
Day 17

Last time we defined para compact .

Note: .

every metizable space is para compact .

•

every manifold is para compact .

them:( see Munkres Thm 41,77 : Let X be a para compact ,

Haussdorff space .
Then there is a partition of unity on

X dominates by { Ua }
.

i. e
.

F continuous X
.

:X → [ oil ) sit

11) support

Xae
Ux

127 { support Xa

}a
is locally finite

(3) E

Xalx
)= 1 tt XEX

.

If X is a smooth mfld
,

then F smooth partition of unity .

Note: portions of unity are useful for patching local functions

together to get a global function .

E±: If fa : Ua - IR
"

smooth ⇒ f=EXafais smooth and
well

- defined since

•Xafa
smooth on Un

•Xafasmooth on Xisuppda since it  is defined to be zeros

• For any XEX
,

× only lines in a finite # of Ua so

I

Xafalx
) finite

.

• f is smooth # it is smooth on each open subset of X

For each ×
,

F open Vx st . V×nUa= 01 except finite # a 's
.

Hence on Va
, {

Xafa
is a finite # of smooth functions

.



they
'

: If

Z=Et→X×[
on Is a vector bundle with X

paracompaht and Hdnssdorff then

El××{o]± El××{
, }

( as bundles )
.

Proto:

Step 1 Want to find an open ( over of X
,

{ Ua } st .

{ lu.no
,

, ]
is trivial

.

Fix XEX and consider an open

cover of { x}x[ oil ] by charts over which the bundle

is trivial . Can assume ( by product topology ) that

Open sets au form Ux ,i× ( Ai ,b ;) ( or Ux ,o×[ 0 ,bD
,

Ux,m×(am,
D)

Note : Fa
' ' tube

"

•  • Inside  all of them
.

0 A
, bo Azb , A }bz '  '  -  ' 1

Since [ 0,17 is compact ,
can use a finite # of them

,

Let U×i= If Ux ,i ,
can use previous lemma ( with

( Ai :b;) n ( Ain
,

bit , ) a deformation retract of ( a ,µ ,
bit , ))

to show that Z|u××[o , , ]
is trivial

.

Step 2 Find a partition of unity subordinate to { Ux }*×
.

For simplicity ,
assume X '

- compact ( see Ms for entire proof )
.

Then there is a finite sub ( over and a finite pantion of



Unity .

X , , ... ,Xr.
Consider the graph of X. + .  " +Xr

,

i.e. grr={( ×
,

X. I × ) +  i.  . + Xrlx ) ) } E X×[ 0
, D

.

since X. ( X) t.int/r(X)=1 ,
we have that grr=X×{ I }

.

Now consider the bundle over

grr . ,={ ( ×,Xdx7t
"  .

tank
.) ) ) XEX }EX×[ oil ]

Note : supptxr) c- Ur×[ oil ] and Z|ur×[o
, , ]= trivial

.

So for X¢ Ur
, 71,1Mt . .  . + Xr ( × )=X ,

I x ) + . " + Xr ( x )

⇒ grmn U ;×[ 0
, D= grrn U ;×[ oil ] for  it r

.

Thus grr . ,
and grr Only differ on Uirx [ 0,1T .

But these are both trivialized by single chart on 4×[0/1]
.

and their intersection is trivialized by this chart
,

so they are isomorphic .

keep doing thin until you get to gro={ ( x
,

0 ) IXEX }
.

Then 4××{ of Zl
:

Universal bundles for other situations ( B-- para  compact
,

Haass
.
)

• For complex hector bundles
,

we have 8
"

→ Gila )

and 8 "= canonical n . plane bundle our Gn
.

complex Grassman

{ nootmohmip
Yonge

. , }← , rectum



• For principal G- bundles ( G= top group ) or vector bundles

With restricted structure groups ,

so Cn )
, Spink )

,
etc.

,

hau Universal bundles EYG and bundles are classified by
v classifying maps to BG

.BG


