
Analysis Exam, January 2026

Please put your name on your solutions, use different 8 1/2×11 in. sheets for
different problems, and number the pages. In writing complete solutions, take

care to give clear references to well-known results that you use.

1. Compute the integral ∫ ∞

−∞

x sin 3x

x2 − 4x+ 5
dx.

2. Suppose (X,S) is a measurable space and f1, f2, . . . is a sequence of S-
measurable functions from X to R. Prove that

{x ∈ X : f1(x), f2(x), . . . has a limit in R}

is an S-measurable subset of X.

3. How many zeroes does z5+6z3−10 have in 1 < |z| < 2, with and without
multiplicity?

4. Show that ⋂
p<∞

Lp([0, 1]) ̸= L∞([0, 1])

and ⋃
p>1

Lp([0, 1]) ̸= L1([0, 1]).

5. On the open unit disc D in the complex plane C, find all holomorphic
functions h satisfying

h(z2) = h(z)

for all z ∈ D.

6. Prove that for every f ∈ C([0, 1]),

lim
a→∞

a

∫ 1

0

e−axf(x) dx = f(0).
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