RICE UNIVERSITY TOPOLOGY QUALIFYING EXAM - JANUARY 2026

This is a closed book, closed notes exam (not outside resources whatsoever). Write solutions to
each of the 6 problems to the best of your ability, and justify all of your work as much as time

allows. You will have 6 hours to complete the exam and can take a 20 minute break if you wish.
Write and sign the Rice honor pledge at the end of the exam:

Honor pledge: On my honor, I have neither given nor received any unauthorized aid on this exam.

When you’re done, please scan and email a pdf of your solutions to:
bl70@rice.edu and jkn3@rice.edu

Prof. Nelson will be available for questions, and/or to collect the hard copy of your solutions at
12:45, 3:30, and 4:30. If you finish early, please slide the hard copy under her door, 402 HBH.

Good luck!



. Let X be obtained from the two surfaces pictured

here by identifying the loop « in the left surface
with the loop ¢ in the right surface as indicated. ag 4a
(a) Find a presentation for 7 (X). g

(b) How may connected, regular (i.e. normal) 3—sheeted covers of X are there?

(c) Prove or disprove: The universal cover of X is compact.

. Let V = 8! x D? be a solid torus and write 9V = S x 9D?. Here, D? is the closed 2-disk,
D? = {(z,y) € R? | 2® + y* < 1}.

(a) Compute Hy(V) for all k.
(b) Compute Hy(V,0V) for all k.

. Let p: S3 — RP? be the universal covering.

(a) Prove that p.: H3(S®) — H3(RP3) is an isomorphism onto an index two subgroup.
(b) Show there is no map f: S3 — RP? for which f,: H3(S?) — H3(RP?) is an isomorphism.

Hint for part (b): Use part (a), even if you can’t do that part.
. For each a € R, let M, be the subset of R? defined by

M, = {(z,y) eR* | y* = 2* — 2az} .

For which values of a is M, a smoothly embedded submanifold of R?? Be sure to justify both
the reasons M, is and isn’t an embedded submanifold.

. Let M be the open submanifold consisting of points (z,y) € R? where both z and y are
positive and let F': M — M be the map

Yy
F(z,y) = ( ,—) .
(z,y) = (2y, ~
Show that F' is a diffeomorphism, and compute F, X and F,Y where

0 0
X = a:——i—ya—y; Y = Yon

Note: The definition of the pushforward yields (Fi2) () = dFp-1(54)Zp-1(s1)-

. Fix n > 2, and let w be the (n — 1)-form on R™\ {0},
w=|z|™" Z(—l)iflxi dz A . Adz A . A dzh,
i=1
Show that w is closed but not exact on R™\ {0}.

(You may use that 1§, w is the Riemannian volume form of S with respect to the round
metric and the standard orientation.)



