
Da_y24: Cohomology of Grossmann
, part II

We are trying to show that

H*( Gn ;t2 ) I t2[ W ,
, ... ,

Wn )

where W ;=W ; ( 8
"

) satisfies the axioms
.

Last time we showed that W ; satisfy no polynomial
relations hence t2[ wi

,
. " ,Wn ] is a sub ring of H*( Gnithl .

We will show that they au the entire ring using a

counting argument .

tleai For a CW complex ( f. g . ) X

# of r - cells Z rank of
HRCX

; F )

of X as a vector space

From last time :

# of r - cells of GNCRN ) = # of partitions of r

into at most n integers .

( m= N )
.

Know rank HTGN ; E.) 7 # of  monomials  of dim r in

W
, ,

.  . .

,
Wn

.

Such a monomial looks like :

WF . " Wnr "
where r

,
+2kt .  . it hrir .

Claire # of these monomials = # of partitions  of n

with In elements .



Proof of claim
,

: Given r
, ,

...
, rn with r

,t2r
,

+ . . .+nrn=r

we have
r

,
+

rztk

r
}

t Btr ,
= r

i
nt . . .  + rn

⇒ ( rit . "  + rn ) + ( rzt ...  + rn ) + .  . .  + ( rn . ,
+ rn ) + rn = r

This gives a partition of r Into at most n elements .

( may need to delete zeros )
.

Given a partition

Sit  ' at 5n=r ( some s ; may be zero )
.

Can assume

5,3 . "  75N . Let rn=Sn , rn . F Sn
. ,

- Sn
, rn .z= Sn

. 2- Sn
. ,

,

i.
.

, Kiss S
, , f. = S

,

- Sz
. Then

r
,

+2kt 3 Bt . . . + nrn =

( s
,

-52 )

t2( 52-53 )

+ 3 ( Ss - 54 )

:( h . 1) ( Sn . i

- Sn )

th Sn

= 5
,

+ Sort . . . t Sn = r
.

•



Consider the classifying map g
: G. x.  " ×G

,
→  Gn

.

for 8' x.  " x8
'

.

We had

shown
that

g*:H*CGn ;# → HYG ,×nxG ,:#Wi - Site ,
, ... ,aa ) =

ith sgmm .

maps H*CGni7h ) isomorphically onto the

sub algebra of H*( G. x.  " XG ,

;E)±EEa

, , ...

, an ]

consisting of polynomials In the indetermniants which

are invariant under all permutations of sn .

e. g . ( A. At Azaasta , a ])( A. azas ) -
tc

,

Wz W
}

Uniqueness of SW classes

Thmi There exists at most one correspondence satifying
the axioms ( 11 - ( 4)

,
over para compact spaces .

PFI Say he have { → WG ) and { → Wn ( Z )
.

For 81
,

w(8D=W~(8D = Ita
,

Consider

i*Gk8i-
8

'

t it ⇒

5
'

- Gi

i*w(8 ')=wh*( 8
' ) )=w( 8

,

'
)= It a

but since i* : HYG ,
)→H' ( s ' ) Is an ± we

have w( 8
' )= Ita

. Similarly w- ( 84=1+9 .



Here W ;( 8
'

)=wT( 84=0 for I > 1 since it is a

rank 1 vector bundle
,

For { = 8 'x .  a x 8 '

,
we

have w( 3) =w~( 2) = ( Ha , ) . " ( Han )
.

Moreover
,

he

have a bundle map Z → 8
"

which maps

H*( Gn

;t2d-H*CG,×n×G
, ;tZz ) ± w( 8

" )= w ( 8h )
.

n
For any n - plane bundle

voter
a para compact space B

,

Choose a classifying map B # Gn
.

Then

W
(2)

= f * ( w ( 8h ) )=f*(W~(8
" ) ) = Wtz )

IB

Existence Of SW Classes

We will construct SW classes using some operations
called Steenrod square and the Thom isomorphism

theorem
.

All homology / cohomology will be with

the coefficients .

Let Z : E 'T→B be a rank n Motor bundle over

B a closed n . dimensional vector bundle
,@ just

needs to be paralompact but we 'll assume closed

to simplify arguments .
] Let F=I' ( b ) be a

fiber
,

Fo= F - { ( bio ) } .

From algebraic topology
we have

HICF ,Fo ) =HiaR "

,R
" )±HiCBn,2B"

)±Hn
.
;lB

" )±{ 282iiInn
.



⇒ Hilt ,EiH±{ 282'Inn
Let Z={ ( b

,
v ) I be B

,
vettyb ) } be the zero set

and Eo=E' Z
.

We wish to compute HYE
, to )

.

Put a Riemannian metric on B and set

E=
{ ( b ,v ) 1 be B

,
v. v±1 }

Ei ={ ( b ,v ) IBEB ,
v. v=1 } .

Note that Eis a compact lntm ) - dimensional

manifold that deformation retracts to 13 and

2E=E , . Hence

HICE
,

E.) ± HICE ,2E )

= Hmm
.

il E)

± Hm . ( i . n ) ( B )

± Him (B)

Note: when Ian
,

Him ( B) = 0 and when

h=i
,

Hi ' "

(B) =H° (B) ± Zz
.


