
Motivation for E- Invariants

Let X be a connected CW complex of finite type C i.e .

each skeleton is finite ) .

recall that

Pp ( X ) = rank Hp (X ) L N
.

This

may
not give you much information and it

is often useful to pass to a covering space to get more info
.

For example , Hp ( s
'

- Knot ) = Hpls
' ) A

p . However if we

consider the Alexander module we can distinguish
knots as follows :

Let K be a knot in 53
, XE 53K

,
and In be the

infinite cyclic cover corresponding to

IT
,
I Xk ) → It

,
Ha ) = E- Ct >

.

t E meridian

⑦
Define the Alexander module to be

Alk ) :  
-

- H
,
( XI )

.

This is a left EH
,

E
'

I - module since Hix ,
a) = Deck ( Id

.

and one can show that it is a torsion module
.

Elt
,
E 'T is not quite a PID but act

,
t 'T is



and

ACK
) is I torsion free so

ACK
) -

Alk
) EH

,
Q )

T

④ FE 'T - module
.

and H
,
( In ; ④ ) I ④ It "Yp, #

a  .  ' to ④ It"J/psµ
The

AIexanderpolynomial-ofk-isDKH-p.tt
) . .  . Pdt )

.

Alternatively A = # E- ' 3 is Noetherian and ACK )

is a fig .

A - module so ACK ) has a presentation
h T m

A → A → ACK )

In fact
,

can assume that m -

- n . One can compute

this using group theory I from IT
, ( X ) ) or topologically

I using a Seifert surface ) .

The ideal gen by mxm

minors is called the Alexanderideal Idk )
.

For knots
,

I ock) is principal and AKAI is the

generator .

Ex : Alun knot ) -

- O ⇒ Dunk not It ) -

- I
.

Ex : T
.

-

- trefoil

G -

- IT
,
( S3 - T ) = ( x

, y I xyx=yxy7 ← B
, let E- yx

"

= L x
,

't I xzx = z X' z 7

= Lxitlzxzx
'  '

E' x
" 7 ← n off

,
If ,

'?



Let X - 2- complex

§ ,
add 2- cell wrr .

to

relation
×

=L
zizi ' E' x

"

Then IT ,
CX ) IT , ( 5- T )

#
E- Lt > ← Hix ) = His '

- T )

⇒ IT
,

(5) Ikerlab ) I IT ,
( IF )

⇒

Hilxtablkerttb
) ) ± His I ACT )

.

I : ⇐

e.EE#e*--..FtTTadd copies of 2. cell ( one for each ton )
.

Let c
-

- E
,

then c generates Hix ) . There is one

relation I lift of 212 - cell ) )

So
ACT ) = -2ft 7/41 - ttt )

t

DTH ) -

- I - ttt
.

⇒ T t unknot .

Alternating : pick a splitting IT
,

HI → E- It
, say t→x

.

Then t acts by tog := Xgx
"

for any get , CK)
.

This is well defined on Hix )
.

So relation in IT , CX )

becomes z - x' zx ?
x E' x

"

If
,

Ct Ec - te

= all - tt E )



Remarki Easy to generalize this for CW complexes of

finite type .

For general X
,

there is a simpler invariant .

Suppose Bi Cx ) -

- m 3 I
. Let I be the universal abelian

Cover of X
,

i.e
. cover corresponding to

IT
,
I X ) → Hix ) → H := H , HH torsion

.

Then H=Zm= C x ! '

,
. . . ,

Xiii ) ( malt ) and so

H
,

CI ) is a left ICHI - module
,

a Noetherian ring .

with field of fractionsQIH)-=Q( x
, , . . . ,Xn ) ← Mg

.

Consider H
,

(5) Eat
QCH) = QCHT

!
"

Lemma: NHBi ( X ) - 1

Rink : For knots
,

r -

- O ← hare torsion Alexander mods
.

De The Alexander nullity of X is rcxl .

For a link
,

this may be nonzero
.

EI .

he O O ⇒ IT ,CS
'

-4=2*2

Let w =

''
' then it

,

Cw
) = it

,
( STL ) I ACL )

: ¥¥#Let e-Iyxty. i

-

Then AUTH, I w ) = I y
"

] ⇒

rcwt-rll.tt
.



EI : le ⇒ IT ,
Cs

'
. L ) = EL

'

⇒ IT
, ( STL ) = O

⇒ ALL ) = H
,
( SIL ) -

- O

⇒ NL ) = O
.

t.co#ooJ
we can think of Rx ) as an equivariant
Betti number of the lover . Note Bi (5) = A ⇐ r 31

.

So  rcx ) can gie us info where pick ) does not
.

Other a covers ?
-

Consider Xunir ,
universal cover of X

.

→ Deck (Xuniu → X ) = IT ,
IX )

and hence H
,
( Xuniu ) is a left ELITCH - module .

This is Not a nice ring .

E W -

- fog F- IT
,

lwklx
, y > then H

, ( hi ) is

a left ELF  = It x. y ) module

Thon - Comm
. polys .

Iot a
"

nice
"

ring ,
even after tensioning with ④ or ¢

.



Suppose Rok -

- field
.

Then for any M a f. g. left R - mod
.

750pm is a f. g .
K - module so K.%M= K

"

fr

Some r
.

In particular ,

Rox
,

Rm -5km
.

Ex : Let Rickey > then

← ax ,y5 → ex
, y> → M → O exact

I x - I
, y

- H "

quotient .

injective .

Suppose Qlx . y > → K
.

Then

O → 7T → K → 74 M → O

⇒ rank K M cannot be additive !

In fact
,

can only construct a right ring of fractions

if R is an Ore domain
.

So we move to Von Neumann dimension
.


