
Day 23 - Cohomology ring of Gn( 1129

To prone this we shall assume the four axioms :

(1) To each rank n vector bundle 3 ' ' E → B
,

over a para compact

Space B
, F W ;k ) EHICB

; E
.

) tt i

with Wd9) = 1 and Wits )= 0 for
i3nt1

.

(2) [ Natural

ity
) If f

:B
'

→ B is covered by a bundle

map Z
'

→ E then Wife ' )=f*Wil{ )
.

(3) [ Whitney sum ] W ; (30-31) = WC { ) WK ' )

(4) W
, ( 8

'

, )t 0
.

We will show then H*( Gnithn )±t2[ W
, , ... ,Wn] when

wi=W;H
"

)
.

For anyEiE→B ,
a rank n bundle

,

choose f :B
→ Gn

. By natural ity ,

Wil E) = f*( W :( 8 " ) ) = f
*
( w ;) ( as before )

,

That H*( Gn ; Eta ) ± -Zz[ Wi
, ... ,Wn] with W ;

e- Hilan ; Z
.
)

We first show that the ring generated by the Wi is thee .

Lemmai Them are polynomial relations among the Wi .

PI : Suppose p( W , , ... ,Wn)= 0 for some polynomial .

Let EiE→B be any rank n - bundle then F classifying

map f :B → Gn sit . f*l8 " )E{
, By nationality ,

With )=f*W ; So

PCW ,
k )

,
... ,Wn( 4) =f*p(Wi

, ... ,Wn)= 0
.



We just need to find a bundle where there an no relations
.

among W ,
(3)

, ... ,Wu( { )
.

We know that lRP°= Gi ( R
.

) and so

H*( GARN ) ;t2]= Ed a)

with aeH' CGIED. By Axiom 4
,

W ,( r
'

,
)t 0 so w ,( riha

.

Recall the cross product operation on cohomology with F- field
,

HPCX ; F)0H9( Y ; F)×→HPt8lxxy ; F )
.

( a
,

b) 1- pica)p*Cb )

where p ,iX×Y→X, p . :X×Y→Y . By Knnneth theorem for

cohomology rings ( p .

364 of Muuknes )
,

we hau an isomorphism

of algebras :

HYG
,

:#0H*(G,

' #×→H*C G ,×G ,:#
( need HCG ,

) f. g.) .
Hence

H*C G. x.  " ×G , ;Zd=HKG
,

;E) a -  " a HTG
, ;E .

)

T
tensor  algebra

( aoxb ) - ( Cox d) = acoxbd

Let a ;=ti( a ) for IT ;= proj . onto ith factor and at 0

in A' ( Giith )
.

Then HYG ,×'  " ×Gn ) is a polynomial
algebra on a , ,

...

,
an .

Thus all elements in

Hr( G. x.  n ×G
,

ith ) au sumo of monomials of
form at'

. " .AT" with s
,

+ .  - + Sir .

Let Z =  IT ,*( 8
' )o .  " 0In*( 8

, )
,

then since IT ; :G,×i×Ga→G , ,

3 is a bundle over G. ' '  '  " × G
,

( it  is the product ,



} I 8
'

x. .  . x 8
' )

.

More Our

w( E) = WC to
* ( 8

'

) ) . .  . W(Hn*( 8
' ) ) [ Axiom 3 ]

= He
* ( w ( 8

' ) ) .  . . In 't(W( 8
' ) )

= ( Ita
,

) . " ( Han )

⇒ W
,

( { ) = A
,

t Azt . " + an

W - (3) = a ,A ,
+ a ,A ,

t  .  - - + A ,AntAzA]t  '  '  '  ' + An . ,
An

.

Wn( { ) = Al . ' ' An
.

In general ,
With )= ith elementary symmetric function of

Ai ,
...

, An
.

From algebra ,
these are known not to

satisfy any relations .
Thus neither do Wi

, .  - , Wu
.


