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Classificationofubsouerltaussdorffparacompactbasespacebgoal
: Define a

"

Universal
"

rank n vector bundle

y
"

= En - Gn ( R or ¢ )

that is universal In the following sense :

For any other such bundlet.EE B
,

F  map ( unique

up to homotopy ) f :B → Gn sit
. Z is the

pullback 548 " ) of rn
.

Equivalently ,
there is a bundle map .

f*h¥E
# En

to't

f¥B - Gn

Gn is called a classifying space for rank n V. b. and

f is the classifying map for 3
.

We will Prole
'
'

theorem { insanitary:hi%3~{hTmobYi±Fan3
"

[ B
, GA

z - classifying map

f*( yn) -1 fiB→ Gun
,



EI G. =RP° so

{ tdimg#v. bs  our }~[ sk
,

RP ]

but I ,( IRP
.

)=tZa and TKHRP
"

)=O k¥1

⇒ 7  a Unique IR. bundle oer Sk with k¥1
.

and then are Z IR . bundles our S
'

" 5×112

Mobius bundle

Grassmannians and Universal bundles
.

Motivation :

If M
'

EIRK "

is a curve In IRK
"

then for each PEM
'

R ± IM'sTPRK "
± Rk "

we get a line In IRK
"

,
ie

.
a point in IRPK

.

In addition for each VETPM
'

, get an element of

this subspace .
So get a bundle map ( i.e. TNHM

1 is pullback )
TM

'
-s 8k

t
, f

t
M - IRPK

More

generally
,

if M"E Rhtk
,

for each pen
get pi = tpmepitk

an h . dim subspace of IR
" "

( a point In



Grassman n manifold ! Each VETPM is  a vector

in this subspace . ( an element of the canonical bundle )

TM →

YNIK
←

universal

TM
- Gn( pitk )

bundle

Det : The Grassmanmanifold G.nl Rhtk ) is the set

of n - planes through 5 in pink
.

Lemma: Gn( R
" "

) is a compactcmsmaiiithfod of

dimension nk .

Before proving need :

De± An nframe_ In Rntk is an nitnple of linearly

independent vectors In Rntk
.

It : The Stiefelmanifold Vn ( pink ) is the set of

n' frames In pink
.

Need to put a topology on these sets
.

Stiefel manifold :

n
( pink ) ±{nxcntk )matrices AIA has full rank }

±{ nxlntk ) matrices A IAAT has full rank }

± f-
'

( 112403 )

where HA )=det( AAT )



Thus VNIIR
" "

) is an open subset of #' " t "

→ use subspace topology .

Grassman There is a surjectiu map

VNAR
" " )

It t
Gnl R

" "

)
spank

)

Give GNUR
" " ) the quotienttopology( set  is

open # inverse image is open )

N±e :

Let Villrntk )={ ortho normal n . frames In IR
" "

}

then we have natural maps

V ;(1Rntk ) c- Vn( pitkj Granite , von ( petty
( retract )

he
, tap
G. 4124k )

So can topologize GNHR
" " ) as quotient of VNOCIRMK )

.

Since VIURMK ) is a closed a bounded subspace
of IR

" " " '

,
it is compact . Thus GNIRMK ) is

compact !

VIC pit 's ) c- ghtmx .
. .  × gntkt



Proof that Gdltttk ) is a manifold
.

•

.

Pick Xo±lR" elrntk
.

Can write IR "tk± Xooxot
Let U⇐{n. planes Yckntkhtphnteeorxtohognoggalypornopeoctxion}

pro

Since pro :Y→X is a linear iso for YEU
,

each pt In Y can be written as unique ( v. w ) for

VEX
.

and WE Xot
.

Thus Y is the graph of

a linear map from X. → Xot
.

Hence we have map

T : U - Horn ( Xo ,Xot )
N

HOMIIRYIRK ) ± pink

Claim : T is a homeomorphism
• It Is clearly I -1

.

• It : Pick 4EHom( Xo
,

Xot )
,

define

S : Horn ( Xo
,
Xotl - U

Q - image ( it )

ht : Xo → Xoaxotnyzntk
v - Vt 4W )

Then Sit are continuous and Inverses
.

Note : Easy to check GNHR
" "

) is Haussdorff
.

B


