
Day 31 - Euler class

For E an oriented bundle
,

we hau the Thom isomorphism with

E- ( oeffp
.

Recall if Z is oriented then each fiber F has a

basis v , ,
... .vn that gius the orientation that continuously

varies our B
. Then HNIF

,
Foia ) = Z and has a peferred

generator Up .

Mouour HYF
,

Fo; E) ± Eh has a preferred

generator vi. ,
( v

, , 4=7--1 .

Theorem: Let Z be an oriented n . plane bundle E it → B
,

with F a fiber
.

Then Hile
,

to ; E) = 0 for ich and

HYE
, to ;Z ) contains a unique u sit .

�1� Uhf
, to )

= Uf .

�2� HKIE ; a)

5
HHKIE

, to ;Zt ) is an ± -V K
.

y - yuu
In particular since HK (E) ± HKIB)

,
we have the

Thom isomorphism

$ : HKIB ; El - HKMIE ,EoiZ )
× - T*lx ) v U

Consider IE
,
d) → I E. Eo ) → H*C E. to ) → H*( E)

y - YIE

Defi The Euler class of an oriented bundle E is

ete ) #Dtuk)€H"( Bia )
.
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HYE ,Eo ) →

HNCEIKIYSHYB

)
.  I

u - UIE -

H*Xuk=)=e(
3 )

.

Properties :

�1� f :B → B
' then e(f*( { 1) =f*(e( { 11

⇒ e ( trivial bundle )=O ( n > 0 ) .

�2� If the orientation of 3 is reversed then e( 3) change

by a sign .

�3� If n is odd then ek )teG1=o
.

If : Consider Thom iso

HYB ) # HYE ) - Hnthlt
,

ED
ek ) - Mets )) - lT*(el{ ) ) uu = UUU

. [

So ete )= lotluuu )
,

where it is the Thom Iso .

But qub = Hsdimaidimbbua ⇒ uuu has order

since h= odd
. Then ets ) has order 2

.

Pro# The homomorphism Z - Za induces

HMB ; E) + HYBIZD
eh ) - Wnkl

.

If : Recall Wnkk ¢
 '

( sqnlu ) ) and sq"( a) = uuu
.

where UEHYE
, Ee ;aI=E and $ is the Thom iso

with Zicoeffs .

In addition the integer Thom



class goes to the the Thom class
.

a

Pro# e(30+3
' )=e( E) vet ' )

e ( ZXZ
' )=eK)×elZ ' )

.

Not as useful as betme !

. WK 7 is a unit In
ring

HTIB ; Zz ) so can sold for

WK ' ) as a function of WIZ ) and WIZOZ ' )
.

However ek ) not unit  In integral cohomology

,
could

be zero In fact !

CI : If 2nd E) FO
,

then Z can't split as

sum
of

two odd dim manifolds
.

Ed Let M be a smooth compact mfld with w ,(M)= 0

live TM is Orient able )
.

Choose an orientation
.

If TM

has an oviehtabk odd dim 'd sub bundle E then

etm)=e( E) a e (

Et
)

T
Order 2

⇒ 2e(M)=o in HMM ; E) EE ⇒ |e(M)=I
In particular ,

if M is orientabu then every
nowhere zero v. t

. gives a trivial sub . bundle of dim 1
.

e( M ) = e (E) ue(

Et

) = 0
.
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Prep: IF the oriented v. b. 3 admits a nowhee zero

section then e( 2) = 0 .

thm : ( e( TM )
,

[ M ) > =X( M )
.

for a closed onientable

manifold
,

Not : We have

HYM ; E) =→Hom( HIM ) ,Z )

hence ECTM ) = 0 * XCM )=O .




