
Day 1 - Introduction

Let M be a smooth closed Manifold .

Q . Does M admit a nowhere zero nectar field ?
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Recall that a surface S has a nowhere Zero

vector field ⇐ XCS ) = 0
.

More generally ,
if M

"

is a finite CW . complex then

We can define

XCM )=§gfDi ( # of cells of dim i )

thm : X ( M ) = # of zeros of vector field

( counted wl sign )

This related to homology / cohomology :

thm : XCM ) = §otDi rank of HICM )

Recall
,

the tangent space of M is

TM=¥mTpM

=pYµ{(pm ) IPEM , vismauaaorptangeutto}



Let ZIM ) = { ( p ,
5) 1 PEM } c TM be the zero set

and ZCM )+ be a push off of ZCM ) into TM .

thm : ZCM ) n ZCMY  
= Xlm )

Hence X reflects an Intersection #
.

Let K be the Gaussian curvature for any

embedding of MEIRN
.

thm : XCM ) = vows ,7uU×
) dvolm

.

⇒ X is an integral of curvature
.

From derham cohomology ,
F n - form

.
Am generating

HYM ; IR ) E IR sit .

XIM )= A- ( [ M ] )
T fundamental class in HIM )

hence we can view X as a cohomology class Am,
called the Euler class

.

More generally , using work of Stiefel
, Whitney ,

Prohtrjagin ,
and Chern we can general X .

M - s TM
,

a rank n vector bundle

How much does this structure of TM tell

Us about M ?



Q , Can we find K linearly Independent ( hence nowhere

Zero ) vector fields on TM .

Thm_( Stiefel ) : Every compact 3- mfld has a set of

three nowhere Zero vector fields that are everywhere

linearly Independent
.

EI : T
 3=5×5×5 '

E's
.

-

53 = unit quaternion
( Lie group )

Can find a basis at identity .

Push around by left multiplication .

=) TM3±M3xR '

( product bundle )

To obstruct this
,

can use Stiefel . Whitney classes
.

TO any nectar bundle of rank n
,

{ : E 't M
,

E Locallylooks like a product .
For PEM , pe U

sit . #
 

'  '

( U ) = Ux IR
"

.
We get

wits ) E Hi ( M ; Eh )
.

Im : If Wi (3) to then { cannot have ( n - itl )

everywhere linearly independent sections
.



Prontrjaginthomthm : . closed smooth manifold

M
"

is the boundary of a compact smooth manifold

⇐ all the Stiefel . Whitney classes vanish
.

EI : IRP
'

= 2W
"

,
what is W4 ?

• W
,

obstructs M being Orient able

• For a simply connected 4- mtld
,

W ,=Wz= 0 ( called a

Spin 4. manifold ) # the intersection form is euen .

Chern classes

÷
complex v. b. Z - g. (2) E H 'CM;€ )

Pontrjagindas= : can complexity a real vector

bundle and consider its Chern classes
.

real v. b . { ms p ; ( } ) E H4ilM ;Z )
.

Can use the Pontrjagin classes to prone :

thm ( Milnor ) : F triangulated 7- mfld which is

home omorphic ( in fact PL - equiv ) to St but is

not diffeomorphic to St
.


