
Day 26 - Existence of Steenrod squares

Let G be an abelian group ,
and n ? 1

.

Recall KCG ,n )
, an Eilenberg . Maclaine space ,

is a top .

spacey
with

In

(4)
IG

and IT ;

IY
) ± 0 for itn . It is well . defined

up to homotopy equivalence (among Cwwmplexed ,

Moreover
,

we can choose Y st
.

Y=f¥aS
"

) U ( p
. cells for p

> in +1 )
.

I
thus the Hurewica map H : G = In ( Y ) -

HNHSZ
)

is an isomorphism
,

and so Is the Krone kker mapK:HYY; G) →HOMIHNHIZ)
, G)

11

Homltnl'll , G)
.

Thus
,

there is a fundamental class A c-HYY, G) ←

cellular
( 04OM,

which is the Co cycle that sends an n . cell
, representing

a h . sphere in Y to the element inIntl;) =G
,

thm : [ X
,

KIG
,

n ) ]±- H
"

( X ; G ) for  any CW . complex X

f 1- f
*
( A.) A- fund , class in

H
" ( KCG

,
n )

,
G) .

[ Sketch proof of G=Z
,

n=2 if time
.
]

.

Again ,
we 'll be Interested In Cohomology with # - coeffo

.

Recall
,

there is a natural cross product



x : Hilx

)×HTx
) →

Hitjcx
)

in cellular Cohomology given by
(dxp ) (c) = dei )p( ei ) if Ceeixe

's

,
i and j

cells In X{
0

otherwise

( Can also define In singular ( Oh )
.

Let D :X - Xxx be the diagonal embedding .

Thm ( see Munkres ) For de HPCX )
,

PTHKX)
,-

du p=D*(&×B )
.

Nolte : For a CW - complex A is not cellular
,

so the RHS

Only makes sense in singular ( as hell as LHS )
,

( true for all ring coeffo )
,

For at HYXITZ )
,

dxxe IT "( Xxx ;£7=[ Xxx
,

Z
.
)

so we can represent xxx by a map fa : XXX - KKZ ,2n )

Moreover
,

aunt H2
"

( X ; # ) can be represented by a

Map ga :X → KIEL
,

Z )
.

Since His# D
't .fx*

,

uehae
.

"

xxx# KC -4,24at
×

Since His )* (A) = D*( xxx )= xux = GILA )
,

so foot and ga are homofopic
.



With Zticoeffo ,
× and u am commutative

,
so if

T : Xxx → XXX then TH xxa )=d×x .

( ×
, y ) 1- ( y ,× )

But T*H×x ) is represented by map foot so fa and

foot are homotopic .
Let F :XxX×I→KC Eh ,2n ) be

the homotopy ( Ft ,o)= fa
,

Ff
,

1) = foot )
.

Since T=id
,

we can compose Fttxid ( Txid :X×X×ID )

to get a homotopy Foltxid ) with ( Fotxid)f
,

o )

= fxot and ( Foltoid ) )f ,
1) -

 
- foot '=f×

,

Composing these gives a loop

S 'xXxX - KCE
. ,2nl ,

representing an element in H2" ( S 'xX×Xit2 )
.

It turns out that this map will be null . homotopk
,

hence this map extends to

D. x X × X - KCZ . ,2n )
.

Again , compare this T to get map

5xX × X - KCE . ,2n1
which is null . homotopi

:
Eventually ,

he get a map

SNXXXX - Ka ,2n1



st . ( S
, ,X , y ) and ts

, y ,× ) go to the same

point in KFK ,2n )
.

Thus

5×X # , Sox ( xxx ) - Kla ,2n )

( s , X ) - ( s
, x. x ) -

tsix ) 1- ( . s
,

× ,× , -3594 .

→ 1RP°xX - KCZ
, ,2n )

.

This represents an

element  In H4( RPNXX ; a )

Kunneth Thm sago that areas element in #
"

( IRMXXI

Is of form E [ 8)

x[
x ;] when [ 8 ]fH2hi( Rpo ; 2h )

[ XIIEHYX : a)
But H*( RM ; E) I # [ w ] Wto In HYIRP 's a) = £22

.

So each element is

Ehtnixd ; for some Xi
.

Mouour
,

di is unique . Define

sqi (d) = anti
.


