
Day 20

Properties of Stiefel . Whitney classes

Let Z=t±B be a rank n vector bundle
,

B path conn
.

* ( o ) If ZEE
'

then W ;( E) = Wife )

(1) Note )=1eH°( Bits )±Z<( by definition )

(2) W ; (E) = 0 for i > n ( by definition )

* (3) E'IsEIf z Iffit is a bundle map then

B
'-5>13then W ;( Z

'

)=g*C wits ) )
.

* (4) If g :B
'

→ B is a wnt . map then

Wilg*k) )=g*( wile ) )
.

* (5) Non . triviality : W ,( 8
,

' )=W
,

( Miobins bundle )=1
* (6) W ;lE " )=O for it 0

.

(7) Wi is a stable characteristic class
,

ie
.

Wike E)=W;K )

Not : Technically should say Wi,n+,( EgtnE) = Win (eg )

rank  ntl rank a
.

Define
total Stiefel . Whitney class :

W . (E) ' . = ltw , (2) + W
. (E) t . . " EH*( B ;Zz )

(8) If E ,E '
au bundles over B

,
then

WCZTOE
'

)=w( E) W( E
' ) ( malt .

is u )



Hence
W ,d} a- E

' )= .§gWi( E) WK.it )

Det : HTLB ; -4 ) is the ring of all formal infinite

series a= aotaitazt . " with AIEHICB ; -4 )
.

Here

Aib = ( aotait . . . Xobotb ,
+ . . . )

:= aobot@ob.ta.bo ) + ( a ,b ,
+ aobztazbo )t . - -

A A A

Ho H
' H2

The group of units In H±( B ;Z . ) is the set of

elements a with ao=1 .

What is the inverse of a . Ita ,t . ... ?

aoi=1

⇒ ( tta
,

+ az + . " )( Ita ,
tat ... )=1

implies a ,+aT=O ⇒ a,=a ,

a. I. + aztaz - 0 ⇒ ai= a. + ai

a }ta ,
+ aiaztaza ,=O ⇒ a5- qtqlaztai ) + aza

,

= Asta ,3

ai, -

. aitaiaztaitay
In particular, an can be constructed inductively :

A-n=  aian
. ,

tazanzt ' ' . + An
.

In addition
,

since

1 = ( It b) ( 1 -btb
'

. b3+ . . . )
Tmod 2



I = ( 1 + ( a
,

+

a.
+ . . . ) )

' 1

= ( It ( A.+ Azt. " ) + ( A
,

+ A zt . .  . . It . .  . .

= It A
,

+ ( di + Az ) + ( a ,3t2a
,

a
,

+ a
} ) t .

. .
.

T
In fact

,
the ( oeff in all . .  . ah in I is

(i,t"i+k)!/h;...hT
(9) If ZOTE

'
= tiwal then

W (4) = WC { 5
'

Note that (7) and (9) follow from (8) ,

EI Recall

8in
is a sub bundle of Rpxpi

"
= Ent

'

EH 'n)={( an ) 1 l is a line inIRY '

vel }
Let 8 'T be the orthogonal complement of 8n

'

in Eat !

8nt={ He ]
,

v ) I v is perpendicular too,×wel}
then 8.

I
ajnt  

= Ent '
⇒

WC rut )=wt)= ( Ita )
"

← 8.
'

= i*C8i )

= ltatoit . " + an e HT RP
"

; ED

where AEHYIRP "

;t2 ) is the generator ,

Hence AI of the Stiefel .

Whitney classes of an IR
"

-

bundle may be non . zero
.



Ref : When M is a Manifold
,

define W ; ( M ) :=Wi ( TM )

Ex : 5
"

ER
" "

hence TS
"

a NG "eR
" "

) = TR
" 'EEnt '

⇒ Wls "
)w(

E
' )=w(E

" "
)

=) w( Sn ) =1

Hence TS
"

cannot be distinguished from trivial bundle

using Stiefel . Whitney class ( know TJF trivial )

Proofed : Let f :B → Gnllpio ) be a classifying

map for Z ( 3=f*( 8
" ) ) go

W ; .nl E) =f*( Win )
, Wine HICIRPYTZ )

We hau a classifying map for

EOE%840 { - yh:B f-Gnatek .lk
. )

EOTE = ( igf)*C yht '
)

Win ,( EOEI = ( inofMwi ,n+D=f*( inkwi.mil
.

. f*( Wish

= Wink )


