
Day- Cell structure for Grassmannian

Recall the subspaces

pie pie pie . . .
 c- Rm

'

c- Rm

where Rk has  its last m . K coordinates zero .

Given an h . plane XEIRM
,

consider the sequence of integers :

0 '
- dim ( XNR

'

) e dim ( XNIRJE .
. . a- dim ( XNIRM )=n

.

Say XNIRK Is an l . dim subspace then either

XNIRK "=Xn1Rk or has dimension one more than XNRK
.

In fact fk
0 → XNIRK - XNIRK "-R→0

km word
.

⇒ dim ( Xnkk"
) - dim ( XNIRK) = rank ( Fk ) £ { 0,13

.

T
"

jump at step K
"

It : A Schubert symbol 0=10 ,
, ... ,

on ) is  a

sequence of n integers with

1 ± on
,

< of < .  . - < on ±m
.

Let elo ) CGNHR
'

) be the set of n planes X sit .

dim ( Xn 1139 )=i
,

dim ( Xnpti
. ' )= it

for all I ±  it n
.

Since each Xe Gnlk
. ) lives in precisely one do )

,

GNHR
'

) is partitioned into

{ elo )| all Schubert symbols 03
.



Claim: elo ) is an open cell of dimension

dlo )= ( o
,

- 1) +  ... + ( Tn - h )
.

Let HKEIRK denote the open half space consisting of all

( {
,

, ...
,Ek

,
0

, ...
) with Zk > 0 ,

Lent : Xeeco ) ⇐ ' X has a basis X. EH
"

,
...

,XnEHo"

Proof : If X has such a basis then rank (for , .
)=1

⇒ Xeelr )
.

Suppose Xtelo )
.

We know Xn1R= a.  o=XnIN't { o }

and Xnko '=R
.

pienxnpi →

'

"

t.IT??R=0 .

c- Xnlpie 1

Pick X. EXNIR "
as basis for XNIR

"
.

Since XNIR
" 't 03

,

the 0 ,
- coordinate is non - zero

. Choose it to be pos .

In fact
,

can choose it to be 1
.

Next consider

XNIRO 't '=Xn1R9t2= . .=Xn1R
" "

and Xn 11202=112
'

.

Pick a basis X
, ,Xz of XNIR" extending X.

.

Since

Xz is 1in
. Md . of { X

,
3

,
the E- coordinate of X .

is non - zero and hence we can assume it is positive .

Continue In this way to complete the proof .

a



Note that Xteco ) # X is the row space

of a matrix of the form

* *  ... * 0 0

nf*,

't * 't

fitio:o)
* * *

10
.

m

1is In the list ;) spot .

Lemmai Each Xe eco ) has Unique Ortho normal

basis lying in Ho 'x . . .x Hon
.

Proof : Proceed like In the previous proof . Choose

X. e He 'nX with unit length ,
there are two

choices but only one with positive o
, entry .

Now for Xz
,

choose Xz to be Orthogonal to

X
,

and unique length .
There ace two but only one

with
positive E- coordinate

.
Continue as before

.

B

Ief : Let e
'

lot = VICRM ) n ( Ho 'x . . .xHo " ) be the set

of orthormal frames with X ;
C- Hoi

.

Let I '

( o )

be The set wl Xie Hoi
.



team : E
 '

( r ) is homeomorphic to a closed cell of

dim dlotlr
,

- D +  .  . it ( on . h ) with interior

ello )
,

and the latter is mapped homeomovphically
onto eco ) by the restriction of :V°nHRm)→GdRm )

.

Idea of proof :

.=D E
' ( r , )={ ( 3

, , ... , 3k
,

0
, ...

,

0 ) IEEI =L
, 4<70 } ,

closed upper hemisphere of Soil ⇒ homeo to Doi !

Continue by induction ( next time )
.


