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It : A kid is a smooth embedding
f :S

'

-> 53
.

Remarki A knot K is the unknot  ←→

K bounds a disk In 5
.



DIE! A knot K E 5=2134 is slid if K=2D

is the boundary of a smoothly embedded
disk D in 134

.

•

÷
•¥T←s3=

bouyzqlary
of



Not : There is no known algorithm
to determine if a knot is slice ! ! !

( or ribbon 1

Q
.

Is the Conway knot slice ?

known to

topologically
slice but

unknown if it

is smoothly
slice !



EI A knot is ribbon if it is the

boundary of an immersed disk In 53
with " ribbon singularities

"

:

#
-

*
Observation : Every ribbon knot is slice

.

Pf : Take a small disk around singularity
and pushit into 134

.



#gj¥
Push interior of

into interior of 134

t¥¥
← ( what is left in5)



K=8q 8g is ribbon Slice disk for 8g

E¥Di€E¥I÷diE¥E⇐Ia÷D

⇒ 8
,

is slice but does not bound

an embedded disk In 1123 !



slice . ribbon conjecture Every (smoothly)

Slice knot is ribbon
.

Note : This problem is extremely difficult
since every ribbon knot has a slice disk
that is not even is isotopic to any ribbon

disk !



EE Let S be a smoothly embedded

nontrivial 2- knot
,

5454
.

Let U= unknot
,

and D= standard disk with 2D=U
.

Push

U into B
"

and then take a connected

sum with S
.

then U=2s° ( s punctured )
and IT , ( Bhs ) = Ti ( Sms ) is non . abelian

since S is non . trivial
.



Fat : If D is a ribbon disk for K then

IT , ( 5h k ) in# ( BYD )
p

is surjednie . pushed in

In example :

I. ( 5- unknot ) - it
,
( 134ns )

Ks
p

It non . abelian

⇒ 5 is a slice disk that is not isotopic
to any ribbon disk

.



Another example ( using " movie moves
"

)

We can look at level set of a disk in IRI
.

9

:c: CMG
*



t= time
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anE¥¥I*E÷¥I÷÷
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We can put an 4 . dimensional equivalence
relation on Knots

.

DEI'

' Let K and J be knots in 5
'

.

We say that
K is concordant to J if Kx{ 03 and F×{ 13

( 0 bound a smoothly embedded annulus in

5 X [ 011 ]
.

K×{ 03

a#
A= annulus

.a.
13



.

Concordance group

Let C= { knots }/~ KJ if they are

concordant .

Then C is a group under connected sum .

0*8=58
* need oriented knots

.



O = { slice knots }

Inverse of K is K
.

For any K
,

K #

k.is
slice where

CO
:

;D
K 1 Fymirror image



Pf that K # IT is slice ( ribbon )

-
.

K¥0.

91¥11.EE#kIkE,

FREIDA



C is a penfinitely generated abelian group .

We don't know what C is
.

• C contains elements that an 2- torsion
.

¥4
,

=

i¥D
⇒ 24 ,=O and 4

,
is not slice (4

,
#



• C contains elements of infinite order

@ # .
... # @ issnneeeer

themLevine ' 60 's ) 7 surge drive homom orphism

C±xA±EeotzootziIn

algebraic concordance group
( Witt group of Seifert matrices)



Q . Are all torsion elements
,

2- torsion ?

• kerlt ) Is non . trivial ( in higher. dimensions
I is an =)

th:( Casson . Gordon
,

Gilmer ) : Kert # 0
.

l§§§§(]§
' ⇐ trefoil



fienftmknd 1¥ = ¥§§

k= #-)



n - solvable filtration

Cochran - Orr . Teidnner defined filtration

.
. I Fn e. .

.

. EF
,

e F.EFOEC

KEF
.

# Arflk )=o Arf invariant

K£ Fas ⇐ Ktkerlt ) Algebraically slice

KEF
, ,

⇒ Casson . Gordon invariants

vanish
.



DEI If G is a group ,
define

Gc%= G and

Gmt "=[ Gm
,

Gen
' ]

.

{ Gm ) is the derived series of G
.



DIE: A knot K is Wyle( In Fn ) if there

is a smooth 4- mfld W with 2W=S3 and

Smoothly embedded disk Dew with 2S=Kst .

(1) H.IS
'

. k ) # H ,( Wis )

(2) [ s ]= 0 In Hz( W
,
53 )

(3) Hzlw ) IZ 's has a basis

representedby surfaces Ei , di EN 'S sit . E;f°cj=Sij ,

died ;
= O= Ei  °Ej .

( n ,

14 ) I. ( Ei )
,

I
,

Id ;) E IT
,
(

Wb
)



thm ( Cochran - H . heidyl : For each n > 0
,

Fntfn
,

contains a #ate )
pH

symmetric
irreducible

n=O : Milnor . Tristram
,

Levine ( 60 's )

n=1 : Jiang , Livingston ( 80 's )

h=2 : Cochran - Teichner ( '
02 )



Operatorsonc

Def: A pattern P is a slice knot R and
unknot y disjoint from R

,
such that

7 bounds a surface disjoint from R .

*¢¥i¥@←
's

.

7



P :C -7C ( not a homomorphism)

#
PN

'=(§.y§±@j tigeonnfofttyrdosnsnn

satellite operator .



"HE⇐*⇐I¥⇒B*#

" *



P : Fn - Fm
.

Hence

PYK
) =P( Pf .  . .PCKDE Fn

n times

for
any

K with Art Invariant zero .

Exs of Ee and Edt Fn/7n ,
an

constructed this way !



Q
.

When is P injective ?

Conjecture : is injective

a"ff¥g§§@
a " ' kissy,

Knot : There is a subgroup of C on

which Q
"

is Injective for th .



Ed Whitehead double

s

Wh = @ q

wh : K ' - €DD
Wh ( k )



Conjectures Wh ( k ) is smoothly slice

←→ K is smoothly slice lie
.

Wh is

weakly injective ) .

temark : For any K
,

the Alexander

polynomial of Wh ( k ) is 1 ⇒

by Freedman
,

Wh ( k ) is always

topologically slice I bounds a topologically
locally flat disk In 134 )

.



Satellite operators gin a way to
construct elements

.
In An

.

The difficult

part is to show

Pn
( k ) is not slice

( or even in Fns ) ! ! !

- Use invariants of knots such as

E- signatures ,
d- inrts and I invariants

from Heegaard Hoer homology ,
etc

.



We conjecture that C has the structure

of a
"

fractal set
"

.

Would like some notion of distance where

image ( P
"

) isgetting smaller as h → a
.



Symmetric gropes

Ief : A

gro.pe
of height 1 is a compact oriented

surface G ,
with 124=1 .

µ Gi

Let { di , ...,&zg}be a standard symplectic
basis of curves for Hi( Gil on G

, ,
G)

01¥
. 9=genas(



A grope of height ntl is obtained

by attaching gropes of height n to
di

, ...

, dg ,
Pi

, ...

,
Bg .

negate O÷D¥¥



Deti AbrIymmelricgr.pe is

defined as follows :

Let E
,

be a compact connected orientabk

surface of genus g ,
with a standard sympl .

basis of curves { a
, ... ,dag} with xzi

. ,
dual

to dzi .

Attach to each ai
,

a grope of

height Mi s.t.mg . ,= Mzi
,

no subsurface

of which is a disk
.

Let nfmzi
.



n ,=MFME0Nz=M3=My=2 n}=M5=M6=l



Let E be a branched symmetric grope .

Define g.
= genus ( E

,
)

giz = sum of genera of first stage
surfaces attached to Xzi

. , )×zi
.

(

; in,=sum of genera of n
; stage

surfaces attached to tzi . , ,&zi .



g. =3

→



No gi since him ,=Mz .

g3z= 2+2=4

gilt 2=3



932=2+1 +3+1+1+1

=q
s



Not : For each Kiag ,
and 2£ ktnitl

,

gi.
> agik

. ,

⇒ gi@I



let QH be a real number and E a

branched smmetric grope .

Define

" iii.⇐ * tEI⇒
Deft If K ,J are knots

,
define

of

d (K,J)i=mf{ lkllq ) E is a branched symmetric grope
embedded In 5xI with boundary

K×{ 03 and
j×{

is
}

Note: Any two knot ( abound a surface
.



E =

11%4.8
'

Hgthtifszatttgthjttt
' teeth



Ed If K has bounds a genus 1 surface {

and Arfck ) ± 0 then K cannot bound
a (symmetric )height 2 grope .

So

DIK,
unknot )=g( E) =1

,

Exiled't ,ED)± Fta2q



IropdCochran . H - Powell ) : For q3l ,
the function

dot determines a pseudo . metric on C
.

- Need to shows HEHQZO for any E
.

PLOP: If K does not bound a grope
of height n then

dlk , unknot ) 3¥52 .



Thm ( Cochran . Orr - Teichner ) : If K bounds

a- height h grope then KE Fnz
.

Prep:C Cochran - H - Powell ) : If P is a pattern
then P :C → C is a contraction writ .

d9 for of > GWCP) .= # of times R goes
through z .



thm( Cochran - H - Powell ) : For any of > I

there exists uncountable many sequences of

knots { Ki } sit
.

i( Ki
,

unknot ) > 0 tf i butd4
Ki ,

unknot ) → 0 as i→a
.

Hence the topology on ( C,d9) is not

discrete for q> 1
,



Topologicallysliceknots
Let T={ topologically slice knots } £ C

.

This is an Interesting and subtle subgp
of C

.

thmlttom ) : T has a E. summaad .

I Endo showed that Zoe C )
.



Iemarlf1 : If KET
,

then KE Fa t n
,

Remarked If KET
, than K bounds

an arbitrarily long symmetric grope all of

whose first stage genus Is fixed
.

Hence for q > 1

,

DTK
,

unknot)= 0 .



Remark For q=l ,
the only way to get

d
'

( k
, unknot)= 0 Would be for K to bound

a arbitrarily long grope with each stage having

genus 1
.

KIK1 - ztyt - . . .  - at→ 0 as n ,→ a

It is unknown if there is a non . slice
Knot that bounds such a rose !

Conji 7 KET st . dilk
,

unknot ) > 0 .



More generally

Conjecture: d
'

( KF ) > 0 4 KFJ .



Bipolarfiltraliocochan
,

Horn and I defined a filtration

.
. .

. e B
,

E Bo E C

that is a refinement of { His and

Gompt and Cochran 's notion of positivity
of knots .

Think Cochran - H - Horns ) : Zoe Bn/Bn+
,

Hn
.

Unlike {FD this is an interesting

filtration for topologically slice knots
.



Det : A knot KIPN( is nip ) if

K=2D
,

A is a smoothly embedded disk

in a smooth mtld W st .

• 2W=5
,

Ii ( w ) = 1

• [ A = 0 in Hzlw ,
5 )

.

• The int
.

form on Hzlw ) is pos . def

• H
, I w ) has a basis nepr . by surfaces

{ Si }
, disjomtty embedded In W 'D st .

Ii( Si ) II. ( w - DYM
.



* Can also define when KE Nn ( n . negatie )
,

Bn :=NnnPn f n
.

( n bipolar knots )

PROPICHH ) : Bne Fn
.

Prep:( CHH ) : If KE Bo ⇒

TCK ) =s( 14=8 ( k ) = dftlsnrj . on K )=El KHO

Prep( CHH ) : If KEB
,

and Y= pr. fold branched

Cyclic cover of K
, so c- spine ( y ), corresponding

to a spin itruutue on Y =)

d ( Y
,

so ) = 0
.



DEI: Tn :=TnBn
.

Im
( Cochran . H - Horn ) : TYT ,

to

th( Cochran - Horn ) : Tytz ±O
.

thm ( Cha - Kim ) TnHn+ ,
# 0 A n .

Pf uses E- p invb and d- invt, of

p . fold branched ( ours for an Infinite

# of p .



Towermetrics ( Cochran , H
,

Powell , Ray )

B

For
of >I

,
can define a metric

dg
:Cxe→R

based on kinky disks and gropes .

" Def
"

A generalized posiliu plumb dehandle I GPH 't

t.tk#...&teIIgtIoEnota
Tt attaching came .

9i=# -



EI

← attaching
curve

.

attachgropetod
gY=l gj=l

AM ,=9Mi=2amigmil



DEI: A positiu tour for K is an

embedding of a GPHT Into B
"

with

C → K . ( C has 0 - framing )

If K ,J bound a positie tower
,

E
,

di.dk#=EMqtltEEIgta
g. = gftgi grope

Milalgmultiltgeommultz



dtqlk ,J)= mini { DIGIKHIE }
.

can define dj sin
,

DBQCK,H=max{ dgtlk ,
JI

, dil KTD
.

ProtoCCHPR ) : If Hklltgqzgty ⇒ Ktpn

Cori F topologically slices knots K ; with

dttgki,
unknot ) > 0 .



Conjecture

ill
) There an topologically slice

knots K ; at . d!lki,
unknotIIIO and

ddykisunkuotl to for all q 31
.

k) dBg is a metric ( not just pseudo . metric )

V. q7l .


