
Whitehead torsion
-

Let R be an associate ring with unit . we have

inclusions
Gluck ) ↳ Ghent ,

CR ) ⇒ - - -

Mi - ( Moi)
and GUR ) =  tinyGln CR)

Def: An matrix is elementary if it coincides with

identify except for one off diagonal element .

LemmaI Whitehead ) : The subgp ECR ) EG UR ) gen by
elementary matrices is I Gurl

,
GUMI

. tfwmsmutgytor)
If 'teasy ) : See Milnor 't paper on

" Whitehead torsion "

.

De The Whiteheadgroup of R is

K
,
CR ) :  = GUR ) I ECR ) = GYEGUR )

,
GURB

E If IF is a commutative field then

det : Kile ) IF
't

-

- F. I 03

is an isomorphism .

This follows from fact that

SUFI IEC # 1=0 since you can reduce every def -

-
I

matrix to identity by elementary row operations .

EI : Since Eh has a Euclidean algorithm
K , (E) = { IB ← units in I

.



EX If F is a skew field (e.g .
74M -

- night ring
of fractions of IT

,
forD= PTFA group )

,

then KIF ) = Uku
,

hey
where U= group of units of F

.

Using the non - commutate Dieudonne determinant
,

we get a map

GLCF ) → K , CFI -

- Ucu
,

u ]
.

For F- 74171
,

with P -

- PTFA
,

K
,
CKCM ) -

- hit
[ KIK * ]

Where 74*-74177=7417 ) ' { 03
.

RIMI: The map GUR ) → KKR ) can thus be

A 1- [ A ] -

- equiv class
of A

thought of as a universal determinant for R
.

DIE: If G is a group ,
the

whiteheadgroapofGWHCGY-kitthGYEt.gl
geG3

.

Let ↳ be a projective R - chain complex .

Lemmy: A projective R - chain complex is acyclic
⇒ it is contractible ( ice

.

has a chain contraction !



NOI. contractible ⇒ acyclic
but converse not true if not project 've

.

Ex : R -

- I and

considerIT

at
-

- y
- s EEiE→¥→o ,

Then Hplc *
1=0 A p .

but has no contraction
.

Suppose Cat is acyclic with contraction 8iC*→C*+ ,

sit . 208-1802 -

- id
.

Then

( St 21
odd

" Codd → Ceuen

is an isomorphism so after choosing a bases for

Cp ht Pl
(2+8) odd

E HDR)
.

where KIR) =KKR )/q±p3
.

This does not depend

on the choice of contraction
.

To see this
,

let

8 be another chain contraction of C* and let

OFVit ,
08 ;

" Ci  → Citz
.

Then Fenn " Caen → Coenen and Faced " Codd → Codd
.

Note that fit id :C ;
 → Cite



f off  diagonal

O
← Coso ftid)odd=Ito?

,
.)←c -

T T
basis basisforcefor Co

similarity for ft idem .

Hence Loti decent Loti d)
odd

Note: Coad Cemil , can co.IO in KKR)

±

-
idto E

Can also  exchange order of 8 and 8 :

-18
'

8

Codd -5 Cena Cebu Codd

-
id to

'
E

with -01=808⇒ (
at

8) even and

(21-8)
odd ae

isomorphisms and

[ 2t8eunT= - Cat Soda ) E KKR )
.

Since ( 21-8 ) (2+8)=281-82 -

- id
ddd even

⇒ [ 2+8 odd ]= - [ 2+8
oaa

]
Dg



DEI For C * a based acyclic free acyclic R - Chau's

complex ,

Tlc
* ) [ Cat 8) odd

: Coda 's Cena )E IT
,
( R )

,

called the torsionof C* .

Note: Need to work in K
, CR) since bases are

unordered .

Now suppose 4 : ↳ → D* be an R - chain map

finite based free R - chan
' complexes .

Then we

can form the mapping cone :

2=1-20)
C one (4) =  .

.  -  → Cpo Dp , Cp , Dp → '  '  '

11

Cone (4)
p

i.e
.

Ha
,

b) = f-24 ,2b
t

4cal
)

Check 24A
,

b) = 122 a
,

-412cal) t2%+2 4cal )

= ( O
,

O )
since 4 is a chain map .



Lemma ( HW ) If 4 is an R - chain homotopyequivalence
,

i.e
. F to sit . 400 and 004

are chain homo topic to the identity ,
then

( . cone (4) is acyclic .

↳ F h s .

.L
.

2h th 2=400 - id tI
h '

s .
t

.

2h ' th
'

2=0/04 - id
.

)
Defy: The Whitehead torsion of 4 is

Tl 4) = Thone (4) ) E IT,
CR )

.

Whitehead torsion for homotopy equivalences :
-

Suppose f :X → Y is a homotopy equivalence
of finite connected CW - complexes.

Then f lifts to

F.X'→ I
of the universal covers

,
and we get

Ex : CHI ) → ↳ HT

a IG - chain homotopy equivalence where G- IT
,

# TRY)

Choose a lift of each cell in X
,

Y we get
bases for ↳ I XY and C * l Y )

.



I

DIE: Define theWhitehead
of the

homotopy equivalence fix → Y of finite connected

CW complexes to be

Tff ) :  = ELSE) -

- [ cone (FIDEI,
(G)

• If f :X → Y is a homeomorphism ⇒

If f) = O
.

In fact it vanishes precisely for " simple homotopy

equivalences !


