
First Stiefel - Whitney class

We will show that the two definitions of the first

Stiefel . Whitney class coincide
.

Let Z : E 't B be a rank n vector bundle our B
,

with B paraiompaa .

the:DefineYZEHOMII,
(B)

,
Zz ) as follows

.

For

C :S
'

- B
,

define

4f[
g) ={ 0 if c*CZ ) is trivial

1 if C*( Z ) is non . trivial

Yz is well - defined since if c.) G acre homotopic
then CYCE) ±  Cz*( E)

.
Moreover

,
there are only

two bundles over 5
'

,
E

"

and MBOEM
, by the

clutching construction since To ( Gluck ) ) has
.

two

elements .

Recall K : H ( B ; Zz ) -3 HOMCH
,

(B)
,

Zz ) is an  =
.

Let An iltoml Ai ( B )
,

E) → Homa , (B)
,

-22 ) be

the Hom dual of the abe lionization map A
.

Since I is abelian
,

An is an ±
.

Hence we

hau an iso

HYB ; -4 ) # HOMIH ,lB) .tk#Hom(tilB).tZz)

Define iv. (3) ÷ (A' Hillen
.



Deft : Choose a classifying map for E
,

f :B - Gn( He ) . Define

W
,

k ) := f*C W
, )

Where W ,=W,( 8 " ) E H '(Gn( 1139 : Zz )
.

theorem: W
,

(2) = Tv,
( { )

,

Proof : Let f :B - Gn be a classifying map for E
.

So { I f*( 8
" ) and we hau the bundle map :

f*( jn ) - yn

t
f

I
B → Gn

.

By definition
,

W , (2) =f*lmH " ) )
.

It suffices to

show that ATK(f*C WHY) ) = Yz as defined above
.

Let C :S
'

→ B then CYE ) ± C*(f*CE ) ) Effoc) *

(E)

as rank n motor bundles our s
'

.

But

Vecttthls' ) # [ s
'

, Gis

( fo# 2) - foc

SO c*( 3) = ( foc )*( { ) is trivial # foc is

hullhomotopic ⇐ > [ foc ]=1  in A
,

( Gu )

⇐ ) f*( [ d) = of  In IT , ( Ga )
We claim that # (Gn )±7h .

To see this note that

Gn has a CW . complex with a single 1 - cell and



at most two 2- cells and G ,
E Gn is a sub complex,

from the cell . structure of Gn .GFIRPN has a single
Hell and a single 2- cell and the attaching map

is gun by Z→z2 map .
In particular , A. ( G ,

)=Z .

When n ? 2
,

there is another two cell attached

which means that IT , ( Gn )=lTi( G) /e for some

EEH ,( Gil so TdGn)= 1 or 7h
,

But we trace

IT , ( Gn ) →[ sign ] # Vect # (5) ={ en ,MBaE
" }

So I. ( Gn ) +1hence Til Gn )±tZ
.

Thus

the ( k ] )={
1 if f*( [ G) * 1

0 if f * ( KJ ) = 0
•

We claim that Aokoftlw ,(

841=43
.

To see this note

that the following diagram commutes

HYB ; # ) #HOMIHKB)
,

-21¥
Homlt

,
IB )

, Ed

TH TI* TE.

H ( Gnith ) ¥HOMCHKGN).tw#Homlt.lGn),Zd
Hence Anoko f

* ( w ,( 8 " ) )=F*( ACKCWKM ) ) )
,

Let AET
,
(Gn )

be the generator of Ii ( Gn
)±Zz
then ATKIW 'C 841141=1

For c is
'

- B
, f*( [ of )=md for m=O or 1

.



Hl " "
'

f
*
( A~G{( wyyn ) ) ) ( [ d) = A ( k ( w

'

( 8
" ) ))(f*( Cd ))

= ATKCW 'C 841 ) ( mx )

= m

So f*( AKIW
, ( th )) ) = Hz .

•

Corollary: Let Z be a rank n vector bundle over B
,

with B paracompact .
Choose a classifying map f :B → Gn

for E and identify Zz with Ii ( Gn )
.

Then

HYB ;tZz ) # HOMCIT
, (B)

, # ( IGN ) )

W
,

(E)1- f*


