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· Examples of Hopf algebras ·
H = (H,m,u) + (H,∆, ε) + Salgebra coalgebra antipodeLet G be a finite group, g be a Lie algebra, q ∈ C×, and ζ be a primitive n-th root of unity.

CG group algebra

algebra structure X

∆(g) = g ⊗ g
ε(g) = 1
S(g) = g−1 ∀g ∈ G�� ��semisimple �� ��finite dimensional�� ��pointed �� ��cocommutative

U(g) universal enveloping algebra

algebra structure X

∆(x) = 1⊗ x + x ⊗ 1
ε(x) = 0
S(x) = −x ∀x ∈ g�� ��non-semisimple �� ��infinite dimensional�� ��pointed �� ��cocommutative

H8 Kac-Paljutkin algebra

algebra generated by x, y, z with
x2 = y2 = 1, xy = yx, zx = yz,
zy = xz, z2 = 12 (1 + x + y − xy)
∆(x) = x ⊗ x, ∆(y) = y ⊗ y∆(z) = 12 (1⊗ 1 + 1⊗ x + y ⊗ 1− y ⊗ x)(z ⊗ z)
ε(x) = ε(y) = ε(z) = 1
S(x) = x, S(y) = y, S(z) = z�� ��semisimple �� ��8-dimensional�� ��non-pointed �� ��non(co)commutative

(CG)∗ dual of a group algebra

algebra generated by {eg}g∈G with:
egeh= 0 for g6=h, e2

g=eg , ∑
g∈G eg=1(CG)∗

∆(eg ) = ∑
h∈G egh−1 ⊗ eh

ε(eg ) = δ1,g
S(eg ) = eg−1�� ��semisimple �� ��finite dimensional�� ��non-pointed �� ��commutative
Oq(SL2) quantum special linear group

algebra generated by e11, e12, e21, e22 with:
ek2ek1 = qek1ek2, e2ke1k = qe1kek2, for k = 1, 2,
e21e12 = e12e21, e22e11 − e11e22 = (q − q−1)e12e21
e11e22 − q−1e12e21 = 1
∆(eij ) = ∑2

k=1 eik ⊗ ekj
ε(eij ) = δi,j
S(e11) = e22, S(e12) = −qe21,
S(e21) = −q−1e12, S(e22) = e11�� ��non-semisimple �� ��infinite dimensional�� ��non-pointed �� ��non(co)mmutative
T(n) Taft algebra
HSw for n=2: Sweedler algebra

algebra generated by g , x with:
gn = 1, xn = 0, gx = ζxg

∆(g) = g ⊗ g , ∆(x) = 1⊗ x + x ⊗ g
ε(g) = 1, ε(x) = 0
S(g) = g−1 = gn−1, S(x) = −xgn−1�� ��non-semisimple �� ��n2- dimensional�� ��pointed �� ��non(co)commutative
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· Some Noetherian (filtered) Artin-Schelter (AS) regular algebras ·
A = ⊕

i≥0 Ai with A0 = C; gl.dim n < ∞; and AS Gorenstein condition: ExtiA(C, A) ∼= δi,nC(or filtered algebra A so that gr(A) satisfy properties above)
Global dimension 2

Cq [u, v] (skew or) q-polynomial ring CJ [u, v] Jordan planegenerated by u, v with: generated by u, v with:
vu − quv = 0 for q ∈ C× vu − uv − u2 = 0�� ��Noetherian domain �� ��commutative for q = 1 �� ��Noetherian domain �� ��non-PI�� ��PI for q a root of unity�� ��non-PI for q a not a root of unity

Global dimension 3
S(a, b, c) Sklyanin algebra A(α, β, 0) Down-Up algebragenerated by v0, v1, v2 with: generated by u, d with:
avivi+1 + bvi+1vi + cv2

i+2 = 0 d2u = αdud + βud2for i = 0, 1, 2, indices modulo 3 du2 = αudu + βu2d
a, b, c ∈ C nonzero and generic α, β ∈ C�� ��Noetherian domain �� ��Noetherian domain iff β 6= 0�� ��generally non-PI, PI in special cases �� ��generally non-PI, PI in special cases

Global dimension n

Cqij [v1, v2, . . . , vn] skew polynomial ring or quantum affine space

generated by v1, v2, . . . , vn with vjvi = qijvivj for qij ∈ C×�� ��Noetherian domain �� ��commutative for qij = 1 �� ��PI iff all qij are roots of unity
Filtered

An(C) n-Weyl algebra Aqn(C) quantum n-Weyl algebra U(sl2)generated by u1, . . . , un generated by u1, . . . , un generated by X,Y,Hand v1, . . . , vn and v1, . . . , vn with:with: with:[ui, uj ] = [vi, vj ] = 0, ujui = quiuj , vjvi = qvivj [H,X] = 2X, [H,Y ] = −2Y[vi, uj ] = δi,j vjui − quivj = δi,j [X,Y ] = H


