies that

BN (w, r1) ⊆ BN (v, r),(7.15.7)

by the triangle inequality.
If 0 < r0 < r1, then BN (w, r0) ⊆ BN (w, r1), and

BN (f(w), (1− c) r0) ⊆ f(BN (w, r0)),(7.15.8)

as in (7.15.5). This implies that

BN (f(w), (1− c) r1) ⊆ f(BN (w, r1)).(7.15.9)

In particular, this means that f is an open mapping from BN (v, r) into Rn,
with respect to dN and its restriction to BN (v, r).



Chapter 8

Some topics related to
differentiability

8.1 An integral triangle inequality

Let m be a positive integer, and let N be a norm on Rm or Cm. If v1, . . . , vl are
finitely many elements of Rm or Cm and t1, . . . , tl are real or complex numbers,
as appropriate, then it is easy to see that

N
( l∑

k=1

tk vk

)
≤

l∑
k=1

N(tk vk) =

l∑
k=1

|tk|N(vk).(8.1.1)

We would like to consider analogous statements for integrals instead of finite
sums. Although this works for Riemann–Stieltjes integrals, it is sufficient to
consider Riemann integrals for the result in the next section.

8.1.1 Vector-valued functions on [a, b]

Let a and b be real numbers with a < b, and let f be a continuous function
defined on the closed interval [a, b] with values in Rm or Cm, as appropriate.
This implicitly uses the restriction of the standard Euclidean metric on the real
line to [a, b], and one can also use the standard Euclidean metric on Rm or Cm,
as appropriate. Equivalently, f can be given as

f(t) = (f1(t), . . . , fm(t)),(8.1.2)

where f1, . . . , fm are continuous real or complex-valued functions on [a, b], as
appropriate. Of course, the continuity of a complex-valued function on [a, b]
is equivalent to the continuity of its real and imaginary parts, as real-valued
functions on [a, b].

157
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8.1.2 Riemann–Stieltjes integrals of vector-valued func-
tions

Let α be a monotonically increasing real-valued function on [a, b]. As before,
it suffices to consider the case where α(t) = t for every t ∈ [a, b] for the result
discussed in the next section, which corresponds to using ordinary Riemann
integrals on [a, b]. To define the Riemann–Stieltjes integral∫ b

a

f(t) dα(t)(8.1.3)

as an element of Rm or Cm, as appropriate, one can take the jth coordinate
of (8.1.3) to be the Riemann–Stieltjes integral of fj with respect to α on [a, b]
for each j = 1, . . . ,m. Similarly, the Riemann–Stieltjes integral of a continuous
complex-valued function on [a, b] can be reduced to the real case, by considering
the real and imaginary parts of the function.

8.1.3 Norms of integrals

Remember that N is (uniformly) continuous as a real-valued function on Rm or
Cm, as appropriate, as in Subsection 6.11.1. Thus N(f(t)) defines a nonnegative
real-valued continuous function on [a, b]. In particular, its Riemann–Stieltjes
integral over [a, b] with respect to α can be defined as a nonnegative real number
in the usual way.

Under these conditions, one can check that

N
(∫ b

a

f(t) dα(t)
)
≤

∫ b

a

N(f(t)) dα(t).(8.1.4)

More precisely, these integrals can be approximated by Riemann–Stieltjes sums
associated to sufficiently fine partitions of [a, b]. To get (8.1.4), one can use the
analogous inequalities for Riemann–Stieltjes sums, which follow from (8.1.1).
One can also consider Riemann–Stieltjes integrability conditions on [a, b], in-
stead of continuity.

If N is either of the norms ‖ ·‖1 or ‖ ·‖∞ on Rm, as in Subsection 1.3.2, then
(8.1.4) can be obtained from standard properties of Riemann–Stieltjes integrals
of real-valued functions on [a, b]. If N is the standard Euclidean norm on Rm,
then one can reduce to a standard property of Riemann–Stieltjes integrals of
real-valued functions using the standard inner product on Rm, as in the proof
of (40) in Theorem 6.25 on p135 of [218]. There is an analogous argument that
works for arbitrary norms, using additional results about norms that have not
been discussed here.

Of course, complex-valued functions on [a, b] may be considered as functions
with values in R2, and the absolute value of a complex number corresponds to
the standard Euclidean norm on R2.
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8.2 A basic Lipschitz estimate

Let a and b be real numbers with a < b, and let m be a positive integer. Also
let f be a function defined on [a, b] with values in Rm or Cm.

The derivative f ′(t) of f at a point t ∈ (a, b) can be defined in the usual way,
as the limit of difference quotients, when the limit exists. Similarly, if t = a or
b, then one can consider the corresponding one-sided limit.

The differentiability of f at any t ∈ [a, b] is equivalent to the differentiability
of the jth component fj of f at t for each j = 1, . . . ,m, as a real or complex-
valued function on [a, b]. Similarly, the differentiability of a complex-valued
function on [a, b] is equivalent to the differentiability of its real and imaginary
parts. If f is differentiable at t ∈ [a, b], then the jth coordinate of f ′(t) is equal
to the derivative of fj at t for each j = 1, . . . ,m, and their common value is
denoted f ′j(t).

8.2.1 Continuously-differentiable vector-valued functions

Let us suppose from now on in this section that f is continuously differentiable
on [a, b]. This means that the derivative f ′(t) exists for every t ∈ [a, b], and
that f ′(t) is continuous as a function on [a, b] with values in Rm or Cm, as
appropriate. Here we use the restriction of the standard Euclidean metric on R
to [a, b], and the standard Euclidean metric on Rm or Cm, as appropriate.

Equivalently, fj should be continuously differentiable as a real or complex-
valued function on [a, b] for each j = 1, . . . ,m. Of course, f ′(t) is really a
one-sided derivative when t = a or b.

8.2.2 The fundamental theorem of calculus

If x ∈ [a, b], then the fundamental theorem of calculus implies that∫ x

a

f ′(t) dt = f(x)− f(a),(8.2.1)

where the Riemann integral on the left side can be defined as in the previous
section. Of course, this can be reduced to the case of real-valued functions in
the usual way.

Similarly, if a ≤ w ≤ x ≤ b, then∫ x

w

f ′(t) dt = f(x)− f(w).(8.2.2)

8.2.3 A Lipschitz condition

Let N be a norm on Rm or Cm, as appropriate. If a ≤ w ≤ x ≤ b, then

N(f(x)− f(w)) = N
(∫ x

w

f ′(t) dt
)
≤

∫ x

w

N(f ′(t)) dt.(8.2.3)
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This uses (8.2.2) in the first step, and (8.1.4) in the second step, applied to f ′

and α(t) = t.

Note that N(f ′(t)) is continuous as a real-valued function on [a, b], as in the
previous section. In particular, N(f ′(t)) is bounded on [a, b], because [a, b] is
compact, and in fact the maximum of N(f ′(t)) is attained on [a, b].

It follows from (8.2.3) that

N(f(x)− f(w)) ≤ |x− w| sup
a≤t≤b

N(f ′(t))(8.2.4)

for every x,w ∈ [a, b]. Thus f is Lipschitz with respect to the restriction of the
standard Euclidean metric on R to [a, b] and the metric dN associated to N on
Rm or Cm, as appropriate.

8.2.4 The Lipschitz constant of f

More precisely,

Lip(f) = sup
a≤t≤b

N(f ′(t)),(8.2.5)

where Lip(f) is as defined in Subsection 7.7.1. The fact that Lip(f) is less than
or equal to the right side of (8.2.5) follows from (8.2.4).

To get the opposite inequality, it suffices to verify that N(f ′(t)) is less than or
equal to Lip(f) for every t ∈ [a, b]. It is easy to see that that difference quotients
used to define f ′(t) have norm less than or equal to Lip(f), by definition of
Lip(f). This implies that N(f ′(t)) ≤ Lip(f), by taking the limit of the difference
quotients.

Remember that Lipschitz conditions like these for real-valued functions on
[a, b] may be obtained using the mean value theorem, as in Subsection 1.2.2. It
is well known that the mean value theorem does not always work for vector-
valued functions. However, one can get the same type of Lipschitz condition, as
in (8.2.4). Theorem 5.9 on p113 of [218] is a version of this, using the standard
Euclidean norm on Rm. The proof uses the standard inner product on Rm, to
reduce to the case of real-valued functions on [a, b].

This type of argument, reducing to the mean value theorem for real-valued
functions, also works for functions that are continuous on [a, b] and differentiable
on (a, b), with bounded derivative. If N is the norm ‖ · ‖∞ defined on Rm as
in Subsection 1.3.2, then it is not difficult to reduce directly to the case of real-
valued functions. If N is the norm ‖ · ‖1 defined on Rm as before, then there
is an argument analogous to the one in [218] for reducing to the case of real-
valued functions. As in the previous section, there is an analogous argument
that works for arbitrary norms, using results about norms that have not been
discussed here. There are other variants of these types of arguments as well.

Complex-valued functions may be considered as functions with values in R2,
with the absolute value of a complex number corresponding to the standard
Euclidean norm on R2, as before.
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8.3 Some partial Lipschitz conditions

Let n be a positive integer, and let E be a subset of Rn. Also let (Y, dY ) be a
metric space, and let f be a mapping from E into Y . Suppose that l is a positive
integer less than or equal to n, and that Cl is a nonnegative real number.

Let us say that f is partially Lipschitz in the lth variable with constant Cl

on E if
dY (f(x), f(x

′)) ≤ Cl |xl − x′l|(8.3.1)

for every x, x′ ∈ E such that xj = x′j when j 6= l. This means that f(x) is
Lipschitz as a function of xl with constant Cl, when the other coordinates of
x are fixed. More precisely, this uses the restriction of the standard Euclidean
metric on R to the set of real numbers that occur as lth coordinates of elements
of E, when the other coordinates are fixed.

This is the same as saying that if L is any line in Rn that is parallel to the
lth coordinate axis, then the restriction of f to E ∩L is Lipschitz with constant
Cl.

8.3.1 Functions on cells

Let a1, . . . , an and b1, . . . , bn be real numbers such that ak < bk for each k =
1, . . . , n. Remember that the corresponding set

C = {x ∈ Rn : ak ≤ xk ≤ bk for each k = 1, . . . , n}(8.3.2)

is called a cell in Rn, as in [218]. This is the same as the Cartesian product of
the closed intervals [ak, bk], k = 1, . . . , n, as mentioned in Subsection A.9.1.

Suppose now that f is a mapping from C into Y . Thus f(x) may be consid-
ered as a function of xl on [al, bl], when the other variables are fixed elements
of [ak, bk], k 6= l.

8.3.2 Using partial Lipschitz conditions

Let Cl be a nonnegative real number for each l = 1, . . . , n, and suppose that f is
partially Lipschitz in the lth variable with constant Cl on C for each l = 1, . . . , n.
Let x,w ∈ C be given, and observe that

dY (f(x), f(w)) ≤
n∑

l=1

Cl |xl − wl|.(8.3.3)

To see this, one can go from x to w in n steps, only changing one coordinate
in each step. This also uses the triangle inequality to get that the left side of
(8.3.3) is less than or equal to the sum of the distances between the values of f
at the appropriate pair of points in each step. The distance in the lth step is
less than or equal to the lth term in the sum on the right side of (8.3.3) for each
l = 1, . . . , n, because of the partial Lipschitz condition for f in the lth variable
on C.
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It follows that

dY (f(x), f(w)) ≤
(

max
1≤l≤n

Cl

)
‖x− w‖1,(8.3.4)

where ‖ · ‖1 is defined on Rn as in Subsection 1.3.2. Similarly,

dY (f(x), f(w)) ≤
( n∑

l=1

C2
l

)1/2

‖x− w‖2,(8.3.5)

where ‖ · ‖2 is the standard Euclidean norm on Rn. This uses the Cauchy–
Schwarz inequality, applied to the sum on the right side of (8.3.3). We also get
that

dY (f(x), f(w)) ≤
( n∑

l=1

Cl

)
‖x− w‖∞,(8.3.6)

where ‖ · ‖∞ is as defined in Subsection 1.3.2. In particular, f is Lipschitz with
respect to the restrictions of the metrics on Rn associated to these norms to C.

8.3.3 Functions on some other subsets of Rn

Let f be a mapping from a set E ⊆ Rn into Y again, and suppose that f
is partially Lipschitz in the lth variable on E with constant Cl ≥ 0 for every
l = 1, . . . , n. If C is a cell in Rn with

C ⊆ E,(8.3.7)

then the restriction of f to C has the same properties mentioned in the previous
subsection. In particular, if E = Rn, then these properties hold for every
x,w ∈ Rn.

8.4 Partial derivatives

Let m and n be positive integers, and let U be a nonempty open subset of Rn,
with respect to the standard Euclidean metric. Also let f be a mapping from
U into Rm, and let x ∈ U be given.

If l is a positive integer less than or equal to n, then the lth partial derivative

∂lf(x) = Dlf(x) =
∂f

∂xl
(x)(8.4.1)

of f at x can be defined, as usual, as the derivative of f in the lth variable at
xl, when it exists, and with the other variables being fixed. More precisely, if
we consider f as a function of the lth variable, with the kth variable equal to
xk when k 6= l, then f is defined on an open subset of the real line that contains
xl.

Note that ∂lf(x) exists if and only if the lth partial derivative ∂lfj(x) of the
jth component fj of f at x exists for each j = 1, . . . ,m, in which case ∂lfj(x) is
the same as the jth component of ∂lf(x) for each j = 1, . . . ,m, as an element
of Rm.
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8.4.1 Partial derivatives on cells

Let a1, . . . , an and b1, . . . , bn be real numbers with ak < bk for each k = 1, . . . , n,
and let C be the corresponding cell in Rn, as in (8.3.2). Suppose now that f is
a mapping from C into Rm. Let x ∈ C and a positive integer l ≤ n be given.

If al < xl < bl, then the lth partial derivative of f at x can be defined as the
derivative of f as a function of the lth variable on [al, bl] at xl, when it exists,
and with the other variables being fixed. If xl = al or bl, then one can use the
corresponding one-sided derivative, as before.

Suppose for the moment that f is defined on an open set U ⊆ Rn, and that
C ⊆ U . If the lth partial derivative of f at x as a function on U exists, then
the lth partial derivative of f at x as a function on C exists, as in the preceding
paragraph, and with the same value.

8.4.2 Partial Lipschitz conditions on cells

Suppose that the lth partial derivative of f exists everywhere on C, and that it
is continuous as a mapping from C into Rm, with respect to the restriction of
the standard Euclidean metric on Rn to C, and the standard Euclidean metric
on Rm.

Let N be a norm on Rm. Remember that N is continuous on Rm, as in
Subsection 6.11.1, so that N(∂lf(x)) is continuous as a real-valued function on
C. This implies that N(∂lf(x)) is bounded on C, because C is compact, and
that its maximum on C is attained.

Let dN be the metric on Rm associated to N . Using the remarks in Section
8.2, we get that f is partially Lipschitz in the lth variable on C, with respect to
dN on Rm, with constant

Cl = sup
x∈C

N(∂lf(x)).(8.4.2)

This is the smallest value of Cl with this property, for essentially the same
reasons as before.

8.4.3 Continuous differentiability on open subsets of Rn

Let f be a mapping from an open subset U of Rn into Rm again. Let us say
that f is continuously differentiable on U if for each l = 1, . . . , n, the lth partial
derivative ∂lf(x) of f exists at every x ∈ U , and defines a continuous mapping
from U into Rm. This uses the restriction of the standard Euclidean metric on
Rn to U , and the standard Euclidean metric on Rm, as usual.

If C is a cell in Rn and C ⊆ U , then the restriction of f to C satisfies the
analogous continuous differentiability property on C.

8.5 A more precise version

Let n be a positive integer, let a1, . . . , an and b1, . . . , bn be real numbers with
ak < bk for each k = 1, . . . , n, and let C be the corresponding cell in Rn again,
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as in (8.3.2). Also let f be a real-valued function on C, and let 1 ≤ l ≤ n be
given. Suppose that f(x) is continuous as a real-valued function of xl on [al, bl],
when xk ∈ [ak, bk] is kept fixed for k 6= l.

Suppose in addition that f(x) is differentiable as a function of xl on (al, bl)
when xk ∈ [ak, bk] is kept fixed for k 6= l, so that ∂lf(x) is defined under these
conditions. Let us suppose as well that ∂lf(x) is bounded, and put

Cl = sup{|∂lf(x)| : x ∈ C, al < xl < bl}.(8.5.1)

Under these conditions, one can use the mean value theorem to get that
f is partially Lipschitz in the lth variable on C, with respect to the standard
Euclidean metric on R, with constant Cl. This is the smallest value of Cl with
this property, as usual.

8.5.1 Real-valued functions on open subsets of Rn

Now let U be a nonempty open subset of Rn, with respect to the standard
Euclidean metric, and let f be a real-valued function on U . Suppose that
∂lf(x) exists for every x ∈ U , which implies that f is continuous as a function
of xl, with the other variables kept fixed, everywhere on U . If

C ⊆ U(8.5.2)

and ∂lf is bounded on C, then we get that f is partially Lipschitz in the lth
variable on C, with constant Cl as in (8.5.1), as before.

If ∂lf is bounded on U , then this holds for every cell C as in (8.5.2). If ∂lf
exists and is bounded on U for each l = 1, . . . , n, then one can use this to get
that f is continuous on U , as in Exercise 7 on p239 of [218].

8.6 Directional derivatives

Let m and n be positive integers, and let U be an open subset of Rn, with
respect to the standard Euclidean metric. Also let f be a mapping from U into
Rm, and let x ∈ U and v ∈ Rn be given.

It is easy to see that

U(x, v) = {t ∈ R : x+ t v ∈ U}(8.6.1)

is an open set in the real line, with respect to the standard Euclidean metric on
R. Of course, 0 ∈ U(x, v), because x ∈ U .

Let us consider
fx,v(t) = f(x+ t v)(8.6.2)

as an Rm-valued function of t ∈ U(x, v). If this function is differentiable at 0,
then put

Dvf(x) = f ′x,v(0).(8.6.3)

This is the directional derivative of f at x in the direction v.
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8.6.1 A homogeneity property of the directional deriva-
tive

Let r ∈ R be given, so that r v ∈ Rn too. Observe that

U(x, r v) = {t ∈ R : r t ∈ U(x, v)},(8.6.4)

and
fx,r v(t) = fx,v(r t)(8.6.5)

on U(x, r v). If Dvf(x) exists, then it is easy to see that Dr vf(x) exists, with

Dr vf(x) = r Dvf(x).(8.6.6)

8.6.2 Some remarks about directional derivatives

Let e1, . . . , en be the usual standard basis vectors in Rn, so that the lth coor-
dinate of ek is equal to 1 when k = l, and to 0 when k 6= l. The directional
derivative

Dekf(x)(8.6.7)

is the same as the kth partial derivative ∂kf(x), when it exists, for each k =
1, . . . , n.

If j ∈ {1, . . . ,m}, then let fj(x) ∈ R be the jth coordinate of f(x), as
an element of Rm. Thus fj(x) defines a real-valued function on U for each
j = 1, . . . ,m. Of course, the directional derivative Dvf(x) exists if and only if
the directional derivative Dvfj(x) exists for every j = 1, . . . ,m, in which case
Dvfj(x) is the jth coordinate of Dvf(x) for each j.

Similarly, note that f is continuously differentiable on U if and only if for
each j = 1, . . . ,m, fj is continuously-differentiable as a real-valued function on
U .

8.6.3 Linearity in v

Suppose for the moment that Dvf(x) exists for every v ∈ Rn. In some situa-
tions, we may also have that

Dv+wf(x) = Dvf(x) +Dwf(x)(8.6.8)

for every v, w ∈ Rn. This means that

v 7→ Dvf(x)(8.6.9)

defines a linear mapping from Rn into Rm, because of (8.6.6). In this case, we
get that

Dvf(x) =

n∑
k=1

vkDekf(x) =

n∑
k=1

vk ∂kf(x)(8.6.10)

for every v ∈ Rn, because v =
∑n

k=1 vk ek.
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8.7 Differentiable mappings

Let m and n be positive integers again, and let U be a nonempty open subset
of Rn, with respect to the standard Euclidean metric on Rn. Also let f be a
mapping from U into Rm, and let x ∈ U be given.

We say that f is differentiable at x if there is a linear mapping A from Rn

into Rm such that

lim
h→0

‖f(x+ h)− f(x)−A(h)‖2,Rm

‖h‖2,Rn

= 0.(8.7.1)

Here ‖ · ‖2,Rm and ‖ · ‖2,Rn are the standard Euclidean norms on Rm and Rn,
respectively. It is easy to see that this implies that f is continuous at x, and
some more precise statements along these lines will be discussed in the next
section.

8.7.1 Some reformulations of differentiability

Put

Ux = {h ∈ Rn : x+ h ∈ U},(8.7.2)

which is an open set in Rn that contains 0. Of course, f(x + h) is defined for
every h ∈ Ux, by construction. Put

a(h) = f(x+ h)− f(x)−A(h)(8.7.3)

for each h ∈ Ux, so that

f(x+ h) = f(x) +A(h) + a(h)(8.7.4)

for every h ∈ Ux. Using this, (8.7.1) says that

lim
h→0

‖a(h)‖2,Rm

‖h‖2,Rn

= 0.(8.7.5)

Similarly, if h ∈ Ux and h 6= 0, then put

α(h) = a(h) ‖h‖−1
2,Rn .(8.7.6)

Let us put α(0) = 0, so that

f(x+ h) = f(x) +A(h) + α(h) ‖h‖2,Rn(8.7.7)

for every h ∈ Ux, as in (8.7.4). Clearly (8.7.5) is equivalent to

lim
h→0

‖α(h)‖2,Rm = 0.(8.7.8)
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8.7.2 The differential of f at the point x

One can check directly that A is unique, when it exists. This can also be
obtained from the remarks in the next subsection.

In this case, we put f ′(x) = A. This may be called the differential of f at
x.

If n = 1, then this reduces to the usual definition of the derivative of a
function of one variable. More precisely, a linear mapping from R into Rm

corresponds to multiplying a real number by a fixed element of Rm. The dif-
ferential of f at x is the linear mapping that corresponds to multiplying a real
number by the usual derivative of f at x, as an element of Rm.

8.7.3 Directional derivatives of differentiable mappings

Suppose that f is differentiable at x. If v ∈ Rn, then one can verify that the
directional derivative of f at x in the direction v exists, with

Dvf(x) = f ′(x)(v).(8.7.9)

In particular, if k ∈ {1, . . . , n}, then the kth partial derivative of f at x exists,
with

∂f

∂xk
(x) = f ′(x)(ek).(8.7.10)

Here ek is the kth standard basis vector in Rn, as before.
Remember that linear mappings from Rn into Rm are associated to m× n

matrices of real numbers in a standard way, using the standard basis vectors
in Rn. The entries of the matrix associated to f ′(x) are given by the partial
derivatives of the m components of f at x. If m = 1, then this is related to the
gradient of f at x, as in (8.6.10).

8.7.4 Differentiability of sums and products

If t ∈ R, then t f is a function defined on U with values in Rm too. It is easy
to see t f is differentiable at x as well, with

(t f)′(x) = t f ′(x).(8.7.11)

Similarly, let g be another mapping from U into Rm that is differentiable at
x. One can check that f + g is differentiable at x, with

(f + g)′(x) = f ′(x) + g′(x).(8.7.12)

One can verify that a mapping from U into Rm is differentiable at x if and
only if its m components are differentiable at x as real-valued functions on U .

Suppose now that f , g are real-valued functions on U that are differentiable
at x. It is not too difficult to show that f g is differentiable at x as well, with

(f g)′(x) = g(x) f ′(x) + f(x) g′(x).(8.7.13)

This can also be obtained from the chain rule, as in Subsection 8.9.6.
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8.8 Pointwise Lipschitz conditions

Let (X, dX) and (Y, dY ) be metric spaces, and let f be a mapping from X into
Y . Also let x be an element of X, let C be a nonnegative real number, and let
r be a positive real number.

Let us say that

f is pointwise Lipschitz at x with constant C up to the scale r(8.8.1)

if for every w ∈ X with

dX(x,w) < r,(8.8.2)

we have that

dY (f(x), f(w)) ≤ C dX(x,w).(8.8.3)

Of course, this implies that

f is continuous at x.(8.8.4)

We may allow r = +∞ here too, so that (8.8.2) holds for every w ∈ X.

8.8.1 Defining differentiability using other norms

Let m and n be positive integers, let U be a nonempty open subset of Rn, and
let f be a mapping from U into Rm. Also let x ∈ U be given, and suppose that

f is differentiable at x.(8.8.5)

If N and N0 are norms on Rm and Rn, respectively, then (8.7.1) is equivalent
to

lim
h→0

N(f(x+ h)− f(x)− f ′(x)(h))

N0(h)
= 0.(8.8.6)

This follows from the comparison between N , N0 and the standard Euclidean
norms on Rm, Rn, respectively, as in Subsections 6.10.3 and 6.11.3.

Let ϵ > 0 be given, so that there is a δ > 0 such that

N(f(x+ h)− f(x)− f ′(x)(h))

N0(h)
< ϵ(8.8.7)

for every h ∈ Rn such that h 6= 0,

N0(h) < δ,(8.8.8)

and x+h ∈ U . This uses the comparison betweenN0 and the standard Euclidean
norm on Rn again, to express (8.8.8) in terms of N0(h). We may as well take δ
small enough so that (8.8.8) implies that x+ h ∈ U .
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8.8.2 Some pointwise Lipschitz conditions

If h ∈ Rn satisfies (8.8.8), then it follows that

N(f(x+ h)− f(x)− f ′(x)(h)) ≤ ϵN0(h).(8.8.9)

This implies that

N(f(x+ h)− f(x)) ≤ N(f(x+ h)− f(x)− f ′(x)(h)) +N(f ′(x)(h))

≤ N(f ′(x)(h)) + ϵN0(h)(8.8.10)

when (8.8.8) holds, using the triangle inequality for N in the first step. Using
this, we get that

N(f(x+ h)− f(x)) ≤ ‖f ′(x)‖opN0(h) + ϵN0(h)(8.8.11)

= (‖f ′(x)‖op + ϵ)N0(h)

when (8.8.8) holds, where ‖f ′(x)‖op is the operator norm of f ′(x) corresponding
to N0 and N , as in Section 7.5. This is a pointwise Lipschitz condition for f at
x, with respect to the metrics associated to N0 and N .

8.8.3 Estimating ‖f ′(x)‖op
Using (8.8.9) and the triangle inequality for N again, we get that

N(f ′(x)(h)) ≤ N(f(x+ h)− f(x)) + ϵN0(h)(8.8.12)

when h ∈ Rn satisfies (8.8.8).
Let r be a positive real number, let C(r) be a nonnegative real number, and

suppose that

f is pointwise Lipschitz at x with constant C(r) up to scale r,(8.8.13)

with respect to the metric on Rm associated to N , and the restriction to U of
the metric on Rn associated to N0. This means that

N(f(x+ h)− f(x)) ≤ C(r)N0(h)(8.8.14)

for every h ∈ Rn such that
N0(h) < r(8.8.15)

and x+ h ∈ U . As before, we may as well take r small enough so that (8.8.15)
implies that x + h ∈ U , using the comparison between N0 and the standard
Euclidean norm on Rn.

Combining (8.8.12) and (8.8.14), we get that

N(f ′(x)(h)) ≤ C(r)N0(h) + ϵN0(h) = (C(r) + ϵ)N0(h)(8.8.16)

for every h ∈ Rn with
N0(h) < min(δ, r).(8.8.17)
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It is easy to see that this implies that (8.8.16) holds for every h ∈ Rn, because
f ′(x)(h) is linear in h. More precisely, one can reduce to the case where (8.8.17)
holds, by multiplying h by a sufficiently small positive real number.

It follows that

‖f ′(x)‖op ≤ C(r) + ϵ.(8.8.18)

This implies that

‖f ′(x)‖op ≤ C(r),(8.8.19)

because ϵ > 0 is arbitrary.

8.9 The chain rule

Let m, n, and p be positive integers, let U be a nonempty open subset of Rn,
and let f be a mapping from U into Rm. Also let V be an open set in Rm, and
suppose that

f(U) ⊆ V.(8.9.1)

If g is a mapping from V into Rp, then the composition g ◦ f of f and g is
defined as a mapping from U into Rp, i.e., (g ◦ f)(x) = g(f(x)) for all x ∈ U .

Suppose that

f is differentiable at x ∈ U,(8.9.2)

and that

g is differentiable at f(x) ∈ V.(8.9.3)

Thus the differential f ′(x) of f at x is defined as a linear mapping from Rn into
Rm, and the differential g′(f(x)) of g at f(x) is defined as a linear mapping
from Rm into Rp.

8.9.1 The precise statement of the chain rule

Under these conditions, it is not too difficult to show that

g ◦ f is differentiable at x,(8.9.4)

with

(g ◦ f)′(x) = g′(f(x)) ◦ f ′(x).(8.9.5)

This is the analogue of the chain rule in this situation.

One can check that this reduces to the usual version of the chain rule for
real-valued functions of one real variable when m = n = p = 1.
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8.9.2 A way to get the chain rule

If g is a linear mapping from Rm into Rp, then one can check the chain rule
directly. Otherwise, one can use this to reduce to the case where

g′(f(x)) = 0.(8.9.6)

In this case, one can verify that

(g ◦ f)′(x) = 0(8.9.7)

when f satisfies a pointwise Lipschitz condition at x.

8.9.3 Partial derivatives of compositions

In particular, (8.9.5) can be used to obtain the partial derivatives of g ◦ f at x
in terms of the partial derivatives of f at x and the partial derivatives of g at
f(x). Similarly, let v ∈ Rn be given, so that

w = f ′(x)(v) = Dvf(x)(8.9.8)

is an element of Rm. Using (8.9.5), we get that

Dv(g ◦ f)(x) = (g ◦ f)′(x)(v) = g′(f(x))(f ′(x)(v))(8.9.9)

= g′(f(x))(w) = (Dwg)(f(x)).

Ifm = 1, then this can be obtained from the usual chain rule for differentiable
real-valued functions of one real variable.

8.9.4 Constant functions and linear mappings

Let l1, l2 be positive integers. Of course, constant mappings from Rl1 into Rl2

are differentiable at every point in Rl1 , with differential equal to 0.

If f = A is a linear mapping from Rl1 into Rl2 , then f is differentiable at
every point x ∈ Rl1 , with f ′(x) = A.

8.9.5 Squares of differentiable functions

It is well known that t 7→ t2 is differentiable as a real-valued function on the
real line, with derivative equal to 2 t. Let f be a real-valued function on U , and
suppose that f is differentiable at x ∈ U . Using the chain rule, we get that

f2 is differentiable at x(8.9.10)

too, with

(f2)′(x) = 2 f(x) f ′(x).(8.9.11)
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8.9.6 Products of differentiable functions

Let g be another real-valued function on U that is differentiable at x, so that
g2 is differentiable at x as well, with

(g2)′(x) = 2 g(x) g′(x).(8.9.12)

Similarly, f + g is differentiable at x, so that (f + g)2 is differentiable at x, with

((f + g)2)′(x) = 2 (f(x) + g(x)) (f ′(x) + g′(x)).(8.9.13)

Note that
f g = (1/2) ((f + g)2 − f2 − g2)(8.9.14)

on U . It follows that f g is differentiable at x, with (f g)′(x) as in (8.7.13).

8.9.7 Reciprocals of differentiable functions

Similarly, it is well known that t 7→ 1/t is differentiable as a real-valued function
on R \ {0}, with derivative equal to −1/t2. Let f be a real-valued function on
U such that f(w) 6= 0 for every w ∈ U , and suppose that f is differentiable at
x ∈ U . The chain rule implies that

1/f is differentiable at x,(8.9.15)

with
(1/f)′(x) = (−1/f(x)2) f ′(x).(8.9.16)

8.9.8 Polynomials and rational functions

In particular, one can use these remarks to get that polynomial functions on Rn

are differentiable at every point. Similarly, rational functions are differentiable
on open sets where the denominator is not zero.

8.10 Continuous differentiability

Let m and n be positive integers, let U be an open set in Rn, and let f be a
mapping from U into Rm. If

f is differentiable at every point in U,(8.10.1)

then f is said to be differentiable on U .
Remember that f is said to be continuously differentiable on U if for each

k = 1, . . . , n, the kth partial derivative ∂kf(x) exists at every x ∈ U , and is
continuous as a mapping from U into Rm, as in Subsection 8.4.3. It is well
known that

continuously-differentiable mappings on U are differentiable(8.10.2)
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in the sense just mentioned. More precisely, if x ∈ U , then f ′(x) is the linear
mapping from Rn into Rm defined by

f ′(x)(h) =

n∑
k=1

hk ∂kf(x)(8.10.3)

for every h ∈ Rn.

8.10.1 The case where ∂kf(x) = 0, 1 ≤ k ≤ n

To see this, suppose that f is continuously differentiable on U , and let x ∈ U
be given. Suppose for the moment that

∂kf(x) = 0 for each k = 1, . . . , n,(8.10.4)

so that we would like to show that f is differentiable at x, with f ′(x) = 0. This
is equivalent to saying that

lim
h→0

‖f(x+ h)− f(x)‖2,Rm

‖h‖2,Rn

= 0.(8.10.5)

Because ∂kf is continuous on U , (8.10.4) implies that ∂kf is as small as we want
near x. One can use this to get (8.10.5), as in Subsections 8.3.2 and 8.4.2.

Alternatively, it is not difficult to reduce to the case where m = 1. This
permits one to use the mean value theorem, as in Section 8.5. In order to
estimate

f(x+ h)− f(x),(8.10.6)

one can go from x to x + h in n steps, only changing one coordinate in each
step, as in Subsection 8.3.2.

8.10.2 Reducing to the previous case

We can reduce to the case where (8.10.4) holds, as follows. If w ∈ U , then put

f̃(w) = f(w)−
n∑

k=1

(wk − xk) ∂kf(x).(8.10.7)

This defines a mapping from U into Rm, as a function of w. The partial
derivatives of f̃ are given by

∂lf̃(w) = ∂lf(w)− ∂lf(x)(8.10.8)

for every w ∈ U and l = 1, . . . , n. In particular, f̃ is continuously differentiable
on U , with

∂lf̃(x) = ∂lf(x)− ∂lf(x) = 0(8.10.9)

for every l = 1, . . . , n.
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This implies that

lim
h→0

‖f̃(x+ h)− f̃(x)‖2,Rn

‖h‖2,Rm

= 0,(8.10.10)

as before. This is the same as saying that f is differentiable at x, with f ′(x) as
in (8.10.3).

8.10.3 Another formulation of continuous differentiability

We can think of f ′(x) as a function of x ∈ U with values in the space L(Rn,Rm)
of linear mappings from Rn into Rm. One can get nice metrics on L(Rn,Rm)
from norms in the usual way, such as the Hilbert–Schmidt norm or the operator
norm associated to the standard Euclidean norms on Rn and Rm.

If f is continuously differentiable on U , then one can check that

f ′ is continuous as a mapping from U into L(Rn,Rm),(8.10.11)

with respect to such a metric. Conversely, if f is differentiable on U , and if f ′

is continuous on U in this sense, then one can verify that

the partial derivatives of f are continuous on U.(8.10.12)

Thus continuous differentiability on U can be defined equivalently in this way.

8.11 Another basic Lipschitz estimate

Let m and n be positive integers, let U be a nonempty open subset of Rn,
and let f be a continuously-differentiable mapping from U into Rm. Thus f is
differentiable at every x ∈ U , as in the previous section, so that f ′(x) is defined
as a linear mapping from Rn into Rm for every x ∈ U . We also have that f ′ is
continuous on U , as before.

8.11.1 Continuity of ‖f ′(x)‖op
Let N and N0 be norms on Rm and Rn, respectively, and let ‖·‖op = ‖·‖op,N0N

be the corresponding operator norm for linear mappings from Rn into Rm, as in
Section 7.5. Remember that N and N0 can be compared with the standard Eu-
clidean norms on Rm and Rn, respectively, as in Subsections 6.10.3 and 6.11.3.
This leads to an analogous comparison between ‖ · ‖op and the operator norm
for linear mappings from Rn into Rm with respect to the standard Euclidean
norms on Rn and Rm.

In particular, one can use this to check that ‖ · ‖op is continuous on the
space of linear mappings from Rn into Rm, with respect to the metric that
corresponds to the Hilbert–Schmidt norm on m × n matrices of real numbers.
This implies that

‖f ′(x)‖op is continuous as a real-valued function on U,(8.11.1)
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because f ′(x) is continuous on U .
If x ∈ U and v ∈ Rn, then the directional derivative Dvf(x) of f at x in the

direction of v is the same as f ′(x) applied to v, as in (8.7.9). Hence

N(Dvf(x)) = N(f ′(x)(v)) ≤ ‖f ′(x)‖opN0(v),(8.11.2)

by the definition of ‖ · ‖op.

8.11.2 Convex open sets U

Let us suppose from now on in this section that U is also convex in Rn. This
means that for each x,w ∈ U and t ∈ R with 0 ≤ t ≤ 1 we have that

t x+ (1− t)w ∈ U.(8.11.3)

Let x,w ∈ U be given, and consider

f(t x+ (1− t)w) = f(w + t (x− w))(8.11.4)

as a function of t ∈ [0, 1] with values in Rm. Because f is differentiable on U ,
we can differentiate (8.11.4) in t, to get that

d

dt
(f(t x+ (1− t)w)) = (D(x−w)f)(t x+ (1− t)w)(8.11.5)

for every t ∈ [0, 1]. It follows that∫ 1

0

(D(x−w)f)(t x+ (1− t)w) dt = f(x)− f(w),(8.11.6)

by the fundamental theorem of calculus.

8.11.3 Estimating N(f(x)− f(w))

This implies that

N(f(x)− f(w)) ≤
∫ 1

0

N((D(x−w)f)(t x+ (1− t)w)) dt,(8.11.7)

as in Subsection 8.1.3. Combining this with (8.11.2), we get that

N(f(x)− f(w)) ≤ N0(x− w)

∫ 1

0

‖f ′(t x+ (1− t)w)‖op dt.(8.11.8)

Suppose that f ′ is bounded on U , and observe that

N(f(x)− f(w)) ≤
(
sup
u∈U

‖f ′(u)‖op
)
N0(x− w),(8.11.9)
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by (8.11.8). This means that f is Lipschitz as a mapping from U into Rm, using
the restriction to U of the metric on Rn associated to N0, and the metric on
Rm associated to N .

More precisely, the corresponding Lipschitz constant is given by

Lip(f) = sup
u∈U

‖f ′(u)‖op.(8.11.10)

Indeed, Lip(f) is less than or equal to the right side of (8.11.10), because of
(8.11.9). In order to get the opposite inequality, one can check directly that
‖f ′(u)‖op is less than or equal to Lip(f) for every u ∈ U , as in Subsection 8.8.3.

8.11.4 The m = 1 case

If m = 1, then we can take N to be the usual absolute value function on R. In
this case, one can use the mean value theorem to get that

|f(x)− f(w)| ≤
(
sup
u∈U

‖f ′(u)‖op
)
N0(x− w)(8.11.11)

for every x,w ∈ U when f is differentiable on U , and f ′ is bounded on U .
More precisely, one can consider (8.11.4) as a real-valued function of t ∈ [0, 1],
whose derivative can be estimated in the same way as before. The corresponding
Lipschitz constant of f on U is given by (8.11.10), as before.

There are some analogous remarks when m ≥ 2, as in Subsection 8.2.4.

8.12 Some remarks about connectedness

Let (X, dX) be a metric space. Remember that subsets A, B of X are said to
be separated in X if

A ∩B = A ∩B = ∅,(8.12.1)

where A, B are the closures of A, B in X, respectively. A subset E of X is
said to be connected if E cannot be expressed as the union of two nonempty
separated subsets of X, as usual.

8.12.1 Subsets of X0 ⊆ X

Let X0 be a subset of X, and remember that X0 may be considered as a metric
space with respect to the restriction of dX(x,w) to x,w ∈ X0. If A ⊆ X0, then
let AX be the closure of A in X, and let AX0

be the closure of A in X0.
One can check that

AX0
= AX ∩X0(8.12.2)

for every A ⊆ X0. More precisely, if x is any element of X0, then one can verify
that x is a limit point of A as a subset of X if and only if x is a limit point of
A as a subset of X0.
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If A, B are subsets of X0, then one can use this to verify that

A, B are separated as subsets of X0(8.12.3)

if and only if

A, B are separated as subsets of X.(8.12.4)

If E is a subset of X0, then the previous statement implies that

E is connected as a subset of X0 if and only if(8.12.5)

E is connected as a subset of X.

8.12.2 Disjoint open and closed sets

Note that disjoint closed subsets of X are separated in X. One can check that

disjoint open subsets of X are separated in X(8.12.6)

too, because the complement of an open set is a closed set.
If X is not connected, then X can be expressed as the union of two nonempty

separated sets A, B. In this case, one can verify that

A and B are closed sets in X.(8.12.7)

Equivalently, this means that

A and B are open sets in X(8.12.8)

under these conditions.

8.12.3 Connected open and closed sets

Suppose that E ⊆ X is not connected, so that E = A ∪ B for some nonempty
separated subsets A, B of X. If E is a closed set in X, then one can check
that (8.12.7) holds. This can be obtained directly from the definitions, or by
reducing to the case where X = E.

Similarly, if E is an open set in X, then one can verify that (8.12.8) holds.

8.13 Locally constant mappings

Let (X, dX) be a metric space, let Y be a set, and let f be a mapping from X
into Y . We say that f is locally constant on X if for every x ∈ X there is a
positive real number r(x) such that

f(w) = f(x)(8.13.1)

for every w ∈ X with dX(x,w) < r(x).
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If Y is equipped with a metric dY , then

any locally constant mapping from X into Y is continuous.(8.13.2)

If Y is equipped with the discrete metric, as mentioned in Section A.11, then it
is easy to see that

every continuous mapping from X into Y is locally constant.(8.13.3)

This also works as long as every element of Y is an isolated point in Y .

8.13.1 Locally constant mappings and connectedness

Let f be a locally constant mapping from X into Y , and let E be a subset of
X. If E is connected as a subset of X, then

f is constant on E.(8.13.4)

Equivalently, if f is not constant on E, then E is not connected.
One way to see this is to use the fact that f is continuous with respect to

the discrete metric on Y . It is well known that any continuous mapping from
X into another metric space maps connected subsets of X to connected subsets
of the range. If E is connected in X, then it follows that

f(E) is connected with respect to the discrete metric on Y.(8.13.5)

However, one can check that a subset of Y is connected with respect to the
discrete metric if and only if it has at most one element. If f(E) has at most
one element, then (8.13.4) holds.

If X is not connected, then X can be expressed as the union of two nonempty
disjoint open sets A and B, as in Subsection 8.12.2. One can use this to get
a mapping f from X into any set Y with at least two elements such that f is
locally constant on X, and not constant on X. One can take f to be constant
on each of A and B, with different constant values on these two sets.

8.13.2 The condition f ′(x) ≡ 0

Let m and n be positive integers, let U be a nonempty open subset of Rn, and
let f be a mapping from U into Rm. Suppose that f is differentiable on U , and
that

f ′(x) = 0(8.13.6)

for every x ∈ U .
If U is convex, then it follows that f is constant on U , as in Subsection

8.11.2. Similarly,

the restriction of f to any convex open subset of U is constant.(8.13.7)

One can check that open balls in Rn with respect to the metric associated
to any norm on Rn are convex, directly from the definitions.
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This implies that

f is locally constant on U,(8.13.8)

with respect to the restriction to U of the standard Euclidean metric on Rn.
Of course, if f is any mapping from U into Rm that is locally constant with

respect to the restriction to U of the standard Euclidean metric on Rn, then f
is differentiable on U , and satisfies (8.13.6) for every x ∈ U .

If U is also connected as a subset of Rn, then (8.13.8) implies that

f is constant on U,(8.13.9)

as in the previous subsection. More precisely, this uses the fact that U is con-
nected as a subset of itself, with respect to the restriction of the standard Eu-
clidean metric on Rn to U , as in Subsection 8.12.1. This is related to Exercise
9 on p239 of [218].

If U is not connected as a subset of Rn, then U can be expressed as the
union of two nonempty disjoint open subsets of Rn, as in Subsection 8.12.3.
One can use this to get a locally constant mapping from U into Rm that is not
constant on U , as in the previous subsection again.

8.14 Some local Lipschitz conditions

Let (X, dX) and (Y, dY ) be metric spaces, and let f be a mapping from X into
Y . If x ∈ X and r > 0, then we let

BX(x, r)(8.14.1)

be the open ball in X centered at x with radius r with respect to dX , as usual.
Let us say that

f is locally Lipschitz with constant C ≥ 0 at x(8.14.2)

if there is a positive real number r such that

the restriction of f to BX(x, r) is Lipschitz with constant C,(8.14.3)

with respect to the restriction of dX(·, ·) to BX(x, r). Note that this implies that
f is pointwise Lipschitz at x with constant C up to the scale r, as in Section
8.8.

We may also simply say that

f is locally Lipschitz at x(8.14.4)

if there is a nonnegative real number C such that f is locally Lipschitz at x with
constant C. Similarly, we may say that

f is locally Lipschitz on X(8.14.5)
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if f is locally Lipschitz at every x ∈ X. Of course, this implies that

f is continuous on X.(8.14.6)

Note that f is locally constant on X exactly when

f is locally Lipschitz with constant C = 0 at every x ∈ X.(8.14.7)

Let W be an open subset of X, and suppose that the restriction of f to W
is Lipschitz with constant C ≥ 0, with respect to the restriction of dX(·, ·) to
W . This implies that for each w ∈W , f is locally Lipschitz at w with constant
C.

8.14.1 Local Lipschitz conditions and compactness

Let K be a compact subset of X, and suppose that

for each x ∈ K, f is locally Lipschitz at x.(8.14.8)

This means that for every x ∈ K, there is a positive real number r(x) and a
nonnegative real number C(x) such that the restriction of f to BX(x, r(x)) is
Lipschitz with constant C(x).

Thus K can be covered by open balls of this type, and so there are finitely
many elements x1, . . . , xl of K such that

K ⊆
l⋃

j=1

BX(xj , r(xj)),(8.14.9)

because K is compact. If we put

C = max
1≤j≤l

C(xj),(8.14.10)

then it is easy to see that

f is locally Lipschitz with constant C(8.14.11)

at every x ∈ K. More precisely, this holds at every x in the right side of (8.14.9).

8.14.2 Some Lipschitz conditions on convex subsets of Rn

Let m and n be positive integers, let U be a nonempty open subset of Rn, and
let f be a continuously-differentiable mapping from U into Rm. Also let N and
N0 be norms on Rm and Rn, respectively, and let ‖ · ‖op be the corresponding
operator norm for linear mappings from Rn into Rm.

Suppose that E is a nonempty convex subset of Rn such that E ⊆ U , and
that

‖f ′(u)‖op is bounded on E.(8.14.12)
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If x,w ∈ E, then

N(f(x)− f(w)) ≤
(
sup
u∈E

‖f ′(u)‖op
)
N0(x− w),(8.14.13)

as in Subsection 8.11.3. This means that

the restriction of f to E is Lipschitz(8.14.14)

with respect to the metric on Rm associated to N , and the restriction to E of
the metric on Rn associated to N0.

If E is also closed and bounded in Rn, then E is compact in Rn. It is well
known that this implies that E is compact as a subset of U , with respect to
the restriction to U of the standard Euclidean metric on Rn. Remember that
‖f ′(u)‖op is continuous as a real-valued function on U , as in Subsection 8.11.1.
It follows that (8.14.12) holds under these conditions.

8.14.3 Some more Lipschitz conditions on subsets of U

One can check that open and closed balls in Rn with respect to the metric
associated to a norm are convex subsets of Rn, as before. If v ∈ U and ϵ is a
positive real number, then

‖f ′(u)‖op < ‖f ′(v)‖op + ϵ(8.14.15)

when u ∈ U is sufficiently close to v, because ‖f ′(u)‖op is continuous at v. One
can use this to get that f is locally Lipschitz at v with constant

C = ‖f ′(v)‖op + ϵ,(8.14.16)

with respect to the metric on Rm associated to N , and the restriction to U of
the metric on Rn associated to N0.

We also have that ‖f ′(u)‖op is bounded on any closed ball contained in U ,
as in the previous subsection. This implies that the restriction of f to such a
ball is Lipschitz, as before.



Chapter 9

More on differentiable
mappings

9.1 Continuously-differentiable mappings

Let m and n be positive integers, let U be an open subset of Rn, and let f be a
continuously-differentiable mapping from U into Rm. Also let x be an element
of U , and put

A = f ′(x),(9.1.1)

for convenience. Observe that f −A is continuously differentiable as a mapping
from U into Rm too. If w ∈ U , then

(f −A)′(w) = f ′(w)−A = f ′(w)− f ′(x).(9.1.2)

This tends to 0 as w approaches x, because f is continuously differentiable on
U .

9.1.1 Using the operator norm

Let N0 and N be norms on Rn and Rm, respectively. Thus

dN0
(v, w) = N0(v − w) and dN (y, z) = N(y − z)(9.1.3)

are metrics on Rn and Rm, respectively. The corresponding operator norm for
linear mappings from Rn into Rm is denoted ‖ · ‖op = ‖ · ‖op,N0N , as usual. In
particular,

‖f ′(w)−A‖op = ‖f ′(w)− f ′(x)‖op → 0 as w → x,(9.1.4)

because f is continuously-differentiable on U .

182
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9.1.2 Convex open subsets of U

Let U1 be a convex open subset of Rn such that x ∈ U1 and U1 ⊆ U . Suppose
that

f ′ is bounded on U1,(9.1.5)

so that
f ′ −A is bounded on U1(9.1.6)

as well. Put
b1 = sup

w∈U1

‖f ′(w)−A‖op.(9.1.7)

Note that

the restriction of f −A to U1 is Lipschitz with constant b1,(9.1.8)

as in Subsection 8.11.3 and 8.14.2. This uses the restriction of dN0 to U1, and
dN on Rm.

9.1.3 A lower bound for dN(f(u), f(v))

Suppose that
N(A(v)) = N(f ′(x)(v)) ≥ cN0(v)(9.1.9)

for some c > 0 and all v ∈ Rn. This implies that

dN (A(u), A(v)) ≥ c dN0
(u, v)(9.1.10)

for every u, v ∈ Rn, as in (7.9.6). Remember that there is a positive real number
c such that (9.1.9) holds for all v ∈ Rn exactly when A is one-to-one on Rn, as
in Subsections 7.9.3 and 7.10.1.

Suppose that
b1 < c.(9.1.11)

Under these conditions, we have that

dN (f(u), f(v)) ≥ (c− b1) dN0
(u, v)(9.1.12)

for every u, v ∈ U1. More precisely, this corresponds to (7.11.5), with some
changes in notation.

9.1.4 A lower bound for N(f ′(w)(v))

Similarly, if w ∈ U1, then

N(f ′(w)(v)) ≥ (c− b1)N0(v)(9.1.13)

for every v ∈ Rn. This corresponds to (7.11.10).
Suppose for instance that U1 is the open ball in Rn centered at x with radius

r > 0 with respect to dN0
. This is a convex open subset of Rn, as before. If

r is small enough, then U1 ⊆ U , because U is an open set in Rn that contains
x. We can make b1 as small as we want by taking r small enough, because of
(9.1.4). In particular, (9.1.11) holds when r is sufficiently small.

Some more properties of mappings like these will be discussed in Section 9.8.
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9.2 Invertible linear mappings

Let n be a positive integer, and let

L(Rn) = L(Rn,Rn)(9.2.1)

be the space of linear mappings from Rn into itself. Also let N be a norm
on Rn, and let ‖A‖op = ‖A‖op,NN be the corresponding operator norm for
A ∈ L(Rn). More precisely, this uses N on Rn as both the domain and range
of A. Remember that

dop(A,B) = ‖A−B‖op(9.2.2)

defines a metric on L(Rn).

Let I be the identity mapping on Rn, which sends every element of Rn to
itself. It is easy to see that

‖I‖op = 1,(9.2.3)

as mentioned in Subsection 7.5.4. If A,B ∈ L(Rn), then their composition B◦A
defines a linear mapping from Rn into itself as well, so that B ◦ A ∈ L(Rn).
Remember that

‖B ◦A‖op ≤ ‖A‖op ‖B‖op,(9.2.4)

as in Subsection 7.8.3.

A linear mapping A from Rn into itself is said to be invertible if A is a
one-to-one mapping from Rn onto itself. In this case, the inverse mapping A−1

is linear as well. The collection of invertible linear mappings on Rn may be
denoted GL(Rn). It is well known that A ∈ L(Rn) is one-to-one if and only if
A(Rn) = Rn.

9.2.1 The operator norm of A−1

If A ∈ GL(Rn), then

N(A−1(u)) ≤ ‖A−1‖opN(u)(9.2.5)

for every u ∈ Rn. More precisely, ‖A−1‖op is the smallest nonnegative real
number with this property, by definition of the operator norm.

Equivalently, (9.2.5) says that

N(v) ≤ ‖A−1‖opN(A(v))(9.2.6)

for every v ∈ Rn. Note that ‖A−1‖op > 0, because A−1 6= 0. Thus (9.2.6) is
the same as saying that

‖A−1‖−1
op N(v) ≤ N(A(v))(9.2.7)

for every v ∈ Rn.
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9.2.2 Small perturbations of A

Suppose that B ∈ L(Rn) satisfies

‖A−B‖op < 1/‖A−1‖op.(9.2.8)

Using (9.2.7), we get that

(‖A−1‖−1
op − ‖A−B‖op)N(v) ≤ N(B(v))(9.2.9)

for every v ∈ Rn, as in Subsection 7.11.1.
In particular, this implies that B(v) = 0 only when v = 0, so that B is

injective. It follows that B(Rn) = Rn, and hence

B ∈ GL(Rn),(9.2.10)

as before. This shows that

GL(Rn) is an open set in L(Rn),(9.2.11)

with respect to the metric (9.2.2) associated to the operator norm.
One could also get (9.2.11) using determinants, as in Subsection 9.7.2.
If A = I, then the invertibility of B could be obtained as in Subsection

7.13.1. It is not difficult to reduce to that case, because (9.2.8) implies that

‖I −A−1 ◦B‖op = ‖A−1 ◦ (A−B)‖op ≤ ‖A−1‖op ‖A−B‖op < 1.(9.2.12)

9.2.3 Estimating ‖B−1‖op
Note that

N(B−1(u)) ≤ (‖A−1‖−1
op − ‖A−B‖op)−1N(u)(9.2.13)

for every u ∈ Rn, by (9.2.9). This means that

‖B−1‖op ≤ (‖A−1‖−1
op − ‖A−B‖op)−1(9.2.14)

=
‖A−1‖op

1− ‖A−1‖op ‖A−B‖op

in this situation.
Suppose that

‖A−B‖op ≤ 1/(2‖A−1‖op),(9.2.15)

or equivalently

‖A−1‖op ‖A−B‖op ≤ 1/2.(9.2.16)

This implies that

‖B−1‖op ≤ 2 ‖A−1‖op,(9.2.17)

by (9.2.14). Of course, (9.2.15) implies (9.2.8).
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We would like to look at continuity properties of

A 7→ A−1(9.2.18)

on GL(Rn). If A,B ∈ GL(Rn), then it is easy to see that

A−1 −B−1 = A−1 ◦ (B −A) ◦B−1.(9.2.19)

This implies that

‖A−1 −B−1‖op ≤ ‖A−1‖op ‖B−1‖op ‖A−B‖op.(9.2.20)

If (9.2.15) holds, then we get that

‖A−1 −B−1‖op ≤ 2 ‖A−1‖2op ‖A−B‖op,(9.2.21)

by (9.2.17). It follows that B 7→ B−1 is continuous at A, with respect to the
metric (9.2.2) associated to the operator norm, and its restriction to GL(Rn).

One could also get this using determinants, as in Subsection 9.7.3. This also
uses the fact that t 7→ 1/t is continuous on R \ {0}.

9.3 The inverse function theorem

Let n be a positive integer, and let N be a norm on Rn, so that dN (v, w) =
N(v − w) is a metric on Rn. Using N , we get the corresponding operator
norm ‖ · ‖op on the space L(Rn) of linear mappings from Rn into itself, and
its associated metric, as in (9.2.2). Of course, one can simply take N to be the
standard Euclidean norm on Rn.

Let W be an open subset of Rn, and let f be a continuously-differentiable
mapping from W into Rn. Also let w ∈W be given, and suppose that

f ′(w) is invertible(9.3.1)

as a linear mapping from Rn into itself. Under these conditions, the inverse
function theorem states that there are open subsets U and V of Rn with the
following properties, which we describe in two parts.

9.3.1 The first part of the inverse function theorem

In the first part,
w ∈ U, U ⊆W, and f(w) ∈ V.(9.3.2)

We are able to choose U and V so that

f is a one-to-one mapping from U onto V.(9.3.3)

In particular, this means that f(U) = V is an open set in Rn.
We can also choose U so that

f ′(x) is invertible as a linear mapping on Rn for each x ∈ U.(9.3.4)
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9.3.2 The second part of the inverse function theorem

It follows from the first part that we can define a mapping g from V onto U to
be the inverse of the restriction of f to U , so that

g(f(x)) = x(9.3.5)

for every x ∈ U . The second part of the inverse function theorem says that

g is continuously-differentiable as a mapping from V into Rn,(9.3.6)

with

g′(y) = (f ′(g(y)))−1(9.3.7)

for every y ∈ V . More precisely, the right side of (9.3.7) is the inverse of f ′(g(y)),
as a linear mapping on Rn.

If x ∈ U and g is differentiable at f(x) ∈ V , then the chain rule implies that

g′(f(x)) ◦ f ′(x) = I,(9.3.8)

because of (9.3.5). This is the same as (9.3.7), with y = f(x).

The proof of the inverse function theorem will be discussed in the next
section. Note that the proof could be simplified when n = 1, using the mean
value theorem and the intermediate value theorem, which is related to Exercise
2 on p114 of [218].

9.4 Proving the inverse function theorem

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Remember that f ′(x) is continuous as a function of x ∈W with values in
L(Rn), as in Subsection 8.10.3. We have also seen that the collection GL(Rn)
of invertible linear mapping from Rn into itself is an open set in L(Rn), as in
Subsection 9.2.2. It follows that

{x ∈W : f ′(x) ∈ GL(Rn)}(9.4.1)

is an open set in Rn, becauseW is an open set, by hypothesis. Of course, (9.4.1)
is the same as

(f ′)−1(GL(Rn)),(9.4.2)

where f ′ is considered as a mapping from W into L(Rn).

More precisely, the continuity of f ′ on W can be used to get that (9.4.1) is a
relatively open set in W . This implies that (9.4.1) is an open set in Rn, because
W is an open set.



188 CHAPTER 9. MORE ON DIFFERENTIABLE MAPPINGS

9.4.1 Reducing to the case where f ′(w) = I on Rn

To prove the inverse function theorem, we can reduce to the case where

f ′(w) is the identity mapping I on Rn.(9.4.3)

More precisely, this can be obtained by replacing f with

(f ′(w))−1 ◦ f,(9.4.4)

as a continuously-differentiable mapping from W into Rn. It is easy to see that
the differential of (9.4.4) at w is equal to

(f ′(w))−1 ◦ f ′(w) = I,(9.4.5)

by construction.
If we can prove the inverse function theorem in this case, then the analogous

conclusions for f can be obtained using

f = f ′(w) ◦ ((f ′(w))−1 ◦ f),(9.4.6)

where f ′(w) is considered as a linear mapping from Rn into itself.

9.4.2 The case where f ′(w) = I

Let BN (w, r) be the open ball in Rn centered at w with radius r > 0 with
respect to dN (·, ·), as before. Note that

BN (w, r) ⊆W(9.4.7)

when r is sufficiently small, because W is an open set that contains w. We also
have that f ′(x) − I is as small as we want when x ∈ Rn is close enough to w,
because f ′(x) is continuous at w.

In particular, we can choose r > 0 small enough so that (9.4.7) holds and

‖f ′(x)− I‖op ≤ 1/2(9.4.8)

for every x ∈ Rn with N(x−w) < r. This implies that f ′(x) is invertible when
N(x− w) < r, as in Subsection 9.2.2.

9.4.3 A Lipschitz condition for f(x)− x on BN(w, r)

Using (9.4.8), we get that

the restriction of f(x)− x to BN (w, r)(9.4.9)

is Lipschitz with constant c = 1/2,

with respect to dN (·, ·) and its restriction to BN (w, r), as in Subsection 8.11.3.
This uses the fact that f(x) − x defines a continuously-differentiable mapping
from W into Rn, whose differential is equal to f ′(x)− I for each x ∈W .
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It follows that
f is bilipschitz on BN (w, r),(9.4.10)

as in Section 7.11. In particular, f is one-to-one on BN (w, r).
We get that the restriction of f to BN (w, r) is an open mapping too, as

in Subsection 7.15.2. This means that f(BN (w, r)) is an open set in Rn in
particular.

The first part of the inverse function theorem now follows by taking

U = BN (w, r)(9.4.11)

and
V = f(BN (w, r)).(9.4.12)

9.4.4 Showing the second part

Let g be the inverse of the restriction of f to BN (w, r), as before. This is a
Lipschitz mapping from V into Rn, with respect to dN (·, ·) and its restriction
to V , because f is bilipschitz on BN (w, r), as in the previous subsection.

One can verify that
g is differentiable on V,(9.4.13)

with differential as in (9.3.7), using the differentiability of f . This corresponds
to part of part (b) of Theorem 9.24 on p221 of [218], for instance.

The continuity of g′ on V follows from (9.3.7), because f ′ and g are contin-
uous, and using the continuity of (9.2.18) on GL(Rn).

9.5 Some remarks about Rn+m

Let n and m be positive integers, so that Rn, Rm, and Rn+m are the usual
spaces of n-tuples, m-tuples, and (n+m)-tuples of real numbers, respectively.

9.5.1 Identifying Rn+m with Rn ×Rm

It will sometimes be convenient for us to identify Rn+m with the Cartesian
product Rn × Rm of Rn and Rm. Thus, if x = (x1, . . . , xn) ∈ Rn and y =
(y1, . . . , ym) ∈ Rm, then we may identify

(x, y) ∈ Rn ×Rm(9.5.1)

with
(x1, . . . , xn, y1, . . . , ym) ∈ Rn+m.(9.5.2)

In particular, (x, 0) and (0, y) can be identified with elements of Rn+m.
If f is a function defined on a subset of Rn+m, then we may use

f(x, y)(9.5.3)

to denote the value of f at the point in Rn+m identified with (x, y), when that
point is in the domain of f .
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9.5.2 Some related linear mappings

Let A be a linear mapping from Rn+m into Rn. If x ∈ Rn and y ∈ Rm, then
put

A1(x) = A(x, 0)(9.5.4)

and

A2(y) = A(0, y).(9.5.5)

This defines A1 and A2 as linear mappings from Rn and Rm into Rn, respec-
tively. Note that

A(x, y) = A1(x) +A2(y)(9.5.6)

for every x ∈ Rn and y ∈ Rm.

Conversely, if A1 and A2 are linear mappings from Rn and Rm into Rn,
respectively, then (9.5.6) defines a linear mapping from Rn+m into Rn.

9.5.3 The kernel of A

Let A be a linear mapping from Rn+m into Rn, and let A1 and A2 be as in
(9.5.4) and (9.5.5), respectively. Also let x ∈ Rn and y ∈ Rm be given, and
observe that

A(x, y) = 0(9.5.7)

if and only if

A1(x) = −A2(y),(9.5.8)

by (9.5.6).

If A1 is a one-to-one mapping from Rn onto itself, then (9.5.8) is the same
as saying that

x = −A−1
1 (A2(y)).(9.5.9)

In particular, for each y ∈ Rm there is a unique x ∈ Rn such that (9.5.7) holds
in this situation.

9.5.4 Surjectivity of A1 and A

Clearly

A1(R
n) ⊆ A(Rn+m),(9.5.10)

by the definition (9.5.4) of A1. In particular, if A1(R
n) = Rn, then

A(Rn+m) = Rn.(9.5.11)
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9.5.5 An associated linear mapping Â

Consider the mapping Â from Rn+m into itself defined by

Â(x, y) = (A(x, y), y)(9.5.12)

for every x ∈ Rn and y ∈ Rm. This is a linear mapping from Rn+m into itself,
which can also be expressed as

Â(x, y) = (A1(x) +A2(y), y)(9.5.13)

for every x ∈ Rn and y ∈ Rm, by (9.5.6).

9.5.6 Invertibility of Â and A1

If A1 is a one-to-one mapping from Rn onto itself, then one can check that

Â is a one-to-one mapping from Rn+m onto itself.(9.5.14)

It is easy to see that the converse holds as well.

9.5.7 When A is surjective

Let u1, . . . , un+m be the standard basis vectors in Rn+m, so that for each l =
1, . . . ,m+n, the lth coordinate of ul is equal to 1, and the other coordinates of
ul are equal to 0. If A is a linear mapping from Rn+m onto Rn, then

Rn is spanned by A(u1), . . . , A(un+m).(9.5.15)

Under these conditions, it is well known that there is a subset K of

{1, . . . , n+m}(9.5.16)

such that K has exactly n elements, and

A(uk), k ∈ K, forms a basis for Rn.(9.5.17)

If K = {1, . . . , n}, then the linear mapping A1 on Rn associated to A as in
(9.5.4) is invertible. Otherwise, one could rearrange the coordinates on Rn+m

to reduce to this case.

9.6 The implicit function theorem

Let n and m be positive integers again, and let O be an open subset of Rn+m,
with respect to the standard Euclidean metric. Also let f be a continuously-
differentiable mapping from O into Rn. Suppose that a ∈ Rn and b ∈ Rm have
the properties that (a, b) ∈ O and

f(a, b) = 0,(9.6.1)
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where (a, b) is identified with an element of Rn+m, as in the previous section.
Put

A = f ′(a, b),(9.6.2)

which is a linear mapping from Rn+m into Rn. This leads to a linear mappings
A1 and A2 from Rn and Rm into Rn, respectively, as in (9.5.4) and (9.5.5).

9.6.1 The statement of the implicit function theorem

Suppose that

A1 is a one-to-one mapping from Rn onto itself.(9.6.3)

Under these conditions, the implicit function theorem states that there are open
sets U ⊆ Rn+m andW ⊆ Rm with the following properties, as in Theorem 9.28
on p224 of [218].

First,
(a, b) ∈ U, U ⊆ O, and b ∈W.(9.6.4)

Second, for each y ∈W there is a unique x ∈ Rn such that

(x, y) ∈ U and f(x, y) = 0.(9.6.5)

If y ∈ W , then let g(y) be the element x of Rn just mentioned, so that g is
a mapping from W into Rn, g(b) = a, and for every y ∈W we have that

(g(y), y) ∈ U(9.6.6)

and
f(g(y), y) = 0.(9.6.7)

We also have that g is continuously differentiable on W , with

g′(b) = −A−1
1 ◦A2.(9.6.8)

9.6.2 Proving the implicit function theorem

To prove the implicit function theorem, we put

F (x, y) = (f(x, y), y)(9.6.9)

for every (x, y) ∈ O, where the right side is identified with an element of Rn+m,
as before. This defines F as a continuously-differentiable mapping from O into
Rn+m, with

F ′(a, b) = Â,(9.6.10)

where Â is as in (9.5.12).

In this situation, Â is a one-to-one linear mapping from Rn+m onto itself,
as in Subsection 9.5.6. Thus the inverse function theorem can be applied to F
at (a, b).
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9.6.3 Using the inverse function theorem

It follows that there are open sets U , V in Rn+m such that (a, b) ∈ U , U ⊆ O,

F (a, b) = (f(a, b), b) = (0, b) ∈ V,(9.6.11)

and F is a one-to-one mapping from U onto V . Let G be the inverse of the
restriction of F to U , so that

G(F (x, y)) = (x, y)(9.6.12)

for every (x, y) ∈ U . This is a continuously-differentiable mapping from V onto
U . Note that G preserves the lastm coordinates of points in its domain, because
of the analogous property of F .

9.6.4 The rest of the argument

It is easy to see that
W = {y ∈ Rm : (0, y) ∈ V }(9.6.13)

is an open subset of Rm that contains b, because V is an open set in Rn+m that
contains (0, b). If y ∈W , then we can take g(y) ∈ Rn so that

(g(y), y) = G(0, y).(9.6.14)

The continuous differentiability of g follows from the same property of G. See
[218] or other texts for more details.

9.7 Some remarks about determinants

Let n be a positive integer, and let [aj,l] be an n× n matrix of real or complex
numbers. The determinant det[aj,l] of [aj,l] can be defined as a real or complex
number, as appropriate, in a standard way, as mentioned in Section 7.6. More
precisely, det[aj,l] is a polynomial of degree n in the entries aj,l. In particular,

det[aj,l] is continuous(9.7.1)

as a real or complex-valued function on the spaces Mn,n(R), Mn,n(C) of n× n
matrices with entries in R, C, respectively, with respect to the metric associated
to the Hilbert–Schmidt norm.

9.7.1 Determinants of linear mappings

Now let A be a linear mapping from Rn or Cn into itself. Remember that A
corresponds to an n×n matrix of real or complex numbers, as appropriate, as in
Subsection 7.2.2. The determinant detA of A is defined to be the determinant of
the corresponding matrix, as in Section 7.6 again. This defines continuous real
and complex-valued functions on the spaces L(Rn), L(Cn) of linear mappings
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fromRn,Cn into themselves, respectively, with respect to the metrics associated
to the corresponding Hilbert–Schmidt norms. One could also use the metrics
associated to the operator norms corresponding to the standard Euclidean norms
on Rn, Cn, or to any other norms on Rn, Cn.

9.7.2 Invertibility and nonzero determinant

It is well known that a linear mapping A from Rn or Cn into itself is invertible
if and only if

detA 6= 0.(9.7.2)

The fact that the sets of invertible elements of L(Rn), L(Cn) are open sets with
respect to the metrics associated to the Hilbert–Schmidt or operator norms can
be obtained from this, and the continuity of the determinant.

9.7.3 Continuity of A 7→ A−1

If A is an invertible linear mapping on Rn or Cn, then it is well known that the
matrix corresponding to the inverse of A can be obtained from the determinant
of A and the determinants of (n − 1) × (n − 1) submatrices of the matrix cor-
responding to A, as in Cramer’s rule. This can be used to get the continuity
of

A 7→ A−1(9.7.3)

on the spaces of invertible elements of L(Rn) or L(Cn), with respect to the
restrictions of the metrics associated to the Hilbert–Schmidt or operator norms
to these spaces.

9.8 Local embeddings

Let n and m be positive integers, and let us continue to identify Rn+m with
Rn ×Rm, as in Subsection 9.5.1. Suppose that A is a linear mapping from Rn

into Rn+m. If v ∈ Rn, then A(v) ∈ Rn+m can be expressed as

A(v) = (A1(v), A2(v)),(9.8.1)

where A1(v) ∈ Rn and A2(v) ∈ Rm, using the identification just mentioned.
More precisely, this defines A1 and A2 as linear mappings from Rn into Rn

and Rm, respectively. Conversely if A1 and A2 are linear mappings from Rn

into Rn and Rm, respectively, then (9.8.1) defines a linear mapping from Rn

into Rn+m.

9.8.1 Injectivity of A1 and A

Suppose now that

A1 is injective on Rn,(9.8.2)
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which implies that
A1 is invertible on Rn,(9.8.3)

as before. Of course, (9.8.2) also implies that

A is injective on Rn.(9.8.4)

It can be shown that (9.8.4) implies a condition like (9.8.2), after rearranging
the coordinates on Rn+m is a suitable way. We shall discuss this further at the
end of the section.

Note that
A2 ◦A−1

1(9.8.5)

defines a linear mapping from Rn into Rm. Put

B(v) = (v,A2(A
−1
1 (v)))(9.8.6)

for every v ∈ Rn, which defines a linear mapping from Rn into Rn+m. Thus

A = B ◦A1,(9.8.7)

as a mapping from Rn into Rn+m.

9.8.2 Mappings from open sets in Rn into Rn+m

Let W be an open subset of Rn, and let f be a mapping from W into Rn+m.
If w ∈W , then f(w) ∈ Rn+m can be expressed as

f(w) = (f1(w), f2(w)),(9.8.8)

where f1(w) ∈ Rn and f2(w) ∈ Rm, as before. This defines f1 and f2 as
mappings from W into Rn and Rm, respectively. Conversely, if f1 and f2 are
mappings from W into Rn and Rm, respectively, then (9.8.8) defines f as a
mapping from W into Rn+m.

It is easy to see that f is differentiable at a point w ∈W if and only if

f1 and f2 are differentiable at w.(9.8.9)

In this case,
f ′(w)(v) = (f ′1(w)(v), f

′
2(w)(v))(9.8.10)

for every v ∈ Rn. Equivalently, this means that A = f ′(w) corresponds to
A1 = f ′1(w) and A2 = f ′2(w) as in (9.8.1).

9.8.3 Invertibility of f ′
1(w)

Similarly, one can check that f is continuously-differentiable as a mapping from
W into Rn+m if and only if

f1 and f2 are continuously-differentiable(9.8.11)



196 CHAPTER 9. MORE ON DIFFERENTIABLE MAPPINGS

as mappings from W into Rn and Rm, respectively. In this situation, suppose
that w ∈W has the property that

f ′1(w) is invertible(9.8.12)

as a linear mapping from Rn into itself. Thus the inverse function theorem
implies that the restriction of f1 to a suitable neighborhood U of w is a one-
to-one mapping onto a neighborhood V of f1(w), and that the corresponding
inverse mapping has some additional nice properties.

This can be used to obtain more information about the behavior of f near
w. Of course, this is all much simpler when f1 is the identity mapping on Rn.
Otherwise, one can try to reduce to this case, at least locally near w. If f1 has
a local inverse near w, as in the preceding paragraph, then f can be expressed
near w as the composition of f1 with a simpler mapping into Rn+m.

9.8.4 Getting an invertibility condition

Let e1, . . . , en be the standard basis vectors in Rn, and let u1, . . . , un+m be the
standard basis vectors for Rn+m. If (9.8.4) holds, then

A(e1), . . . , A(en) are linearly independent in Rn+m.(9.8.13)

In this case, it is well known that there is a set L ⊆ {1, . . . , n+m} with exactly
m elements such that

A(e1), . . . , A(en) together with uk, k ∈ L, is a basis for Rn+m.(9.8.14)

If L = {n+ 1, . . . , n+m}, then it is easy to see that

A1(R
n) = Rn,(9.8.15)

so that (9.8.3) holds. Otherwise, one can get an analogous condition with the
coordinates on Rn+m rearranged.

9.9 Ranks of linear mappings

In this section, we suppose that the reader has some familiarity with linear
algebra on Euclidean spaces. Let m and n be arbitrary positive integers, and
let A be a linear mapping from Rn into Rm. It is easy to see that the image
A(Rn) of Rn under A is a linear subspace of Rm. The rank of A is defined to
be

the dimension of A(Rn).(9.9.1)

Thus the rank of A is a nonnegative integer less than or equal to m.
Of course, the rank of A is equal to 0 exactly when A = 0 on Rn. The rank

of A is equal to m exactly when A(Rn) = Rm.
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9.9.1 Some linear subspaces of Rn

Suppose that A has rank r ≥ 1, and let w1, . . . , wr be a basis for A(Rn). If
j ∈ {1, . . . , r}, then choose vj ∈ Rn such that

A(vj) = wj .(9.9.2)

Observe that
v1, . . . , vr are linearly independent in Rn,(9.9.3)

because w1, . . . , wr are linearly independent in Rm.
Let V be the linear span of v1, . . . , vr in Rn, so that

V is a linear subspace of Rn of dimension r.(9.9.4)

In particular,
r ≤ n(9.9.5)

automatically. By construction, A(V ) = A(Rn). One can check that

the restriction of A to V is one-to-one(9.9.6)

in this situation.
Alternatively, let u1, . . . , un be any basis for Rn, such as the standard basis.

Thus
A(Rn) is spanned by A(u1), . . . , A(un).(9.9.7)

It is well known that a subset of the vectors A(u1), . . . , A(un) forms a basis for
A(Rn). Such a subset has exactly r elements, by hypothesis. The corresponding
subset of the vectors u1, . . . , un can be used as a basis for a linear subspace V
of Rn as in the preceding paragraph.

9.9.2 Another characterization of the rank

Now let V0 be a linear subspace of Rn, and suppose that

the restriction of A to V0 is one-to-one.(9.9.8)

The dimension of V0 is equal to the dimension of A(V0), which is less than or
equal to the dimension of A(Rn). Equivalently, the dimension of V0 is less than
or equal to r.

The remarks in the previous subsection show that it is always possible to
choose V0 so that its dimension is equal to r. This implies that

the rank of A is equal to the maximum of the dimensions(9.9.9)

of the linear subspaces V0 of Rn on which A is one-to-one.

If A is one-to-one on Rn, then the rank of A is equal to n. Conversely, if
the rank of A is equal to n, then A is one-to-one on Rn.
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9.9.3 Ranks of nearby linear mappings

Let V0 be a linear subspace of Rn on which A is one-to-one again, and let B
be another linear mapping from Rn into Rm. If B is sufficiently close to A, as
linear mappings from Rn into Rm, then

the restriction of B to V0 is one-to-one(9.9.10)

as well. This can be obtained from the remarks in Subsection 7.11.1.
It follows that

the rank of B is greater than or equal to the rank of A(9.9.11)

when B is sufficiently close to A. Note that the rank of B may be greater than
the rank of A in this case.

9.9.4 Towards the rank theorem

Let f be a continuously-differentiable mapping from an open subset W of Rn

into Rm, and let w be an element of W . Suppose that if x ∈ W is sufficiently
close to w, then

the rank of f ′(x) is equal to the rank of f ′(w),(9.9.12)

as linear mappings from Rn into Rm. The rank theorem describes the behavior
of f near w in this situation, and we shall return to this in Section 9.12.

9.10 Some remarks about linear subspaces

In this section, we suppose again that the reader has some familiarity with linear
algebra on Euclidean spaces, although some basic notions will also be reviewed
here. In particular, if n is a positive integer, then a linear subspace of Rn is a
subset V of Rn such that

u+ v ∈ V(9.10.1)

for every u, v ∈ V , and
t v ∈ V(9.10.2)

for every v ∈ Rn and t ∈ R. If V 6= {0}, then it is well known that V can be
spanned by finitely many of its elements. The smallest number of elements of
V that span V is known as the dimension of V , and is denoted dim V . This is a
nonnegative integer less than or equal to n, which is interpreted as being equal
to 0 when V = {0}.

9.10.1 Sums of linear subspaces

If V , W be linear subspaces of Rn, then their sum may be defined as the subset
of Rn given by

V +W = {v + w : v ∈ V, w ∈W}.(9.10.3)
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It is easy to see that this is a linear subspace of Rn too. Note that

dim(V +W ) ≤ dimV + dimW.(9.10.4)

9.10.2 Intersections of linear subspaces

It is easy to see that the intersection of V and W is a linear subspace of Rn as
well. If

V ∩W = {0},(9.10.5)

then V and W may be said to be transverse as linear subspaces of Rn. This
means that the elements of V +W can be expressed in a unique way as v + w,
with v ∈ V and w ∈W . In this case,

dim(V +W ) = dimV + dimW,(9.10.6)

because one can combine bases for V andW to get a basis for V +W . Conversely,
it is not too difficult to show that (9.10.6) implies (9.10.5).

9.10.3 Kernels of linear mappings

Let m be another positive integer, and let A be a linear mapping from Rn into
Rm. The kernel or null space of A is defined by

kerA = {v ∈ Rn : A(v) = 0}.(9.10.7)

It is easy to see that this is also a linear subspace of Rn. One can check that

kerA = {0}(9.10.8)

if and only if A is one-to-one on Rn. Of course, A(Rm) is a linear subspace of
Rm, as mentioned in Section 9.9.

9.10.4 The kernel and the rank

Suppose that A 6= 0, so that the dimension r of A(Rn) is positive. One can
choose v1, . . . , vr ∈ Rn such that

A(v1), . . . , A(vr) is a basis for A(Rn),(9.10.9)

as in Subsection 9.9.1. In this case, v1, . . . , vr are linearly independent in Rn,
as before. If V is the linear span of v1, . . . , vr in Rn, then one can check that

V + kerA = Rn(9.10.10)

and
V ∩ (kerA) = {0}.(9.10.11)

This implies the well-known fact that

dimkerA+ dimA(Rn) = n,(9.10.12)

because dimA(Rn) = r = dimV .
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9.11 Complementary linear subspaces

Let n be a positive integer, and let V , W be linear subspaces of Rn. We say
that V and W are complementary linear subspaces of Rn if

V +W = Rn(9.11.1)

and (9.10.5) holds. This means that every element of Rn can be expressed in a
unique way as a sum of elements of V and W , as before. Note that

dimV + dimW = n(9.11.2)

in this case. If V andW are any two linear subspaces of Rn that satisfy (9.11.2),
then one can check that (9.10.5) is equivalent to (9.11.1).

9.11.1 Getting a complementary linear subspace

If V is any linear subspace of Rn, then one can find a linear subspace W of Rn

such that

V and W are complementary linear subspaces of Rn.(9.11.3)

One way to do this is to start with a basis for V , and extend it to a basis for Rn.
In this case, one can check that the linear span of the additional basis elements
is complementary to V in Rn.

9.11.2 Projections

A linear mapping P from Rn into itself is said to be a projection if

P ◦ P = P(9.11.4)

on Rn. In this case, one can check that

kerP and P (Rn) are complementary linear subspaces of Rn.(9.11.5)

One can also verify that

I − P is a projection on Rn(9.11.6)

as well. In fact,

ker(I − P ) = P (Rn)(9.11.7)

and

(I − P )(Rn) = kerP.(9.11.8)
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9.11.3 More on projections

If V and W are complementary linear subspaces of Rn, then there is a unique
projection P on Rn such that

kerP = V(9.11.9)

and
P (Rn) =W.(9.11.10)

More precisely,
P (v + w) = w(9.11.11)

for every v ∈ V and w ∈W . This can be used to define P on Rn, because every
element of Rn can be expressed in a unique way as a sum of elements of V and
W , as before.

9.12 The rank theorem

Let m, n, and r be positive integers with

r ≤ min(m,n).(9.12.1)

Also let W be a nonempty open subset of Rn, and let F be a continuously-
differentiable mapping from W into Rm. Suppose that

the rank of F ′(w) is equal to r for every w ∈W.(9.12.2)

Let a ∈W be given, and put

A = F ′(a).(9.12.3)

Also put
Y1 = A(Rn),(9.12.4)

which is a linear subspace of Rm of dimension r. Let Y2 be a linear subspace
of Rm such that

Y1 and Y2 are complementary linear subspaces of Rm,(9.12.5)

as in the previous section. This leads to a projection P on Rm such that

P (Rm) = Y1(9.12.6)

and
kerP = Y2,(9.12.7)

as before.
Under these conditions, there are open subsets U , V ofRn with the following

properties. First,
a ∈ U and U ⊆W.(9.12.8)
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Second, there is a one-to-one mapping H from V onto U such that

H is continuously differentiable on V,(9.12.9)

H−1 is continuously differentiable on U,(9.12.10)

and
P (F (H(x))) = A(x)(9.12.11)

for every x ∈ V . This is part of the rank theorem, as on p229 of [218]. More
precisely, (9.12.11) corresponds to (71) on p230 of [218].

9.12.1 The case where r = min(m,n)

Of course, (9.12.2) implies that

the rank of A = F ′(a) is equal to r.(9.12.12)

If w ∈W is sufficiently close to a, then (9.12.12) implies that

the rank of F ′(w) is greater than or equal to r,(9.12.13)

because F ′(w) is close to F ′(a), as in Subsection 9.9.3. Remember that the rank
of any linear mapping from Rn into Rm is less than or equal to min(m,n), as
in Section 9.9. If r = min(m,n), then (9.12.12) implies that

the rank of F ′(w) is equal to r(9.12.14)

when w ∈W is sufficiently close to a.

In this case, we can get (9.12.2) by replacing W with a sufficiently small open
set in Rn that contains a.

9.12.2 More on r = m or n

If r = m, then (9.12.12) is the same as saying that

Y1 = A(Rn) = Rm.(9.12.15)

This implies that Y2 = {0}, so that P is the identity mapping on Rm. In this
case, (9.12.11) means that

F (H(x)) = A(x)(9.12.16)

for every x ∈ V .
If r = m = n, then A = F ′(a) is invertible on Rn, and the rank theorem

is basically the same as the inverse function theorem. If r = m < n, then the
rank theorem is closely related to the implicit function theorem.

If r = n, then (9.12.12) is the same as saying that

A = F ′(a) is injective on Rn.(9.12.17)

If r = n < m, then the rank theorem is related to the remarks in Section 9.8.
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9.13 Proving this part

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Note that

dimY1 = r,(9.13.1)

by (9.12.4) and (9.12.12). Let y1, . . . , yr be a basis for Y1.
Choose zj ∈ Rn for each j = 1, . . . , r so that

A(zj) = yj .(9.13.2)

Let T be the unique linear mapping from Y1 into Rn such that

T (yj) = zj(9.13.3)

for each j = 1, . . . , r. Thus A(T (yj)) = A(zj) = yj for each j = 1, . . . , r, so that

A(T (y)) = y(9.13.4)

for every y ∈ Y1.
If w ∈W , then put

G(w) = w + T (P (F (w)−A(w))),(9.13.5)

as in (69) on p229 of [218]. This defines a continuously-differentiable mapping
from W into Rn. It is easy to see that

G′(a) = IRn ,(9.13.6)

the identity mapping on Rn, because A = F ′(a). Thus the inverse function
theorem implies that there are open subsets U and V of Rn such that U satisfies
(9.12.8), and the restriction of G to U is a one-to-one mapping from U onto
V whose inverse is continuously differentiable too. Let H be the inverse of the
restriction of G to U , which is a one-to-one mapping from V onto U that satisfies
(9.12.9) and (9.12.10).

Note that
H ′(x) is invertible for every x ∈ V,(9.13.7)

as in Section 9.3. We may also suppose that

V is convex,(9.13.8)

by replacing it with a convex open subset that contains G(a), if necessary, and
adjusting U appropriately.

Let us check that
A ◦ T ◦ P ◦A = A,(9.13.9)

as a linear mapping from Rn into Rm. More precisely,

P ◦A = A,(9.13.10)
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as a linear mapping from Rn into Y1 = A(Rn), because P is a projection of
Rm onto Y1, as in the previous section. We also have that A ◦ T is the identity
mapping on Y1, as in (9.13.4). This implies (9.13.9).

If w ∈W , then

A(G(w)) = A(w) +A(T (P (F (w)−A(w)))),(9.13.11)

by (9.13.5). This implies that

A(G(w)) = A(T (P (F (w)))),(9.13.12)

because of (9.13.9). It follows that

A(G(w)) = P (F (w)),(9.13.13)

as in (70) on p230 of [218]. This uses (9.13.4), and the fact that P maps Rm

into Y1.
It is easy to see that (9.12.11) follows from (9.13.13), by taking w = H(x),

x ∈ V . Some more properties of F ◦H will be discussed in the next section.

9.14 Some more properties of F ◦H
We continue with the same notation and hypotheses as in the previous two
sections. Put

Φ(x) = F (H(x))(9.14.1)

for each x ∈ V , so that Φ is a continuously-differentiable mapping from V into
Rm. Of course,

Φ′(x) = F ′(H(x)) ◦H ′(x)(9.14.2)

for every x ∈ V , by the chain rule. This implies that

the rank of Φ′(x) is equal to the rank of F ′(H(x))(9.14.3)

for every x ∈ V , because of (9.13.7). It follows that

the rank of Φ′(x) is equal to r(9.14.4)

for every x ∈ V , because of (9.12.2), as in (75) on p230 of [218].
Observe that

P ◦ Φ = A(9.14.5)

on V , by (9.12.11). This implies that

P ◦ Φ′(x) = A(9.14.6)

for every x ∈ V , by the chain rule.
Let x ∈ V be given, and put

M = (Φ′(x))(Rn)(9.14.7)
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which is a linear subspace of Rm. Note that

dimM = r,(9.14.8)

by (9.14.4). We also have that

P (M) = A(Rn) = Y1,(9.14.9)

using (9.14.6) in the first step, and the definition (9.12.4) of Y1 in the second
step. It follows that

P is one-to-one on M,(9.14.10)

because M and Y1 have the same dimension r.
Suppose that h ∈ Rn satisfies

A(h) = 0.(9.14.11)

This means that
P ((Φ′(x))(h)) = 0,(9.14.12)

because of (9.14.6). Using (9.14.10), we get that

(Φ′(x))(h) = 0,(9.14.13)

because h ∈M .
Suppose that y ∈ V satisfies

A(y) = A(x).(9.14.14)

We would like to show that
Φ(x) = Φ(y),(9.14.15)

which corresponds to (74) on p230 of [218]. If t ∈ R and 0 ≤ t ≤ 1, then

(1− t)x+ t y ∈ V,(9.14.16)

because of (9.13.8). In this case,

d

dt
Φ((1− t)x+ t y) = (Φ′((1− t)x+ t y))(y − x) = 0,(9.14.17)

using (9.14.13) in the second step, and the fact that A(y− x) = 0, by (9.14.14).
This implies (9.14.15).

Put
ψ(x) = Φ(x)−A(x) = F (H(x))−A(x)(9.14.18)

for every x ∈ V , as in (72) on p230 of [218]. This defines a continuously-
differentiable mapping from V into Rm with

P (ψ(x)) = 0(9.14.19)
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for every x ∈ V , because of (9.12.11), or equivalently (9.14.5). This means that

ψ(V ) ⊆ kerP = Y2,(9.14.20)

using (9.12.7) in the second step. Note that

ψ(x) = ψ(y)(9.14.21)

for all x, y ∈ V that satisfy (9.14.14), because of (9.14.15), as in (74) on p230 of
[218].

One may prefer to consider ψ(x) as a function of A(x) ∈ A(Rn) = Y1, as in
[218].



Chapter 10

Product spaces and related
matters

10.1 Products of metric spaces

Let (X1, dX1
), . . . , (Xn, dXn

) be finitely many metric spaces. Also let

X = X1 ×X2 × · · · ×Xn =

n∏
j=1

Xj(10.1.1)

be the Cartesian product of X1, . . . , Xn, as sets. This is the set of n-tuples
x = (x1, . . . , xn) with xj ∈ Xj for each j = 1, . . . , n.

10.1.1 Some metrics on the product

We would like to define suitable metrics on X using dX1 , . . . , dXn , and indeed
there are various ways to do this, as usual. If x, y ∈ X, then put

dX,1(x, y) =

n∑
j=1

dXj (xj , yj).(10.1.2)

It is easy to see that this defines a metric on X.
Similarly, put

dX,∞(x, y) = max
1≤j≤n

dXj
(xj , yj)(10.1.3)

for every x, y ∈ X. One can check that this defines a metric on X as well. More
precisely, the triangle inequality for dX,∞ follows from the triangle inequality
for the norm ‖ · ‖∞ on Rn, as in Subsection 1.3.2.

Put

dX,2(x, y) =
( n∑

j=1

dXj (xj , yj)
2
)1/2

(10.1.4)

207
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for each x, y ∈ X, using of course the nonnegative square root on the right
side. One can verify that this satisfies the triangle inequality, using the triangle
inequality for the standard Euclidean norm on Rn. It follows that dX,2 defines
another metric on X.

If n = 1, then X = X1, and dX,1, dX,2, and dX,∞ are all the same as dX1
.

Suppose for the moment that Xj = R for each j = 1, . . . , n, equipped with
the standard Euclidean metric. In this case, X is the same as Rn. The metrics
dX,1, dX,2, and dX,∞ on X are the same as the metrics associated to the norms
‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞ on Rn, respectively, as in Subsection 1.3.3.

10.1.2 Some comparisons between these metrics

Let (Xj , dXj ) be any metric space for j = 1, . . . , n again. Observe that

dX,∞(x, y) ≤ dX,1(x, y), dX,2(x, y)(10.1.5)

for every x, y ∈ X. We also have that

dX,2(x, y) ≤ dX,1(x, y)(10.1.6)

for every x, y ∈ X, because the standard Euclidean norm on Rn is less than or
equal to the norm ‖ · ‖1, as in Section 1.5.

Similarly,
dX,2(x, y) ≤ n1/2 dX,∞(x, y)(10.1.7)

and
dX,1(x, y) ≤ ndX,∞(x, y)(10.1.8)

for every x, y ∈ X. As before, one can use the Cauchy–Schwarz inequality to
get that

dX,1(x, y) ≤ n1/2 dX,2(x, y)(10.1.9)

for every x, y ∈ X.
One can use these inequalities to get that dX,1, dX,2, and dX,∞ have many

of the same properties on X, in essentially the same way as for the analogous
metrics on Rn. In particular, these metrics determine the same collections of
open sets, closed sets, compact sets, and so on, in X. They also determine
the same limit points of subsets of X, and the same convergent sequences and
Cauchy sequences. The closure of a subset of X is the same for each of these
three metrics. Some of these and related properties will be discussed further in
the next sections.

These metrics have many of the same properties in terms of continuity con-
ditions for mappings between X and other metric spaces too. More precisely,
the identity mapping on X is Lipschitz as a mapping from X equipped with any
of these three metrics into X equipped with any other of these three metrics.
This implies that the identity mapping on X is uniformly continuous and thus
continuous as a mapping from X equipped with any of these three metrics into
X equipped with any other of these three metrics.
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10.2 Open and closed sets

Let (X1, dX1), . . . , (Xn, dXn) be finitely many metric spaces again, put X =∏n
j=1Xj , and let dX,1, dX,2, and dX,∞ be the metrics defined on X as in

Subsection 10.1.1. Let x = (x1, . . . , xn) ∈ X and r > 0 be given, and for
each j = 1, . . . , n, let

BXj ,dXj
(xj , r), BXj ,dXj

(xj , r)(10.2.1)

be the open and closed balls in Xj centered at xj with radius r with respect to
dXj

, respectively. Similarly, let

BX,dX,1
(x, r), BX,dX,2

(x, r), BX,dX,∞(x, r)(10.2.2)

and
BX,dX,1

(x, r), BX,dX,2
(x, r), BX,dX,∞(x, r)(10.2.3)

be the open and closed balls in X centered at x with radius r with respect to
dX,1, dX,2, and dX,∞, respectively.

10.2.1 Open and closed balls in the product

It is easy to see that

BX,dX,∞(x, r) =

n∏
j=1

BXj ,dXj
(xj , r)(10.2.4)

and

BX,dX,∞(x, r) =

n∏
j=1

BXj ,dXj
(xj , r),(10.2.5)

by the definition (10.1.3) of dX,∞.
Using (10.1.5) and (10.1.8), we get that

BX,dX,1
(x, r) ⊆ BX,dX,∞(x, r) ⊆ BX,dX,1

(x, n r)(10.2.6)

and
BX,dX,1

(x, r) ⊆ BX,dX,∞(x, r) ⊆ BX,dX,1
(x, n r).(10.2.7)

Similarly,

BX,dX,2
(x, r) ⊆ BX,dX,∞(x, r) ⊆ BX,dX,2

(x, n1/2 r)(10.2.8)

and
BX,dX,2

(x, r) ⊆ BX,dX,∞(x, r) ⊆ BX,dX,2
(x, n1/2 r),(10.2.9)

by (10.1.5) and (10.1.7).
We also have that

BX,dX,1
(x, r) ⊆ BX,dX,2

(x, r) ⊆ BX,dX,1
(x, n1/2 r)(10.2.10)

and
BX,dX,1

(x, r) ⊆ BX,dX,2
(x, r) ⊆ BX,dX,1

(x, n1/2 r),(10.2.11)

by (10.1.6) and (10.1.9).



210 CHAPTER 10. PRODUCT SPACES AND RELATED MATTERS

10.2.2 Products of open sets

Let Uj be an open subset of Xj with respect to dXj
for each j = 1, . . . , n. One

can check that

U =

n∏
j=1

Uj(10.2.12)

is an open set in X with respect to dX,∞, using (10.2.4). Indeed, if x ∈ U , then
for each j = 1, . . . , n, xj ∈ Uj , and there is a positive real number rj such that

BXj ,dXj
(xj , rj) ⊆ Uj .(10.2.13)

If r = min(r1, . . . , rn) > 0, then we get that

BX,dX,∞(x, r) ⊆ U.(10.2.14)

It follows that U is an open set with respect to dX,1 and dX,2 as well, by (10.2.6)
and (10.2.8).

10.2.3 Closures of products

Let Aj ⊆ Xj be given for each j = 1, . . . , n, and put

A =

n∏
j=1

Aj .(10.2.15)

One can verify that the closure of A in X with respect to dX,∞ is equal to

n∏
j=1

Aj ,(10.2.16)

where Aj is the closure of Aj in Xj with respect to dXj
for every j = 1, . . . , n.

Basically, an element x of X is as close as we want to an element of A with
respect to dX,∞ if and only if for each j = 1, . . . , n, xj is as close as we want to
an element of Aj with respect to dXj

. This is the same as the closure of A in
X with respect to dX,1 and dX,2.

10.2.4 Products of closed sets

In particular, if

Aj is a closed set in Xj(10.2.17)

with respect to dXj for each j = 1, . . . , n, then

A is a closed set in X(10.2.18)

with respect to dX,1, dX,2, and dX,∞.
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10.3 Sequences and bounded sets

Let (X1, dX1
), . . . , (Xn, dXn

) be finitely many nonempty metric spaces, put X =∏n
j=1Xj , and let dX,1, dX,2, and dX,∞ be the metrics defined on X as in

Subsection 10.1.1. Also let {x(l)}∞l=1 be a sequence of elements of X, so that

x(l) = (x1(l), . . . , xn(l))(10.3.1)

for each l ≥ 1.

10.3.1 Convergent sequences in the product

One can check that

{x(l)}∞l=1 converges to x = (x1, . . . , xn) ∈ X(10.3.2)

with respect to dX,∞ if and only if

{xj(l)}∞l=1 converges to xj in Xj(10.3.3)

with respect to dXj
for each j = 1, . . . , n. This is equivalent to the convergence

of {x(l)}∞l=1 to x in X with respect to dX,1, and with respect to dX,2, as well.

10.3.2 Cauchy sequences in the product

Similarly,
{x(l)}∞l=1 is a Cauchy sequence in X(10.3.4)

with respect to dX,∞ if and only if

{xj(l)}∞l=1 is a Cauchy sequence in Xj(10.3.5)

with respect to dXj for each j = 1, . . . , n. This is equivalent to {x(l)}∞l=1 being
a Cauchy sequence in X with respect to dX,1, and with respect to dX,2.

Observe that the completeness of X with respect to any of the metrics dX,1,
dX,2, and dX,∞ are equivalent. The completeness of X with respect to these
metrics is equivalent to the completeness of Xj with respect to dXj for each
j = 1, . . . , n.

10.3.3 Bounded subsets of the product

Note that the boundedness of any subset of X with respect to any of the metrics
dX,1, dX,2, or dX,∞ implies the boundedness of the set with respect to the other
two metrics.

Let Ej be a nonempty subset of Xj for each j = 1, . . . , n, and put

E =

n∏
j=1

Ej .(10.3.6)
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If
Ej is bounded in Xj(10.3.7)

with respect to dXj for each j = 1, . . . , n, then it is easy to see that

E is bounded in X(10.3.8)

with respect to dX,1, dX,2, and dX,∞. Conversely, if E is bounded in X with
respect to dX,1, dX,2, or dX,∞, then Ej is bounded in Xj with respect to dXj

for each j = 1, . . . , n.
Suppose that Ej is bounded in Xj with respect to dXj for each j = 1, . . . , n,

and let
diamXj ,dXj

Ej(10.3.9)

be the diameter of Ej as a subset ofXj with respect to dXj
for every j = 1, . . . , n,

as in Section 4.1. One can verify that the diameter of E as a subset of X with
respect to dX,∞ is given by

diamX,dX,∞E = max
1≤j≤n

(
diamXj ,dXj

Ej

)
.(10.3.10)

Similarly, the diameter of E with respect to dX,1 is given by

diamX,dX,1
E =

n∑
j=1

diamXj ,dXj
Ej .(10.3.11)

The diameter of E with respect to dX,2 is given by

diamX,dX,2
E =

( n∑
j=1

(
diamXj ,dXj

Ej

)2)1/2

.(10.3.12)

10.3.4 Total boundedness in the product

The total boundedness of any subset of X with respect to any of dX,1, dX,2,
and dX,∞ implies the total boundedness of that set with respect to the other
two metrics. If

Ej is totally bounded in Xj(10.3.13)

with respect to dXj for each j = 1, . . . , n, then one can check that

E is totally bounded in X(10.3.14)

with respect to dX,∞.
More precisely, let r > 0 be given, and suppose that

Ej can be covered by Lj(r) balls of radius r(10.3.15)

in Xj for each j = 1, . . . , n. One can verify that E can be covered by

L(r) =

n∏
j=1

Lj(r)(10.3.16)
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balls of radius r in X with respect to dX,∞. This uses the products of the balls
in the covering of Xj for each j.

This implies that E is totally bounded with respect to dX,1 and dX,2, as
before. Conversely, if E is totally bounded in X with respect to dX,1, dX,2, or
dX,∞, then Ej is totally bounded in Xj with respect to dXj for each j = 1, . . . , n.

10.4 Products of compact sets

Let (X1, dX1), . . . , (Xn, dXn) be finitely many metric spaces, put X =
∏n

j=1Xj ,
and let dX,1, dX,2, and dX,∞ be the metrics defined on X as in Subsection
10.1.1. If a subset of X is compact with respect to dX,1, dX,2, or dX,∞, then
it is compact with respect to the other two metrics. This follows from the fact
that an open subset of X with respect to dX,1, dX,2, or dX,∞ is an open set
with respect to the other two metrics.

Similarly, if a subset of X is sequentially compact with respect to any of the
metrics dX,1, dX,2, or dX,∞, then one can check directly that it is sequentially
compact with respect to the other two metrics. This uses the fact that conver-
gence of sequences of elements of X with respect to dX,1, dX,2, and dX,∞ are
the same, as in Subsections 10.1.2 and 10.3.1.

10.4.1 Compactness of products

Let Kj be a compact subset of Xj with respect to dXj
for each j = 1, . . . , n,

and put

K =

n∏
j=1

Kj .(10.4.1)

It is well known that

K is compact in X,(10.4.2)

with respect to any of the metrics dX,1, dX,2, and dX,∞. This may be considered
as a particular case of a famous theorem of Tychonoff for arbitrary topological
spaces, instead of metric spaces. Let us mention a couple of other ways to look
at this.

10.4.2 Sequential compactness of products

If Kj is sequentially compact in Xj with respect to dXj
for each j = 1, . . . , n,

then

K is sequentially compact in X(10.4.3)

with respect to any of the metrics dX,1, dX,2, and dX,∞. This can be seen using
an argument like one in Subsection 5.1.2, when the set E considered there is
{1, . . . , n}. If {x(l)}∞l=1 is any sequence of elements of K, then one can pass to
a subsequence such that the corresponding subsequence of {x1(l)}∞l=1 converges
to an element of K1, because K1 is sequentially compact. One can repeat the
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process, using subequences of the previous subsequences, to get a subsequence
of {x(l)}∞l=1 that converges to an element of K, as before. Remember that
compactness and sequential compactness are equivalent in metric spaces, as in
Sections 4.5 and Subsection 4.7.1.

10.4.3 Using completeness and total boundedness

Alternatively, if
Kj is compact in Xj(10.4.4)

with respect to dXj for each j = 1, . . . , n, then

Kj is closed and totally bounded in Xj(10.4.5)

with respect to dXj
for every j = 1, . . . , n. This implies that

K is closed and totally bounded in X(10.4.6)

with respect to each of dX,1, dX,2, and dX,∞, as in Subsections 10.2.4 and 10.3.4.
If X is complete with respect to dX,1, dX,2, or dX,∞, then it follows that K

is compact, as in Section 4.9. If

Xj is complete with respect to dXj(10.4.7)

for each j = 1, . . . , n, then X is complete with respect to each of dX,1, dX,2, and
dX,∞, as in Subsection 10.3.2.

Note that one can reduce to the case where Kj = Xj for each j = 1, . . . , n,
by standard results.

It is well known that compact metric spaces are complete, as in Subsection
4.10.1. Thus one can use the previous argument when Kj = Xj for each j =
1, . . . , n.

10.4.4 Necessity of the compactness of the Kj’s

If Kj 6= ∅ for each j = 1, . . . , n, and K is compact in X with respect to dX,1,
dX,2, or dX,∞, then it is not too difficult to show that Kj is compact in Xj with
respect to dXj

for each j = 1, . . . , n. Indeed, if xl ∈ Kl for l 6= j, then it suffices
to show that

{(x1, . . . , xn) : xj ∈ Kj}(10.4.8)

is compact in X with respect to dX,1, dX,2, or dX,∞. This is related to a remark
in Subsection 10.6.4, when n = 2.

This set (10.4.8) is the same as the Cartesian product of Kj with the one-
element sets {xl} for l 6= j, and it is also the same as the intersection of K
with

{(x1, . . . , xn) : xj ∈ Xj}.(10.4.9)

It is well known that the intersection of a compact set and a closed set is compact
in any metric space.
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10.5 Some mappings on products

Let (X1, dX1
), . . . , (Xn, dXn

) be finitely many nonempty metric spaces, put X =∏n
j=1Xj , and let dX,1, dX,2, and dX,∞ be the metrics defined on X as in

Subsection 10.1.1. If x = (x1, . . . , xn) ∈ X and 1 ≤ l ≤ n, then put

pl(x) = xl.(10.5.1)

This defines a mapping pl from X onto Xl.
Clearly

dXl
(pl(x), pl(w)) = dXl

(xl, wl) ≤ dX,∞(x,w)(10.5.2)

≤ dX,1(x,w), dX,2(x,w)

for every x,w ∈ X. This means that pl is Lipschitz with constant 1 with respect
to dX,∞ on X, and thus with respect to dX,1 and dX,2 on X. In particular, pl
is uniformly continuous on X with respect to dX,1, dX,2, and dX,∞.

10.5.1 Coordinate projections are open mappings

If x ∈ X and r > 0, then

pl
(
BX,dX,∞(x, r)

)
= pl

( n∏
j=1

BXj ,dXj
(xj , r)

)
= BXl,dXl

(xl, r),(10.5.3)

using (10.2.4) in the first step. It follows that

pl
(
BX,dX,1

(x, r)
)
⊇ pl

(
BX,dX,∞(x, r/n)

)
= BXl,dXl

(xl, r/n),(10.5.4)

using (10.2.6) in the first step. Similarly,

pl
(
BX,dX,2

(x, r)
)
⊇ pl

(
BX,dX,∞(x, r/n1/2)

)
= BXl,dXl

(xl, r/n
1/2),(10.5.5)

using (10.2.8) in the first step. This shows that pl is an open mapping from X
onto Xl, with respect to dX,1, dX,2, or dX,∞ on X, as in Section 7.15.

10.5.2 Some more partial Lipschitz conditions

Let (Y, dY ) be another metric space, let E be a subset of X, and let f be a
mapping from E into Y . Let us say that f is partially Lipschitz in the lth
variable with constant Cl ≥ 0 on E if

dY (f(x), f(x
′)) ≤ Cl dXl

(xl, x
′
l)(10.5.6)

for every x, x′ ∈ E such that xj = x′j when j 6= l. This is analogous to the
condition discussed in Section 8.3 for functions defined on subsets of Rn.
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10.5.3 Functions on product sets

Suppose that E =
∏n

j=1Ej for some Ej ⊆ Xj , 1 ≤ j ≤ n, and that f is partially
Lipschitz in the lth variable with constant Cl ≥ 0 on E for each l = 1, . . . , n. If
x,w ∈ E, then

dY (f(x), f(w)) ≤
n∑

l=1

Cl dXl
(xl, wl),(10.5.7)

as in Section 8.3. This implies that

dY (f(x), f(w)) ≤
(

max
1≤l≤n

Cl

)
dX,1(x,w),(10.5.8)

as before. Similarly,

dY (f(x), f(w)) ≤
( n∑

l=1

C2
l

)1/2

dX,2(x,w)(10.5.9)

and

dY (f(x), f(w)) ≤
( n∑

l=1

Cl

)
dX,∞(x,w).(10.5.10)

This shows that f is Lipschitz on E with respect to the restrictions of dX,1,
dX,2, and dX,∞ to E under these conditions.

10.5.4 Joint and separate continuity

Now let f be any mapping from X into Y . If f is continuous at a point x ∈ X
with respect to any of the metrics dX,1, dX,2, or dX,∞ on X, then it is easy to
see that f is continuous at x with respect to the other two metrics. This is often
called joint continuity of f at x.

It is often convenient to consider f as a function of n variables in X1, . . . , Xn.
If 1 ≤ l ≤ n, then we may consider f as a function of the lth variable on Xl with
values in Y , with the jth variable equal to xj when j 6= l. If f is continuous
as a function of the lth variable on Xl at xl in this way for each l = 1, . . . , n,
then f is said to be separately continuous at x. Note that joint continuity at x
implies separate continuity.

10.6 Uniform continuity

Let (X, dX) and (Y, dY ) be metric spaces, let f be a mapping from X into Y ,
and let A be a subset of X. Let us say that f is uniformly continuous along A
if for every ϵ > 0 there is a δ > 0 such that for every x ∈ A and w ∈ X with
dX(x,w) < δ, we have that

dY (f(x), f(w)) < ϵ.(10.6.1)
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This implies that the restriction of f to A is uniformly continuous, with respect
to the restriction of dX to A. This also implies that f is continuous at every
element of A, as a mapping from X into Y . If A = X, then uniform continuity
along A is the same as uniform continuity on X.

10.6.1 Uniform continuity along compact sets

Suppose for the moment that A is a compact subset of X. If f is continuous at
every element of A, as a function on X, then one can show that f is uniformly
continuous along A. This uses the same type of arguments as used to show that
continuous mappings on compact metric spaces are uniformly continuous.

10.6.2 Uniform continuity and product spaces

Let (X1, dX1), (X2, dX2) be metric spaces, and let us now take

X = X1 ×X2.(10.6.2)

We can define the metrics dX,1, dX,2, and dX,∞ on X using dX1
and dX2

as
in Subsection 10.1.1, with n = 2. If a mapping f from X into Y is uniformly
continuous along a set A ⊆ X with respect to any of these three metrics on X,
then it is easy to see that f is uniformly continuous along A with respect to the
other two metrics.

10.6.3 Uniform continuity and equicontinuity

Let x1 ∈ X1 be given, and consider

A = {x1} ×X2.(10.6.3)

Let f be a mapping from X into Y again, and for each x2 ∈ X2, let us consider
f(·, x2) as a mapping from X1 into Y . Let

E = {f(·, x2) : x2 ∈ X2}(10.6.4)

be the collection of these mappings from X1 into Y .
Observe that E is equicontinuous at x1, as a collection of mappings from X1

into Y , if and only if for every ϵ > 0 there is a δ > 0 such that

dY (f(x1, x2), f(w1, x2)) < ϵ(10.6.5)

for every w1 ∈ X1 with
dX1

(x1, w1) < δ,(10.6.6)

and every x2 ∈ X2, as in Section 5.2.
If f is uniformly continuous along A with respect to any of the metrics dX,1,

dX,2, or dX,3 on X, then one can check that E is equicontinuous at x1, as a
collection of mappings from X1 into Y . As before, uniform continuity along A
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implies that the restriction of f to A is uniformly continuous, which in this case
means that f(x1, ·) is uniformly continuous as a mapping from X2 into Y .

Conversely, suppose that f(x1, ·) is uniformly continuous as a mapping from
X2 into Y , and that E is equicontinuous at x1 as a collection of mappings from
X1 into Y . Under these conditions, one can verify that f is uniformly continuous
along A with respect to dX,1, dX,2, and dX,∞ on X.

10.6.4 Some compact subsets of a product space

Observe that
x2 7→ (x1, x2)(10.6.7)

defines an isometry from X2 into X, with respect to dX,1, dX,2, and dX,∞ on
X, as in Subsection 7.8.1. In particular, if X2 is compact, then it follows that
A is compact in X, with respect to dX,1, dX,2, and dX,∞. In this case, if f is
continuous at every point in A as a mapping from X into Y , then f is uniformly
continuous along A, as before.

10.7 Continuity and integration

Let (X1, dX1
) be a metric space, and let a, b be real numbers, with a < b. Let

us take
X2 = [a, b],(10.7.1)

and dX2
to be the restriction of the standard Euclidean metric on R to X2. As

in the previous section, we take

X = X1 ×X2 = X1 × [a, b],(10.7.2)

and dX,1, dX,2, and dX,∞ to be the metrics defined on X as in Subsection 10.1.1,
with n = 2.

10.7.1 Integration in x2

Let f be a continuous real-valued function on X, with respect to any of dX,1,
dX,2, or dX,∞, and thus with respect to each of these metrics. If x1 ∈ X1, then
f(x1, ·) is a continuous real-valued function on X2, and we put

F (x1) =

∫ b

a

f(x1, x2) dx2.(10.7.3)

This defines a real-valued function on X1. Note that

|F (x1)| ≤
∫ b

a

|f(x1, x2)| dx2 ≤ (b− a) sup
a≤x2≤b

|f(x1, x2)|.(10.7.4)

More precisely, the supremum on the right is finite, because [a, b] is compact
as a subset of the real line, and thus as a subset of itself, with respect to the
standard Euclidean metric on R and its restriction to [a, b].
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10.7.2 Continuity of F

If x1 ∈ X1, then

{x1} × [a, b] = {x1} ×X2(10.7.5)

is compact in X, with respect to dX,1, dX,2, and dX,∞, as in Subsection 10.6.4.
This implies that f is uniformly continuous along (10.7.5), as in Subsection
10.6.1. This means that

E = {f(·, x2) : a ≤ x2 ≤ b}(10.7.6)

is equicontinuous at x1 as a collection of real-valued functions on X1, as in
Subsection 10.6.3.

One can use this to check that F is continuous at x1, as a real-valued function
on X1. Indeed, if w1 ∈ X1, then

|F (x1)− F (w1)| =

∣∣∣∣∫ b

a

(f(x1, x2)− f(w1, x2)) dx2

∣∣∣∣(10.7.7)

≤
∫ b

a

|f(x1, x2)− f(w1, x2)| dx2

≤ (b− a) sup
a≤x2≤b

|f(x1, x2)− f(w1, x2)|,

as before. The right side can be made arbitrarily small by taking w1 sufficiently
close to x1 in X1, because of the equicontinuity of E at x1.

10.7.3 Another argument using sequences

Alternatively, let {x1,j}∞j=1 be a sequence of elements of X1 that converges to
x1. It is easy to see that f(x1,j , ·) converges to f(x1, ·) uniformly as a sequence
of real-valued functions on [a, b], because of the equicontinuity of E at x1. This
implies that

lim
j→∞

F (x1,j) = F (x1),(10.7.8)

as in Subsection 3.4.3. It follows that F is continuous at x1.

10.7.4 Uniform continuity of F

If E is uniformly equicontinuous on X1, then it is easy to see that F is uniformly
continuous on X1, using (10.7.7). In particular, this holds when X1 is compact,
because E is equicontinuous at every point in X1, as in Subsection 5.2.1.

If X1 is compact, then X is compact with respect to any of the metrics dX,1,
dX,2, and dX,∞, as in Subsection 10.4.1, because X2 is compact. In this case,
f is uniformly continuous with respect to any of these three metrics on X. Of
course, uniform continuity of f on X with respect to any of these three metrics
implies that E is uniformly equicontinuous on X1.
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10.8 Iterated integrals

Let n be a positive integer, and let a1, . . . , an and b1, . . . , bn be real numbers,
with

aj < bj(10.8.1)

for each j = 1, . . . , n. Let us consider

Xj = [aj , bj ](10.8.2)

as a metric space for each j = 1, . . . , n, with dXj
equal to the restriction of the

standard Euclidean metric on R to Xj .

10.8.1 The product of the first l intervals

Put

X l =

l∏
j=1

Xj(10.8.3)

for each l = 1, . . . , n. We can define metrics dXl,1, dXl,2, and dXl,∞ on X l, as
in Subsection 10.1.1. We shall refer to functions on X l as being continuous if
they are continuous with respect to any of these three metrics, and thus with
respect to the other two metrics.

Of course, X l is a subset of Rl for each l = 1, . . . , n. Note that dXl,1, dXl,2,
and dXl,∞ are the same as the restrictions to X l of the metrics on Rl associated
to the norms ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞, respectively, as in Subsection 1.3.3.

10.8.2 Integrating continuous functions one variable at a
time

Let f be a continuous real-valued function on Xn, and put fn = f . Suppose
that fl has been defined as a continuous real-valued function on X l for some
l = 1, . . . , n. If l ≥ 2 and xj ∈ Xj for j = 1, . . . , l − 1, then put

fl−1(x1, . . . , xl−1) =

∫ bl

al

fl(x1, . . . , xl−1, xl) dxl.(10.8.4)

This defines fl−1 as a continuous real-valued function onX l−1, as in the previous
section. More precisely, this uses the obvious identification of X l withX l−1×Xl.

Continuing in this way, we define fl on X
l for each l = 1, . . . , n. Similarly,

put

f0 =

∫ b1

a1

f1(x1) dx1,(10.8.5)

which is the analogue of (10.8.4) with l = 1, and which is simply a real number.
This can be used to define the n-fold iterated integral of f over Xn, as on p246
of [218].
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10.8.3 More on iterated integrals

Alternatively, one can define the integral of f over Xn as an n-dimensional
Riemann integral. Any reasonable approach to this will give the same answer,
because f is uniformly continuous on Xn, since Xn is compact.

Of course, one could also define n-fold iterated integrals of f over Xn by
integrating the variables in a different order, and one would like to verify that
this leads to the same result. One way to do this is to show that the iterated
integrals are all the same as the corresponding n-dimensional Riemann integral.
Another approach is given in Theorem 10.2 on p246 of [218].

Some arguments for interchanging the order of integration in two variables
will be discussed in the next sections. This can be used repeatedly to permute
the order of integration in any number of variables.

10.9 Partitions of intervals

Let a, b be real numbers, with a < b. Suppose that P = {tj}kj=0 is a partition
of [a, b], which is to say a finite sequence of real numbers such that

a = t0 < t1 < · · · < tk−1 < tk = b.(10.9.1)

10.9.1 Piecewise-linear functions on [a, b]

A real-valued function on [a, b] is said to be piecewise linear with breakpoints in
P if the function is linear on [tj−1, tj ] for each j = 1, . . . , k. It is easy to see that
such a function is continuous, with respect to the standard Euclidean metric on
R, and its restriction to [a, b].

Note that such a function is uniquely determined by its values at the points
in P. The values of such a function at the points in P can be arbitrary real
numbers. This is because linear functions on R are uniquely determined by
their values at any two distinct points, and those values can be arbitrary real
numbers.

10.9.2 Some piecewise-linear approximations

If f is any real-valued function on [a, b], then we let AP(f) be the unique
piecewise-linear function on [a, b] with breakpoints in P that is equal to f at
the points in P. If x ∈ [a, b] and tj−1 ≤ x ≤ tj for some j = 1, . . . , k, then

(AP(f))(x) = f(tj−1) (tj − tj−1)
−1 (tj − x)(10.9.2)

+f(tj) (tj − tj−1)
−1 (x− tj−1).

In this case,

f(x)− (AP(f))(x) = (f(x)− f(tj−1)) (tj − tj−1)
−1 (tj − x)

+(f(x)− f(tj)) (tj − tj−1)
−1 (x− tj−1).(10.9.3)
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This implies that

|f(x)− (AP(f))(x)| ≤ |f(x)− f(tj−1)| (tj − tj−1)
−1 (tj − x)

+|f(x)− f(tj)| (tj − tj−1)
−1 (x− tj−1).(10.9.4)

It follows that

|f(x)− (AP(f))(x)| ≤ max(|f(x)− f(tj−1)|, |f(x)− f(tj)|),(10.9.5)

because

(tj − tj−1)
−1 (tj − x) + (tj − tj−1)

−1 (x− tj−1)(10.9.6)

= (tj − tj−1)
−1 (tj − tj−1) = 1,

where both terms on the first line are greater than or equal to 0.

10.9.3 Approximating the integral of f

Observe that∫ b

a

(AP(f))(x) dx =

k∑
j=1

∫ tj

tj−1

(AP(f))(x) dx(10.9.7)

=

k∑
j=1

(1/2) (f(tj−1) + f(tj)) (tj − tj−1).

Suppose that f is continuous on [a, b], with respect to the standard Euclidean
metric on R and its restriction to [a, b]. Under these conditions, we have that∣∣∣∣∫ b

a

f(x) dx−
∫ b

a

(AP(f))(x) dx

∣∣∣∣ =

∣∣∣∣∫ b

a

(f(x)− (AP(f))(x)) dx

∣∣∣∣
≤

∫ b

a

|f(x)− (AP(f))(x)| dx(10.9.8)

≤ (b− a) sup
a≤x≤b

|f(x)− (AP(f))(x)|.

10.9.4 Using uniform continuity of f

Note that f is uniformly continuous on [a, b], because [a, b] is compact. Using
this and (10.9.5), we get that f is uniformly approximated by AP(f) on [a, b]
when the partition P of [a, b] is sufficiently fine. More precisely, this means that

sup
a≤x≤b

|f(x)− (AP(f))(x)|(10.9.9)

is as small as we want when

max
1≤j≤k

(tj − tj−1)(10.9.10)
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is sufficiently small. It follows that the left side of (10.9.8) is as small as we
want when (10.9.10) is sufficiently small.

Similarly, one can check that the left side of (10.9.8) is arbitrarily small for
suitable partitions P of [a, b] when f is Riemann integrable on [a, b].

10.10 Partitions and product spaces

Let (X1, dX1) be a metric space, and let a2, b2 be real numbers, with a2 < b2.
Let us take

X2 = [a2, b2],(10.10.1)

and dX2
to be the restriction of the standard Euclidean metric on R to X2. We

also take

X = X1 ×X2 = X1 × [a2, b2],(10.10.2)

and dX,1, dX,2, and dX,∞ to be the metrics defined on X as in Subsection 10.1.1,
with n = 2. We shall refer to functions on X as being continuous if they are
continuous with respect to any of these three metrics, and thus with respect to
the other two metrics, as before.

10.10.1 A partition of [a2, b2]

Let P2 = {t2,j}kj=0 be a partition of [a2, b2], so that

a2 = t2,0 < · · · < t2,k = b2.(10.10.3)

Let f be a continuous real-valued function on X, and let us define A2,P2
(f)

as a real-valued function on X in essentially the same way as in Subsection
10.9.2, as a function of the second variable. Thus, if x1 ∈ X1, x2 ∈ [a2, b2], and
t2,j−1 ≤ x2 ≤ t2,j for some j = 1, . . . , k, then we put

(A2,P2
(f))(x1, x2) = f(x1, t2,j−1) (t2,j − t2,j−1)

−1 (t2,j − x2)

+f(x1, t2,j) (t2,j − t2,j−1)
−1 (x2 − t2,j−1).(10.10.4)

Under these conditions, we get that

|f(x1, x2)− (A2,P2(f))(x1, x2)|
≤ max(|f(x1, x2)− f(x1, t2,j−1)|, |f(x1, x2)− f(x1, t2,j)|),(10.10.5)

as in (10.9.5).

10.10.2 Integrals in x2

As in Subsection 10.7.2, ∫ b2

a2

f(x1, x2) dx2(10.10.6)
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defines a continuous real-valued function of x1 ∈ X1. The analogous statement
for A2,P2(f) can be seen more directly. Namely,∫ b2

a2

(A2,P2(f))(x1, x2) dx2(10.10.7)

=

k∑
j=1

(1/2) (f(x1, t2,j−1) + f(x1, t2,j)) (t2,j − t2,j−1)

for every x1 ∈ X1, as in (10.9.7).
We also have that∣∣∣∣∫ b2

a2

f(x1, x2) dx2 −
∫ b2

a2

(A2,P2
(f))(x1, x2) dx2

∣∣∣∣(10.10.8)

≤
∫ b2

a2

|f(x1, x2)− (A2,P2
(f))(x1, x2)| dx2

≤ (b2 − a2) sup
a2≤x2≤b2

|f(x1, x2)− (A2,P2(f))(x1, x2)|

for every x1 ∈ X1, as in (10.9.8).

10.10.3 A uniform equicontinuity condition

Suppose that
E2 = {f(x1, ·) : x1 ∈ X1}(10.10.9)

is uniformly equicontinuous as a collection of real-valued functions on [a2, b2].
This implies that

sup
a2≤x2≤b2

|f(x1, x2)− (A2,P2(f))(x1, x2)|(10.10.10)

is as small as we want, uniformly over x1 ∈ X1, when

max
1≤j≤k

(t2,j − t2,j−1)(10.10.11)

is sufficiently small, because of (10.10.5). It follows that (10.10.6) can be uni-
formly approximated by (10.10.7), as real-valued functions of x1 ∈ X1, when
(10.10.11) is sufficiently small, by (10.10.8).

If X1 is compact, then E2 is equicontinuous at every point in [a2, b2], as in
Section 10.6. This implies that E2 is uniformly equicontinuous on [a2, b2], as in
Subsection 5.2.1, because [a2, b2] is compact.

Alternatively, if X1 is compact, then X is compact with respect to any of
the metrics dX,1, dX,2, and dX,∞, as in Subsection 10.4.1, because [a2, b2] is
compact. This means that f is uniformly continuous on X, with respect to any
of these three metrics. It is easy to see that this implies that E2 is uniformly
equicontinuous on [a2, b2].
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10.11 Partitions and integrals

Let a1, b1 be real numbers, with a1 < b1. We would like to continue with the
same notation and hypotheses as in the previous section, with

X1 = [a1, b1],(10.11.1)

and with dX1 equal to the restriction of the standard Euclidean metric on R to
X1. Thus

X = X1 ×X2 = [a1, b1]× [a2, b2],(10.11.2)

and dX,1, dX,2, and dX,∞ are the same as the restrictions to X of the metrics on
R2 associated to the norms ‖·‖1, ‖·‖2, and ‖·‖∞, respectively, as in Subsection
1.3.3. Note that f is uniformly continuous on X, because X is compact.

10.11.1 Integrals in x1

We can integrate f(x1, x2) in x1 to get a continuous real-valued function∫ b1

a1

f(x1, x2) dx1(10.11.3)

of x2 on [a2, b2], as in Subsection 10.7.2. The analogous statement for A2,P2
(f)

can be seen more directly, as before. Indeed, if x2 ∈ [a2, b2] and

t2,j−1 ≤ x2 ≤ t2,j(10.11.4)

for some j = 1, . . . , k, then∫ b1

a1

(A2,P2
(f))(x1, x2) dx1(10.11.5)

= (t2,j − t2,j−1)
−1 (t2,j − x2)

∫ b1

a1

f(x1, t2,j−1) dx1

+(t2,j − t2,j−1)
−1 (x2 − t2,j−1)

∫ b1

a1

f(x1, t2,j) dx1,

by (10.10.4). Of course, this is equal to (10.11.3) when x2 = t2,j−1 or t2,j .

10.11.2 Approximating the integral of f in x1

Observe that∣∣∣∣∫ b1

a1

f(x1, x2) dx1 −
∫ b1

a1

(A2,P2
(f))(x1, x2) dx1

∣∣∣∣(10.11.6)

=

∣∣∣∣∫ b1

a1

(f(x1, x2)− (A2,P2
(f))(x1, x2)) dx1

∣∣∣∣
≤

∫ b1

a1

|f(x1, x2)− (A2,P2(f))(x1, x2)| dx1

≤ (b1 − a1) sup
a1≤x1≤b1

|f(x1, x2)− (A2,P2
(f))(x1, x2)|
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for every x2 ∈ [a2, b2]. We also have that

sup
a1≤x1≤b1

|f(x1, x2)− (A2,P2
(f))(x1, x2)|(10.11.7)

is as small as we want, uniformly over x2 ∈ [a2, b2], when (10.10.11) is sufficiently
small. Equivalently, this means that

sup
a1≤x1≤b1

sup
a2≤x2≤b2

|f(x1, x2)− (A2,P2(f))(x1, x2)|(10.11.8)

is as small as we want when (10.10.11) is sufficiently small. This is the same as
the analogous statement for (10.10.10), which follows from the uniform continu-
ity of f onX, as before. Combining this with (10.11.6), we get that (10.11.3) can
be uniformly approximated by (10.11.5), as real-valued functions of x2 ∈ [a2, b2],
when (10.10.11) is sufficiently small.

10.11.3 Some iterated integrals

One can check directly that∫ b1

a1

(∫ b2

a2

(A2,P2
(f))(x1, x2) dx2

)
dx1(10.11.9)

=

∫ b2

a2

(∫ b1

a1

(A2,P2
(f))(x1, x2) dx1

)
dx2.

More precisely, one can verify that∫ b1

a1

(∫ t2,j

t2,j−1

(A2,P2
(f))(x1, x2) dx2

)
dx1(10.11.10)

=

∫ t2,j

t2,j−1

(∫ b1

a1

(A2,P2
(f))(x1, x2) dx1

)
dx2

for each j = 1, . . . , k, using the definition (10.10.4) of A2,P2
(f). It is easy to see

that (10.11.9) follows from (10.11.10), by summing over j.

10.11.4 Iterated integrals of f

We can use (10.11.9) to get that∫ b1

a1

(∫ b2

a2

f(x1, x2) dx2

)
dx1 =

∫ b2

a2

(∫ b1

a1

f(x1, x2) dx1

)
dx2,(10.11.11)

as follows. The left side of (10.11.11) can be approximated by the left side of
(10.11.9) when (10.10.11) is sufficiently small, because (10.10.6) is uniformly
approximated by (10.10.7), as before. Similarly, the right side of (10.11.11)
can be approximated by the right side of (10.11.9) when (10.10.11) is suffi-
ciently small, because (10.11.3) is uniformly approximated by (10.11.5). This
implies (10.11.11), because we can take P2 to be a partition of [a2, b2] for which
(10.10.11) is arbitarily small.
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10.12 A simpler approximation

Let us continue with the same notation and hypotheses as in the previous two
sections. Put

a2,P2(j) = sup
a1≤x1≤b1

sup
t2,j−1≤x2≤t2,j

|f(x1, x2)− f(x1, t2,j)|(10.12.1)

for each j = 1, . . . , k, and

a2,P2
= max

1≤j≤k
a2,P2

(j).(10.12.2)

It is easy to see that a2,P2 is as small as we want when (10.10.11) is sufficiently
small, because f is uniformly continuous on X.

10.12.1 Approximating some iterated integrals

Observe that ∫ b1

a1

(∫ t2,j

t2,j−1

f(x1, x2) dx2

)
dx1 − (t2,j − t2,j−1)

∫ b1

a1

f(x1, t2,j) dx1(10.12.3)

=

∫ b1

a1

(∫ t2,j

t2,j−1

(f(x1, x2)− f(x1, t2,j)) dx2

)
dx1

for each j = 1, . . . , k. This implies that∣∣∣∣∫ b1

a1

(∫ t2,j

t2,j−1

f(x1, x2) dx2

)
dx1 − (t2,j − t2,j−1)

∫ b1

a1

f(x1, t2,j) dx1

∣∣∣∣(10.12.4)

≤
∫ b1

a1

(∫ t2,j

t2,j−1

|f(x1, x2)− f(x1, t2,j)| dx2
)
dx1

≤ (b1 − a1) (t2,j − t2,j−1) a2,P2(j).

Similarly, ∣∣∣∣∫ t2,j

t2,j−1

(∫ b1

a1

f(x1, x2) dx1

)
dx2 − (t2,j − t2,j−1)

∫ b1

a1

f(x1, t2,j) dx1

∣∣∣∣(10.12.5)

≤
∫ t2,j

t2,j−1

(∫ b1

a1

|f(x1, x2)− f(x1, t2,j)| dx1
)
dx2

≤ (b1 − a1) (t2,j − t2,j−1) a2,P2
(j)

for each j = 1, . . . , k.

10.12.2 Differences of some iterated integrals

Using (10.12.3) and (10.12.5), we get that∣∣∣∣∫ b1

a1

(∫ t2,j

t2,j−1

f(x1, x2) dx2

)
dx1 −

∫ t2,j

t2,j−1

(∫ b1

a1

f(x1, x2) dx1

)
dx2

∣∣∣∣(10.12.6)

≤ 2 (b1 − a1) (t2,j − t2,j−1) a2,P2
(j).
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It follows that ∣∣∣∣∫ b1

a1

(∫ b2

a2

f(x1, x2) dx2

)
dx1 −

∫ b2

a2

(∫ b1

a1

f(x1, x2) dx1

)
dx2

∣∣∣∣(10.12.7)

≤
k∑

j=1

2 (b1 − a1) (t2,j − t2,j−1) a2,P2(j)

≤ 2 (b1 − a1)

k∑
j=1

(t2,j − t2,j−1) a2,P2

= 2 (b1 − a1) (b2 − a2) a2,P2
.

10.12.3 Equality of some iterated integrals

The right side of (10.12.7) is as small as we want when (10.10.11) is sufficiently
small, as before. This is another way to obtain (10.11.11), by taking P2 to be a
partition of [a2, b2] for which (10.10.11) is arbitrarily small again.

10.13 Another approximation

Let us continue with the same notation and hypotheses as in the previous three
sections. Also let P1 = {t1,l}ml=0 be a partition of [a1, b1], so that

a1 = t1,0 < · · · < t1,m = b1.(10.13.1)

10.13.1 Iterated integrals as double sums

Of course, ∫ b1

a1

(∫ b2

a2

f(x1, x2) dx2

)
dx1(10.13.2)

=

m∑
l=1

k∑
j=1

∫ t1,l

t1,l−1

(∫ t2,j

t2,j−1

f(x1, x2) dx2

)
dx1.

Similarly, ∫ b2

a2

(∫ b1

a1

f(x1, x2) dx1

)
dx2(10.13.3)

=

m∑
l=1

k∑
j=1

∫ t2,j

t2,j−1

(∫ t1,l

t1,l−1

f(x1, x2) dx1

)
dx2.
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10.13.2 Approximating the summands

If 1 ≤ l ≤ m and 1 ≤ j ≤ k, then we can approximate∫ t1,l

t1,l−1

(∫ t2,j

t2,j−1

f(x1, x2) dx2

)
dx1(10.13.4)

and ∫ t2,j

t2,j−1

(∫ t1,l

t1,l−1

f(x1, x2) dx1

)
dx2(10.13.5)

by
(t1,l − t1,l−1) (t2,j − t2,j−1) f(t1,l, t2,j).(10.13.6)

If t1,l − t1,l−1 and t2,j − t2,j−1 are sufficiently small, then the errors in these
approximations will be small compared to

(t1,l − t1,l−1) (t2,j − t2,j−1),(10.13.7)

because of the uniform continuity of f on X. This means that the difference of
(10.13.4) and (10.13.5) is small compared to (10.13.7) in this case.

10.13.3 Equality of the iterated integrals

Note that

m∑
l=1

k∑
j=1

(t1,l − t1,l−1) (t2,j − t2,j−1)(10.13.8)

=
( m∑

l=1

(t1,l − t1,l−1)
)( k∑

j=1

(t2,j − t2,j−1)
)

= (b1 − a1) (b2 − a2).

It follows that the difference of (10.13.2) and (10.13.3) is as small as we like when
P1 and P2 are sufficiently fine partitions of [a1, b1] and [a2, b2], respectively.

This implies that the iterated integrals are equal, as in (10.11.11), because
they do not depend on P1 or P2. Basically, we are approximating the iterated
integrals on the left sides of (10.13.2) and (10.13.3) by two-dimensional Riemann
sums, and these two-dimensional Riemann sums are equal to each other.

10.14 Partitions of unity

Let (X, dX) be a metric space. As in Section A.11, the support supp f of a real
or complex-valued function f on X is defined to be the closure in X of the set
of x ∈ X such that f(x) 6= 0.

It is often helpful to be able to find finite collections of continuous real-valued
functions ψ1, . . . , ψr on X with properties like the following. First,

0 ≤ ψj(x) ≤ 1(10.14.1)
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for every j = 1, . . . , r. Second,

r∑
j=1

ψj(x) = 1(10.14.2)

for all x in a particular subset of X, which may be X itself. If (10.14.2) holds
on a proper subset of X, then one may ask that

r∑
j=1

ψj(x) ≤ 1(10.14.3)

for every x ∈ X. Of course, the first inequality in (10.14.1) together with
(10.14.3) implies the second inequality in (10.14.1).

In addition, one may want to have restrictions on the supports of the ψj ’s.
One may ask that the supports of the ψj ’s be contained in open sets in a
particular family, for instance. A collection of functions like this is called a
partition of unity on the set where (10.14.2) holds.

10.14.1 Some piecewise-linear functions

Let a, b be real numbers with a < b, and let P = {tj}kj=0 be a partition of [a, b].
If 0 ≤ l ≤ r, then there is a unique nonnegative real-valued function τl on [a, b]
that is piecewise linear with breakpoints in P such that

τl(tj) = 1 when j = l(10.14.4)

= 0 when j 6= l.

It is easy to see that
k∑

l=0

τl(x) = 1(10.14.5)

for every x ∈ [a, b], because the left side is a piecewise-linear function on [a, b]
with breakpoints in P that is equal to 1 at tj for each j = 0, . . . , k.

The support of τl, as a real-valued function on [a, b], is given by

supp τl = [t0, t1] when l = 0(10.14.6)

= [tl−1, tl+1] when 1 ≤ l ≤ k − 1

= [tk−1, tk] when l = k.

10.14.2 Getting some partitions of unity

Let (X, dX) be any metric space again, and let ϕ1, . . . , ϕr be nonnegative con-
tinuous real-valued functions on X. There are a couple of common ways to get
a partition of unity ψ1, . . . , ψr from ϕ1, . . . , ϕr, under suitable conditions.
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In the first approach, we put

Φ(x) =

r∑
j=1

ϕj(x)(10.14.7)

for each x ∈ X, and suppose that

Φ(x) > 0 for every x ∈ X.(10.14.8)

In this case,

ψj(x) = ϕj(x)/Φ(x)(10.14.9)

defines a continuous real-valued function on X for each j = 1, . . . , r, and
(10.14.2) holds for every x ∈ X, by construction. We also have that

suppψj = suppϕj(10.14.10)

for every j = 1, . . . , r.

10.14.3 Another way to get a partition of unity

In the second approach, we suppose that

0 ≤ ϕj(x) ≤ 1(10.14.11)

for every j = 1, . . . , r and x ∈ X. Put ψ1 = ϕ1, and

ψl =
( l−1∏

j=1

(1− ϕj)
)
ϕl(10.14.12)

for l = 2, . . . , r, as on p251 of [218]. Clearly (10.14.1) holds for every j = 1, . . . , r,
and one can check that

l∑
j=1

ψj = 1−
l∏

j=1

(1− ϕj)(10.14.13)

for every l = 1, . . . , r, by induction. This implies that (10.14.3) holds for every
x ∈ X, and that (10.14.2) holds for every x ∈ X such that

ϕj(x) = 1 for some j = 1, . . . , r.(10.14.14)

Note that

suppψj ⊆ suppϕj(10.14.15)

for every j = 1, . . . , r.
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10.15 Another approximation argument

Let (X1, dX1
), (X2, dX2

) be metric spaces, and put X = X1×X2. Also let dX,1,
dX,2 and dX,∞ be the corresponding metrics defined on X as in Subsection
10.1.1. As before, we shall refer to functions on X as being continuous if they
are continuous with respect to any of these three metrics, and thus with respect
to the other two metrics.

10.15.1 Using a partition of unity

Let ψ2,1, . . . , ψ2,r be finitely many continuous nonnegative real-valued functions
on X2 that form a partition of unity on X2, so that

r∑
j=1

ψ2,j(x2) = 1(10.15.1)

for every x2 ∈ X2. If f is a real-valued function on X, then

f(x1, x2) =

r∑
j=1

f(x1, x2)ψ2,j(x2)(10.15.2)

for every x1 ∈ X1 and x2 ∈ X2.

10.15.2 An approximation of f

Suppose that for each j = 1, . . . , r, x2,j ∈ X2 and

ψ2,j(x2,j) > 0.(10.15.3)

Put

(A2(f))(x1, x2) =

r∑
j=1

f(x1, x2,j)ψ2,j(x2)(10.15.4)

for every x1 ∈ X1 and x2 ∈ X2. Thus

f(x1, x2)− (A2(f))(x1, x2) =

r∑
j=1

(f(x1, x2)− f(x1, x2,j))ψ2,j(x2)(10.15.5)

for every x1 ∈ X1 and x2 ∈ X2, by (10.15.2). It follows that

|f(x1, x2)− (A2(f))(x1, x2)| ≤
r∑

j=1

|f(x1, x2)− f(x1, x2,j)|ψ2,j(x2)(10.15.6)

for every x1 ∈ X1 and x2 ∈ X2.
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10.15.3 Some simple estimates

Put

a2,j(x1) = sup{|f(x1, x2)− f(x1, x2,j)| : x2 ∈ X2, ψ2,j(x2) > 0}(10.15.7)

for each j = 1, . . . , r. The right side is allowed to be +∞ here, although we
shall typically be concerned with situations where it is finite. Observe that

|f(x1, x2)− f(x1, x2,j)|ψ2,j(x2) ≤ a2,j(x1)ψ2,j(x2)(10.15.8)

for every x1 ∈ X1 and x2 ∈ X2, where the right side may be interpreted as
being equal to 0 when ψ2,j(x2) = 0, even if (10.15.7) is +∞. This implies that

|f(x1, x2)− (A2(f))(x1, x2)| ≤
r∑

j=1

a2,j(x1)ψ2,j(x2)(10.15.9)

for every x1 ∈ X1 and x2 ∈ X2, by (10.15.6).
Put

a2(x1) = max
1≤j≤r

a2,j(x1)(10.15.10)

for each x1 ∈ X1. Using (10.15.9), we get that

|f(x1, x2)− (A2(f))(x1, x2)| ≤ a2(x1)(10.15.11)

for every x1 ∈ X1, because of (10.15.1).

10.15.4 Using these estimates

We may frequently be interested in situations where X2 is compact, or at least
totally bounded, and

{x2 ∈ X2 : ψ2,j(x2) > 0}(10.15.12)

is a small subset of X2 for each j = 1, . . . , r. This may mean that (10.15.12) is
contained in a ball in X2 centered at x2,j with small radius, or that (10.15.12)
has small diameter with respect to dX2 , which is nearly the same thing. If
(10.15.12) is sufficiently small in this way, then we may be able to show that
(10.15.7) is small, using suitable continuity properties of f .

Suppose that E2 = {f(x1, ·) : x1 ∈ X1} is uniformly equicontinuous as a
collection of real-valued functions on X2. In this case, (10.15.10) is as small
as we like when (10.15.12) is contained in a ball centered at x2,j of sufficiently
small radius for each j = 1, . . . , r, or the diameter of (10.15.12) is sufficiently
small for each j = 1, . . . , r, which is almost the same thing, as before.

If X1 is compact, then E2 is equicontinuous at every x2 ∈ X2, as in Section
10.6. If X2 is compact, then the equicontinuity of E2 at every point in X2

implies that E2 is uniformly equicontinuous on X2, as in Subsection 5.2.1. If f
is uniformly continuous on X with respect to dX,1, dX,2, or dX,3, then it is easy
to see that E2 is uniformly equicontinuous on X2. If X1 and X2 are compact,
then X is compact with respect to dX,1, dX,2, and dX,3, as in Subsection 10.4.1.
In this case, continuity of f on X implies uniform continuity, as usual.
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10.16 Some continuous functions

If c is any real number, then one can check that

max(t, c) and min(t, c)(10.16.1)

are Lipschitz functions of t ∈ R, with constant 1. Of course, this uses the
standard Euclidean metric on the real line.

Let (X, dX) be a metric space, and let A be a nonempty subset of X. If
x ∈ X, then the distance from x to A with respect to dX is defined by

dist(x,A) = inf{d(x, a) : a ∈ A}.(10.16.2)

One can check that

dist(x,A) = 0(10.16.3)

if and only if x is an element of the closure A of A in X. One can also verify
that

dist(x,A) = dist(x,A)(10.16.4)

for every x ∈ X.
It is easy to see that

dist(x,A) ≤ d(x,w) + dist(w,A)(10.16.5)

for every x,w ∈ X. Using this, one can check that dist(x,A) is Lipschitz with
constant 1, as a real-valued function on X.

10.16.1 Pairs of disjoint closed sets

Let A, B be nonempty disjoint closed subsets of X. Observe that

dist(x,A) + dist(x,B) > 0(10.16.6)

for every x ∈ X. It follows that

dist(x,A)

dist(x,A) + dist(x,B)
(10.16.7)

defines a continuous real-valued function on X. This function is equal to 0
exactly on A, and it is equal to 1 exactly on B. It also takes values in [0, 1] on
X, by construction.

10.16.2 Some uniformly continuous functions

Let r > 0 be given, and note that

min(dist(x,A), r)(10.16.8)
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is Lipschitz with constant 1, as a real-valued function of x ∈ X. This implies
that

(1/r) min(dist(x,A), r)(10.16.9)

is Lipschitz with constant 1/r on X.
Suppose for the moment that

d(a, b) ≥ r(10.16.10)

for every a ∈ A and b ∈ B. Equivalently, this means that

dist(b, A) ≥ r(10.16.11)

for every b ∈ B. This implies that (10.16.8) is equal to r when x ∈ B, so that
(10.16.9) is equal to 1.

Conversely, suppose that there is a uniformly continuous real-valued function
f on X such that

f(a) = 0 for every a ∈ A, and f(b) = 1 for every b ∈ B.(10.16.12)

Under these conditions, it is easy to see that there is an r > 0 such that
(10.16.10) holds for every a ∈ A and b ∈ B.

10.16.3 Some functions with small support

Let a0 ∈ X and r0 > 0 be given, and note that

d(x, a0)(10.16.13)

is Lipschitz with constant 1 as a real-valued function of x ∈ X. This is the same
as (10.16.2), with A = {a0}. It follows that

r0 − d(x, a0)(10.16.14)

is Lipschitz with constant 1 on X, so that

max(r0 − d(x, a0), 0)(10.16.15)

is Lipschitz with constant 1 on X as well. Of course, (10.16.15) is equal to 0
when

d(x, a0) ≥ r0,(10.16.16)

and otherwise (10.16.15) is strictly positive.

10.16.4 Some functions equal to 1 near a0

Let r1 be a nonnegative real number with

r1 < r0,(10.16.17)
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and consider
min(max(r0 − d(x, a0), 0), r0 − r1).(10.16.18)

This is another real-valued Lipschitz function on X with constant 1, so that

(1/(r0 − r1)) min(max(r0 − d(x, a0), 0), r0 − r1)(10.16.19)

is Lipschitz with constant 1/(r0 − r1) on X. This function is equal to 0 when
(10.16.16) holds, and it is equal to 1 when

d(x, a0) ≤ r1.(10.16.20)

If
r1 < d(x, a0) < r0,(10.16.21)

then (10.16.19) is in (0, 1).

10.17 Products and reciprocals

Let (X, dX) be a metric space, and let f , g be real-valued functions on X. If
f and g are uniformly continuous on X, then it is easy to see that f + g is
uniformly continuous on X too. If f and g are Lipschitz functions on X, then
f + g is a Lipschitz function on X as well, as in Subsection 7.7.3.

Suppose for the moment that f and g are bounded on X. If f and g are
also uniformly continuous on X, then one can check that their product f g is
uniformly continuous on X. Similarly, if f and g are Lipschitz functions on X,
then one can verify that f g is Lipschitz on X.

If t1, t2 are nonzero real numbers, then

1/t1 − 1/t2 = (t2 − t1)/(t1 t2).(10.17.1)

This implies that
|1/t1 − 1/t2| = |t1 − t2|/(|t1| |t2|).(10.17.2)

If r is a positive real number, and |t1|, |t2| ≥ r, then we get that

|1/t1 − 1/t2| ≤ r−2 |t1 − t2|.(10.17.3)

This means that t 7→ 1/t is Lipschitz with constant r−2 as a real-valued function
on

{t ∈ R : |t| ≥ r}.(10.17.4)

Of course, this uses the standard Euclidean metric on R, and its restriction to
(10.17.4).

Suppose now that
|f(x)| ≥ r(10.17.5)

for every x ∈ X. If f is uniformly continuous on X, then it is easy to see that

1/f is uniformly continuous on X.(10.17.6)
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Similarly, if f is Lipschitz on X, then

1/f is Lipschitz on X.(10.17.7)

These statements can be verified directly, or by considering 1/f as the com-
position of f with t 7→ 1/t on (10.17.4). There are analogous statements for
complex numbers, and complex-valued functions on X.

10.18 Graphs of mappings

Let X1, X2 be nonempty sets, and let X = X1×X2 be their Cartesian product.
If f is a mapping from X1 into X2, then the graph of f is the subset of X given
by

{(x1, f(x1)) : x1 ∈ X1},(10.18.1)

as usual. Put

F (x1) = (x1, f(x1))(10.18.2)

for every x1 ∈ X1, which defines F as a mapping from X1 into X. Note that
(10.18.1) is the same as the image of X1 under F .

Let p1, p2 be the usual coordinate projections from X onto X1, X2, respec-
tively, as in Section 10.5. Thus pj(x) = xj for each x = (x1, x2) ∈ X and
j = 1, 2. Clearly

f = p2 ◦ F(10.18.3)

on X1, and p1 ◦ F is the identity mapping on X1.

Suppose now that (X1, dX1
) and (X2, dX2

) are metric spaces, so that we can
define the metrics dX,1, dX,2, and dX,∞ onX as in Subsection 10.1.1. Remember
that these metrics determine the same collections of open sets, closed sets, and
compact sets in X, and that convergence of sequences in X with respect to these
metrics are equivalent, as before.

If

f is continuous as a mapping from X1 into X2,(10.18.4)

then one can check that

F is continuous as a mapping from X1 into X,(10.18.5)

with respect to each of dX,1, dX,2, and dX,∞ onX. Conversely, if (10.18.5) holds,
with respect to any of the metrics dX,1, dX,2, or dX,∞ onX, then (10.18.4) holds.
This can be seen using (10.18.3), and the fact that p2 is a continuous mapping
from X onto X2 with respect to each of dX,1, dX,2, and dX,∞ on X, as in Section
10.5.
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10.18.1 Closed graphs in X

One can check that a subset E of a metric space M is a closed set if and only
if for every sequence {wj}∞j=1 of elements of E that converges to an element w
of M , we have that

w ∈ E.(10.18.6)

More precisely, if {wj}∞j=1 is a sequence of elements of any set E ⊆ M that
converges to an element w of M , and if wj 6= w for each j, then w is a limit
point of E. If w ∈M is a limit point of E, then one can find a sequence {wj}∞j=1

of elements of E that converges to w, with wj 6= w for each j.
It is well known that if (10.18.4) holds, then

the graph of f is a closed set in X,(10.18.7)

with respect to each of the metrics dX,1, dX,2, dX,∞. As in the preceding
paragraph, (10.18.7) holds if and only if for every sequence of elements of the
graph of f that converges to an element of X, the limit of the sequence is in the
graph of f . In this case, this means that (10.18.7) holds if and only if for every
sequence {x1,j}∞j=1 of elements of X1 such that

{(x1,j , f(x1,j))}∞j=1(10.18.8)

converges to an element (x1, x2) of X, we have that

f(x1) = x2.(10.18.9)

As in Subsection 10.3.1, the convergence of (10.18.8) to (x1, x2) ∈ X with
respect to any of the metrics dX,1, dX,2, dX,∞ is equivalent to the convergence
of {x1,j}∞j=1 to x1 in X1 and the convergence of {f(x1,j)}∞j=1 to x2 in X2. If f
is continuous at x1, then the convergence of {x1,j}∞j=1 to x1 in X1 implies that
{f(x1,j)}∞j=1 converges to f(x1) in X2. This implies that (10.18.9) holds when
{f(x1,j)}∞j=1 converges to x2 in X2.

10.18.2 Compact graphs in X

If (10.18.4) holds, and if
X1 is compact,(10.18.10)

then
the graph of f is a compact subset of X,(10.18.11)

with respect to each of dX,1, dX,2, and dX,∞. Remember that the graph of f
is the same as F (X1), and that F is continuous as a mapping from X1 into
X in this case. This implies that F (X1) is a compact subset of X when X1 is
compact.

Conversely, let f be any mapping from X1 into X2, and suppose that
(10.18.11) holds, with respect to dX,1, dX,2, or dX,∞. It is easy to see that
(10.18.10) holds in this case, because p1 maps the graph of f onto X1. This also
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use the fact that p1 is continuous as a mapping from X onto X1, as in Section
10.5.

It is well known that (10.18.4) holds under these conditions as well. To see
this, let x1 ∈ X1 be given, and suppose for the sake of a contradiction that f
is not continuous at x1. This means that there is an ϵ > 0 such that for every
δ > 0 there is a point w1 ∈ X1 with

dX1
(x1, w1) < δ(10.18.12)

and
dX2

(f(x1), f(w1)) ≥ ϵ.(10.18.13)

One can use this to get a sequence {x1,j}∞j=1 of elements of X1 that converges
to x1, with

dX2(f(x1), f(x1,j)) ≥ ϵ(10.18.14)

for every j.
If (10.18.11) holds, then the graph of f is sequentially compact in X. Using

this, we get that there is a subsequence {x1,jl}∞l=1 of {x1,j}∞j=1 such that

{(x1,jl , f(x1,jl))}∞l=1(10.18.15)

converges to an element (y1, f(y1)) of the graph of f in X. This means that

{x1,jl}∞l=1 converges to y1 in X1,(10.18.16)

and that
{f(x1,jl)}∞l=1 converges to f(y1) in X2,(10.18.17)

as in Subsection 10.3.1. Note that {x1,jl}∞l=1 converges to x1 in X1, because
{x1,j}∞j=1 converges to x1, by construction. Thus

x1 = y1.(10.18.18)

It follows that
{f(x1,jl)}∞l=1 converges to f(x1) in X2.(10.18.19)

This contradicts (10.18.14), as desired.

10.19 Semicontinuity

Let us continue with the same notation and hypotheses as in the previous sec-
tion, except that now we take X2 = R, with the standard Euclidean metric. If
f is a real-valued function on X1, then

{(x1, x2) ∈ X1 ×R : f(x1) > x2}(10.19.1)

and
{(x1, x2) ∈ X1 ×R : f(x1) ≤ x2}(10.19.2)
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are complementary subsets of X = X1 ×R. In particular, (10.19.1) is an open
set in X = X1 ×R if and only if (10.19.2) is a closed set in X, with respect to
any, and thus each, of the metrics dX,1, dX,2, and dX,∞.

Similarly,

{(x1, x2) ∈ X1 ×R : f(x1) ≥ x2}(10.19.3)

and

{(x1, x2) ∈ X1 ×R : f(x1) < x2}(10.19.4)

are complementary subsets of X. It follows that (10.19.3) is a closed set in X if
and only if (10.19.4) is an open set, as before. Note that the graph of f is the
same as the intersection of (10.19.2) and (10.19.3).

If f is continuous on X, then one can show that (10.19.2) and (10.19.3) are
closed sets in X, using the same type of argument as in Subsection 10.18.1.
However, there are more precise statements, using notions of semicontinuity.

10.19.1 Upper and lower semicontinuity

We say that f is upper semicontinuous at a point x1 ∈ X1 if for every ϵ > 0
there is a δ > 0 such that

f(w1) < f(x1) + ϵ(10.19.5)

for every w1 ∈ X1 with dX1
(x1, w1) < δ. Similarly, we say that f is lower

semicontinuous at x1 if for every ϵ > 0 there is a δ′ > 0 such that

f(w1) > f(x1)− ϵ(10.19.6)

for every w1 ∈ X1 with dX1
(x1, w1) < δ′.

Observe that f is continuous at x1 if and only if f is both upper and lower
semicontinuous at x1. It is easy to see that f is upper semicontinuous at x1 if
and only if −f is lower semicontinuous at x1.

Let us say that f is upper semicontinuous on X1 if f is upper semicontinuous
at every x1 ∈ X1. Similarly, we say that f is lower semicontinuous on X1 if f
is lower semicontinuous at every x1 ∈ X1.

One can check that f is upper semicontinuous on X1 if and only if for every
real number b,

{x1 ∈ X1 : f(x1) < b}(10.19.7)

is an open subset of X1. Similarly, f is lower semicontinuous on X1 if and only
if for every a ∈ R,

{x1 ∈ X1 : f(x1) > a}(10.19.8)

is an open set in X1.
One can also verify that f is upper semicontinuous on X1 if and only if

(10.19.4) is an open set in X. Similarly, f is lower semicontinuous on X1 if and
only if (10.19.1) is an open set in X.

Let K be a nonempty compact subset of X1. If f is upper semi-continuous
on X1, then it is not too difficult to show that f attains its maximum on K.
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Similarly, if f is lower semicontinuous on X1, then f attains its minimum on
K. Of course, this is another version of the extreme value theorem.

Let {x1,j}∞j=1 be a sequence of elements of X1 that converges to x1 ∈ X1. If
f is upper semi-continuous at x1, then one can check that

lim sup
j→∞

f(xj) ≤ f(x1).(10.19.9)

Similarly, if f is lower semicontinuous at x1, then

lim inf
j→∞

f(xj) ≥ f(x1).(10.19.10)

One can verify that these properties characterize upper and lower semicontinuity
of f at x1 too.

10.20 Homeomorphisms between metric spaces

Let (X, dX) and (Y, dY ) be metric spaces. A one-to-one mapping f from X
onto Y is said to be a homeomorphism if f is continuous, and the correspond-
ing inverse mapping f−1 from Y onto X is continuous. Of course, f−1 is a
homeomorphism from Y onto X in this case.

Let (Z, dZ) be another metric space. If f is a homeomorphism from X onto
Y , and g is a homeomorphism from Y onto Z, then their composition g ◦ f is a
homeomorphism from X onto Z.

10.20.1 A criterion using compactness

Let f be a one-to-one continuous mapping from X onto Y . If X is compact,
then it is well known that the inverse mapping f−1 is continuous, so that

f is a homeomorphism.(10.20.1)

One can show this using sequences, or by looking at closed sets.
To show this using sequences, let {yj}∞j=1 be a sequence of elements of Y

that converges to a point y ∈ Y , and let us check that

{f−1(yj)}∞j=1 converges to f−1(y) in X.(10.20.2)

Put xj = f−1(yj) for each j, and x = f−1(y), for convenience. Suppose for the
sake of a contradiction that {xj}∞j=1 does not converge to x in X. This implies
that there is an ϵ > 0 such that

dX(x, xj) ≥ ϵ(10.20.3)

for infinitely many j ≥ 1. Equivalently, this means that there is a subsequence
{xjl}∞l=1 of {xj}∞j=1 such that

dX(x, xjl) ≥ ϵ(10.20.4)
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for every l ≥ 1.
If X is compact, and thus sequentially compact, then there is a subsequence

{xjln }
∞
n=1 of {xjl}∞l=1 that converges to an element w of X. It follows that

{f(xjln )}
∞
n=1 converges to f(w) in Y,(10.20.5)

because f is continuous at w, by hypothesis. However,

{f(xjln )}
∞
n=1 = {yjln }

∞
n=1(10.20.6)

is a subsequence of {yj}∞j=1, which converges to y = f(x). This implies that

f(w) = f(x),(10.20.7)

so that w = x, because f is one-to-one. This means that {xjln }
∞
n=1 converges

to x in X, contradicting (10.20.4), as desired.

10.20.2 An argument using closed sets

Alternatively, let E be a closed set inX. In order to check that f−1 is continuous
as a mapping from Y into X, we would like to verify that

(f−1)−1(E) = {y ∈ Y : f−1(y) ∈ E}(10.20.8)

is a closed set in Y . It is easy to see that

(f−1)−1(E) = f(E).(10.20.9)

Note that
E is compact in X,(10.20.10)

because X is compact, and E is a closed set. This implies that

f(E) is a compact set in Y,(10.20.11)

because f is continuous. It follows that

f(E) is a closed set in Y.(10.20.12)

This means that f−1 is continuous, by a standard characterization of continuous
mappings between metric spaces.

One might notice that the first argument is very similar to one in Subsection
10.18.2. This will be discussed further in the next section.

10.21 Graphs and homeomorphisms

Let (X1, dX1
), (X2, dX2

) be nonempty metric spaces, and put X = X1×X2. As
usual, we can define metrics dX,1, dX,2, and dX,∞ on X as in Subsection 10.1.1.
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Let f be a mapping from X1 into X2, and let F be the mapping from X1 into X
defined by putting F (x1) = (x1, f(x1)) for every x1 ∈ X1, as in Section 10.18.

Let
Y = F (X1)(10.21.1)

be the graph of f in X, as before. We may consider Y as a metric space, using
the restriction of dX,1, dX,2, or dX,∞ to Y . Note that F is a one-to-one mapping
from X1 onto Y , by construction.

Let p1, p2 be the usual coordinate projections from X onto X1, X2, respec-
tively, as in Section 10.5. The restriction of p1 to Y is the same as the inverse
mapping F−1 of F on Y . It follows that

F−1 is continuous on Y,(10.21.2)

with respect to the restriction of dX,1, dX,2, or dX,∞ to Y , as in Section 10.5.
If f is continuous as a mapping from X1 into X2, then F is continuous as

a mapping from X1 into X with respect to each of dX,1, dX,2, and dX,∞, as in
Section 10.18. In this case, we get that

F is a homeomorphism from X1 onto Y,(10.21.3)

with respect to the restriction of any of dX,1, dX,2, and dX,∞ to Y .
If Y is compact with respect to any of dX,1, dX,2, or dX,∞, then one can get

that
F is continuous,(10.21.4)

because F−1 is continuous on Y , as in the previous section. Of course, this
implies that

f = p1 ◦ F is continuous on X1,(10.21.5)

because p1 is continuous on X, as in Section 10.5. This is another way to look at
how the compactness of Y implies the continuity of f , as in Subsection 10.18.2.

10.21.1 The case where X2 = Rm

Let m be a positive integer, and let us now take

X2 = Rm,(10.21.6)

equipped with the standard Euclidean metric, or the metric associated to a
norm. Let f be a mapping from X1 into Rm, and let Φ be the mapping from
X = X1 ×Rm into itself defined by

Φ(x) = (x1, x2 + f(x1))(10.21.7)

for every x = (x1, x2) ∈ X. It is easy to see that Φ is a one-to-one mapping
from X onto itself. More precisely, the inverse mapping is given by

Φ−1(x) = (x1, x2 − f(x1))(10.21.8)
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for every x ∈ X.
If f is continuous on X1, then one can check that Φ and Φ−1 are continuous

on X, with respect to any of the metrics dX,1, dX,2, or dX,∞. This means that
Φ is a homeomorphism from X onto itself, with respect to any of these three
metrics. It is easy to see that the continuity of f is necessary for the continuity
of Φ or Φ−1.

If x1 ∈ X1 and x = (x1, 0), then Φ(x) = F (x1). In particular,

Φ(X1 × {0}) = F (X1).(10.21.9)

Equivalently,
F (X1) = (Φ−1)−1(X1 × {0}).(10.21.10)

It is easy to see that X1 × {0} is a closed set in X, with respect to any of dX,1,
dX,2, or dX,∞. If f is continuous, then Φ−1 is continuous, and (10.21.10) gives
another way to see that F (X1) is a closed set in X, as in Subsection 10.18.1.

Suppose now that m = 1, so that f is a real-valued function on X1. Observe
that

Φ(X1 × (0,+∞)) = {(x1, x2) ∈ X1 ×R : x2 > f(x1)}(10.21.11)

and
Φ(X1 × (−∞, 0)) = {(x1, x2) ∈ X1 ×R : x2 < f(x1)}.(10.21.12)

It is easy to see that X1 × (0,+∞) and X × (0,−∞) are open sets in X, with
respect to any of dX,1, dX,2, or dX,∞. If f is continuous, then one can use the
continuity of Φ−1 to get another way to see that (10.21.11) and (10.21.12) are
open sets in X, as in Section 10.19.



Chapter 11

Summable functions

Sums of real and complex-valued functions on arbitrary nonempty sets are con-
sidered in this chapter, extending sums of absolutely convergent series of real
and complex numbers. The reader may choose to skip this chapter, at least
initially.

The types of sums discussed in this chapter may also be considered as
Lebesgue integrals with respect to counting measure. Some of the arguments
used here are analogous to ones commonly employed in the study of Lebesgue
integrals, although simpler.

11.1 Extended real numbers

As usual, the set of extended real numbers consists of the real numbers together
with two additional elements, denoted +∞ and −∞. The standard ordering is
extended to the set of extended real numbers by putting

−∞ < x < +∞(11.1.1)

for every x ∈ R. Normally when we consider extended real numbers here, we
shall only be concerned with nonnegative extended real numbers.

11.1.1 Addition and multiplication

In some situations, addition and multiplication of extended real numbers can
be defined in a natural way. In particular, we put

x+∞ = ∞+ x = ∞+∞ = +∞(11.1.2)

for every x ∈ R. Similarly, we put

x · ∞ = ∞ · x = ∞ ·∞ = ∞(11.1.3)

for every positive real number x. Although 0 · ∞ is not necessarily defined, it
will normally correspond to 0 here.

245
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11.1.2 Upper and ower bounds

The notions of upper and lower bounds, supremum, and infimum can be defined
for sets of extended real numbers, in the same way as for sets of real numbers.
In particular, if A is a nonempty set of real numbers that does not have a finite
upper bound in R, then the supremum of A can be defined as an extended real
number to be +∞. Of course, if +∞ is an element of A, then the supremum
of A is equal to +∞ automatically. If +∞ is the only element of A, then the
infimum of A is equal to +∞.

Let t be a positive real number, and let E be a nonempty set of extended
real numbers. Put

t E = {t x : x ∈ E},(11.1.4)

which is another nonempty set of extended real numbers. One can check that

sup(t E) = t (supE).(11.1.5)

11.1.3 Sequences tending to +∞
Let {xj}∞j=1 be a sequence of real numbers. If {xj}∞j=1 converges to a real
number x with respect to the standard metric on R, then we may express this
by xj → x as j → ∞. As usual, we say that {xj}∞j=1 tends to +∞ as j → ∞,
or xj → +∞ as j → ∞, if for every positive real number R there is a positive
integer L such that

xj > R(11.1.6)

for each j ≥ L.

11.1.4 Monotonically increasing sequences

Let {xj}∞j=1 be a monotonically increasing sequence of real numbers, so that

xj ≤ xj+1(11.1.7)

for every j ≥ 1. Put
x = sup{xj : j ∈ Z+},(11.1.8)

which is a real number when the set of xj ’s, j ∈ Z+, has a finite upper bound
in R, and otherwise is equal to +∞. It is well known that

xj → x as j → ∞(11.1.9)

under these conditions.
Now let {xj}∞j=1 be a sequence of real numbers such that xj → +∞ as

j → ∞. If {yj}∞j=1 is a sequence of real numbers with a finite lower bound in
R, then it is easy to see that

xj + yj → +∞ as j → ∞.(11.1.10)

In particular, this holds when yj → y as j → ∞, where y ∈ R or y = +∞.
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11.2 Nonnegative sums

Let X be a nonempty set, and let f be a nonnegative real-valued function on
X. If A is a nonempty finite subset of X, then the sum∑

x∈A

f(x)(11.2.1)

can be defined as a nonnegative real number in the usual way.

11.2.1 Summing nonnegative real-valued functions

Put ∑
x∈X

f(x) = sup

{∑
x∈A

f(x) : A is a nonempty finite subset of X

}
,(11.2.2)

where the supremum on the right side is defined as a nonnegative extended
real number, as in Subsection 11.1.2. Of course, if X has only finitely many
elements, then the supremum is attained with A = X. Similarly, if f has finite
support in X, then the supremum is attained with any nonempty finite subset
A of X such that A contains the support of f .

11.2.2 The case where X = Z+

Suppose for the moment that X is the set Z+ of positive integers, and let f be
a nonnegative real-valued function defined on Z+. In this case, one may put

∞∑
j=1

f(j) = sup

{ n∑
j=1

f(j) : n ∈ Z+

}
,(11.2.3)

where the supremum on the right side is defined as a nonnegative extended real
number again.

Of course, the sequence of partial sums
∑n

j=1 f(j) increases monotonically
in this case. The sequence of partial sums tends to its supremum as n→ ∞, as
in Subsection 11.1.4.

If the sequence of partial sums has a finite upper bound in R, then the
sequence of partial sums converges in R in the usual sense. This means that
the infinite series on the left side of (11.2.3) converges in the usual sense, with
sum equal to the right side of (11.2.3). If the sequence of partial sums does not
have a finite upper bound, so that the right side of (11.2.3) is +∞, then one
may interpret the sum on the left side of (11.2.3) as being +∞ as well.

11.2.3 Equivalence of the two definitions in this case

If f is any nonnegative real-valued function on Z+, then

∞∑
j=1

f(j) =
∑
j∈Z+

f(j),(11.2.4)
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where these sums are as defined in (11.2.2) and (11.2.3). More precisely, one
can check that

∞∑
j=1

f(j) ≤
∑
j∈Z+

f(j),(11.2.5)

because each of the partial sums on the right side of (11.2.3) may be considered
as one of the finite sums on the right side of (11.2.2). To get the other inequality,
one can use the fact that every finite subset A of Z+ is contained in {1, . . . , n}
for some n ∈ Z+.

11.2.4 A sometimes convenient extension

It is sometimes convenient to consider a nonnegative extended real-valued func-
tion f on a nonempty set X. If A is a nonempty finite subset of X and
f(x) = +∞ for some x ∈ A, then the corresponding sum (11.2.1) is equal
to +∞. If f(x) = +∞ for some x ∈ X, then the right side of (11.2.2) is equal
to +∞. Similarly, if X = Z+, then the partial sum

∑n
j=1 f(j) is +∞ when

f(j) = +∞ for some j ≤ n, so that the right side of (11.2.3) is +∞ when
f(j) = +∞ for some j. Thus (11.2.4) also holds in this situation.

11.3 Compositions and subsets

Let X and Y be nonempty sets, and let ϕ be a one-to-one mapping from X
onto Y . Also let f be a nonnegative extended real-valued function on Y , so
that f(ϕ(x)) defines a nonnegative extended real-valued function on Y . If A is
a nonempty finite subset of X, then ϕ(A) is a nonempty finite subset of Y , and∑

x∈A

f(ϕ(x)) =
∑

y∈ϕ(A)

f(y).(11.3.1)

If B is any nonempty finite subset of Y , then A = ϕ−1(B) is a nonempty finite
subset of X, and B = ϕ(A). It follows that∑

x∈X

f(ϕ(x)) =
∑
y∈Y

f(y),(11.3.2)

because both sums are defined by taking the supremum of the corresponding
finite subsums in (11.3.1).

11.3.1 Sums over subsets

Let f be a nonnegative extended real-valued function on a nonempty set X. If
E is a nonempty subset of X, then the sum∑

x∈E

f(x)(11.3.3)
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can be defined as a nonnegative extended real number in the same way as before,
as the supremum of the corresponding collection of finite subsums. This is the
same as applying the definition in the previous section to the restriction of f to
E.

If E1, E2 are nonempty subsets of X and E1 ⊆ E2, then∑
x∈E1

f(x) ≤
∑
x∈E2

f(x).(11.3.4)

This uses the fact that every finite subsum of the sum on the left is also a
finite subsum of the sum on the right. If we also have that f(x) = 0 for every
x ∈ E2 \ E1, then it follows that∑

x∈E1

f(x) =
∑
x∈E2

f(x).(11.3.5)

This is because finite subsums of the sum on the right side can be reduced to
finite subsums of the sum on the left, except possibly for sums over nonempty
finite subsets of E2 \ E1, which are equal to 0 in this case.

11.3.2 Listing terms with a sequence

Let {xj}∞j=1 be a sequence of distinct elements of X, and let

E = {xj : j ∈ Z+}.(11.3.6)

If f is a nonnegative extended real-valued function on X again, then f(xj) may
be considered as a nonnegative extended real-valued function on Z+. Thus

∞∑
j=1

f(xj) =
∑
j∈Z+

f(xj),(11.3.7)

as in (11.2.4). We also have that∑
j∈Z+

f(xj) =
∑
x∈E

f(x),(11.3.8)

as in (11.3.2). More precisely, this uses the fact that j 7→ xj is a one-to-one
mapping from Z+ onto E.

11.3.3 Monotonicity of the sum

Let f , g be nonnegative extended real-valued functions on X, and suppose that

f(x) ≤ g(x)(11.3.9)

for every x ∈ X. If A is a nonempty finite subset of X, then∑
x∈A

f(x) ≤
∑
x∈A

g(x).(11.3.10)
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Using this, it is easy to see that∑
x∈X

f(x) ≤
∑
x∈X

g(x).(11.3.11)

11.4 Nonnegative summable functions

Let f be a nonnegative real-valued function on a nonempty set X. If∑
x∈X

f(x) <∞,(11.4.1)

then f is said to be summable on X. Of course, if f has finite support in X,
then f is summable on X. Suppose now that f is summable on X, and let us
check that f vanishes at infinity on X, as in Section 2.5.

11.4.1 Summability and vanishing at infinity

Let ϵ > 0 be given, and put

Eϵ(f) = {x ∈ X : f(x) ≥ ϵ}.(11.4.2)

If A is a nonempty finite subset of Eϵ(f), then

ϵ (#A) ≤
∑
x∈A

f(x) ≤
∑
x∈X

f(x),(11.4.3)

where #A denotes the number of elements of A. Thus

#A ≤ (1/ϵ)
∑
x∈X

f(x).(11.4.4)

It follows that Eϵ(f) has only finitely many elements, with

#Eϵ(f) ≤ (1/ϵ)
∑
x∈X

f(x).(11.4.5)

11.4.2 Another property of summable functions

Let us continue to suppose that f is summable on X, and let ϵ > 0 be given
again. Observe that there is a nonempty finite subset A(ϵ) of X such that∑

x∈X

f(x)− ϵ <
∑

x∈A(ϵ)

f(x),(11.4.6)

by the definition (11.2.2) of the sum over X. If A is a finite subset of X that
contains A(ϵ), then∑

x∈A(ϵ)

f(x) ≤
∑
x∈A

f(x) ≤
∑
x∈X

f(x) <
∑

x∈A(ϵ)

f(x) + ϵ.(11.4.7)
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Let B be a nonempty finite subset of X that is disjoint from A(ϵ), so that∑
x∈A(ϵ)

f(x) +
∑
x∈B

f(x) =
∑

x∈A(ϵ)∪B

f(x) ≤
∑
x∈X

f(x).(11.4.8)

This implies that ∑
x∈B

f(x) ≤
∑
x∈X

f(x)−
∑

x∈A(ϵ)

f(x).(11.4.9)

If A(ϵ) 6= X, then it follows that∑
x∈X\A(ϵ)

f(x) ≤
∑
x∈X

f(x)−
∑

x∈A(ϵ)

f(x) < ϵ.(11.4.10)

If A(ϵ) = X, then the sum on the left side of (11.4.10) may be interpreted as
being equal to 0.

11.4.3 More on nonnegative summable functions

If f is summable on X and E is a nonempty subset of X, then the restriction
of f to E is summable on E. More precisely, the sum of f(x) over x ∈ E is less
than or equal to the sum of f(x) over x ∈ X, as in (11.3.4).

Similarly, let f and g be nonnegative real-valued functions on X such that
f(x) ≤ g(x) for every x ∈ X. If g is summable on X, then f is summable on X
too, by (11.3.11).

11.5 Some linearity properties

Let X be a nonempty set, and let f be a nonnegative extended real-valued
function on X. Also let t be a positive real number, so that t f is a nonnegative
extended real-valued function on X as well. If A is a nonempty finite subset of
X, then ∑

x∈A

t f(x) = t
∑
x∈A

f(x).(11.5.1)

Using this, one can check that∑
x∈X

t f(x) = t
∑
x∈X

f(x).(11.5.2)

More precisely, this can be obtained from (11.1.5) and the definition (11.2.2) of
the sum over X.

11.5.1 An additivity property

Let g be another nonnegative extended real-valued function on X, so that f + g
is a nonnegative extended real-valued function on X too. If A is a nonempty
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finite subset of X, then∑
x∈A

(f(x) + g(x)) =
∑
x∈A

f(x) +
∑
x∈A

g(x).(11.5.3)

One can use this to show that∑
x∈X

(f(x) + g(x)) =
∑
x∈X

f(x) +
∑
x∈X

g(x).(11.5.4)

More precisely, if A is a nonempty finite subset of X, then∑
x∈A

(f(x) + g(x)) ≤
∑
x∈X

f(x) +
∑
x∈X

g(x),(11.5.5)

by (11.5.3). This implies that∑
x∈X

(f(x) + g(x)) ≤
∑
x∈X

f(x) +
∑
x∈X

g(x).(11.5.6)

11.5.2 The other inequality

We would like to verify that∑
x∈X

f(x) +
∑
x∈X

g(x) ≤
∑
x∈X

(f(x) + g(x)),(11.5.7)

in order to get (11.5.4). This is trivial when the right side of (11.5.7) is +∞,
and so we may suppose that it is finite, so that f + g is summable on X. It
follows that f and g are summable on X, because f, g ≤ f+g, as in the previous
section. In particular, f(x) and g(x) are finite for every x ∈ X. Let A and B
be nonempty finite subsets of X, and observe that∑

x∈A

f(x) +
∑
x∈B

g(x) ≤
∑

x∈A∪B

f(x) +
∑

x∈A∪B

g(x)

=
∑

x∈A∪B

(f(x) + g(x)) ≤
∑
x∈X

(f(x) + g(x)).(11.5.8)

Thus ∑
x∈A

f(x) ≤
∑
x∈X

(f(x) + g(x))−
∑
x∈B

g(x).(11.5.9)

This implies that ∑
x∈X

f(x) ≤
∑
x∈X

(f(x) + g(x))−
∑
x∈B

g(x)(11.5.10)

for every nonempty finite set B ⊆ X. Equivalently,∑
x∈B

g(x) ≤
∑
x∈X

(f(x) + g(x))−
∑
x∈X

f(x)(11.5.11)
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for every nonempty finite set B ⊆ X, and hence∑
x∈X

g(x) ≤
∑
x∈X

(f(x) + g(x))−
∑
x∈X

f(x).(11.5.12)

This shows that (11.5.7) holds under these conditions, as desired.

11.5.3 A related additivity property

Let f be a nonnegative extended real-valued function on X again, and let E1,
E2 be disjoint nonempty subsets of X. It is easy to see that∑

x∈E1∪E2

f(x) =
∑
x∈E1

f(x) +
∑
x∈E2

f(x),(11.5.13)

using (11.5.4). More precisely, this can be obtained by expressing f on E1 ∪E2

as the sum of two functions, with supports contained in E1 and E2.

11.6 ℓ1 Spaces

A real or complex–valued function f on a nonempty setX is said to be summable
on X if |f | is summable as a nonnegative real-valued function on X. Let
ℓ1(X,R) and ℓ1(X,C) be the spaces of real and complex-valued summable
functions on X, respectively. Of course, if a real or complex-valued function
f on X has finite support, then f is summable on X, so that

c00(X,R) ⊆ ℓ1(X,R), c00(X,C) ⊆ ℓ1(X,C).(11.6.1)

If f is any real or complex-valued summable function on X, then |f | vanishes
at infinity on X, as in Section 11.4. This means that f vanishes at infinity on
X too, so that

ℓ1(X,R) ⊆ c0(X,R), ℓ1(X,C) ⊆ c0(X,C).(11.6.2)

11.6.1 The ℓ1 norm

If f is a real or complex-valued summable function on X, then put

‖f‖1 =
∑
x∈X

|f(x)|.(11.6.3)

This is a nonnegative real number, which is equal to 0 exactly when f(x) = 0
for every x ∈ X. If t ∈ R or C, as appropriate, then |t f | = |t| |f | is summable
on X, by (11.5.2), and we have that

‖t f‖1 =
∑
x∈X

|t f(x)| = |t|
∑
x∈X

|f(x)| = |t| ‖f‖1.(11.6.4)
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Similarly, if g is another real or complex-valued summable function on X,
as appropriate, then it is easy to see that f + g is summable on X as well, with

‖f + g‖1 =
∑
x∈X

|f(x) + g(x)| ≤
∑
x∈X

(|f(x)|+ |g(x)|) = ‖f‖1 + ‖g‖1.(11.6.5)

Thus ℓ1(X,R) and ℓ1(X,C) are linear subspaces of the real and complex vector
spaces of all real and complex-valued functions on X, respectively, and (11.6.3)
defines a norm on each of ℓ1(X,R) and ℓ1(X,C).

11.6.2 The ℓ1 metric

One can verify that
d1(f, g) = ‖f − g‖1(11.6.6)

defines a metric on each of ℓ1(X,R) and ℓ1(X,C), using (11.6.4) and (11.6.5),
as usual.

Remember that ‖f‖∞ denotes the supremum norm of a bounded real or
complex-valued f onX, as in (1.13.4). If f is a real or complex-valued summable
function on X, then

|f(x)| ≤ ‖f‖1(11.6.7)

for every x ∈ X. This implies that f is bounded on X, with

‖f‖∞ ≤ ‖f‖1.(11.6.8)

If f , g are real or complex-valued summable functions on X, then it follows that

d∞(f, g) ≤ d1(f, g),(11.6.9)

where d∞(f, g) is the supremum metric, as in (1.13.8).

11.6.3 Density of c00(X,R), c00(X,C) in ℓ1(X,R), ℓ1(X,C)

Let us check that c00(X,R), c00(X,C) are dense in ℓ1(X,R), ℓ1(X,C), respec-
tively, with respect to the ℓ1 metric (11.6.6). Of course, this is trivial when X
has only finitely many elements, and so we suppose that X is an infinite set.

Let f be a real or complex-valued summable function on X, and let ϵ > 0
be given. Remember that there is a finite subset A(ϵ) of X such that∑

x∈X\A(ϵ)

|f(x)| < ϵ,(11.6.10)

as in (11.4.10). Let fϵ be the real or complex-valued function, as appropriate,
defined on X by

fϵ(x) = f(x) when x ∈ A(ϵ)(11.6.11)

= 0 when x ∈ X \A(ϵ).
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Thus fϵ has finite support in X. Note that f − fϵ is equal to 0 on A(ϵ), and to
f on X \A(ϵ). This implies that

‖f − fϵ‖1 =
∑

x∈X\A(ϵ)

|f(x)| < ϵ,(11.6.12)

as desired.

11.7 Real-valued summable functions

Let f be a real-valued function on a nonempty set X, and put

f+(x) = max(f(x), 0) and f−(x) = max(−f(x), 0)(11.7.1)

for each x ∈ X. These are nonnegative real-valued functions on X that satisfy

f+(x) + f−(x) = |f(x)|(11.7.2)

and
f+(x)− f−(x) = f(x)(11.7.3)

for every x ∈ X.

11.7.1 Summing real-valued summable functions

If f is summable on X, so that |f | is summable on X, then f+ and f− are
summable as nonnegative real-valued functions on X. In this case, we put∑

x∈X

f(x) =
∑
x∈X

f+(x)−
∑
x∈X

f−(x).(11.7.4)

Note that ∣∣∣∣∑
x∈X

f(x)

∣∣∣∣ ≤ ∑
x∈X

f+(x) +
∑
x∈X

f−(x) =
∑
x∈X

|f(x)|.(11.7.5)

11.7.2 A property of the sum

Let f1, f2 be nonnegative real-valued summable functions on X such that

f(x) = f1(x)− f2(x)(11.7.6)

for every x ∈ X. This implies that

f1(x) + f−(x) = f+(x) + f2(x)(11.7.7)

for every x ∈ X, because of (11.7.3). Hence∑
x∈X

f1(x) +
∑
x∈X

f−(x) =
∑
x∈X

f+(x) +
∑
x∈X

f2(x),(11.7.8)
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as in (11.5.7).
It follows that∑

x∈X

f1(x)−
∑
x∈X

f2(x) =
∑
x∈X

f+(x)−
∑
x∈X

f−(x),(11.7.9)

because the individual sums are all finite. This means that∑
x∈X

f(x) =
∑
x∈X

f1(x)−
∑
x∈X

f2(x),(11.7.10)

by (11.7.4).

11.7.3 Homogeneity of the sum

If f is a real-valued summable function on X and t ∈ R, then t f is summable
on X too, as in the previous section. One can check that∑

x∈X

t f(x) = t
∑
x∈X

f(x).(11.7.11)

Of course, this is trivial when t = 0. If t > 0, then (11.7.11) can be derived
from the analogous fact (11.5.2) for nonnegative real-valued functions on X,
and the definition (11.7.4) of the sum for real-valued summable functions on X.
If t = −1, then (11.7.11) can be obtained directly from (11.7.4).

11.7.4 Additivity of the sum

If f , g are real-valued summable functions on X, then f + g is summable on X
as well, as in the previous section again. One can verify that∑

x∈X

(f(x) + g(x)) =
∑
x∈X

f(x) +
∑
x∈X

g(x).(11.7.12)

We have already seen in Subsection 11.5.1 that this holds when f and g are
nonnegative.

Otherwise, f and g can be expressed as differences of nonnegative real-
valued summable functions on X, as in (11.7.3). This leads to an expression
of f + g as a difference of nonnegative real-valued summable functions on X.
Each of the sums of f , g, and f + g over X can be given as the difference of
the corresponding sums of nonnegative summable functions, as in (11.7.4) and
(11.7.10). Using this, one can reduce (11.7.12) to the analogous statement for
nonnegative functions.

11.8 Complex-valued summable functions

Let f be a complex-valued summable function on a nonempty set X, and let
Re f(x), Im f(x) be the real and imaginary parts of f(x) for each x ∈ X, as
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usual. Note that

|Re f(x)|, | Im f(x)| ≤ |f(x)| ≤ |Re f(x)|+ | Im f(x)|(11.8.1)

for every x ∈ X.

11.8.1 Summing complex-valued summable functions

This implies that f is summable as a complex-valued function on X if and only
if its real and imaginary parts are summable as real-valued functions on X. In
this case, we put ∑

x∈X

f(x) =
∑
x∈X

Re f(x) + i
∑
x∈X

Im f(x),(11.8.2)

where the sums on the right side are defined as in the preceding section.

11.8.2 Additivity for complex-valued functions

If f , g are complex-valued summable functions on X, then f + g is summable
on X too, as in Subsection 11.6.1. It is easy to see that∑

x∈X

(f(x) + g(x)) =
∑
x∈X

f(x) +
∑
x∈X

g(x).(11.8.3)

Of course, the real and imaginary parts of f +g are the same as the sums of the
real and imaginary parts of f and g, respectively. Thus (11.8.3) follows from the
definition (11.8.2) of the sum in the complex case and the analogous statement
for the sum in the real case.

11.8.3 Homogeneity using complex numbers

If f is a complex-valued summable function on X and t ∈ C, then t f is
summable on X as well, as in Subsection 11.6.1 again. Let us check that∑

x∈X

t f(x) = t
∑
x∈X

f(x).(11.8.4)

If t ∈ R, then this can be obtained from the definition (11.8.2) of the sum in
the complex case and the analogous property of the sum in the real case.

Similarly, if t is imaginary, then (11.8.4) can be reduced to the analogous
statement in the real case. If t ∈ C, then (11.8.4) can be derived from the
previous two cases, using (11.8.3).

11.8.4 The absolute value of the sum in the complex case

Let f be a complex-valued summable function on X again, and observe that∣∣∣∣∑
x∈X

f(x)

∣∣∣∣ ≤ ∣∣∣∣∑
x∈X

Re f(x)

∣∣∣∣+ ∣∣∣∣∑
x∈X

Im f(x)

∣∣∣∣,(11.8.5)
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by the definition (11.8.2) of the sum. This implies that∣∣∣∣∑
x∈X

f(x)

∣∣∣∣ ≤ ∑
x∈X

|Re f(x)|+
∑
x∈X

| Im f(x)|,(11.8.6)

because of (11.7.5). It follows that∣∣∣∣∑
x∈X

f(x)

∣∣∣∣ ≤ 2
∑
x∈X

|f(x)|,(11.8.7)

using the first step in (11.8.1).
Of course, we would rather have that∣∣∣∣∑

x∈X

f(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)|.(11.8.8)

This corresponds to the ordinary triangle inequality for the standard absolute
value function on C in the case of finite sums. In this situation, one can get
(11.8.8) by approximating by finite sums. Some more details about this type of
approximation will be given in the next section.

11.9 Some properties of the sum

Let f be a real or complex-valued function on a nonempty set X, and suppose
for the moment that f has finite support in X. In this case, the sum

∑
x∈X f(x)

can be defined as a real or complex number by reducing to a finite sum. If f is
a nonnegative real-valued function on X, then we have seen that the definition
of the sum in Subsection 11.2.1 reduces to the same finite sum. If f is a real
or complex-valued function on X, then we can apply this to |f(x)|, to get that
f is summable on X. If f is a real-valued function on X, then the functions
defined on X in (11.7.1) have finite support. This implies that the definition of
the sum in Subsection 11.7.1 is the same as the finite sum, because of the analo-
gous statement for nonnegative real-valued functions on X with finite support.
Similarly, if f is a complex-valued function on X, then the real and imaginary
parts of f have finite support in X. It follows that the definition of the sum
in the preceding section is the same as the finite sum, because of the analogous
statement for real-valued functions on X with finite support. In particular,
(11.8.8) holds, because of the ordinary triangle inequality for finite sums.

11.9.1 Continuity of the sum on ℓ1(X,R), ℓ1(X,C)

Now let f , g be real or complex-valued summable functions on X. Observe that∣∣∣∣∑
x∈X

f(x)−
∑
x∈X

g(x)

∣∣∣∣ = ∣∣∣∣∑
x∈X

(f(x)− g(x))

∣∣∣∣ ≤ 2
∑
x∈X

|f(x)− g(x)|.(11.9.1)
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This uses the linearity of the sum in the first step, and (11.8.7) in the second
step. It follows that the mapping from a real or complex-valued summable
function f on X to its sum

∑
x∈X f(x) is uniformly continuous as a mapping

from ℓ1(X,R), ℓ1(X,C) into R, C, respectively. Here we use the corresponding
ℓ1 metric on the domain, as in (11.6.6), and the standard Euclidean metric on
the range.

One can use these properties of the sum to check that (11.8.8) holds for
all complex-valued summable functions f on X. More precisely, if f has finite
support in X, then we have already seen that (11.8.8) holds. Otherwise, if f
is any complex-valued summable function on X, then f can be approximated
by complex-valued functions on X with finite support with respect to the ℓ1

metric, as in Subsection 11.6.3. To get that f satisfies (11.8.8) as well, one can
use the continuity condition (11.9.1).

Once we have that (11.8.8) holds for every complex-valued summable func-
tion on X, we get that∣∣∣∣∑

x∈X

f(x)−
∑
x∈X

g(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)− g(x)|(11.9.2)

for all complex-valued summable functions f , g on X. This is basically the same
as (11.9.1), except that we use (11.8.8) in the second step. Of course, if f and g
are real-valued summable functions on X, then we could already get this using
(11.7.5).

11.9.2 More on sums over subsets

Let f be a real or complex-valued summable function on X again. If E is a
nonempty subset of X, then the restriction of f to E is summable as a real
or complex-valued function on E, as appropriate. This follows from the anal-
ogous statement for nonnegative real-valued summable functions, which was
mentioned in Subsection 11.4.3. In particular, this means that

∑
x∈E f(x) can

be defined as a real or complex number, as appropriate, as in the previous two
sections.

Note that ∑
x∈E

f(x) =
∑
x∈X

f(x)(11.9.3)

when f(x) = 0 for every x ∈ X \ E. This was mentioned in Subsection
11.3.1 when f is a nonnegative real-valued function on X. If f is a real-valued
summable function on X with support contained in E, then the functions de-
fined in (11.7.1) have support contained in E too. In this case, (11.9.3) can be
reduced to the corresponding statement for nonnegative real-valued functions,
because of the way that the sum was defined in Subsection 11.7.1. Similarly, if
f is a complex-valued summable function on X with support contained in E,
then (11.9.3) can be obtained from the corresponding statement for real-valued
functions, applied to the real and imaginary parts of f .
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11.9.3 Another additivity property

If E1 and E2 are nonempty disjoint subsets of X, then∑
x∈E1∪E2

f(x) =
∑
x∈E1

f(x) +
∑
x∈E2

f(x).(11.9.4)

This was mentioned in Subsection 11.5.3 when f is nonnegative. If f is any
real or complex-valued summable function on X, then (11.9.4) can be obtained
from the linearity of the sum, by expressing f on E1 ∪E2 as a sum of functions
supported in E1 and E2, as before.

Alternatively, if f is a real-valued summable function on X, then one can
reduce to the case of nonnegative real-valued summable functions on X, be-
cause of the way that the sum is defined in Subsection 11.7.1. Similarly, if f
is a complex-valued summable function on X, then one can apply the previous
statement to the real and imaginary parts of f .

11.10 Generalized convergence

Let f be a real or complex-valued function on a nonempty set X. The sum∑
x∈X

f(x)(11.10.1)

is said to converge in the generalized sense if there is a real or complex number
λ, as appropriate, such that for every ϵ > 0 there is a nonempty finite subset
Aϵ of X with the property that∣∣∣∣∑

x∈A

f(x)− λ

∣∣∣∣ < ϵ(11.10.2)

for every nonempty finite subset A of X with Aϵ ⊆ A. In this case, the value of
the sum (11.10.1) is defined to be λ.

More precisely, one can check that λ is unique when it exists. Of course, if
X has only finitely many elements, then one can take Aϵ = X for every ϵ > 0,
to get that this condition holds trivially with λ equal to the finite sum (11.10.1).

11.10.1 Generalized convergence and summable functions

Suppose that f is summable on X, and let us check that the sum (11.10.1)
converges in the generalized sense, with the same value of the sum as defined
in Subsections 11.2.1 and 11.7.1, and 11.8.1. This is trivial when X has only
finitely many elements, and so we suppose now that X is an infinite set.

If A is a nonempty finite subset of X, then∑
x∈X

f(x) =
∑
x∈A

f(x) +
∑

x∈X\A

f(x),(11.10.3)
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as in (11.9.4). Note that X \A 6= ∅ in this situation, and that the restriction of
f to X \A is summable, as in Subsection 11.9.2. It follows that∣∣∣∣∑

x∈A

f(x)−
∑
x∈X

f(x)

∣∣∣∣ = ∣∣∣∣ ∑
x∈X\A

f(x)

∣∣∣∣ ≤ ∑
x∈X\A

|f(x)|,(11.10.4)

using (11.7.5) or (11.8.8) in the second step, as appropriate.
Remember that for each ϵ > 0 there is a nonempty finite subset A(ϵ) of X

such that ∑
x∈X\A(ϵ)

|f(x)| < ϵ,(11.10.5)

as in (11.4.10). If A(ϵ) ⊆ A, then X \A ⊆ X \A(ϵ), and hence∑
x∈X\A

|f(x)| ≤
∑

x∈X\A(ϵ)

|f(x)|,(11.10.6)

as in (11.3.4). Thus∣∣∣∣∑
x∈A

f(x)−
∑
x∈X

f(x)

∣∣∣∣ ≤ ∑
x∈X\A

|f(x)| ≤
∑

x∈X\A(ϵ)

|f(x)| < ϵ(11.10.7)

when A is a nonempty finite subset of X with A(ϵ) ⊆ A, as desired.
Alternatively, if f is a nonnegative real-valued summable function on X, then

the convergence of the sum (11.10.1) in the generalized sense can be obtained
from (11.4.7). If f is a real-valued summable function on X, then f can be
expressed as a difference of nonnegative real-valued summable functions on X, as
in (11.7.3). In this case, the convergence of the sum (11.10.1) in the generalized
sense can be reduced to the previous statement. Similarly, if f is a complex-
valued summable function on X, then the real and imaginary parts of f are
summable on X too. This permits one to reduce the convergence of (11.10.1)
in the generalized sense to the analogous statements for the real and imaginary
parts of f .

11.10.2 Getting summability

Let f be a real or complex-valued function on X again, and suppose that the
sum (11.10.1) converges in the generalized sense. Applying the earlier definition
with ϵ = 1, we get that there is a real or complex number λ, as appropriate,
and a nonempty finite subset A1 of X such that∣∣∣∣∑

x∈A

f(x)− λ

∣∣∣∣ < 1(11.10.8)

for every nonempty finite subset A of X with A1 ⊆ A.
In particular, ∣∣∣∣∑

x∈A

f(x)

∣∣∣∣ < |λ|+ 1(11.10.9)
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for every nonempty finite subset A of X with A1 ⊆ A. Let us check that∣∣∣∣∑
x∈B

f(x)

∣∣∣∣ ≤ |λ|+ 1 +
∑
x∈A1

|f(x)|(11.10.10)

for every nonempty finite subset B of X.

Of course, (11.10.10) follows from (11.10.9) when A1 ⊆ B. Otherwise, we
can apply (11.10.9) to A = B ∪A1, to get that∣∣∣∣ ∑

x∈B∪A1

f(x)

∣∣∣∣ < |λ|+ 1.(11.10.11)

This implies that∣∣∣∣∑
x∈B

f(x)

∣∣∣∣ =

∣∣∣∣ ∑
x∈B∪A1

f(x)−
∑

x∈A1\B

f(x)

∣∣∣∣(11.10.12)

≤
∣∣∣∣ ∑
x∈B∪A1

f(x)

∣∣∣∣+ ∣∣∣∣ ∑
x∈A1\B

f(x)

∣∣∣∣
≤ |λ|+ 1 +

∑
x∈A1\B

|f(x)|.

This shows that (11.10.10) also holds when A1 \B 6= ∅, as desired.
If f is a nonnegative real-valued function on X, then (11.10.10) implies that

f is summable on X. If f is a real-valued function on X, then (11.10.10) implies
that the positive and negative parts of f are summable on X. More precisely,
one can get this by applying (11.10.10) to nonempty finite subsets B of X on
which f has constant sign. It follows that f is summable on X too in this case.
If f is a complex-valued function on X, then one can use (11.10.10) to get that
the real and imaginary parts of f are summable on X, and hence that f is
summable on X.

11.11 Compositions and sums

Let X and Y be nonempty sets, and let ϕ be a one-to-one mapping from X
onto Y . Also let f be a real or complex-valued function on Y , so that f(ϕ(x))
defines a real or complex-valued function on X, as appropriate. Note that∑

x∈X

|f(ϕ(x))| =
∑
y∈Y

|f(y)|,(11.11.1)

as in (11.3.2). Thus f is summable on Y if and only if f(ϕ(x)) is summable on
X.
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11.11.1 Sums over X and Y

Let us check that ∑
x∈X

f(ϕ(x)) =
∑
y∈Y

f(y)(11.11.2)

in this case. If f is a nonnegative real-valued function on Y , then (11.11.2) is
the same as (11.11.1). If f is a real-valued function on Y , then one can get
(11.11.2) by expressing f as a difference of nonnegative real-valued summable
functions on Y , as in Section 11.7. If f is a complex-valued summable function
on Y , then (11.11.2) can be obtained by applying the previous statement to the
real and imaginary parts of f .

Similarly, if f is a real or complex-valued function on Y , then one can check
directly that

∑
x∈X f(ϕ(x)) converges in the generalized sense if and only if∑

y∈Y f(y) converges in the generalized sense, with the same value of the sums.
This uses the fact that A 7→ ϕ(A) defines a one-to-one correspondence between
nonempty finite subsets of X and nonempty finite subsets of Y .

11.11.2 Countably-infinite sets X

Now let X be a countably infinite set, and let {xj}∞j=1 be a sequence of elements
of X in which every element of X occurs exactly once. Thus j 7→ xj is a one-
to-one mapping from the set Z+ of positive integers onto X. Let f be a real
or complex-valued function on X, so that f(xj) may be considered as a real or
complex-valued function of j ∈ Z+, as appropriate. As before, f is summable
on X if and only if f(xj) is summable on Z+, in which case∑

j∈Z+

f(xj) =
∑
x∈X

f(x).(11.11.3)

Alternatively, the sum on the left converges in the generalized sense if and
only if the sum on the right converges in the generalized sense, with the same
value of the sum, as in the previous subsection.

11.11.3 Relation with infinite series

Remember that
∞∑
j=1

|f(xj)| =
∑
j∈Z+

|f(xj)|,(11.11.4)

as in (11.2.4). Thus f(xj) is summable on Z+ if and only if the infinite series
on the left side of (11.11.4) converges in the usual sense, which means that∑∞

j=1 f(xj) converges absolutely.
Under these conditions,

∞∑
j=1

f(xj) =
∑
j∈Z+

f(xj).(11.11.5)
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More precisely, (11.11.5) is the same as (11.11.4) when f is real-valued and
nonnegative. If f is real-valued, then (11.11.5) can be obtained from the previous
statement by expressing f as a difference of nonnegative real-valued summable
functions. If f is complex-valued, then one can get (11.11.5) by considering the
real and imaginary parts separately.

Alternatively, if the sum on the right side of (11.11.5) converges in the gen-
eralized sense, then it is easy to see that the sum on the left side of (11.11.5)
converges, and with the same value of the sum.

11.12 Completeness of ℓ1 spaces

Let X be a nonempty set, and let {fj}∞j=1 be a sequence of real or complex-
valued functions on X that converge pointwise to a real or complex-valued
function f on X, as appropriate. Suppose also that the fj ’s are summable on
X, with bounded ℓ1 norms, so that there is a nonnegative real number C such
that ∑

x∈X

|fj(x)| ≤ C(11.12.1)

for every j ≥ 1. We would like to show that f is summable on X too under
these conditions, with ∑

x∈X

|f(x)| ≤ C.(11.12.2)

If A is any nonempty finite subset of X, then∑
x∈A

|f(x)| = lim
j→∞

∑
x∈A

|fj(x)| ≤ C,(11.12.3)

using basic properties of limits in the first step, and (11.12.1) in the second step.
This implies (11.12.2), as desired.

11.12.1 Cauchy sequences in ℓ1(X,R), ℓ1(X,C)

Let us now check that ℓ1(X,R) and ℓ1(X,C) are complete as metric spaces, with
respect to the ℓ1 metric (11.6.6). Let {fj}∞j=1 be a sequence of real or complex-
valued summable functions on X that is a Cauchy sequence with respect to the
ℓ1 metric. This means that for each ϵ > 0 there is an L(ϵ) ∈ Z+ such that∑

x∈X

|fj(x)− fl(x)| = ‖fj − fl‖1 < ϵ(11.12.4)

for every j, l ≥ L(ϵ).
In particular, if x ∈ X, then it follows that

|fj(x)− fl(x)| < ϵ(11.12.5)

for every j, l ≥ L(ϵ). Thus {fj(x)}∞j=1 is a Cauchy sequence in R or C, as
appropriate, with respect to the standard Euclidean metric.
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11.12.2 Pointwise convergence

It is well known that R and C are complete as metric spaces with respect to
the corresponding Euclidean metric. This means that {fj(x)}∞j=1 converges in
R or C, as appropriate, for each x ∈ X. Put

f(x) = lim
j→∞

f(x)(11.12.6)

for every x ∈ X, which defines f as a real or complex-valued function on X, as
appropriate.

We would like to show that f is summable on X, and that {fj}∞j=1 converges

to f with respect to the ℓ1 metric. Of course, if X has only finitely many
elements, then this follows easily from pointwise convergence.

11.12.3 Convergence in ℓ1(X,R), ℓ1(X,C)

Let ϵ > 0 and l ≥ L(ϵ) be given, and consider {fj − fl}∞j=L(ϵ) as a sequence of

summable functions on X that converges pointwise to f − fl. Using (11.12.4)
and the remarks at the beginning of the section, we get that f − fl is summable
on X, with ∑

x∈X

|f(x)− fl(x)| ≤ ϵ.(11.12.7)

In particular, f is summable on X, because fl is summable on X. More
precisely, we can simply take ϵ = 1 and l = L(1) in this step.

It follows from (11.12.7) that {fj}∞j=1 converges to f with respect to the ℓ1

metric, as desired.

11.13 Monotone convergence

Let X be a nonempty set, and let {fj}∞j=1 be a sequence of nonnegative real-
valued functions on X. Suppose that the fj ’s are monotonically increasing in
j, so that

fj(x) ≤ fj+1(x)(11.13.1)

for every x ∈ X and j ≥ 1. Put

f(x) = sup
j≥1

fj(x)(11.13.2)

for each x ∈ X, which defines f as a nonnegative extended real-valued function
on X.

Equivalently, this means that

fj(x) → f(x) as j → ∞(11.13.3)

for every x ∈ X, as in Subsection 11.1.4. Note that∑
x∈X

fj(x) ≤
∑
x∈X

fj+1(x)(11.13.4)
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for every j ≥ 1, because of (11.13.1), as in (11.3.11).
Similarly, ∑

x∈X

fj(x) ≤
∑
x∈X

f(x)(11.13.5)

for every j ≥ 1, because fj(x) ≤ f(x) for every x ∈ X and j ≥ 1, by construc-
tion. Thus

sup
j≥1

( ∑
x∈X

fj(x)
)
≤

∑
x∈X

f(x).(11.13.6)

11.13.1 Convergence of the sums

We would like to show that

sup
j≥1

( ∑
x∈X

fj(x)
)
=

∑
x∈X

f(x)(11.13.7)

under these conditions. This is basically the same as saying that∑
x∈X

fj(x) →
∑
x∈X

f(x) as j → ∞,(11.13.8)

because of (11.13.4).
More precisely, if fj is summable on X for each j ≥ 1, then (11.13.7) is

equivalent to (11.13.8), as in Subsection 11.1.4. Otherwise, if fj is not summable
on X for some j ≥ 1, then fj is not summable on X for all sufficiently large j,
because of (11.13.1). In this case, it is easy to see that f is not summable on
X, so that (11.13.7) holds, and that (11.13.8) holds in a suitable sense.

11.13.2 The proof of convergence

In order to show (11.13.7) or (11.13.8), let a be a real number such that

a <
∑
x∈X

f(x).(11.13.9)

By definition of the sum on the right, there is a nonempty finite subset A of X
such that

a <
∑
x∈A

f(x).(11.13.10)

Observe that ∑
x∈A

fj(x) →
∑
x∈A

f(x) as j → ∞,(11.13.11)

because of (11.13.3).
It follows that

a <
∑
x∈A

fj(x)(11.13.12)
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for all but finitely many j ≥ 1. This implies that

a <
∑
x∈X

fj(x)(11.13.13)

for the same j’s, and hence all but finitely many j ≥ 1.
Using this, one can check that (11.13.7) or (11.13.8) holds, as desired. This

is the monotone convergence theorem for sums. Of course, if X has only finitely
many elements, then this is more elementary, as in (11.13.11).

11.14 Dominated convergence

Let X be a nonempty set, and let {fj}∞j=1 be a sequence of real or complex-
valued functions on X that converges pointwise to a real or complex-valued
function f on X, as appropriate. Suppose that there is a nonnegative real-
valued summable function g on X such that

|fj(x)| ≤ g(x)(11.14.1)

for every x ∈ X and j ≥ 1. This implies that

|f(x)| ≤ g(x)(11.14.2)

for every x ∈ X, because {fj(x)}∞j=1 converges to f(x), by hypothesis.
In particular, fj is summable on X for each j ≥ 1, because of (11.14.1), and

f is summable on X too, because of (11.14.2). We would like to show that

lim
j→∞

∑
x∈X

|fj(x)− f(x)| = 0(11.14.3)

under these conditions.
Of course, if X has only finitely many elements, then this follows from stan-

dard results about sums of convergent sequences. Thus we may suppose that X
has infinitely many elements.

11.14.1 Getting some sums to be uniformly small

Let ϵ > 0 be given. Because g is summable on X, there is a nonempty finite
subset A0 of X such that ∑

x∈X\A0

g(x) < ϵ/3,(11.14.4)

as in (11.4.10). Note that

|fj(x)− f(x)| ≤ |fj(x)|+ |f(x)| ≤ 2 g(x)(11.14.5)

for every x ∈ X and j ≥ 1, by (11.14.1) and (11.14.2). It follows that∑
x∈X\A0

|fj(x)− f(x)| ≤
∑

x∈X\A0

2 g(x) < 2 ϵ/3(11.14.6)

for every j ≥ 1.
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11.14.2 Getting some sums to be small when j is large

As before,

lim
j→∞

∑
x∈A0

|fj(x)− f(x)| = 0,(11.14.7)

because A0 has only finitely many elements. Hence there is an L ∈ Z+ such
that ∑

x∈A0

|fj(x)− f(x)| < ϵ/3(11.14.8)

for every j ≥ L. Combining this with (11.14.6), we get that∑
x∈X

|fj(x)− f(x)| =
∑
x∈A0

|fj(x)− f(x)|+
∑

x∈X\A0

|fj(x)− f(x)|

< ϵ/3 + 2 ϵ/3 = ϵ(11.14.9)

for every j ≥ L, as desired.

11.14.3 A simple corollary

Observe that ∣∣∣∣∑
x∈X

fj(x)−
∑
x∈X

f(x)

∣∣∣∣ =

∣∣∣∣∑
x∈X

(fj(x)− f(x))

∣∣∣∣(11.14.10)

≤
∑
x∈X

|fj(x)− f(x)|

for every j ≥ 1. This uses (11.7.5) or (11.8.8), as appropriate, in the second
step. Thus (11.14.3) implies that

lim
j→∞

∑
x∈X

fj(x) =
∑
x∈X

f(x).(11.14.11)

The fact that this holds under these conditions is the dominated convergence
theorem for sums. If X has only finitely many elements, then this is a standard
result about sums of convergent sequences, as before.

11.15 Nonnegative sums of sums

Let X be a nonempty set, and let f be a nonnegative real-valued function on
X. Also let I be a nonempty set, and let Ej be a nonempty subset of X for
each j ∈ I. Suppose that

Ej ∩ El = ∅(11.15.1)

for every j, l ∈ I with j 6= l, and put

E =
⋃
j∈I

Ej .(11.15.2)



11.15. NONNEGATIVE SUMS OF SUMS 269

11.15.1 Sums over the Ej’s

As usual, ∑
x∈Ej

f(x)(11.15.3)

is defined as a nonnegative extended real number for each j ∈ I, so that (11.15.3)
may be considered as a nonnegative extended real-valued function of j on I.
Thus ∑

j∈I

( ∑
x∈Ej

f(x)
)

(11.15.4)

can also be defined as a nonnegative extended real number, as in Subsection
11.2.4. Of course, ∑

x∈E

f(x)(11.15.5)

can be defined as a nonnegative extended real number as well.
We would like to show that (11.15.4) is equal to (11.3.3). This is elementary

when E is a finite set, which is the same as saying that I is a finite set, and
that Ej is a finite set for each j ∈ I.

11.15.2 Estimating the sum over E

Let us first verify that (11.15.5) is less than or equal to (11.15.4). Let A be a
nonempty finite subset of E. Put

IA = {j ∈ I : A ∩ Ej 6= ∅},(11.15.6)

which is a nonempty finite subset of I, and observe that

A =
⋃

j∈IA

A ∩ Ej .(11.15.7)

Thus ∑
x∈A

f(x) =
∑
j∈IA

( ∑
x∈A∩Ej

f(x)
)
,(11.15.8)

as mentioned earlier.
If j ∈ IA, then ∑

x∈A∩Ej

f(x) ≤
∑
x∈Ej

f(x),(11.15.9)

because A ∩ Ej ⊆ Ej . Combining this with (11.15.8), we get that∑
x∈A

f(x) ≤
∑
j∈IA

( ∑
x∈Ej

f(x)
)
.(11.15.10)

It follows that ∑
x∈A

f(x) ≤
∑
j∈I

( ∑
x∈Ej

f(x)
)
,(11.15.11)
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because IA ⊆ I. This implies that∑
x∈E

f(x) ≤
∑
j∈I

( ∑
x∈Ej

f(x)
)
,(11.15.12)

by the definition of the sum over E on the left.

11.15.3 Estimating the iterated sum

Now let us check that (11.15.4) is less than or equal to (11.15.5). Let I0 be a
nonempty finite subset of I, and put

E(I0) =
⋃
j∈I0

Ej .(11.15.13)

Observe that ∑
j∈I0

( ∑
x∈Ej

f(x)
)
=

∑
x∈E(I0)

f(x).(11.15.14)

This follows from the analogous statement (11.5.13) for the union of two disjoint
nonempty subsets of X.

Hence ∑
j∈I0

( ∑
x∈Ej

f(x)
)
≤

∑
x∈E

f(x),(11.15.15)

because E(I0) ⊆ E. This implies that∑
j∈I

( ∑
x∈E

f(x)
)
≤

∑
x∈E

f(x),(11.15.16)

by the definition of the sum over I on the left. Combining (11.15.12) and
(11.15.16), we get that (11.15.4) is equal to (11.15.5), as desired.

11.16 Real and complex sums

Let X be a nonempty set again, and let f be a real or complex-valued summable
function on X. As in the previous section, we let I be a nonempty set, and we
let Ej be a nonempty subset of X for each j ∈ I. We suppose that the Ej ’s are
pairwise disjoint, as in (11.15.1), and we let E be their union, as in (11.15.2).

The sum (11.15.3) of f(x) over x ∈ Ej is now defined as a real or complex
number for each j ∈ I, as appropriate. Similarly, the sum (11.15.5) of f(x) over
x ∈ E is defined as a real or complex number, as appropriate.

11.16.1 Some summability conditions

If j ∈ I, then ∣∣∣∣ ∑
x∈Ej

f(x)

∣∣∣∣ ≤ ∑
x∈Ej

|f(x)|,(11.16.1)
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as in (11.7.5) or (11.8.8), as appropriate. Thus∑
j∈I

∣∣∣∣ ∑
x∈Ej

f(x)

∣∣∣∣ ≤ ∑
j∈I

( ∑
x∈Ej

|f(x)|
)
,(11.16.2)

where these sums over I are defined as nonnegative extended real numbers in
the usual way.

The remarks in the previous section imply that∑
j∈I

( ∑
x∈Ej

|f(x)|
)
=

∑
x∈E

|f(x)|.(11.16.3)

We also have that ∑
x∈E

|f(x)| ≤
∑
x∈X

|f(x)| <∞,(11.16.4)

because f is summable on X, by hypothesis. It follows that∑
j∈I

∣∣∣∣ ∑
x∈Ej

f(x)

∣∣∣∣ <∞.(11.16.5)

11.16.2 Iterated sums

This means that the sum (11.15.3) of f(x) over x ∈ Ej is summable as a real or
complex-valued function of j ∈ I, as appropriate. Hence the sum (11.15.4) of
this sum over j ∈ I can be defined as a real or complex number, as appropriate.

We would like to check that this sum is equal to the sum (11.15.5) of f(x)
over x ∈ E. If f is a nonnegative real-valued function on X, then this follows
from the remarks in the previous section.

If f is a real-valued summable function on X, then f can be expressed as
the difference of two nonnegative real-valued summable functions on X, as in
(11.7.3). In this case, the equality of (11.15.4) and (11.15.5) follows from the
analogous statement for nonnegative real-valued summable functions on X.

If f is a complex-valued summable function on X, then one can apply the
previous statement to the real and imaginary parts of f .

11.16.3 Sums over Cartesian products

Let Y and Z be nonempty sets, and suppose that X = Y ×Z is their Cartesian
product. If f(y, z) is a nonnegative real-valued function on Y × Z, then∑

z∈Z

f(y, z)(11.16.6)

defines a nonnegative extended real-valued function of y ∈ Y , and∑
y∈Y

f(y, z)(11.16.7)
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defines a nonnegative extended real-valued function of z ∈ Z. Thus∑
y∈Y

(∑
z∈Z

f(y, z)
)

(11.16.8)

and ∑
z∈Z

( ∑
y∈Y

f(y, z)
)

(11.16.9)

are defined as nonnegative extended real numbers, as is∑
(y,z)∈Y×Z

f(y, z).(11.16.10)

The remarks in the previous section imply that (11.16.8) is equal to (11.16.10).
This corresponds to expressing Y × Z as the union of the pairwise-disjoint
nonempty subsets of the form {y} × Z, with y ∈ Y .

Similarly, (11.16.9) is equal to (11.16.10), which corresponds to expressing
Y ×Z as the uion of the pairwise-disjoint nonempty subsets of the form Y ×{z},
with z ∈ Z. In particular, it follows that (11.16.8) is equal to (11.16.9).

Suppose now that f(y, z) is a real or complex-valued summable function on
Y ×Z. In this case, (11.16.6) defines a real or complex-valued function of y ∈ Y ,
and (11.16.7) defines a real or complex-valued function of z ∈ Z, as appropriate.
These functions are summable on Y and Z, respectively, as in (11.16.5). Hence
(11.16.8) and (11.16.9) are defined as real or complex numbers, as appropriate.
The sum (11.16.10) is also defined as a real or complex number, as appropriate,
and it is equal to (11.16.8) and (11.16.9), as before.

11.17 Square-summable functions

Let X be a nonempty set, and let f be a real or complex-valued function on X.
If |f(x)|2 is summable on X, then we say that f is square-summable on X. In
this case, we put

‖f‖2 =
( ∑

x∈X

|f(x)|2
)1/2

,(11.17.1)

using the nonnegative square root on the right side, as usual.
If t ∈ R or C, as appropriate, then t f is square-summable on X too, because

|t f(x)|2 = |t|2 |f(x)|2 is summable on X. We also have that

‖t f‖2 =
( ∑

x∈X

|t|2 |f(x)|2
)1/2

= |t| ‖f‖2.(11.17.2)

11.17.1 The Cauchy–Schwarz inequality in this setting

Remember that

a b ≤ 1

2
(a2 + b2)(11.17.3)
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for all nonnegative real numbers a, b, as in (2.3.6). Let g be another real or
complex-valued square-summable function on X, as appropriate. Observe that

|f(x)| |g(x)| ≤ 1

2
(|f(x)|2 + |g(x)|2)(11.17.4)

for every x ∈ X, by (11.17.3).
This implies that∑
x∈X

|f(x)| |g(x)| ≤
∑
x∈X

1

2
(|f(x)|2 + |g(x)|2)

=
1

2

∑
x∈X

|f(x)|2 + 1

2

∑
x∈X

|g(x)|2 =
1

2
‖f‖22 +

1

2
‖g‖22.(11.17.5)

In particular, |f(x)| |g(x)| is summable on X when f and g are square-summable
on X.

More precisely, ∑
x∈X

|f(x)| |g(x)| ≤ ‖f‖2 ‖g‖2(11.17.6)

when f and g are square-summable onX. This is another version of the Cauchy–
Schwarz inequality. If ‖f‖2 = ‖g‖2 = 1, then (11.17.6) follows from (11.17.5).
If ‖f‖2, ‖g‖2 > 0, then one can reduce to the previous case, using (11.17.2).
Otherwise, if f(x) = 0 for every x ∈ X, or g(x) = 0 for every x ∈ X, then
(11.17.6) is trivial.

11.17.2 The triangle inequality for ‖ · ‖2
Note that

|f(x) + g(x)|2 ≤ (|f(x)|+ |g(x)|)2(11.17.7)

= |f(x)|2 + 2 |f(x)| |g(x)|+ |g(x)|2

for every x ∈ X. Hence∑
x∈X

|f(x) + g(x)|2(11.17.8)

≤
∑
x∈X

|f(x)|2 + 2
∑
x∈X

|f(x)| |g(x)|+
∑
x∈X

|g(x)|2.

If f and g are square-summable on X, then it follows that f + g is square-
summable on X, because |f(x)| |g(x)| is summable on X, as before.

Using (11.17.6), we get that

‖f + g‖22 ≤ ‖f‖22 + 2 ‖f‖2 ‖g‖2 + ‖g‖22 = (‖f‖2 + ‖g‖2)2.(11.17.9)

Equivalently, this means that

‖f + g‖2 ≤ ‖f‖2 + ‖g‖2.(11.17.10)
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11.18 ℓ2 Spaces

Let X be a nonempty set again, and let ℓ2(X,R) and ℓ2(X,C) be the spaces of
real and complex-valued square-summable functions on X, respectively. These
are linear subspaces of the real and complex vector spaces of all real and
complex-valued functions on X, respectively, as in the previous section.

Note that (11.17.1) defines a norm on each of ℓ2(X,R) and ℓ2(X,C), because
of (11.17.2), (11.17.10), and the fact that ‖f‖2 = 0 if and only if f(x) = 0 for
every x ∈ X. This implies that

d2(f, g) = ‖f − g‖2(11.18.1)

defines a metric on each of ℓ2(X,R) and ℓ2(X,C), as usual.

11.18.1 Comparison with the supremum norn

If f is a real or complex-valued square-summable function on X, then

|f(x)| ≤ ‖f‖2(11.18.2)

for every x ∈ X, by the definition (11.17.1) of ‖f‖2. It follows that f is bounded
on X, with

‖f‖∞ ≤ ‖f‖2.(11.18.3)

Here ‖f‖∞ denotes the supremum norm of f , as in (1.13.4). If g is another real
or complex-valued square-summable function on X, as appropriate, then we get
that

d∞(f, g) ≤ d2(f, g),(11.18.4)

where d∞(f, g) is the supremum metric, as in (1.13.8).
Let f be a real or complex-valued square-summable function on X again, so

that |f |2 is summable on X. This implies that |f |2 vanishes at infinity on X,
as in Section 11.4. Using this, it is easy to see that f vanishes at infinity on X
as well. Thus

ℓ2(X,R) ⊆ c0(X,R), ℓ2(X,C) ⊆ c0(X,C).(11.18.5)

11.18.2 Comparison with the ℓ1 norm

Let f be a real or complex-valued summable function on X, and remember that
f is bounded on X, as in Subsection 11.6.2. Observe that∑

x∈X

|f(x)|2 ≤ ‖f‖∞
∑
x∈X

|f(x)| = ‖f‖∞ ‖f‖1 ≤ ‖f‖21,(11.18.6)

where ‖f‖1 is the ℓ1 norm of f , as in (11.6.3). This implies that f is square-
summable on X, with

‖f‖2 ≤ ‖f‖1.(11.18.7)
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Hence
ℓ1(X,R) ⊆ ℓ2(X,R), ℓ1(X,C) ⊆ ℓ2(X,C).(11.18.8)

If g is another real or complex-valued summable function on X, as appropriate,
then we have that

d2(f, g) ≤ d1(f, g),(11.18.9)

where d1(f, g) is the ℓ
1 metric, as in (11.6.6).

11.18.3 Density of c00(X,R), c00(X,C) in ℓ2(X,R), ℓ2(X,C)

In particular, real or complex-valued functions on X with finite support are
square-summable. Let us verify that c00(X,R), c00(X,C) are dense in ℓ2(X,R),
ℓ2(X,C), respectively, with respect to the ℓ2 metric (11.18.1). This is very
similar to the analogous argument for ℓ1 spaces, in Subsection 11.6.3. As before,
there is nothing to do when X has only finitely many elements, and so we
suppose that X is an infinite set.

Let f be a real or complex-valued square-summable function on X, and let
ϵ > 0 be given. Because |f |2 is summable on X, there is a finite subset A(ϵ) of
X such that ∑

x∈X\A(ϵ)

|f(x)|2 < ϵ2,(11.18.10)

as in (11.4.10). Let fϵ be the real or complex-valued function on X, as appropri-
ate, that is equal to f on A(ϵ) and to 0 on X \A(ϵ). Thus fϵ has finite support
in X, and f − fϵ is equal to 0 on A(ϵ), and to f on X \A(ϵ). It follows that∑

x∈X

|f(x)− fϵ(x)|2 =
∑

x∈X\A(ϵ)

|f(x)|2 < ϵ2,(11.18.11)

so that
‖f − fϵ‖2 < ϵ,(11.18.12)

as desired.

11.19 Completeness of ℓ2 spaces

Let X be a nonempty set, and let {fj}∞j=1 be a sequence of real or complex-
valued functions on X that converges pointwise to a real or complex-valued
function f on X, as appropriate. Suppose that the fj ’s are square-summable
on X, with bounded ℓ2 norms, so that

‖fj‖2 ≤ C(11.19.1)

for some nonnegative real number C and every j ≥ 1. Equivalently, this means
that ∑

x∈X

|fj(x)|2 ≤ C2(11.19.2)
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for every j ≥ 1. Of course, {|fj(x)|2}∞j=1 converges to |f(x)|2 with respect to
the standard Euclidean metric on R for every x ∈ X, by well-known results
about convergent sequences of real or complex numbers.

Under these conditions, f is a square-summable function on X, with∑
x∈X

|f(x)|2 ≤ C2.(11.19.3)

This follows from the remarks at the beginning of Section 11.12, applied to |fj |2.
Of course, (11.19.3) is the same as saying that

‖f‖2 ≤ C.(11.19.4)

11.19.1 Cauchy sequences in ℓ2(X,R), ℓ2(X,C)

We would like to show that ℓ2(X,R), ℓ2(X,C) are complete with respect to
the ℓ2 metric (11.18.1). Let {fj}∞j=1 be a sequence of real or complex-valued
square-summable functions on X that is a Cauchy sequence with respect to the
ℓ2 metric. Thus for each ϵ > 0 there is an L(ϵ) ∈ Z+ such that

‖fj − fl‖2 < ϵ(11.19.5)

for every j, l ≥ L(ϵ). If x ∈ X, then it follows that

|fj(x)− fl(x)| < ϵ(11.19.6)

for every j, l ≥ L(ϵ), by (11.18.2). This implies that {fj(x)}∞j=1 is a Cauchy
sequence in R or C, as appropriate, with respect to the standard Euclidean
metric.

Hence {fj(x)}∞j=1 converges in R or C, as appropriate, for every x ∈ X,
because R and C are complete as metric spaces. Let f(x) be the limit of this
sequence for each x ∈ X, so that f defines a real or complex-valued function on
X, as appropriate. We want to verify that f is square-summable on X, and that
{fj}∞j=1 converges to f with respect to the ℓ2 metric. If X has only finitely many
elements, then f is automatically square-summable on X, and convergence with
respect to the ℓ2 metric can be obtained from pointwise convergence.

11.19.2 Convergence in ℓ2(X,R), ℓ2(X,C)

Let ϵ > 0 and l ≥ L(ϵ) be given, and let us consider {fj−fl}∞j=L(ϵ) as a sequence
of square-summable functions on X that converges to f−fl pointwise onX. The
remarks at the beginning of the section imply that f − fl is square-summable
on X, with

‖f − fl‖2 ≤ ϵ,(11.19.7)

because of (11.19.5). In particular, this holds with ϵ = 1 and l = L(1). This
implies that f is square-summable on X, because fL(1) is square-summable on
X. Using (11.19.7) again, we get that {fj}∞j=1 converges to f with respect to

the ℓ2 metric, as desired.
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11.20 Inner products on ℓ2 spaces

Let X be a nonempty set, and let f , g be square-summable real-valued functions
on X. Under these conditions, |f(x)| |g(x)| is summable as a nonnegative real-
valued function on X, as in Subsection 11.17.1. This means that f(x) g(x) is
summable as a real-valued function on X, so that

〈f, g〉 = 〈f, g〉ℓ2(X,R) =
∑
x∈X

f(x) g(x)(11.20.1)

can be defined as a real number, as in Subsection 11.7.1. This is the standard
inner product on ℓ2(X,R). In particular,

〈f, f〉ℓ2(X,R) =
∑
x∈X

f(x)2 = ‖f‖22,(11.20.2)

where ‖f‖2 is the ℓ2 norm of f , as in (11.17.1). As before,

|〈f, g〉ℓ2(X,R)| =
∣∣∣∣∑
x∈X

f(x) g(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)| |g(x)| ≤ ‖f‖2 ‖g‖2,(11.20.3)

using the Cauchy–Schwarz inequality (11.17.6) in the third step. Of course, it
is much easier to define this inner product on the space c00(X,R) of real-valued
functions on X with finite support, by reducing the sum on the right side of
(11.20.1) to a finite sum.

Note that

〈f, g〉ℓ2(X,R) =
∑
x∈X

f(x) g(x) =
∑
x∈X

g(x) f(x) = 〈g, f〉ℓ2(X,R).(11.20.4)

If t ∈ R, then t f is square-summable on X too, and

〈t f, g〉ℓ2(X,R) =
∑
x∈X

t f(x) g(x)(11.20.5)

= t
∑
x∈X

f(x) g(x) = t 〈f, g〉ℓ2(X,R).

If f1 and f2 are square-summable real-valued functions on X, then we have seen
in Subsection 11.17.2 that f1+f2 is square-summable on X as well. In this case,
we have that

〈f1 + f2, g〉ℓ2(X,R) =
∑
x∈X

(f1(x) + f2(x)) g(x)(11.20.6)

=
∑
x∈X

f1(x) g(x) +
∑
x∈X

f2(x) g(x)

= 〈f1, g〉ℓ2(X,R) + 〈f2, g〉ℓ2(X,R),

using the linearity of the sum in the second step. The analogous linearity
properties of the inner product (11.20.1) in g can be obtained in the same way,
or using (11.20.4).
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11.20.1 An inner product on ℓ2(X,C)

Now let f , g be square-summable complex-valued functions on X. As before,
|f(x)| |g(x)| is summable as a nonnegative real-valued function on X, so that
f(x) g(x) is summable as a complex-valued function on X. Hence

〈f, g〉 = 〈f, g〉ℓ2(X,C) =
∑
x∈X

f(x) g(x)(11.20.7)

can be defined as a complex number, as in Subsection 11.8.1, which is the
standard inner product on ℓ2(X,C). As usual,

〈f, f〉ℓ2(X,C) =
∑
x∈X

|f(x)|2 = ‖f‖22,(11.20.8)

where ‖f‖2 is the ℓ2 norm of f . We also have that

|〈f, g〉ℓ2(X,C)| =
∣∣∣∣∑
x∈X

f(x) g(x)

∣∣∣∣ ≤ ∑
x∈X

|f(x)| |g(x)| ≤ ‖f‖2 ‖g‖2,(11.20.9)

using the Cauchy–Schwarz inequality (11.17.6) in the third step again.
In this situation, we have that

〈f, g〉ℓ2(X,C) =
( ∑

x∈X

f(x) g(x)
)
=

∑
x∈X

g(x) f(x) = 〈g, f〉ℓ2(X,C).(11.20.10)

If t ∈ C, then t f is square-summable on X, and it is easy to see that

〈t f, g〉ℓ2(X,C) = t 〈f, g〉ℓ2(X,C),(11.20.11)

as before. Similarly, t g is square-summable on X, and

〈f, t g〉ℓ2(X,C) = t 〈f, g〉ℓ2(X,C),(11.20.12)

by the same type of argument, or using (11.20.10). If f1 and f2 are square-
summable complex-valued functions on X, then f1 + f2 are square-summable
on X, and

〈f1 + f2, g〉ℓ2(X,C) = 〈f1, g〉ℓ2(X,C) + 〈f2, g〉ℓ2(X,C),(11.20.13)

as in the real case. The analogous additivity property of the inner product
(11.20.7) in g can be obtained in the same way, or using (11.20.10).



Chapter 12

Some additional topics

12.1 Lebesgue measure and integration

Let a, b be real numbers with a < b, and remember that

d1(f, g) =

∫ b

a

|f(x)− g(x)| dx(12.1.1)

defines a metric on the space C([a, b],R) of continuous real-valued functions on
[a, b], as in Subsection 3.1.2. It is not difficult to see that this space is not com-
plete with respect to (12.1.1), as in Section A.5. In order to get completeness,
one can use the Lebesgue integral. Although we shall not discuss this in detail
here, let us mention a few other topics related to Lebesgue’s theory of measure
and integration.

12.1.1 The bounded convergence theorem

Let {fj}∞j=1 be a sequence of continuous real-valued functions on [a, b], and let
f be another continuous real-valued function on [a, b]. If {fj}∞j=1 converges to
f uniformly on [a, b], then it is easy to see that {fj}∞j=1 converges to f with
respect to (12.1.1). In particular, this implies that

lim
j→∞

∫ b

a

fj(x) dx =

∫ b

a

f(x) dx,(12.1.2)

because ∣∣∣∣∫ b

a

fj(x) dx−
∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

|fj(x)− f(x)| dx(12.1.3)

for every j ≥ 1. However, one can give examples to show that this does not
work if we only ask that {fj}∞j=1 converge to f pointwise on [a, b], as in Section
A.4.

279
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Suppose now that {fj}∞j=1 is uniformly bounded on [a, b], in the sense that
there is a nonnegative real number A such that

|fj(x)| ≤ A(12.1.4)

for every x ∈ [a, b] and j ≥ 1. If {fj}∞j=1 converges to f pointwise on [a, b],
then a classical theorem of Arzelà and Osgood implies that (12.1.2) holds, as
in [55, 99, 139, 171, 177, 252]. More precisely, this works when the fj ’s and f
are Riemann integrable on [a, b], instead of continuous. One can also get that
{fj}∞j=1 converges to f with respect to (12.1.1), by considering {|fj − f |}∞j=1 in
the previous statement. Questions like these can be treated more extensively
using the Lebesgue integral.

12.1.2 Continuity almost everywhere

If f is a bounded real-valued function on [a, b], then a famous theorem states
that f is Riemann integrable on [a, b] if and only if f is continuous at “almost
every” point in [a, b] with respect to Lebesgue measure. This means that the set
of points in [a, b] at which f is not continuous has Lebesgue measure equal to
0. This is discussed in many textbooks, as well as the articles [35, 206]. Some
related results can be found in [170, 185], and also in in [249], for Riemann–
Stieltjes integrability.

12.1.3 Monotone functions

Now let f be a monotonically increasing real-valued function on [a, b]. It is well
known that the one-sided limits of f exist at every point in (a, b), as well as the
appropriate one-sided limits at the endpoints a, b. This can be used to show that
f is continuous at all but finitely or countably many points in [a, b]. A famous
theorem states that f is also differentiable at almost every point in [a, b], with
respect to Lebesgue measure. Of course, the derivative is nonnegative when it
exists, because of monotonicity.

One can show that ∫ b

a

f ′(x) dx ≤ f(b)− f(a),(12.1.5)

where the integral on the left is defined as a Lebesgue integral. If f has a jump
discontinuity at any point in [a, b], then the inequality in (12.1.5) is strict. There
are also examples where f is both continuous and monotonically increasing on
[a, b], and the inequality in (12.1.5) is still strict.

12.1.4 Lipschitz functions

Suppose that f is a real-valued Lipschitz function on [a, b], with respect to the
standard Euclidean metric on R and its restriction to [a, b], but not necessar-
ily monotonic. Another famous theorem states that f is differentiable almost
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everywhere with respect to Lebesgue measure on [a, b]. It is easy to see that

|f ′(x)| ≤ Lip(f),(12.1.6)

when the derivative exists. This permits the integral on the left side of (12.1.5)
to be defined as a Lebesgue integral, and in fact one has∫ b

a

f ′(x) dx = f(b)− f(a)(12.1.7)

in this situation. If f is a real-valued Lipschitz function on Rn for some n ∈ Z+,
with respect to the standard Euclidean metrics on Rn and R, then another
famous theorem states that f is differentiable almost everywhere with respect
to n-dimensional Lebesgue measure on Rn.

12.2 Banach spaces

We shall now suppose that the reader has some familiarity with abstract vector
spaces and related notions. Let V be a vector space over the real or complex
numbers. Thus V is a set, on which operations of addition and scalar multiplica-
tion over R or C have been defined. These operations should satisfy a number
of standard conditions, such as associativity and commutativity of addition,
and compatibility of scalar multiplication with addition on V and addition and
multiplication on R or C, as appropriate. There should also be a distinguished
additive element in V , denoted 0.

12.2.1 Norms on vector spaces

As usual, a nonnegative real-valued function N on V is said to be a norm on V
if it satisfies the following three conditions. First, N(v) = 0 if and only if v = 0.
Second,

N(t v) = |t|N(v)(12.2.1)

for every v ∈ V and t ∈ R or C, as appropriate. Third,

N(v + w) ≤ N(v) +N(w)(12.2.2)

for every v, w ∈ V . In this case, it is easy to see that

dN (v, w) = N(v − w)(12.2.3)

defines a metric on V .

If V is also complete as a metric space with respect to (12.2.3), then V is
said to be a Banach space with respect to N . Otherwise, one can pass to a
suitable completion of V , but we shall get into that now.



282 CHAPTER 12. SOME ADDITIONAL TOPICS

12.2.2 Some remarks about convergent sequences

Suppose that {vj}∞j=1, {wj}∞j=1 are sequences of elements of V that converge to
v, w ∈ V , respectively, with respect to (12.2.3). Under these conditions, one can
check that {vj + wj}∞j=1 converges to v + w in V with respect to (12.2.3).

Similarly, suppose that {tj}∞j=1 is also a sequence of real or complex numbers
that converges to a real or complex number t, with respect to the standard
metric on R or C, as appropriate. In this case, one can verify that {tj vj}∞j=1

converges to t v in V with respect to (12.2.3). The proofs of these statements
are analogous to those for the corresponding facts about sums and products of
convergent sequences of real and complex numbers.

12.2.3 Linear subspaces

Let W be a linear subspace of V . This means that W is a subset of V that
contains 0 and satisfies the following two properties. First, if v, w ∈W , then

v + w ∈W.(12.2.4)

Second, if v ∈W and t ∈ R or C, as appropriate, then

t v ∈W.(12.2.5)

It follows thatW is also a vector space over R or C, as appropriate, with respect
to the restriction of the vector space operations on V to W .

If N is a norm on V , then it is easy to see that the restriction of N to W
defines a norm on W . Of course, the metric on W associated to the restriction
of N to W is the same as the restriction to W of the metric (12.2.3) associated
to N on V .

If V is a Banach space with respect to N and W is a closed set in V with
respect to (12.2.3), then W is a Banach space with respect to the restriction
of N to W . More precisely, W is complete with respect to the restriction of
(12.2.3) to W in this situation.

12.3 Hilbert spaces

Let V be a vector space over the real numbers. A real-valued function 〈v, w〉
defined for v, w ∈ V is said to be an inner product on V if it satisfies the
following three conditions. First, for each w ∈ V , 〈v, w〉 should be linear in V ,
as a mapping from V into R. This means that

〈v + v′, w〉 = 〈v, w〉+ 〈v′, w〉(12.3.1)

for every v, v′ ∈ V , and that

〈t v, w〉 = t 〈v, w〉(12.3.2)

for every v ∈ V and t ∈ R.
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Second, 〈v, w〉 should be symmetric in v and w, so that

〈v, w〉 = 〈w, v〉(12.3.3)

for every v, w ∈ V . This implies that 〈v, w〉 is linear in w for every v ∈ V ,
because of the linearity in v.

Third,
〈v, v〉 > 0(12.3.4)

for every v ∈ V with v 6= 0. Of course, 〈v, w〉 = 0 whenever v = 0 or w = 0,
because of linearity in v and w.

12.3.1 The complex case

Similarly, if V is a vector space over the complex numbers, then a complex-
valued function 〈v, w〉 defined for v, w ∈ V is said to be an inner product if it
satisfies the following three conditions. First, for every w ∈ V , 〈v, w〉 should be
(complex) linear in v, as a mapping from V into C. This means that (12.3.1)
should hold for every v, v′ ∈ V , as before, and that (12.3.2) should hold for
every v ∈ V and t ∈ C.

Second, 〈v, w〉 should be Hermitian symmetric in v and w, which means that

〈w, v〉 = 〈v, w〉(12.3.5)

for every v, w ∈ V , where a is the complex conjugate of a complex number a.
Combining this with the first condition, we get that 〈v, w〉 is conjugate-linear
in w for each v ∈ V , so that

〈v, w + w′〉 = 〈v, w〉+ 〈v, w′〉(12.3.6)

for every w,w′ ∈ V , and
〈v, t w〉 = t 〈v, w〉(12.3.7)

for every w ∈ V and t ∈ C.
Observe that

〈v, v〉 = 〈v, v〉(12.3.8)

for every v ∈ V , which means that 〈v, v〉 ∈ R. The third condition is that
(12.3.4) hold for every v ∈ V with v 6= 0 again. As before, 〈v, w〉 = 0 whenever
v = 0 or w = 0.

12.3.2 Norms associated to inner products

Let (V, 〈v, w〉) be a real or complex inner product space. Put

‖v‖ = 〈v, v〉1/2(12.3.9)

for every v ∈ V , using the nonnegative square root on the right side. It is well
known that

|〈v, w〉| ≤ ‖v‖ ‖w‖(12.3.10)
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for every v, w ∈ V , which is another version of the Cauchy–Schwarz inequality.
More precisely, this can be shown using the fact that

〈v + t w, v + t w〉 = ‖v + t w‖2 ≥ 0(12.3.11)

for every v, w ∈ V amd t ∈ R or C, as appropriate.
Note that

‖t v‖ = |t| ‖v‖(12.3.12)

for every v ∈ V and t ∈ R or C, as appropriate. One can also check that

‖v + w‖ ≤ ‖v‖+ ‖w‖(12.3.13)

for every v, w ∈ V , using (12.3.10). Thus (12.3.9) defines a norm on V as a
vector space over R or C, as appropriate.

If V is complete with respect to the metric associated to the norm (12.3.9),
then V is said to be a Hilbert space with respect to the inner product 〈v, w〉.
Otherwise, one can pass to a completion of V , as before.

12.4 Infinite series in Banach spaces

Let V be a vector space over the real or complex numbers, and let N be a norm
on V . An infinite series

∞∑
j=1

vj(12.4.1)

with terms vj in V for each j ≥ 1 is said to converge in V with respect to N if
the corresponding sequence of partial sums

l∑
j=1

vj(12.4.2)

converges to an element of V with respect to the metric dN associated to N . In
this case, the value of the sum (12.4.1) is defined to be the limit of the sequence
(12.4.2).

12.4.1 Some basic properties of infinite series in V

If (12.4.1) converges in V , and if
∑∞

j=1 wj is another infinite series of elements

of V that converges in V , then
∑∞

j=1(vj + wj) converges in V too, with

∞∑
j=1

(vj + wj) =

∞∑
j=1

vj +

∞∑
j=1

wj .(12.4.3)

This follows from the analogous statement for sums of convergent sequences in
V , applied to the partial sums of these series.
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Similarly, if (12.4.1) converges in V , and t ∈ R or C, as appropriate, then∑∞
j=1 t vj converges in V as well, with

∞∑
j=1

t vj = t

∞∑
j=1

vj .(12.4.4)

This uses the fact that t times a convergent sequence in V converges to t times
the limit of the sequence.

12.4.2 The Cauchy criterion

The condition that the sequence of partial sums (12.4.2) of an infinite series
(12.4.1) be a Cauchy sequence with respect to the metric dN associated to N is
equivalent to saying that for each ϵ > 0 there is a positive integer L such that

N
( l∑

j=k

vj

)
< ϵ(12.4.5)

for every l ≥ k ≥ L. In particular, this holds when (12.4.1) converges in V ,
because a convergent sequence in any metric space is a Cauchy sequence.

Note that the Cauchy condition for the partial sums implies that

lim
l→∞

N(vl) = 0,(12.4.6)

by taking k = l in (12.4.5). This is the same as saying that {vj}∞j=1 converges
to 0 in V , with respect to dN .

If V is a Banach space with respect to N , then the Cauchy condition for the
partial sums implies that the series converges in V .

12.4.3 Absolute convergence with respect to the norm

An infinite series (12.4.1) with terms in V is said to be absolutely convergent
with respect to N if

∞∑
j=1

N(vj)(12.4.7)

converges as an infinite series of nonnegative real numbers.
Observe that

N
( l∑

j=k

vj

)
≤

l∑
j=k

N(vj)(12.4.8)

for every l ≥ k ≥ 1, by the triangle inequality for N . If (12.4.1) converges
absolutely with respect to N , then the sequence of partial sums (12.4.2) is a
Cauchy sequence with respect to dN . More precisely, one verify (12.4.5) using
(12.4.8) and the analogous Cauchy condition for the partial sums of (12.4.7). If
V is a Banach space with respect to N , then it follows that (12.4.1) converges
in V .
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12.4.4 Orthogonal vectors in an inner product space

Now let (V, 〈v, w〉) be a real or complex inner product space, and let us use the
corresponding norm ‖ · ‖, as in the previous section. A pair v, w of vectors in
V are said to be orthogonal if

〈v, w〉 = 0.(12.4.9)

In this case, it is easy to see that

‖v + w‖2 = ‖v‖2 + ‖w‖2.(12.4.10)

Let (12.4.1) be an infinite series of pairwise-orthogonal vectors in V , so that
vj is orthogonal to vk when j 6= k. This implies that∥∥∥∥ l∑

j=k

vj

∥∥∥∥2 =

l∑
j=k

‖vj‖2(12.4.11)

for every l ≥ k ≥ 1.
If

∞∑
j=1

‖vj‖2(12.4.12)

converges as an infinite series of nonnegative real numbers, then the sequence
(12.4.2) is a Cauchy sequence in V . This uses (12.4.11) to get the Cauchy
condition (12.4.5) from the analogous Cauchy condition for the partial sums
of (12.4.12). If V is a Hilbert space with respect to 〈·, ·〉, then it follows that
(12.4.1) converges in V .

12.5 Bounded linear mappings

Let V and W be vector spaces, where more precisely V and W should both be
defined over the real numbers, or both defined over the complex numbers. Also
let NV and NW be norms on V and W , respectively. Thus

dV (v, v
′) = NV (v − v′) and dW (w,w′) = NW (w,w′)(12.5.1)

define metrics on V and W , respectively.
A linear mapping T from V into W is said to be bounded with respect to

NV and NW if there is a nonnegative real number C such that

NW (T (v)) ≤ C NV (v)(12.5.2)

for every v ∈ V . In this case, we have that

dW (T (u), T (v)) = NW (T (u)− T (v)) = NW (T (u− v))

≤ C NV (u− v) = C dV (u, v)(12.5.3)

for every u, v ∈ V , so that T is Lipschitz with respect to the corresponding
metrics on V and W .
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12.5.1 Some related characterizations

Conversely, if a linear mapping T from V intoW is Lipschitz with respect to the
metrics dV (·, ·) and dW (·, ·), then it is easy to see that T is bounded with respect
to NV and NW . More precisely, if a linear mapping T from V into W has the
property that NW (T (v)) is bounded on a ball in V of positive radius, then one
can check that T is bounded as a linear mapping. This uses scalar multiplication
to obtain (12.5.2) from the boundedness of NW (T (v)) when NV (v) is less than
a fixed radius.

In particular, if T is continuous at 0 with respect to the metrics dV (·, ·) and
dW (·, ·) on V andW , then there is a δ > 0 such that NW (T (v)) < 1 when v ∈ V
satisfies NV (v) < 1. This implies that T is a bounded as a linear mapping, as
before.

If V is a finite-dimensional vector space, then every linear mapping T from
V into W is bounded. Of course, this is trivial when V = {0}. Otherwise, there
is a positive integer n such that V is isomorphic to Rn or Cn as a vector space
over the real or complex numbers, as appropriate. This permits one to reduce
to the same type of arguments as in Section 7.3.

12.5.2 The operator norm of a bounded linear mapping

Suppose that V 6= {0}, and that T is a bounded linear mapping from V into W
with respect to NV and NW . The corresponding operator norm is defined by

‖T‖op = sup

{
NW (T (v))

NV (v)
: v ∈ V, v 6= 0

}
,(12.5.4)

where the finiteness of the supremum follows from the boundedness of T . If
V = {0}, then one can simply take ‖T‖op = 0.

Equivalently, ‖T‖op is the same as the infimum of the nonnegative real num-
bers C such that (12.5.2) holds. As in Subsection 7.7.2, ‖T‖op is also the same
as Lip(T ), defined with respect to the metrics dV (·, ·) and dW (·, ·) associated to
NV and NW .

If a is a real or complex number, as appropriate, then aT also defines a
linear mapping from V into W , where (aT )(v) = aT (v) for every v ∈ V . It is
easy to see that aT is a bounded linear mapping when T is, with

‖aT‖op = |a| ‖T‖op.(12.5.5)

Note that ‖T‖op = 0 if and only if T = 0, which is to say that T (v) = 0 for
every v ∈ V .

If T1 and T2 are linear mappings from V into W , then T1 + T2 defines a
linear mapping from V into W as well, with

(T1 + T2)(v) = T1(v) + T2(v).(12.5.6)

If T1, T2 are bounded as linear mappings with respect to NV and NW , then one
can check that T1 + T2 is bounded as well, with

‖T1 + T2‖op ≤ ‖T1‖op + ‖T2‖op.(12.5.7)
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12.5.3 Spaces of bounded linear mappings

The space of linear mappings from V into W is a vector space over the real or
complex numbers, as appropriate, with respect to pointwise addition and scalar
multiplication of mappings. The space of bounded linear mappings from V into
W is a linear subspace of the space of all linear mappings from V into W , as
in the preceding paragraph. The operator norm (12.5.4) defines a norm on the
space of bounded linear mappings from V into W , as a vector space over the
real or complex numbers, as appropriate.

12.5.4 Compositions of bounded linear mappings

Let Z be another vector space, which is defined over the real or complex num-
bers, depending on whether V and W are defined over the real or complex
numbers. Also let NZ be a norm on Z, let T1 be a bounded linear mapping
from V into W , and let T2 be a bounded linear mapping from W into Z. Under
these conditions, one can verify that the composition T2 ◦ T1 is bounded as a
linear mapping from V into Z, with

‖T2 ◦ T1‖op ≤ ‖T1‖op ‖T2‖op.(12.5.8)

Here the various operator norms are defined with respect to the given norms on
V , W , and Z, as appropriate.

12.6 Dual spaces

Let V be a vector space over the real or complex numbers. A linear functional
on V is a linear mapping from V into R or C, as appropriate, considered as a
one-dimensional vector space over itself. The space of all linear functionals on
V may be denoted V alg, and is called the algebraic dual of V . This is a linear
subspace of the space of all real or complex-valued functions on V , as a vector
space over R or C, as appropriate.

12.6.1 Linear functionals on c00(X,R), c00(X,C)

Let X be a nonempty set, and suppose for the moment that V is the space
c00(X,R) or c00(X,C) of real or complex-valued functions on X with finite
support, as in Section 1.6, considered as a vector space over R or C, as appro-
priate. If f and g are real or complex-valued functions on X, as appropriate,
and f has finite support in X, then it is easy to see that f g has finite support
in X too. In this case, we put

λg(f) =
∑
x∈X

f(x) g(x),(12.6.1)

where the sum over X on the right is defined by reducing to a finite sum, as in
Subsection 1.6.1. This defines λg as a linear functional on V .
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If x ∈ X, then let δx be the real-valued function defined on X by putting δx
equal to 1 at x, and equal to 0 at every other element of X, as in Subsection
1.10.1. Observe that

λg(δx) = g(x)(12.6.2)

for every x ∈ X. If λ is any linear functional on V , then

λ = λg(12.6.3)

for a unique real or complex-valued function g on X, as appropriate. More
precisely, one can take

g(x) = λ(δx)(12.6.4)

for each x ∈ X.

12.6.2 Bounded linear functionals

Let V be a vector space over the real or complex numbers with a norm NV . A
linear functional λ on V is said to be bounded with respect to NV if λ is bounded
as a linear mapping from V into R or C, as appropriate, the previous section.
This uses the usual absolute value function on R or C as the norm on R or C,
as appropriate, considered as a one-dimensional vector space over itself.

The space of bounded linear functionals on V may be denoted V ′ or V ∗.
This is a linear subspace of the space V alg of all linear functionals on V , as
in Subsection 12.5.3. If λ is a bounded linear functional on V , then the corre-
sponding operator norm of λ may be denoted NV ′(λ) or NV ∗(λ). This is the
dual norm associated to NV .

If V has finite dimension, then every linear functional on V is bounded with
respect to NV , as in Subsection 12.5.1.

12.6.3 Using an inner product

Suppose for the moment again that 〈·, ·〉 is an inner product on V , and that NV

is the norm associated to the inner product, as in Subsection 12.3.2. If w ∈ V ,
then

µw(v) = 〈v, w〉(12.6.5)

defines a linear functional on V . More precisely, this is a bounded linear func-
tional on V , because of the Cauchy–Schwarz inequality, as in Subsection 12.3.2.
It is not too difficult to show that the dual norm of µw is equal to the norm of
w. This uses the fact that

µw(w) = 〈w,w〉(12.6.6)

is the same as the norm of w squared.
If V is a Hilbert space, then a famous theorem of Riesz states that every

bounded linear functional on V is of the form (12.6.5) for a unique w ∈ V . A
version of this will be mentioned in the next section.
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12.6.4 A part of the Hahn–Banach theorem

Let V be any real or complex vector space with a norm NV again. If v ∈ V ,
then part of the Hahn–Banach theorem implies that there is a bounded linear
functional λ on V with respect to NV such that

λ(v) = NV (v)(12.6.7)

and the dual norm of λ is less than or equal to one. If v 6= 0, then it follows
that the dual norm of λ is equal to one.

If NV is the norm associated to an inner product on V , then this may be
obtained from the remarks in the preceding subsection.

12.7 Some bounded linear functionals

LetX be a nonemtpy set, and let g be a bounded real or complex-valued function
on X. If f is a summable real or complex-valued function on X, as in Section
11.6, then one can check that the product of f and g is summable on X as well.
In fact,

‖f g‖1 ≤ ‖f‖1 ‖g‖∞.(12.7.1)

Using this, λg(f) may be defined as a real or complex number, as appropri-
ate, as in (12.6.1). This uses the definition of the sum of a summable real or
complex-valued function on X as in Sections 11.7 and 11.8. If X is the set Z+ of
positive integers, then the sum may be considered as an absolutely convergent
infinite series. Of course, if X has only finitely many elements, then the sum
over X may be defined more directly.

One can check that λg defines a bounded linear functional on ℓ1(X,R) or
ℓ1(X,C), as appropriate, with respect to the usual ℓ1 norm. The corresponding
dual norm of λg is less than or equal to ‖g‖∞, because of (12.7.1). One can
verify that the dual norm of λg is equal to ‖g‖∞.

It is well known that every bounded linear functional on ℓ1(X,R) or ℓ1(X,C)
corresponds to a unique bounded real or complex-valued function g on X in this
way, as appropriate.

12.7.1 Some more examples

Now let g be a summable real or complex-valued function on X. If f is a
bounded real or complex-valued function on X, then f g is summable on X,
with

‖f g‖1 ≤ ‖f‖∞ ‖g‖1.(12.7.2)

One can use this to define λg(f) as a real or complex number, as appropriate,
as in (12.6.1), as before.

More precisely, λg is a bounded linear functional on ℓ∞(X,R) or ℓ∞(X,C),
as appropriate, with respect to the supremum norm. The corresponding dual
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norm of λg is less than or equal to ‖g‖1, because of (12.7.2). It is not too difficult
to show that the dual norm of λg is equal to ‖g‖1.

One can restrict λg to the space of real-or complex-valued functions on X
that vanish at infinity, as in Section 2.5. This defines a bounded linear functional
on c0(X,R) or c0(X,R),as appropriate, with respect to the supremum norm.
It is not too difficult to show that the dual norm of the restriction of λg to
c0(X,R) or c0(X,C), as appropriate, is also equal to ‖g‖1.

It is well known that every bounded linear functional on c0(X,R) or c0(X,C)
with respect to the supremum norm corresponds to a unique summable real or
complex-valued function g on X in this way, as appropriate.

The spaces ℓ2(X,R), ℓ2(X,C) are Hilbert spaces with respect to the inner
products defined in Section 11.20. The Riesz representation theorem can be
shown more directly in this case.



Appendix A

Some more on mappings,
metrics, and norms

A.1 A nice inequality

Let a be a positive real number, with a ≤ 1. If r and t are nonnegative real
numbers, then it is well known that

(r + t)a ≤ ra + ta.(A.1.1)

To see this, observe first that

max(r, t) ≤ (ra + ta)1/a.(A.1.2)

Using this, we get that

r + t ≤ max(r, t)1−a (ra + ta) ≤ (ra + ta)((1−a)/a)+1 = (ra + ta)1/a.(A.1.3)

This is equivalent to (A.1.1).

A.1.1 Snowflake transforms

Let (X, d(x, y)) be a metric space. If 0 < a ≤ 1, then it is easy to see that

d(x, y)a(A.1.4)

is a metric on X as well, using (A.1.1). This was mentioned in Subsection 1.1.2
when a = 1/2.

Let us use Bd(x, r), Bd(x, r) to denote the open and closed balls in X cen-
tered at x ∈ X with radius r with respect to d(·, ·), respectively, as in Section
1.9, and Bda(x, r), Bda(x, r) for the open and closed balls in X centered at x
with radius r with respect to d(·, ·)a, respectively. Observe that

Bda(x, ra) = Bd(x, r)(A.1.5)

292
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for every r > 0, and that

Bda(x, ra) = Bd(x, r)(A.1.6)

for every r ≥ 0.
It is easy to see that the identity mapping on X is uniformly continuous as

a mapping from X equipped with d(·, ·) into X equipped with d(·, ·)a. Simi-
larly, the identity mapping on X is uniformly continuous as a mapping from X
equipped with d(·, ·)a into X equipped with d(·, ·). These statements were also
mentioned in Subsection 1.1.2 when a = 1/2.

If a > 1, then one can verify that

|x− y|a(A.1.7)

is not a metric on the real line. This corresponds to the first part of Exercise
11 at the end of Chapter 2 in [218] when a = 2.

A.2 Some more Lipschitz conditions

Let (X, dX) and (Y, dY ) be metric spaces, and let α be a positive real number.
A mapping f from X into Y is said to be Lipschitz of order α if there is a
nonnegative real number C such that

dY (f(x), f(w)) ≤ C dX(x,w)α(A.2.1)

for every x,w ∈ X. This is the same as a Lipschitz mapping as in Section 1.1
when α = 1. One may also say that f is Hölder continuous of order α in this
case.

Lipschitz mappings of any order are uniformly continuous, as before. Of
course, (A.2.1) holds with C = 0 if and only if f is constant on X.

Let a be a positive real number, and suppose that

dX(x,w)a is a metric on X.(A.2.2)

This holds automatically when a ≤ 1, as in the previous section. Note that
(A.2.1) is the same as saying that

dY (f(x), f(w)) ≤ C (dX(x,w)a)α/a(A.2.3)

for every x, y ∈ X. This means that

f is Lipschitz of order α with respect to dX on X(A.2.4)

if and only if

f is Lipschitz of order α/a with respect to dX(·, ·)a on X,(A.2.5)

and with the same constant C.
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Similarly, let b be a positive real number, and suppose that

dY (·, ·)b is a metric on Y.(A.2.6)

Clearly (A.2.1) is the same as saying that

dY (f(x), f(w))
b ≤ Cb dX(x,w)α b(A.2.7)

for every x, y ∈ X. Thus

f is Lipschitz of order α with constant C with respect to dY on Y(A.2.8)

if and only if

f is Lipschitz of order α b with constant Cb(A.2.9)

with respect to dY (·, ·)b on Y.

A.2.1 Lipschitz functions of order α > 1 on R

Suppose that X = Y = R, with the standard Euclidean metric. If f is Lipschitz
of order α > 1, then

f is constant on R.(A.2.10)

More precisely, it is easy to see that the derivative of f is equal to 0 at every
point in R under these conditions.

A.3 Another nice inequality

Let X be a nonempty set, and let f be a real or complex-valued function on X
with finite support, as in Section 1.6. If p is a positive real number, then put

‖f‖p =
( ∑

x∈X

|f(x)|p
)1/p

.(A.3.1)

This is the same as in Subsection 1.6.1 when p = 1 or 2. If X = {1, . . . , n}
for some positive integer n, then this corresponds to an analogous expression in
Subsection 1.4.1. We also put

‖f‖∞ = max
x∈X

|f(x)|,(A.3.2)

as before.
Observe that

‖f‖∞ ≤ ‖f‖p.(A.3.3)

If 0 < p1 ≤ p2 <∞, then we would like to check that

‖f‖p2
≤ ‖f‖p1

.(A.3.4)
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Clearly

‖f‖p2
p2

=
∑
x∈X

|f(x)|p2 ≤ ‖f‖p2−p1
∞

∑
x∈X

|f(x)|p1 = ‖f‖p2−p1
∞ ‖f‖p1

p1
.(A.3.5)

This implies that

‖f‖p2
p2

≤ ‖f‖p2
p1
,(A.3.6)

because of (A.3.3). It follows that (A.3.4) holds, as desired.

It is easy to see that (A.1.1) follows from (A.3.4), with p1 = a, p2 = 1, and
where X has two elements.

A.3.1 The limit of ‖f‖p as p → ∞

Observe that

‖f‖p ≤ (# supp f)1/p ‖f‖∞,(A.3.7)

where # supp f is the number of elements in the support of f . One can use this
and (A.3.3) to get that

‖f‖p → ‖f‖∞ as p→ ∞.(A.3.8)

A.3.2 A related metric for p ≤ 1

Of course, ‖f‖p = 0 if and only if f = 0 on X, and

‖t f‖p = |t| ‖f‖p(A.3.9)

for every t ∈ R or C, as appropriate.

If g is another real or complex-valued function on X with finite support and
0 < p ≤ 1, then

‖f + g‖pp =
∑
x∈X

|f(x) + g(x)|p ≤
∑
x∈X

(|f(x)|+ |g(x)|)p

≤
∑
x∈X

(|f(x)|p + |g(x)|p) =
∑
x∈X

|f(x)|p +
∑
x∈X

|g(x)|p(A.3.10)

= ‖f‖pp + ‖g‖pp,

using (A.1.1) in the third step, with a = p. This implies that

‖f − g‖pp(A.3.11)

defines a metric on c00(X,R) and c00(X,C) when 0 < p ≤ 1.
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A.4 Some functions on [0, 1]

Let j be a positive integer, and let fj be the real-valued function defined on
[0, 1] by

fj(x) = 2 j x when 0 ≤ x ≤ 1/(2 j)(A.4.1)

= 2− 2 j x when 1/(2 j) ≤ x ≤ 1/j

= 0 when 1/j ≤ x ≤ 1.

Thus
fj(0) = 0, fj(1/(2 j)) = 1, and f(1/j) = 0,(A.4.2)

with the overlapping definitions of fj(x) agreeing at x = 1/(2 j), 1/j. Equiv-
alently, fj is defined to be linear on [0, 1/(2 j)] and [1/(2 j), 1/j], with these
values at the endpoints.

Note that fj is continuous on [0, 1]. One can check that

{fj}∞j=1 converges to 0 pointwise on [0, 1],(A.4.3)

and not uniformly. In fact,
‖fj‖∞ = 1(A.4.4)

for every j, where ‖ · ‖∞ is the supremum norm on C([0, 1],R), as before.
Observe that

‖fj‖1 =

∫ 1

0

fj(x) dx = 2

∫ 1/(2 j)

0

fj(x) dx = 2 j (1/(2 j))2 = 1/(2 j)(A.4.5)

for every j, where ‖ · ‖1 is as in (1.15.4). More precisely,

fj(x) = fj((1/j)− x) when 0 ≤ x ≤ 1/j,(A.4.6)

which is to say that fj(x) is symmetric about x = 1/(2 j) on [0, 1/j]. This
implies that the integrals of fj(x) over [0, 1/(2 j)] and [1/(2 j), 1/j] are the same.
Of course, (A.4.5) is the same as the area of the triangle determined by the graph
of fj on [0, 1/j].

Similarly,

‖fj‖22 =

∫ 1

0

fj(x)
2 dx = 2

∫ 1/(2 j)

0

fj(x)
2 dx(A.4.7)

= (2/3) (2 j)2 (1/(2 j))3 = 1/(3 j)

for every j, where ‖ · ‖2 is as in (1.15.6). This uses (A.4.6) in the second step, to
get that the integrals of fj(x)

2 over [0, 1/(2 j)] and [1/(2 j), 1/j] are the same.
It follows that

‖fj‖2 = 1/(3 j)1/2(A.4.8)

for each j.
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A.4.1 Some related sequences of functions

If α ∈ R, then one can verify that

{j−α fj}∞j=1 converges to 0 pointwise on [0, 1].(A.4.9)

Note that
‖j−α fj‖∞ = j−α ‖fj‖∞ = j−α(A.4.10)

for every j, by (A.4.4). This implies that {j−α fj}∞j=1 is bounded with respect
to the supremum metric exactly when α ≥ 0, and that {fj}∞j=1 converges to 0
with respect to the supremum metric exactly when α > 0.

Similarly,
‖j−α fj‖1 = j−α ‖fj‖1 = (1/2) j−1−α(A.4.11)

for every j, by (A.4.5). This means that {j−α fj}∞j=1 is bounded with respect
to the metric d1 on C([0, 1],R) associated to ‖ · ‖1 as in (1.15.10) exactly when
α ≥ −1, and that {j−α fj}∞j=1 converges to 0 with respect to d1 exactly when
α > −1.

We also have that

‖j−α fj‖2 = j−α ‖f‖2 = (1/
√
3) j−(1/2)−α(A.4.12)

for every j, by (A.4.8). It follows that {j−α fj}∞j=1 is bounded with respect to
the metric d2 on C([0, 1],R) associated to ‖ · ‖2 as in (1.15.11) if and only if
α ≥ −1/2, and that {j−α fj}∞j=1 converges to 0 with respect to d2 if and only
if α > −1/2.

A.5 Some Cauchy sequences

Let j be a positive integer, and let fj be the real-valued function defined on
[0, 1] by

fj(x) = 0 when 0 ≤ x ≤ 1/2− 1/(2 j)

= 2 j (x− (1/2− 1/(2 j))) when 1/2− 1/(2 j) ≤ x ≤ 1/2(A.5.1)

= 1 when 1/2 ≤ x ≤ 1.

The second case says that fj is linear in that range, with the same values at the
endpoints as in the other two cases. In particular, fj is continuous on [0, 1] for
each j.

It is easy to see that {fj}∞j=1 converges pointwise on [0, 1] to the real-valued
function f defined on [0, 1] by

f(x) = 0 when 0 ≤ x < 1/2(A.5.2)

= 1 when 1/2 ≤ x ≤ 1.

Note that {fj}∞j=1 does not converge to f uniformly on [0, 1].
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However, one can check that {fj}∞j=1 is a Cauchy sequence in C([0, 1],R)
with respect to the metric d1 defined in (1.15.10). Basically, {fj}∞j=1 converges
to f with respect to a metric like d1 on a larger space. Similarly, one can verify
that {fj}∞j=1 is a Cauchy sequence in C([0, 1],R) with respect to the metric d2
defined in (1.15.11).

A.5.1 Another sequence of functions

Let j be a positive integer again, and let fj be the real-valued function defined
on [0, 1] by

fj(x) = min(1/
√
x, j),(A.5.3)

where the right side is interpreted as being equal to j when x = 0. Note that
fj is continuous on [0, 1] for each j. One can check that {fj}∞j=1 is a Cauchy
sequence in C([0, 1],R) with respect to d1. However, {fj}∞j=1 is not bounded as
a sequence in C([0, 1],R) with respect to d2.

A.5.2 Some functions on Z+

Now let f be a real or complex-valued function on X = Z+. If j is a positive
integer, then let fj be the real or complex-valued function, as appropriate,
defined on Z+ by

fj(l) = f(l) when l ≤ j(A.5.4)

= 0 when l > j.

Clearly {fj}∞j=1 converges to f pointwise on Z+. By construction, the support
of fj has only finitely many elements for each j.

If
lim
l→∞

f(l) = 0,(A.5.5)

then {fj}∞j=1 converges to f uniformly on Z+. Note that {fj}∞j=1 is a Cauchy
sequence in c00(Z+,R) or c00(Z+,C), as appropriate, with respect to the metric
d∞(·, ·) defined in Subsection 1.6.1 under these conditions.

Suppose for the moment that
∞∑
l=1

|f(l)|(A.5.6)

converges as an infinite series of nonnegative real numbers. In this case, one
can check that {fj}∞j=1 is a Cauchy sequence in c00(Z+,R) or c00(Z+,C), as
appropriate, with respect to the metric d1(·, ·) defined in Subsection 1.6.1.

Similarly, suppose instead that
∞∑
l=1

|f(l)|2(A.5.7)

converges as an infinite series of nonnegative real numbers. One can verify that
{fj}∞j=1 is a Cauchy sequence in c00(Z+,R) or c00(Z+,C), as appropriate, with
respect to the metric d2(·, ·) defined in Subsection 1.6.1 in this situation.
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A.6 Norms and convexity

If the reader is familiar with the abstract notion of a vector space, then let V
be a vector space over the real numbers. Otherwise, one can consider particular
situations like V = Rn for some positive integer n, or a vector space of real-
valued functions on a nonempty set.

As usual, a subset E of V is said to be convex if for every v, w ∈ E and
t ∈ R with 0 ≤ t ≤ 1 we have that

t v + (1− t)w ∈ E.(A.6.1)

A.6.1 The definition of a seminorm

Let N be a nonnegative real-valued function on V such that

N(t v) = |t|N(v)(A.6.2)

for every t ∈ R and v ∈ V . If N also satisfies the triangle inequality

N(v + w) ≤ N(v) +N(w)(A.6.3)

for every v, w ∈ V , then N is said to be a seminorm on V . Thus a norm on V
is the same as a seminorm N such that N(v) > 0 for every v ∈ V with v 6= 0.

Put
BN = {v ∈ V : N(v) ≤ 1},(A.6.4)

which is the closed unit ball in V with respect to N . If N is a seminorm on
V , then it is easy to see that BN is a convex subset of V . Conversely, if N is
a nonnegative real-valued function on V that satisfies (A.6.2), and if BN is a
convex set in V , then N satisfies (A.6.3), and hence is a seminorm on V . This
is not too difficult to show, directly from the definitions.

A.6.2 Some norms on c00(X,R)

Let X be a nonempty set, and let c00(X,R) be the space of real-valued functions
on X with finite support, as in Section 1.6. If f ∈ c00(X,R) and p is a positive
real number, then ‖f‖p may be defined as in Section A.3. This satisfies the first
two conditions in the definition of a norm on c00(X,R), as before.

If p ≥ 1, then one can show that the corresponding closed unit ball

Bp = {f ∈ c00(X,R) : ‖f‖p ≤ 1}(A.6.5)

is a convex set in c00(X,R). More precisely, (A.6.5) is the same as taking

Bp =

{
f ∈ c00(X,R) : ‖f‖pp =

∑
x∈X

|f(x)|p ≤ 1

}
.(A.6.6)

One can show that this is a convex subset of c00(X,R) when p ≥ 1, using the
convexity of rp for r ≥ 0 when p ≥ 1. This implies that ‖f‖p defines a norm
on c00(X,R) when p ≥ 1, as in the preceding subsection. If 0 < p < 1, then
(A.6.5) is not convex in c00(X,R) when X has at least two elements.
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A.6.3 Complex vector spaces

A vector space over the complex numbers may be considered as a vector space
over the real numbers as well, to which the earlier remarks about convexity can
be applied. In particular, there are analogues of the statements in the previous
subsection for the space c00(X,C) of complex-valued functions on X with finite
support.

A.6.4 More on seminorms

Let n be a positive integer, and let N be a seminorm on Rn. The closed unit
ball BN in Rn with respect to N is convex, as before, as is the open unit ball

BN = {v ∈ Rn : N(v) < 1}.(A.6.7)

Note that BN and BN are also symmetric about the origin, which is to say that
they are invariant under the mapping v 7→ −v on Rn.

One can show that N is continuous as a real-valued function on Rn, and in
fact it is Lipschitz with respect to the standard Euclidean metric on Rn, as in
Subsection 6.11.1. This implies that BN is an open set, and BN is a closed set,
with respect to the standard Euclidean metric on Rn.

If N is a norm on Rn, then the standard Euclidean norm on Rn is bounded
by a constant multiple of N , as in Subsection 6.11.3. It follows that BN and
BN are bounded sets with respect to the standard Euclidean metric on Rn in
this case.

A.7 Path-connected sets

Let (X, dX) be a metric space, and let a, b be real numbers with a < b. Suppose
that

p is a continuous mapping from the closed interval [a, b] into X,(A.7.1)

with respect to the restriction of the standard Euclidean metric on R to [a, b].
Under these conditions, one can check that

p([a, b]) is a connected subset of X.(A.7.2)

More precisely, it is well known that [a, b] is a connected subset of the real
line, with respect to the standard metric. This implies that [a, b] is connected
as a subset of itself, with respect to the restriction of the standard metric on
R to [a, b], as in Subsection 8.12.1. It follows that (A.7.2) holds, because of the
well-known theorem that continuous mappings send connected sets to connected
sets. Alternatively, one can extend p to a continuous mapping from R into X,
by putting p(t) = p(a) when t < a, and p(t) = p(b) when t > b.
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A.7.1 The definition of path connectedness

A subset E of X is said to be path connected if for every pair of points x,w ∈ E
there are real numbers a, b with a < b and a continuous mapping p from [a, b]
into X such that p(a) = x, p(b) = w, and

p([a, b]) ⊆ E.(A.7.3)

It is well known and not too difficult to show that

path-connected sets are connected,(A.7.4)

using (A.7.2).
If E is a convex set in Rn for some positive integer n, then

E is path connected,(A.7.5)

with respect to the standard Euclidean metric on Rn. Note that connected
subsets of R are convex.

A.7.2 Connected open sets in Rn

If U is a connected open set in Rn, then it is well known that

U is path connected.(A.7.6)

To see this, let x ∈ U be given, and let Ux be the set of w ∈ U for which there
is a continuous path in U from x to w, as before. One can check that

Ux is an open set in Rn.(A.7.7)

Similarly, one can verify that

U \ Ux is an open set in Rn.(A.7.8)

If U is connected, then it follows that

Ux = U.(A.7.9)

It is well known that there are connected subsets of R2 that are not path
connected.

A.7.3 Closures of connected sets

If E is a connected set in any metric space X, then it is well known and not too
difficult to show that

E is connected in X(A.7.10)

too. However, there are path-connected subsets of R2 whose closures are not
path connected.

Let (Y, dY ) be another metric space, and let f be a continuous mapping from
X into Y . If E is a path-connected subset of X, then it is easy to see that

f(E) is path connected in Y.(A.7.11)



302APPENDIX A. SOME MORE ON MAPPINGS, METRICS, AND NORMS

A.8 Bounded vector-valued functions

Let X be a nonempty set, and let m be a positive integer. Consider the spaces

c(X,Rm), c(X,Cm)(A.8.1)

of functions on X with values in Rm, Cm, respectively. These spaces with
m = 1 were discussed in Section 3.10.

As before, if f and g are functions on X with values in Rm or Cm, then f+g
defines a function on X with values in Rm or Cm, as appropriate. Similarly, if
t is a real or complex number, as appropriate, then t f is a function on X with
values in Rm or Cm, as appropriate. As usual, c(X,Rm) and c(X,Cm) are
basic classes of examples of vector spaces over the real and complex numbers,
respectively. We shall also be interested in linear subspaces of these spaces,
which are subsets of the spaces that contain 0 and are closed under addition
and scalar multiplcation, as before.

If f is a function on X with values in Rm or Cm, then let fj(x) be the
jth coordinate of f(x) for each j = 1, . . . ,m and x ∈ X. Thus fj is a real
or complex-valued function on X, as appropriate, for each j. Of course, any
m-tuple of real or complex-valued functions on X determines a function on X
with values in Rm or Cm, as appropriate, in this way.

A.8.1 Using a norm N on Rm or Cm

Let N be a norm on Rm or Cm, so that dN (v, w) = N(v − w) defines a metric
on Rm or Cm, as appropriate. Using this, we get the corresponding space

B(X,Rm) = BN (X,Rm) or B(X,Cm) = BN (X,Cm)(A.8.2)

of mappings from X into Rm or Cm, as appropriate, that are bounded with
respect to dN (·, ·), as in Section 1.11. This space does not depend on the par-
ticular norm N , because any norm on Rm or Cm can be compared with the
standard Euclidean norm up to constant factors, as in Subsections 6.10.3 and
6.11.3. The corresponding supremum metric does depend on N , but it can be
compared with the supremum metric associated to the standard Euclidean norm
on Rm or Cm, as appropriate, with the same constant factors.

We may also use the notation

ℓ∞(X,Rm) = ℓ∞N (X,Rm) or ℓ∞(X,Cm) = ℓ∞N (X,Cm)(A.8.3)

for (A.8.2), as appropriate. Note that a function f on X with values in Rm or
Cm, as appropriate, is bounded with respect to dN (·, ·) if and only if

N(f(x))(A.8.4)

is bounded as a real-valued function on X. This happens if and only if fj is
bounded as a real or complex-valued function on X, as appropriate, for each
j, because of the usual comparisons of N with the standard Euclidean norm.
It is easy to see that (A.8.3) is a linear subspace of c(X,Rm) or c(X,Cm), as
appropriate.
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A.8.2 Supremum norms associated to N

If f is an element of (A.8.3), as appropriate, then put

‖f‖∞,N = sup{N(f(x)) : x ∈ X}.(A.8.5)

This is a nonnegative real number, which is equal to 0 exactly when f = 0 on
X. One can check that

‖t f‖∞,N = |t| ‖f‖∞,N(A.8.6)

for every t ∈ R or C, as appropriate. If g is another element of (A.8.3), as
appropriate, then one can verify that

‖f + g‖∞,N ≤ ‖f‖∞,N + ‖g‖∞,N .(A.8.7)

This means that (A.8.5) defines a norm on (A.8.3), as appropriate. This is the
supremum norm associated to N . This can be compared with the supremum
norm associated to the standard Euclidean norm on Rm or Cm, as appropriate,
with the same constant factors as before. Note that

‖f − g‖∞,N = sup{N(f(x)− g(x)) : x ∈ X}(A.8.8)

is the same as the supremum metric on (A.8.3), as appropriate, corresponding
to dN (·, ·).

A.8.3 Continuous vector-valued functions

Suppose now that (X, dX) is a nonempty metric space, and consider the space

C(X,Rm) = CN (X,Rm) or C(X,Cm) = CN (X,Cm)(A.8.9)

of continuous mappings from X into Rm or Cm, as appropriate, with respect to
dN (·, ·) on the range. This is the same as the space of continuous mappings from
X intoRm orCm, as appropriate, with respect to the standard Euclidean metric
on the range, because of the usual comparisons between N and the standard
Euclidean norm. Equivalently, one can check that a mapping f from X into Rm

or Cm is continuous if and only if fj is continuous as a real or complex-valued
function on X, as appropriate, for each j = 1, . . . ,m. In particular, the space of
continuous mappings from X into Rm or Cm is a linear subspace of c(X,Rm)
or c(X,Cm), as appropriate.

Similarly, we get the space

Cb(X,R
m) = Cb,N (X,Rm) or Cb(X,C

m) = Cb,N (X,Cm)(A.8.10)

of bounded continuous mappings from X into Rm or Cm, as appropriate, with
respect to dN (·, ·) on the range. This is the same as the analogous space defined
using the standard Euclidean metric on the range, as before. This is a linear
subspace of each ot (A.8.3) and (A.8.9), as appropriate.
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A.9 Some remarks about n-dimensional volume

Let n be a positive integer. If E is a reasonably nice subset of Rn, then the
n-dimensional volume

Voln(E)(A.9.1)

of E may be defined in the usual way. In fact, if n-dimensional volume on
Rn is interpreted as n-dimensional Lebesgue measure, then this is defined for
Lebesgue measurable subsets of Rn. This includes all open and closed subsets
of Rn, as well as their countable unions and intersections. Note that Voln(E)
may be +∞ when E is not bounded.

If n-dimensional volume on Rn is interpreted as Lebesgue outer measure,
then Voln(E) is defined for all subsets E of Rn. However, this may not always
behave as one might expect in terms of additivity of volumes of unions of disjoint
subsets of Rn. This is related to the Banach–Tarski paradox, as in [243, 248,
254].

A.9.1 Volumes of cells

Let a1, . . . , an and b1, . . . , bn be real numbers with aj ≤ bj for each j = 1, . . . , n.
The set

C = {x ∈ Rn : aj ≤ xj ≤ bj for each j = 1, . . . , n}(A.9.2)

may be called a cell in Rn, as on p31 of [218]. This is the same as the Cartesian
product of the closed intervals [aj , bj ], j = 1, . . . , n. In this case,

Voln(C) =
n∏

j=1

(bj − aj).(A.9.3)

In particular, this is equal to 0 when aj = bj for any j.

A.9.2 Translations and dilations

If a ∈ Rn and E ⊆ Rn, then put

E + a = {x+ a : x ∈ E},(A.9.4)

which is the translation of E by a in Rn. It is well known that

Voln(E + a) = Voln(E),(A.9.5)

which is to say that the n-dimensional volume on Rn is invariant under trans-
lations. It is easy to check directly that this is compatible with (A.9.3).

If t ∈ R and E ⊆ Rn, then put

t E = {t x : x ∈ E},(A.9.6)

which corresponds to dilating E by t in Rn. It is also well known that

Voln(t E) = |t|n Voln(E),(A.9.7)
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where the right side is interpreted as being 0 when t = 0, even if Voln(E) = +∞,
as mentioned in Subsection 7.6.1. One can check directly that this is compatible
with (A.9.3) as well. In fact, if A is any linear mapping from Rn into itself,
then it is well known that Voln(A(E)) is equal to | detA| times Voln(E), as
mentioned in Subsection 7.6.1. This product is interpreted as being equal to 0
when detA = 0, even if Voln(E) = +∞, as before.

A.10 Volumes and Lipschitz mappings

Let n be a positive integer, and let N be a norm on Rn, so that dN (x, y) =
N(x− y) defines a metric on Rn, as usual. Observe that

dN (x+ a, y + a) = N((x+ a)− (y + a)) = N(x− y) = dN (x, y)(A.10.1)

for all a, x, y ∈ Rn, so that dN (·, ·) is invariant under translations on Rn.
Similarly,

dN (t x, t y) = N(t x− t y) = N(t (x− y))(A.10.2)

= |t|N(x− y) = |t| dN (x, y)

for every x, y ∈ Rn and t ∈ R.

A.10.1 A basic estimate for volumes

Suppose that f is a Lipschitz mapping from E ⊆ Rn into Rn with constant
C ≥ 0 with respect to dN (·, ·) and its restriction to E, so that

dN (f(x), f(y)) ≤ C dN (x, y)(A.10.3)

for every x, y ∈ E. It is well known that

Voln(f(E)) ≤ Cn Voln(E).(A.10.4)

One can look at this in terms of the standard way of changing variables
in n-dimensional integrals, under suitable conditions. Although the latter is
discussed in many textbooks, one may also be interested in the articles [36, 161,
162, 239], as well as [74, 256, 257], in connection with Lebesgue measure and
integration.

Of course, Lebesgue measure and integration are discussed in many text-
books too, and one may be interested in the articles [60, 88, 163] as well.

Alternatively, one can consider (A.10.4) in terms of n-dimensional Hausdorff
measure on Rn with respect to dN (·, ·). It is well known that this is equal to a
constant multiple of Lebesgue outer measure on Rn.

Note that a version of (A.10.4) for linear mappings on Rn is discussed in
Subsection 7.6.2.

If α is any positive real number, then α-dimensional Hausdorff measure may
be defined on any metric space. There is an analogue of (A.10.4) for Lipschitz
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mappings between arbitrary metric spaces, using Hausdorff measures of the
same dimension on the domain and range.

If k is a positive integer less than or equal to n, then k-dimensional Hausdorff
measure on Rn with respect to the standard Euclidean metric is related to the
usual k-dimensional volume of reasonably nice k-dimensional submanifolds of
Rn.

A.11 Compact support

Let (X, d(x, y)) be a metric space, and let f be a real or complex-valued function
on X. The support of f in X is defined by

supp f = {x ∈ X : f(x) 6= 0},(A.11.1)

which is to say the closure of the set of x ∈ X with f(x) 6= 0 with respect
to d(·, ·). Note that this is different from the definition of the support used in
Section 1.6.

Suppose for the moment that d(x, y) is the discrete metric on X, which is
equal to 1 when x 6= y, and to 0 when x = y. In this case, it is easy to see that

every subset of X is a closed set.(A.11.2)

Similarly, the closure of any subset E of X is the same as E. This means that
(A.11.1) is the same as the previous definition of the support in Section 1.6
under these conditions.

A.11.1 Some properties of the support

If t ∈ R or C, as appropriate, then

{x ∈ X : t f(x) 6= 0} = {x ∈ X : f(x) 6= 0} when t 6= 0(A.11.3)

= ∅ when t = 0.

This implies that

supp(t f) = supp f when t 6= 0(A.11.4)

= ∅ when t = 0.

If g is another real or complex-valued function on X, then it is easy to see
that

{x ∈ X : f(x) + g(x) 6= 0} ⊆ {x ∈ X : f(x) 6= 0} ∪ {x ∈ X : g(x) 6= 0}.(A.11.5)

This implies that
supp(f + g) ⊆ (supp f) ∪ (supp g).(A.11.6)

More precisely, this also uses the well-known fact that

(E1 ∪ E2) ⊆ E1 ∪ E2(A.11.7)

for any two subsets E1, E2 of X.
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A.11.2 Compactly supported functions

Of course, f is said to have compact support inX if the support of f is a compact
subset of X. Suppose that there is a compact subset K of X such that

{x ∈ X : f(x) 6= 0} ⊆ K.(A.11.8)

This implies that
supp f ⊆ K,(A.11.9)

because compact subsets of metric spaces are closed sets. If E is a closed subset
of X such that E ⊆ K, then it is well known that E is also compact in X. Thus
(A.11.9) implies that supp f is compact, because supp f is a closed set in X, by
construction.

If f has compact support in X, then t f has compact support in X for every
t ∈ R or C, as appropriate, because of (A.11.4).

Let g be another real or complex-valued function on X, as appropriate, with
compact support. It is well known and easy to see that the union of any two
compact subsets of X is also compact. This menas that the union of supp f and
supp g is compact. Thus (A.11.6) implies that the support of f + g is contained
in a compact subset of X. It follows that the support of f + g is compact, as in
the preceding paragraph.

A.11.3 Compactly supported continuous functions

Suppose that X 6= ∅, and let Ccom(X,R) and Ccom(X,C) be the spaces of
continuous real and complex-valued functions on X with compact support, re-
spectively. These are linear subspaces of the real and complex vector spaces
C(X,R) and C(X,C) of continuous real and complex-valued functions on X,
respectively, by the remarks in the previous paragraphs. Of course, if X is com-
pact, then every real or complex-valued function on X has compact support.

Suppose that f is a continuous real or complex-valued function on X with
compact support. This implies that

f(supp f)(A.11.10)

is a compact subset of R or C, as appropriate, because continuous mappings
send compact sets to compact sets. In particular, this means that f is bounded
on supp f , because compact subsets of metric spaces are bounded. It follows
that f is bounded on X, because f is equal to 0 on the complement of supp f ,
by construction. Thus

Ccom(X,R) ⊆ Cb(X,R), Ccom(X,C) ⊆ Cb(X,C),(A.11.11)

where Cb(X,Y ) is as in Section 1.14.
Suppose for the moment again that X is equipped with the discrete metric.

In this case, the only compact subsets of X are those with only finitely many
elements. If Y is any metric space, then every mapping from X into Y is
continuous. Hence Ccom(X,R) and Ccom(X,C) are the same as the spaces
c00(X,R) and c00(X,C) defined in Section 1.6 in this situation.
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A.12 Local compactness

A metric space (X, d) is said to be locally compact at a point x ∈ X if there is
a positive real number r such that

B(x, r) is a compact subset of X.(A.12.1)

Remember that B(x, r) is the closed ball in X centered at x with radius r, and
that this is a closed set in X, as mentioned in Subsection 1.9.3. If X is locally
compact at x, then (A.12.1) holds for all sufficiently small r > 0. This uses the
fact that if a closed set in X is contained in a compact subset of X, then that
closed set is compact as well.

If X is locally compact at every x ∈ X, then X is said to be locally com-
pact as a metric space. Of course, if X is compact, then X is automatically
locally compact. If X is equipped with the discrete metric, then X is clearly
locally compact. Note that Rn is locally compact with respect to the standard
Euclidean metric for every positive integer n.

Of course, if E is any subset of X, then the restriction of d(·, ·) defines a
metric on E. If x ∈ E and E is a closed set in X, then one can check that E is
locally compact at x too. The same conclusion holds when E is an open set in
X. This uses the well-known fact that a subset of E is compact as a subset of
E if and only if it is compact as a subset of X.

A.12.1 Local compactness and continuous functions

If there is a continuous real or complex-valued function f on X with compact
support such that f(x) 6= 0, then X is locally compact at x. More precisely, if
f(x) 6= 0, then there is an r > 0 such that f is nonzero at every point in B(x, r),
because f is continuous at x. This implies that

B(x, r) ⊆ supp f.(A.12.2)

It follows that B(x, r) is compact when supp f is compact, because B(x, r) is a
closed set in X.

If (X, d) is any metric space and x ∈ X, then it is well known and not
difficult to show that the distance to x defines a continuous real-valued function
on X. If r is a positive real number, then one can use this to get continuous
nonnegative real-valued functions f on X such that f(x) > 0 and

supp f ⊆ B(x, r).(A.12.3)

More precisely, one can obtain such functions f by composing the distance to x
with suitable continuous functions on the real line. If X is locally compact at
x, then one can choose r > 0 small enough so that B(x, r) is compact in X. In
this case, (A.12.3) implies that f has compact support in X, as in Subsection
A.11.2.
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A.13 Another vanishing condition

Let (X, d(x, y)) be a metric space, and let f be a real or complex-valued function
on X. We say that f vanishes at infinity on X if for every ϵ > 0 there is a
compact subset K(ϵ) of X such that

|f(x)| < ϵ(A.13.1)

for every x ∈ X \K(ϵ).
Note that this is not the same as the definition used in Section 2.5. However,

if X is equipped with the discrete metric, then the two notions are equivalent,
because the only compact subsets of X are those with only finitely many ele-
ments. If X is a compact metric space, then any real or complex-valued function
on X automatically vanishes at infinity in this sense.

A.13.1 Some equivalent reformulations

Equivalently, f vanishes at infinity on X if for every ϵ > 0 there is a compact
set K(ϵ) ⊆ X such that

Eϵ(f) = {x ∈ X : |f(x)| ≥ ϵ} ⊆ K(ϵ).(A.13.2)

This condition implies that
Eϵ(f) ⊆ K(ϵ),(A.13.3)

where Eϵ(f) is the closure of Eϵ(f) in X, because compact subsets of metric
spaces are closed sets. It follows from (A.13.3) that

Eϵ(f) is compact in X,(A.13.4)

because a closed set in a metric space is compact when it is contained in a
compact set.

Conversely, if (A.13.4) holds, then one might as well take

K(ϵ) = Eϵ(f).(A.13.5)

Thus f vanishes at infinity on X if and only if (A.13.4) holds for every ϵ > 0.
If f is continuous on X, then one can check that

Eϵ(f) is a closed set in X(A.13.6)

for every ϵ > 0. This means that Eϵ(f) = Eϵ(f) for every ϵ > 0, so that f
vanishes at infinity on X if and only if

Eϵ(f) is compact in X(A.13.7)

for every ϵ > 0.
Note that

Eϵ(f) ⊆ supp f(A.13.8)

for every ϵ > 0, where supp f is as in (A.11.1). If f has compact support in X,
then it follows that f vanishes at infinity on X.
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A.13.2 Continuous functions vanishing at infinity

If f vanishes at infinity on X, then it is easy to see that t f vanishes at infinity
for every t ∈ R or C, as appropriate.

Let g be another real or complex-valued function on X, as appropriate. If f
and g both vanish at infinity on X, then one can check that f + g vanishes at
infinity on X too. This uses the fact that the union of two compact subsets of
X is compact as well, as mentioned in Subsection A.11.2.

Suppose that X 6= ∅, and let C0(X,R) and C0(X,C) be the spaces of contin-
uous real and complex-valued functions onX that vanish at infinity, respectively.
These are linear subspaces of the real and complex vector spaces C(X,R) and
C(X,C) of continuous real and complex-valued functions on X, respectively, by
the remarks in the preceding paragraph. We also have that

Ccom(X,R) ⊆ C0(X,R), Ccom(X,C) ⊆ C0(X,C)(A.13.9)

because functions on X with compact support automatically vanish at infin-
ity, as before. If X is equipped with the discrete metric, then C0(X,R) and
C0(X,C) are the same as the spaces c00(X,R) and c00(X,C) defined in Section
2.5, respectively. This uses the fact that all functions on X are continuous in
this case.

Let f be a continuous real or complex-valued function on X. Of course,
the restriction of f to any compact set K ⊆ X is bounded, because f(K) is
compact, and hence bounded. If (A.13.7) holds for any ϵ > 0, then it follows
that f is bounded on X. In particular, if f vanishes at infinity on X, then f is
bounded on X. This means that

C0(X,R) ⊆ Cb(X,R), C0(X,C) ⊆ Cb(X,C),(A.13.10)

where Cb(X,Y ) is as in Section 1.14.
Let f be a continuous real or complex-valued function on X again, and let

x be an element of X such that f(x) 6= 0. Thus |f(x)| > ϵ for some ϵ > 0, and
the continuity of f at x implies that there is an r > 0 such that |f(y)| ≥ ϵ for
every y ∈ X with d(x, y) ≤ r. Equivalently, this means that

B(x, r) ⊆ Eϵ(f),(A.13.11)

where B(x, r) is the closed ball in X centered at x with radius r, as before. If
f vanishes at infinity on X, then it follows that B(x, r) is compact, because
B(x, r) is a closed set in X. This implies that X is locally compact at x under
these conditions.

A.13.3 A uniform convergence property

Let {fj}∞j=1 be a sequence of real or complex-valued functions on X that con-
verges uniformly to a real or complex-valued function f on X, as appropriate.
Suppose that fj vanishes at infinity on X for each j, and let us show that f
vanishes at infinity on X too.
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Let ϵ > 0 be given. Because {fj}∞j=1 converges to f uniformly on X, there
is an L ∈ Z+ such that

|fj(x)− f(x)| < ϵ/2(A.13.12)

for every x ∈ X and j ≥ L. There is also a compact set K ⊆ X such that

|fL(x)| < ϵ/2(A.13.13)

for every x ∈ X \K, because fL vanishes at infinity on X. Combining (A.13.12)
and (A.13.13), we get that

|f(x)| ≤ |f(x)− fL(x)|+ |fL(x)| < ϵ/2 + ϵ/2 = ϵ(A.13.14)

for every x ∈ X \K, as desired.
In particular, this implies that C0(X,R) and C0(X,C) are closed sets in

Cb(X,R) and Cb(X,C) with respect to the supremum metric.

A.13.4 Some additional properties

Let f be a real or complex-valued function on X that vanishes at infinity. Also
let ϕ be a mapping fromR orC into itself such that ϕ(0) = 0 and ϕ is continuous
at 0. Under these conditions, one can check that

ϕ ◦ f vanishes at infinity on X(A.13.15)

too.
If ϕ vanishes on a neighborhood of 0 in R or C, as appropriate, then one

can verify that
ϕ ◦ f has compact support in X.(A.13.16)

Of course, if f and ϕ are continuous, then ϕ ◦ f is continuous on X too.
It is easy to see that the identity mappings on R and C can be approximated
uniformly by continuous functions that vanish on a neighborhood of 0. If f is
a continuous function on X that vanishes at infinity, then one can use this to
approximate f uniformly by continuous functions on X with compact support.

This means that Ccom(X,R) and Ccom(X,C) are dense in C0(X,R) and
C0(X,C), respectively, with respect to the supremum metric.
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