
Day 22 - cell structure for Gn ( Rn ) con 't
.

Recall : e
'

lot = VICRM ) n ( Hon . . .xHo " ) is the set

Tforthormalframes with X ;
E Hoi

.

Let I '

( o )

be The set wl Xie Hoi
.

( frame = ordered basis of Rm)

Lem_ma: Ello ) is homeomorphic to a closed cell of

dim dlotlr
,

- D +  .  . it ( on . h ) with interior

ello )
,

and the latter is mapped homeomovphically
Onto eco ) via of

" Ekol → Gn( Rm )
.

Pro_of :

Prone by Induction on n
.

# E
' ( r , )={ ( 3

, , .  k ,

0
, ...

,

0 ) IEZI =L
, 4<70 } ,

Hosed
upper hemisphere of Soil ⇒ homeo to DT !

Assume true for n
.

For any two hectors u ,v EIRM

with ut±V
,

there is a unique rotation

T(u,v ):Rm→ Rm

that sends u - v and fixes everything orthogonal
-0 the

planespanned by u
,

v . specifically ,

Tluirlx = x '

ly.tv#(u+v)+2lu.x)v .



T satisfies :

�1� Tcu ,v ) X is continuous as a function of 3 variables

�2� if u
,
VEIRK

,
then Hu ,v)×= X mod IRK

.

Denote b ;= ( 0
,

...

, Oglgn,
0

, ... ,0 )
.

then ( b
, ,

. ",bn)£e' Co )
.

Let ( X
, ,

... ,Xn ) be

any
other n . frame in elo )

.

Xi= ( Z
, . .  . . ,E ;

,

0 .  . . 0 )
,

E
;

> 0

Xi '

Xj= Sij

Consider the rotation of IRM :

T=T( bn ,Xn)oT( bn . , ,Xn . ,
)°  '

i.  ° Tlb , ,X ,
)

.

• Tlb
, ,X ,

)
, Tlbyk )

,
.  .

,
Tlbi

. , ,Xi . ,
) leave b ; fixed

( Since bj , Xj has ith entry zero for jci so

Xjeb ;= bjob ;
 =O for jci )

.

• Tlb ; ,X ;) sends bi to Xi
.

• Tlbit
, , Xiii )

, ... ,
Tlbn ,Xn ) fix X ;

( since XjoXi=O for itj and jth entry of X ;

is zero for j > i so × ; .bj= 0 )
Consider the image of b

; under T :

IT bi
. , ,X :-,

)o ' . .°T( b
, ,X , ) :b

;
- b ;

T ( b : ,Xi ) : bi - Xi

T ( bn ,Xn)° ' ' '  °T( bit , ,Xi+D :X ;
- Xi

.



Hence T :b
;

- Xi
.

Let on ,
be an integer with Tnt ,

> On and D

be the set of unit hectors

ueltont
' with

b
,

.n= . . .  = bn .u=0
I  n  ntl Tnt ,

i.e. u is of form ( 0
, ...

,
0

,
*

, ...

,r
,

0
,

...

,
0 )

with no In the on ,
coordinate and u .u=1

.

The D is a closed hemisphere of dim On ,. in -1
,

and so is a Closed ball
. Define a homeomorphism

f : E ' ( r , , ... ,rn ) xD - E'
( Ti

,
... ,0n+ ,

) by
f( ( X , ... ,Xn )

,
uk ( x , , ... ,Xn ,

Tu )
,

where T is

defined using lx
, , . . ,Xn ) as above

. By induction

e-
 '

( o , ,
...

,
on ) is a closed ball of dimension

( 0
,

- 1) tint ( Tn - h )
.

Hence E
 '

( on , , . . . ,0n+ ,
) is home o

to a closed ball of dimension ( 0
,

- 1) ii.  . t 1 on . n )Hon+ih+N
.

First must show imlf ) C- Ekr
, ... , On " ) .

Not ! T is the rotation sending wl Tlbitx ;
for ith

.

(1) Tcu ) Is a unit and orthogonal to X ; for Kien
.

To see this
,

note that T is a rotation hence

preserves orthogonality . Thus since bi .U=O for

Kith and U . U= 1
,

we hau Tcu ) .T( a) =u.n=1

and Tlbi ) .IT a) = b ; .u= 0 ⇒ XITCUKTCB;) .TK/=o
.



Hence ( X ,
,

. " ,Xn,Tu ) is an n - frame In pin
.

(2) Tu E It onti
.

To see this
,

recall that bi ,x ;
e IRO"

for is n
,

so Tu = U mod Rh
.

Thus the rn+ ,
coordinate

of Tu is the same as the one for U
,

hence

is non . negative .

f is clearly continuous .
Moreover

,
T has an inverse

TETCX
, b.) ° ' "  °T( Xn

,
bn )

so f has a well-defined and wnt
. inverse ,

We will omit the proof that

often : eto ) → eco )

Is a home omorphism ( see Milnor - Stasheff )
.

We

already showed that this Is H and onto .

( each n . plan Xtelo) has a unique Ortho normal basis

in Ho '

x.  "
xH0" ) . Recall

of is the map which

sends an n . frame In Rm to the span of the

basis
. a

thereof The ( Mn ) sets elo ) form the cells of

a CW - complex with underlying space Galpin )
.

Taking the direct limit yields a CW - structure for

GNIIR
.

) .



Need to show that each point In 2e( o ) belongs
to a cell of lower dimension I read In book )

.

How many cells in each dimension ?

It : A partition of re IN is an unordered

sequence ii
, ...

,
is with i. + .  . it is = r . pcr ) is

the number of partitions .

To each Schubert symbol ( Oi
, ... ,

On ) with

dlro ) = ( O
,

- 1) + .  - + ( On . n ) = r
,

we have a partition of r ( may need to cancel

zeros at beginning of sequence )

,
with Oi - i em . n

.

Lor : the number of r . cells in G. ( Rm) is equal
the number of partitions of r where each integer
Is 1 m . n

.

• If n
,

M . n 3 r
,

this is plr )
.


