
Day 15 We are proving the classification theorem

they : For B para compact and Haussdorff ,

homotopy{dakotans,}='t Bi Gn
.lt#vecHB:=EsouYaYeYoTeFro

}
[ f ] - f*( 8

" )

Last time
,

we showed that 4 is sunjectiu .

4 injective

Recall
from last lecture that if one has a map

F : E → Rn that is linear and injective on

each fiber Eb # IRN
,

then there is a bundle map
E # EH

" )eGn×R° ( Gn=GdR9 )
t t
B f- Gn

where F (e) ⇐ if IFCE
,+ up ]

,
Fte ) ) H b) = ( [ F ( Eb ) ] )

.

Conversely ,
if one has a bundle map

E F- ECRYEGNUR
.

) × IR
.

Ytgftanute)
Then F :Eb→{HbB× He is linear and injective .

Let E : E -7112
'

be F=
pro F where pre projection to

2nd factor . So F : Eb - He is linear and injective .

Thus bundle maps to 8
"

au equivalent to maps
F : E- He

that an linear and injective on each fiber .



Theorem 1 : Any two bundle maps from a rank n vector

bundle } to 8
"

ane bundle . homotopic

Proof : Given bundle maps , get Fi ' E → IN

linear and inject 've on each fiber
.

It suffices to produce

a homotopy Ft : E - R
.

that
'

is linear and injection
for all t on each fiber

.

There are two cases to consider

Case 1 : Fok) is never a multiple of F. (e) whenever eto
.

In this case
,

we can define

Ede ) = ( l . E) Fole) + tide )

Then Ft is lin
.

and injective on each fiber
.

Case 2 : Define

deren : Rape
e.. - e. ;

and dodd : R
.

-pie
; - Eziti

to be the linear injective maps where eilo , ... . ,0 ,

.¥n,o
, .  - .

)
.

Then F
.

and dodao Fo so we can use case 1 to show

they are homotopic with the homotopy linear and injective on

each fiber . Do the same for F
,

anddenno Fi
. Moreover

,

the images of doado Fo and deuno F, only Intersect  In 0 ;

thus they satisfy Case 1 as well
.

Thus

For doaao For denier Fi
.

%



Suppose YIH ] )=4([g] )
,

that is f. g :B → Gn(R• )

with f*C 8h ) ± g*( 8
" )

. Then we have bundle maps

fxyyn ) # yn
5

¥ f- at
.

+

f%" ' → gym - yn

He ) \¥_s¥n(
pin ,

By the previous theorem
,

the bundle maps I and goz
are bundle homotopic ,

and so the maps the War are as

well
.

Hence fng .
Thus 4 is injective !

We have shown everything except well . defined ness
.

4 is well-defined

theorem 1 : If

Z=E±sB
is a vector bundle over B

to ,f
,

:X - B are homotopic maps from X a para compact
and Haussdorff space ,

Then

fo*(
{ ) is isomorphic to f.

*

( Z )
.

Note: This is also true for principal G- bundles
.

We will prou a slightly stronger theorem
.M¥1: If E

't→X×[
on Is a vector bundle with X

paracompaht and Hdussdorff then EE EI××a. ,×[ 0,1 ] whereE/××{iy×[
011 ] (

eyt
)

Xx [0/1]
The

)

Hence El××{
o ,

± El××{
, ,

1 as bundles )
.



Theorem 1
'

⇒ Theorem 1 : Suppose fonf ,
via FiX×I→B

.

Then F*lZ ) is a bundle our X×[ 0,13
,

and its

restriction to X×{ i } is isomorohicto fi*lZ) for i=o ,
l :

fYz)

=CFjg#
G) →F*k ) - E

/
f ttf

= z

Xx{ if X×[ on ) - B

- .

fi

Use natural ity of pullbacks :

( go f)
*
( { ) ± g*Cf*C{ ) )

So by Theorem 1
'

,
fo*( 2) ± fit ( z )

.

• We will prou Theorem 1
'

next time !

Important Corollary : Any bundle our a contractible
,

para compact ,
Haussdorff base space is trivial .

Ploof : Since B is contractible
,

id :B → B is homotopic
to a constant map c :B → B

.
Theorem 1 implies

Z ± Cid)*C 3) = c*l3 ) ± product bundle
. .


