
Day 19 Characteristic classes

Fix a category of  bundles for which EG #BG is the

Universal bundle .
For examples ,

for real rank n decor bundles
,

we have 8
"

= EH " ) # Gnllte )
.

For any abelian group A and any class CEHICBG 's A )
,

we can assign to any bundle {
,

the characteristic

class d { ) :=f*( c) E Hi ( B ; A) where f :B - BG is

a classifying map for }
.

Teito : CCZ ) is hell - defined and Independent of

choice of f
.

Moreover
,

if { EE
'

then c( E) =c( { 1)
.

Hence if E = trivial
,

then c( 4=0 for any
characteristic class C

.

Perot : If fgare classifying maps for Z and Z
'

fng .
Hence f*=g* on Hit ;A )

,
so f*( c) =g*Cc )

.

If ZE Bxf then Z=f*( EG → BG ) where f is a

constant map . But then f*=O on all cohomologygroups.

DK

Behavior under bundles maps

Proposition"

El
#

E

If EI Hlg, g-pglt =3 is a bundle map ,



then d 2
'

)=g*(c( Z ) )
.

Hence

c(g*CZ ) )=g*(c( E) )

Proof Let f :B → BG be a classifying map for {
.

E
'

-5
) E

#
EG

1 t 't t
B ' 5- B

f-
BG

Then fog is a classifying map for Z
1

since

(gof)
*

( EG → BG ) = g*(f*( EG → BG ) )

and f*( EG  → BG ) ± Z
'

.

Hence

CCE
' )= (gof)

*
(c) =g*(f*k ) )=g*( c IE ) )

.

Since E '±f*lEG → BG )
,

the last statement to
16%5.

Questions:

1) How many characteristic classes ace there ?

→ Need to figure out cohomology groups of GNHRN )

and Gn(¢• )
.

2) If Z = trivial ⇒ all characteristic classes an zero .

Is the converse true ? i. e
.

if classifying map
induces zero on all cohomology ,

is it null - homotopic ?

( dim > 0 )



Denmark: Need to only consider generators of HICBG ;A )

( or cohomology ring if A= ring ) :

• if C
, ,

GEHICBG ; A) then

(C
,

- G) (2)=f*CGtG7=f*( C.) + f- * (a) = C. (E) task )

• if A is a ring and C , , af H*CBG ; A) then

( GUG ) (E) =f*Cc
, ucz )=f*( c.) vf*( a) = a (E) vcd } )

Stiefel - Whitney classes ( for real vector bundles )

Recall HiCRP9Zz)±tZ[ W
,

] W
,

EH
'

( RP 's E) ETZ
.

so for all rank 1 vector bundle
, we can define

W
,
( { 7 :=f*(W

,
)

to be the first Stiefel - Whitney class .

Ex : Mobius bundle over S
'

: E ,ub→s
'

Em}
- Ehr ' )

RP
'

-

§'in #tp.

it is an ± on H 't ;th)±Z
.

so

Wi ( Em ,
→ 5) = Mw

, ) ¥0 In Hts 's 'E)=tZ .

⇒ W ,
Is non . trivial for Mobius bundle

.

Thereof H*CGdR9 ; E) ±Zz[ Wi
,

... ,Wn] where

wit HICG DIRTIED
.



pThat is
, every element In H ( Gn4R%E ) can be

Uniquely written as

EWY .  " win
finite

where K ;
> 0 kit . " + Kip ( Mutt

. corresponds to ( up

product ) .

• Will prove this by finding a cell structure for Guam )
.

Note : We really should be saying

Win lei en

to specify he are In HICGNURTHZD
.

We have the following fact

He1R%1R

sending Gdr
'

)

in
Gn+dR• )

P 1- p×R

This induces
(
ing

't
: tiscgmlpin ) ; ZD - HilGdk%k '

and
(inytlwj ,n+ , )= Wjm .

However
,

in
't

has kernel : (i*n)lwn+ , ,n)=0



Stiefel . Whitney classes In general :

Def : If E is a rank n hector bundle our B

and f :B → Gn(1R• ) is a classifying map for {
,

define the ith Stiefel .

Whitneyclass of { to be

W ; (E) '

.
= f

't
( w #Hi ( Bia )

.


