MATH 401 - FALL 2005 - FINAL EXAM - SOLUTIONS

1. (5 pts) What is the name of my “poultry launcher”? Choose one.

(
(a) duck darter
(b) chicken chucker
(c) hen hurler

(d) penguin pitcher

2. (10 pts) Suppose M C R3 is surface and suppose there is a line [ € R3 such that p € [ C M.
Show that the Gaussian curvature at p satisfies K(p) < 0. Give an example under these hypotheses
where K (p) < 0.
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3. (15 pts) Let F(z,y,2) = (Az, Ay, Az) for some fixed A > 0. Suppose M C R3 is a surface and
a: I — M is a unit-speed curve with nonzero curvature. Note that
F(M) = {(Az, \y,\2)|(z,y,2) € M} is a surface in R>.

(a) Find a formula for the curvature and torsion of F o v at F'(«(t)) in terms of the curvature and
torsion of « at «(t).

(b) Find a formula for the mean curvature and Gaussian curvature of F'(M) in terms of the mean
curvature and Gaussian curvature of M.

(c) Find the geodesic curvature of F o a in terms of the geodesic curvature of a.
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4. (25pts) A mapping of surfaces F': M — N is conformal provided there exists a real valued
function A > 0 on M such that ||Fi(vp)|| = A(p)||vy|| for all v, € T,M. Let F': M — N be a
conformal mapping.

(a)
(b)

Show that for all v, w, € T,M, F.(v,) - Fi(w,) = A(p)?v,, - Wp.

Prove that a conformal mapping preserves angles in the following sense: If # is an angle
between v and w at p € M then 6 is an angle of Fi(v) and F.(w) at F(p).

Give an example of a mapping F' between two surfaces that is a conformal mapping but not
an isometry.

Give an example of a mapping F' between two surfaces that is a diffeomorphism but is not a
conformal mapping.

Prove that a regular mapping F' = (f,g) : R? — R? is conformal and orientation preserving if
and only if the Cauchy-Riemann equations

of _ 9y
%_8vand

of _ 99
v Ou
hold.
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5. (10 pts) Let a : I — M be a geodesic curve in M (we do not assume o/(0) = o/(1)). If the
Gaussian curvature of M is never positive (i.e. K(p) <0 for all p € M), show that « cannot be the
boundary of a region diffeomorphic to a 2-dimensional disk.
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6. (45pts) Let M C R? be an oriented, minimal surface. Suppose P is a region in M such that (the
interior of) P is diffeomorphic to a cylinder and the boundary of P is 0P = « + 8 where
a: [a,b] = M is a regular simple closed curve (with o/(a) = /(b)) that is contained in the z =1
plane and 3 parameterizes the the circle {(z,y,0)|z? + y? = 72} where r > 0. We also assume that
M meets the z = 0 plane orthogonally along f.

(a) Give an example of a minimal surface M and region P C M that satisfies the above
hypotheses with r = 1.

What is the geodesic curvature of 3 considered as a curve in the plane R? = {(xz,y,0)}?
What is the geodesic curvature of 3 considered as a curve in M?

What is the normal curvature (in the 7" direction) of 5 considered as a curve in M?
Can the Gaussian curvature on M ever be positive? Why or why not?

b)
)
)
)
) Is 3 geodesic on R?? ... asymptotic on R?? ... principal on R?? State why or why not.
)
)
)
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Is 8 geodesic on M? ... asymptotic on M? ... principal on M7 State why or why not.

Find a formula for [ [, KdM in terms of o and the geodesic curvature of .

Verify that your formula in part (h) is correct for your example in part (a) (by computing all
terms in the formula for this particular example and showing both sides are equal).
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