
Ring Theoretic properties of NP
-

Even though l 'T is not a ring ,
NP is a ring .

and ooutaius

Clt as a subring . We investigate its
-

algebra .

d) Let HE G
.

and i " H  → G it 's group homomorphism .

This induces a ring hom
.

i : ICH  → CIG
.

which extends

. to a ring homomorphism

Nci ) : NA  → NG

as follows : Let g : d
'

H  → EH be an H - equivariant
bounded operator .

Then

CIG l' H E l 'T

is a dense G - invariant subspace of IG and

id ④
g

: Ciao
at

EH  → CIG ④ AH

.
is a G - equivariant linear map which is bounded

Wnt to norm from IG
.

Hence it induces a G - equiv .

bounded operator IG → NG
,

which we call Nci ) Cg ) .

(2) NT has no non - trivial O - divisors ⇐ P = O
=

(3) NP is Noetherian ⇐ G -

- finite

Yet it is still semi heriditary ,

'

Diet A ring is semiheniditagif every f. g .

submodule

of a projective module is projective .



Comparison of modules and Hilbert NT - modules

As mentioned above
,

NT is a ring .
with multiplication :

for f
, g

E NT

f. g
-

- fog .

Note Ljf  = f . L
,

and Ljg -

- g
. Ls ⇒

Ls tf.g) = Lfg) . Lr
.

Suppose M is a fig . submodule of a projectile module
.

P

( in the algebraic sense ) over the ring NP .

Let f : NIM → P be sit
. Im(f) = M

.

Since P is projectile ,

P is a summand in a free module F with basis Ebites.

and f : NM → F with im (f) = M .
Let { ei3 be

the standard basis for NPM
,

e i' Co
,

. . . ,e ,
. . .

)
t unit  in NP

.

Then the image of each ei lines is the free mod
.

spanned by a finite # of { bi )
.

So can assume

f : Npm → Nt
"

module mom
.

with im HI = M
.

Moreover
,

can assume m -

- n
.

Choose a matrix A sit . f-

I
=

IA
,

that is f is

given by ri ht mutt by A = ( ai ; ) e Mn l Nt ) with

aij END .
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where aitjis the adjoint of ai ; ,

Lai ;KhyHX , aijtly 17 it x. yet ,

i

and qq.TT -

- E. Irs .

e.g .
when m=n=l

, A- Ca ) at NP
.

-

- BIL 't )
"

Vlf Nu ) =attu )

vffkrut-afut-atru-T-roitfu-T-j.ve
) I u )

,

Nodes Wid 5- id V is ¢ linear
,vtfg )=HA

.Vig )

and VC f) *  
= r Cf 't

'

I
.

We can also construct such a functor for NPH NP
"

in the same way .

conversely ,
if g : ④m→ t.IM is A - equivariant

and in Bcl 'T ) then I a unique fi Npm - Npm

that is Nt - linear s . t .

g- - VH ) .

Moreover
,

the following properties hold :



④ NMt→NM→ Nt "
is exact #

e- pm e
-

p
"

EPP is exact .

(2) VC f
't ) = v (f)

*

Thus

Define a

KHilbertlf.g.projec.tiieNP-modalemtobeaf.gs
.

module over the ring NP

s .

t
. M -

- im ( p )
, p

: Ntm - Nim sit .

• f-

- f and

• f = f 't
.

We see tha is equivalent to our previous
definition

.

with p-

- v Cf ) .

Def : The dimension of a f
-

-
ig . projectile NP - module

M is
dim ,vnCM ) :=trCA )

Where A is an M -

- imff : times e- pm ) and

f- I x ) = XA for some Af Mn ( NP )
.

Here that E.trcaiil

We note that dim
, ,

MEIR
, o.by same

"

proof
'

!

* In fact
,

one candefine dim ,uplM) for any
NT - module I see later if we have time ) .



We can now prove the following than
.

theorem : Nt is semi hereditary for all t
.

Let M be a f. g .
submodule of a projectile NT -

module
.

We wish to show M is projective .

since a projective module is a summand of a

free module
,

we can assume ME NP
"

.

Choose an

NT - linear map f : NTm→ Ntm with image M
.

Consider the kernel of vff ) : EPI Ctm
.

It is a t - in vtsubspace of Itm
.

Let

pilpm-slpmsit.im Cpt - Ker ( ult ) I with

p
-

- p
't and p' =p .

Choose g
: NPI Npm with

veg

?
=p .

Then u ( g
' ) -

- vlog) . veg ) = p' =p
-

- veg ) and

Vig 'T = v Cgl
*

=p
't

= p
-

- veg ) so

2

g=g=g* .

since
ppm pm t pm

is exact
,

Ntm -9 , Nimt,

Npm
is exact

.
Hence kerf f) = in Cg ) = projective .



Since imcg ) il projective ,
and this is exact ,

O - s in (g) ↳ t.PL im Ht M - so

splits . So M is projective .

⑤

Idea : One passes to Hilbert space and uses

orthogonality t projections then .
Hence by passing

from et to NP
,

we hate a ring
"

with
"

orthogonality .

I


