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- Examples of Hopf algebras -

H= (H,m,u)
algebra

(H,A,e) + S
coalgebra antipode

Let be a finite group, be a Lie algebra, @ e C*, and be a primitive n-th root of unity.

group algebra

algebra structure v’

Alg)=g®g
elg) =
Slg) =g VgeG

semisimple [ﬁnite dimensional]
pointed [ cocommutative ]

U(g)| universal enveloping algebra

algebra structure v/

= —X Vx eg

(non—semisimple] [inﬁnite dimensional]

pointed [cocommuta‘[ive]

(cay

algebra generated by {ey }gcc with:
egen= 0 for g#h, ef=e;, Y cqes=1icor

dual of a group algebra

semisimple [ﬁnite dimensional]
non-pointed | | commutative

Hg ‘ Kac-Paljutkin algebra

algebra generated by x, y, z with
=y’ =1, xy=yx, zx=yz
= %(1 +x+y—xy)

x)=x®x, Aly)=y®y
% RI1+1x+ye1 -yRx)(zez)
€lx) =€ely) = €lz) =1
)=x, Sly)=y, Slz)=1z

semisimple | | 8-dimensional

[non—pointed] [non(co)commutative)

‘ Oq(SLg)| quantum special linear group

algebra generated by e11, e19, €21, €99 With:

€r2€r1 = q€r1€Ly, €9re1k = qeqpery, for k =1,2,
-1
es1e1o = €19€91, €g9eqy —er1€x = (q —q~')ernen

]
eexn —q epey =1

Aleyj) = Zk 1 €ik @ €gj

6(611)
Sley1) = 622, S(e12) = —qeat,
Slea1) = —q ters, Slew) = en

[non—semisimple] [inﬁnite dimensional]

[non—pointedj (non(co)mmutative]

T(n) Taft algebra
Hs,, for n=2: Sweedler algebra

algebra generated by g, x with:
=1, x"=0, gx=~_Cxg

Alg)=g®g, Alx)=10x+x®g
€lg)=1 €lx)=0
Slg)=gt=g""

n—1

S(x) = —xg

[non—semisimple] [nQ— dimensionalj

[pointedj (non(co)commutative]
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- Some Noetherian (filtered) Artin-Schelter (AS) regular algebras -
A = @+ Ai with Ag = C; gldim n < oo; and AS Gorenstein condition: Exty(C,A) = 6;,,C
(or filtered algebra A so that gr(A) satisfy properties above)

Global dimension 2

Cqlu,v]| (skew or) g-polynomial ring Cjlu,v]| Jordan plane
generated by u, v with: generated by u, v with:
vu—-quv =0 forqeC* vu—-uv—-u®=0
[Noetherian domain Icommutaﬁve for q = 1] [Noetherian domain] [non—PI]

[PI for q a root of unity]

[non—PI for g a not a root of unityj

Global dimension 3

S(a,b,c)| Sklyanin algebra Ala,B,0)| Down-Up algebra
generated by vy, vy, vy with: generated by u, d with:
avivipr +bviggvi +cv?, =0 d’u = adud + Bud?
fori =0,1,2, indices modulo 3 du? = audu + Bu’d
a,b,c € C nonzero and generic a,BeC
[Noetherian domain] [Noetherian domain iff 8 + OJ
[generally non-PI, PI in special casesj [generally non-PI, PI in special casesj

Global dimension n

Cq;lv1,vo,...,vn]| skew polynomial ring or quantum affine space

generated by vy, vo,..., vy with vjv; = qjjviv;  for q;; € C*

[Noetherian domainrcommutative for q;; = 1] (PI iff all g;; are roots of unity]

Filtered
A, (C) ‘ n-Weyl algebra AZ(C)| quantum n-Weyl algebra Ulsl,)
generated by uy,...,u, generated by u4,...,un generated by X, Y, H
and vy,...,vp and vy,...,Vvp with:
with: with:
[ui, uj] = [vi,vj] =0, uju; = quiuj, Vjv; = qvivj [H,X] =2X, [H, Y] = -2V

, Y
[Vi,u]'] = 5i,]' V]'ui — quiVj = 5i,]' [X, Y] =H



